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Preface

This volume grew out of a series of preprints which were written and circulated be-
tween 1993 and 1994. Around the same time, related work was done independently
by Harder [40] and Laumon [62]. In writing this text based on a revised version of
these preprints that were widely distributed in summer 1995, | finally did not pur-
sue the original plan to completely reorganize the original preprints. After the long
delay, one of the reasons was that an overview of the results is now available in
[115]. Instead | tried to improve the presentation modestly, in particular by adding
cross-references wherever | felt this was necessary. In addition, Chaps. 11 and 12
and Sects. 5.1, 5.4, and 5.5 were added; these were written in 1998.

| will giveamoredetailed overview of the content of the different chaptersbelow.
Beforethat | should mention that the two main results are the proof of Ramanujan’s
conjecture for Siegel modular forms of genus 2 for forms which are not cuspidal
representations associated with parabolic subgroups (CAP representations), and the
study of the endoscopic lift for the group G:Sp(4). Both topics are formulated and
proved in the first five chapters assuming the stabilization of the trace formula. All
the remaining technical results, which are necessary to obtain the stabilized trace
formula, are presented in the remaining chapters.

Chapter 1 gathers results on the cohomology of Siegel modular threefolds that
are used in later chapters, notably in Chap. 3. At the beginning of Chap. 1, impor-
tant facts from [19] on the Hodge structure and [-adic cohomology of the Siegel
modular varieties Sk (C) are reviewed. In the case of genus 2, the Siegel modular
varieties Si (C) define algebraic varieties of dimension 3. They are the Shimura
varieties attached to the group of symplectic similitudes G = GSp(4, Q). One can
define coefficient systems E\ on these threefol ds associated with irreducible finite-
dimensional algebraic representations \ of the group GSp(4), which are defined
over Q. The most interesting cohomology groups of these coefficient systems are
the cohomology groups H*(Sk(C), E,) in the middle degree i = 3. The group
G(A t;,,) actson the direct limit of the cohomology groups H'(Sk (C), E), where
the limit is over the adelic compact open level groups K C G(Ay,,), and this
defines an admissible automorphic representation of the group GSp(4, A) for the
adele ring A = R x Ay,,. Since the Siegel moduli spaces are not proper, the
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cohomology of these varietiesis not pure. Besides the interior conomology, which
is the image of the cohomology with compact supports in the ordinary cohomol-
ogy, there occur representations of Eisenstein type. The automorphic representa-
tionsof G(A y;,,) defined by the Eisenstein constituents are by definitionisomorphic

to constituents of induced representations / ndgéﬁj :; (0), where o is an automor-
phic representation of the Levi group of a Q-rational parabolic subgroup of G. It
is well known that the Eisenstein cohomology is rarely pure. But also some part
of the cuspidal cohomology, which is a subspace of the interior cohomology, fails
to be pure. In fact, some of the irreducible cuspidal automorphic representations
behave similarly to Eisenstein representations. These are called CAP representa-
tions 7. By definition, an irreducible automorphic representation 7 = ®,m, isa
CAP representation if there exists some global automorphic representation o of a
Levi group of some proper Q-rational parabolic subgroup of G such that 7, and
I ndgj (0,) have the same spherical constituent for almost al non-Archimedean
places v. For the group GSp(4) the CAP representations were completely clas-
sified by Piatetski-Shapiro [69] and Soudry [95], and the Ramanujan conjecture
(purity) does not hold for them. The main result obtained in Chap. 1 (Sect.1.3),
Theorem 1.1, states that except for the cohomology degree: = 3 al the irreducible
automorphic representations, which occur as irreducible constituents of the repre-
sentations lim H'(Sk (C), E)), are either CAP representations or belong to the
Eisenstein cohomology. This, in principle, allows a complete description of the cus-
pidal part of the cohomology representations in degree i # 3 by the classification
of CAP representations. Even for the degree i = 3 the CAP representations oc-
cur, indeed those defined by the Saito—Kurokawa lift. Sections 1.3-1.7 contain the
proof of Theorem 1.1, which is based on the study of the L efschetz map and aweak
form of the Ramanujan conjecture. This eventually shows that for irreducible auto-
morphic cuspidal representations =, which occur as constituentsin degreei # 3, a
certain L-function must have poles at specific points, which forces = to be a CAP
representation.

In Chap.2, we consider the topological trace formula of Goresky and
MacPherson for general reductive groups G. We do not consider this for the
spaces Sk (C) themselves, but for spaces Si (G) with a slightly better behavior
with respect to “parabolic induction.” This suffices for our purposes, since Si (C)
is afinite unramified covering of S (G):

For a Hecke operator f the topological trace formula computes the alternating sum
S (=D)itr(f; H(Sk (G), Ey) of itstraces. Its computation is considerably simpli-
fiedif onediscardsall contributionsfrom CAP representationsand Eisenstein repre-
sentations, which we abbreviate by the notion “ CAP localization.” The correspond-
ing simplified formula obtained by CAP localization still allows us to compute the
alternating sum of the dimensions of generalized eigenspaces H'(Sk (G), Ey)(r)
for an irreducible cuspidal automorphic representation 7, which is not CAP (see
page 47). To do this for a single fixed 7, we construct suitable Hecke operators f
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in Sects. 2.7 and 2.8, called good projectors, whose elliptic trace 7.5, ( f) computes
the alternating sum of these virtual dimensions (Theorem 2.1). For the construc-
tion of good projectors, it is essential that all the irreducible representations of
GSp(4,Ay;r), which arise as constituents of the cohomology, are automorphic.
This was shown by Schwermer for the group GSp(4) and by Franke in the gen-
eral case. In Sect. 2.9, we compare the formulathus obtained with Arthur’s L2-trace
formula, which has the property that these elliptic traces coincide with the elliptic
part of the geometric side of the Selberg trace formula. Now assume r is a cuspidal
irreducible representation of G(A ¢;,,), which are not CAP. For aprime p, let us de-
note 7 = @00,y 1hen the results obtained in Chap. 2 in the special case G =
G Sp(4) combined with the results obtained in Chap. 1 give a simple trace formula
for the action of Hecke operators on generalized eigenspaceslim H3(X, E))(7P)
of the middle cohomology for either X = Sk (G) or X = Sk (C) for large enough
primes p. Furthermore, this ssmple formula also allows us to compute the action
of the nth powers of the geometric Frobenius substitution F'rob,, at the primep in

terms of certain Hecke operators i, = h,(,"). See Theorem 2.2 and its applications
in Chap. 4.

In Chap. 3, the simplelocalized topological trace formulafor GSp(4, Q) iscom-
pared with the Grothendieck—Verdier—L efschetz trace formula for Sk (F,,), which
computes the traces of the Frobenius homomorphism attached for certain [-adic
sheaves attached to the coefficient systems E'. But unlike the CAP localized form
of the topological trace formula, this other trace formula, studied by Langlands,
Kottwitz, and Milne, is not a stable trace formula. To compare both trace formu-
las, one has to stabilize it [53,59]. This requires certain local identities at the non-
Archimedean places — the so-called fundamental lemma and certain variants of it.
More precisely, since the Grothendieck—Verdier—L efschetz trace formula can only
be explicitly computed for sufficiently high powers F'rob;; of the Frobenius F'rob,,,
one needs for each such n atwisted version of the fundamental lemma [51]. With
use of these local assumptions, which are considered in the later chapters, one ob-
tains without effort the main formula (Corollary 3.4) which expressesthe Frobenius
traces asa sum of two terms. One of these two termsisthe trace of a suitably defined
Hecke operator on the cohomology. The other term isthe so-called endoscopic term,
whichisrelated to an automorphiclift. Thislift isimplicitly defined by thetracefor-
mula; however, it is not yet properly understood at this point of the discussion. This
lift will eventually be constructed in several steps by a bootstrap argument using re-
peated comparison of traces. At this stage of the discussion we are therefore content
with the following weak characterization: a cuspidal automorphic representationisa
weak endoscopic lift if its L-functionsare the L-function of an irreducible automor-
phic form o = (04, 02) for GI(2, A) x GI(2,A) at amost all places, provided o,
and o5, are cuspidal automorphic representationsof GI(2, A ) such that they havethe
same central character. In fact o can be viewed as an irreducible cuspidal automor-
phic representation of the nontrivial elliptic endoscopic group M = GI(2)? /G,
of G. In the situation of Corollary 3.4, a preliminary condition at the Archimedean
place has also been added. This temporarily relevant definition of a weak lift, in-
volving some technical conditions, can be found at the beginning of Chap.3. At
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the end of Chap. 3, we prove the Ramanujan conjecture (purity) for the cuspidal
representations = (at the spherical places), which are neither CAP nor a wesak lift,
and which occur as constituents in the cohomology of degree i = 3. We then indi-
cate why this should yield four-dimensional ;-adic representations of the absolute
Galoisgroup of Q attached to such irreducible automorphic representations. In fact,
thetrace formulastated in Sect. 3.6 finally leadsto this[115]. We neglect the discus-
sion of the cohomol ogy in degreedifferent from 3. Infact, only CAP representations
contributein these degrees, and the CAP representations have all been classified for
the group GSp(4); hence, it is not difficult to determine their contributions to the
Hasse-Weil zeta function by weight considerations. So there is no need to exploit
the trace formulain these cases. Nevertheless this is still worthwhile since it gives
refined formulas for the local automorphic representations of CAP representations
(see the notion of “Arthur packets’ in Sect.4.11), and it can be done using the for-
mulas of Chap. 2. However, we have not included this discussion.

In Chap. 4, we take up the study of weak lifts. For this discussion we fix a cus-
pidal irreducible representation o = (o1, 02) of M(A) for the unique nontrivial
elliptic endoscopic group M of G = GSp(4, Q). In Chap. 4, we then consider ir-
reducible cuspidal automorphic representations -, which are weak lifts attached to
o but which are not CAP. Thisis the general assumption of Chap. 4. Since only the
group G(Ay,,) acts on the cohomology, it is natural to ask for the Archimedean
component 7, of the automorphic representations 7 = 7o, ® 74y, FOr this we
fix some coefficient system F. Then 7., necessarily must belong to the discrete
series of GSp(4,R), and 7, is @most determined by the condition that 7 ¢;,, de-
fines a nontrivial generalized eigenspace on the direct limit limx H3(Sk (C), Ey ).
More precisely, this means that 7., belongs to a local L-packet of discrete se-
ries representations in the sense of Shelstad [91]. This L-packet is uniquely de-
termined by the irreducible representation \, which defines the coefficient system.
This L-packet contains two equivalence classes of irreducible representations. One
of the representations, 7_ ., = 7 (\), of this L-packet belongs to the holomor-
phic/antiholomorphic discrete series; the other representation, 7. o, = 7% (\), has
aWhittaker model. Let mq (7 ¢4,) and ma(7:,) be the automorphic multiplicities
of the cuspidal representationsm = m_ o @7 ¢ip ANAT = T4 o T iy, respectively.
Themultiplicity of 7, in the generalized eigenspacelim . H3(Sk (C), Ex) (7 fin)
iS2m1 (T fin) + 2mea(msin ). Infact, the semisimplification of the Q;-adic represen-
tations of the absolute Galois group of Q on the corresponding eigenspace defined
for the [-adic cohomology ism1 p1 ©meps. Here, p; and p, arethetwo-dimensional
irreducible Q,-representations attached to o;,7 = 1, 2, by Deligne. Indeed, if some
weak lift 7 of o contributes nontrivially to the cohomology in degree 3, then the
two cuspidal representations oy and o are irreducible automorphic representations
of GI(2,A), whose Archimedean component again belongs to the discrete series.
Such automorphic representations o; are related to elliptic holomorphic new forms
of weights ;. The weights are not arbitrary. They must be different, so we can as-
sumer; > ro. Thisbeing said, there isthe finer result (Lemma4.2)

I?HB(SK(@%EA)(WM)SS = my-pr & ma- (V20 ® pa),
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where v; denotesthe cyclotomic character and &5 isan integer determined by the un-
derlying coefficient system F. The trace formula comparison of Chap. 3 provides
aformulawhich expresses

m(Tin) — ma(Tfin)

in terms of local data, but in which only the local non-Archimedean components 7,
of the representations 7 ¢;,, = [[,..,, ™ enter. More precisely, this formulais

m1(7ffm) - mz(ﬂj‘m) = - H n(%ﬂ%%
VF#0O

where the coefficients n(c,, m,) are complex numbers obtained by a distribution

formula
X?v = Z oy, Tw) X, -

Ty

Here, x.,, and x ., denote characters of admissible irreducible representations, and
XUGU is the endoscopic distribution lift of the character x,, (see page 83). The defi-
nition of thislocal lift for distributions requires the existence of matching functions,
where certain transfer factors have been fixed. Transfer factors will be discussed
in Chaps.6 and 7. It should be mentioned that for the group GSp(4, F,) the ex-
istence of matching functions was established by Hales [36]. The existence of a
character expansion x& = = >, (00, )X, isthen derived from the trace com-
parisons studied in Chap. 3 and the first sections of Chap. 4. Most of the content
of Sects. 4.5-4.12 are devoted to proving that this sum is finite and that the trans-
fer coefficients n(o,, m,) are integers. In fact this finaly defines the endoscopic
lift » : Rz[M,] — Rz|G,] between the integral Grothendieck groups of irre-
ducible admissible representations of G = GSp(4) and M = GI(2)?/G,, for
non-Archimedean p-adic fields. In the real case such formulas are known in gen-
eral from the work of Shelstad [90,91]. Thefinal result is stated in Sect. 4.11. With
use of the classification of representations, the results obtained by Moeglin, Rodier,
Sally, Shahidi, Soudry, Tadic, Vigneras, and Waldspurger, thisisreduced to establish
the existence of r for local non-Archimedean admissible irreducible representations
o, of M,, which belong to the discrete series. For these representations, it turns out
that the local character lift hasthe form

r(oy) =11 (0y) — 7 (00)

for two irreducible admissible representations 7 (o, ) of the group G,,. We further-
more show that 7 (o, ) does have a Whittaker model, whereas 7_(o0,,) does not.
Finally, we use global theta series to describe 74 (o,,) in terms of loca theta lifts
similarly to the case of the group Sp(4) studied by Howe and Piatetski-Shapiro [41].
In fact this study is continued in Chap. 5. Indeed, some results obtained in Chap. 5
arealready usedin Sect. 4.12. Besides these local results, studied in Sects. 4.5-4.12,
we consider in Sect. 4.4 rationality questions, i.e., questions concerning the field of
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definition. Using some properties of the endoscopic transfer factor, defined in the
later chapters, we can describe the numbers m (7 ¢, ) and mo(m¢iy) in terms of
Hodgetheory. Infact 2m (7 ;5 ) turns out to be the multiplicity of 7 ¢;,, inthe holo-
morphic/antiholomorphic part and 2ma (7 ;5 ) turns out to be the nonholomorphic
contribution.

In Chap. 5, we continue the discussion of Chap. 4, but return to global questions.
The main result obtained in this chapter is Theorem 5.2, which isthe final version of
the preliminary multiplicity formulafor weak lifts given in Sects. 4.1-4.3. We obtain
the formula m1 (7 i) + ma(msim) = 1; hence, one of the global multiplicities
m; (i) is 1 and the other is 0. Which of them does not vanish depends only on
the non-Archimedean components of 7 ¢;,,. The essential argument is the principle
of exchange, which controls exchange in ®,m, of a representation =, within its
local packet at one specific place v. The final formulais, of course, a special case
of Arthur’'s conjecture [3], which originated from considering the special case of
the group GSp(4, Q). However we only consider this formulain the case of weak
lifts, which are not CAP. Nevertheless, the multiplicity formulafor the cohomology
groupsin the case of the Saito—Kurokawalift can be derived along the same line of
arguments (although thisis not carried through explicitly).

Chapter 5 also contains sections in which the global results on the endoscopic
lift are extended to the case G = Resp/q(GSp(4)) for an arbitrary totally real
number field £, and also applies to representations which do not necessarily appear
in the cohnomology of Shimuravarieties. Thisis contained in Sects. 5.4 and 5.5. The
arguments here use Arthur’s trace formulainstead of the topological trace formula,
and they are subtler and more technical than the argumentsinvolving the topological
trace formula. The analogous local results, which extend those obtained in Chap. 4
to arbitrary local fields of characteristic 0, are considered in Sect. 5.1.

In Chaps. 6 and 7, the fundamental lemma for the group G:Sp(4, F,) over alo-
cal non-Archimedean field F,, of residue characteristic different from 2 is proved.
This fundamental lemma (Theorems 6.1 and 7.1) is an identity between local or-
bital integrals O,C;'v(fv) and O (fMv) for the groups M, and G,. This iden-
tity involves a transfer factor A(n,t). Here, the elements n € GSp(4, F,) and
t € M(F,) are sufficiently regular semisimple elements and 7 and ¢ are related
by a norm mapping. n is an element whose conjugacy class over the algebraic
closure is determined by the conjugacy class of ¢ in M (F),). This does not deter-
mine the G(F},)-conjugacy class of n uniquely. In the case under consideration,
there are one or two such conjugacy classes in the stable conjugacy class. The
r-orbital integral is the difference OS5 % (f,) = OS*(f,) — Og‘:“ (f.) of orbital
integrals O,?v (fv) = fGn NG fo(g7'ng)dg/dg, in the case where there are two
such classes. Since thereiis no canonical choice, which might privilegen or 7/, one
has to make a choicefor the definition of O,?v % ( f). The dependenceon this choice
iscompensated for by atransfer factor A(n), t), which depends on the class of 7 cho-
sen. Then the fundamental lemmaisthe statement that there exists ahomomorphism
b: f, — fMv between the spherical Hecke algebras (prescribed by the principles
of Langlandsfunctoriality) with the matching condition
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A(n, )05 (f,) = SOM (f3)

for all sufficiently regular ¢ and the corresponding n. Here, SO denotes the stable
orbital integral on M,. A couple of remarks are in order. First, athough the funda-
mental lemmais later used for (G, M)-regular elementst, it is enough to prove the
fundamental lemma for sufficiently regular elements by a degeneration argument.
Second, it is enough to prove the fundamental lemma for the unit elements of the
Hecke algebras, and for almost all primes (see Hales [35] for the case of ordinary
endoscopy). See aso Chap. 10, where the reduction to the case of the unit element
fv» = 1 of the spherical Hecke algebrais discussed in the dightly greater general-
ity of twisted base change. Third, for our purposesit is important that the transfer
factors have certain nice properties. One of these propertiesis the product formula
(global property)

H A(nvatv) =1

for global elements n and ¢, where the product is over all Archimedean and Non-
archimedean places. For the product formula above, it is essential for us that the
formula holds precisely with the Archimedean transfer factor A (1., to) Used by
Shelstad. Concerning this, we show in Chap. 8 that for our choice of transfer factor
the product formula holds, and that our chosen Archimedean transfer factor is the
same as the one defined by Langlands and Shelstad over the field R. Unfortunately,
aready in the case of the group GSp(4), this amountsto a lengthy and tedious un-
raveling of the definitions, which are based on the cohomological reciprocity pair-
ings of local class field theory [60]. The proof of the fundamental lemma is done
by an explicit calculation. We distinguish two cases dealt with in Chaps. 6 and 7,
respectively. In fact, the computation gives the local orbital integrals explicitly, not
only the x-orbital integral. Thisturned out to be useful for later computationsin the
twisted case done by Flicker [26]. The explicit calculation of the orbital integrals
hinges on an approach which in the case of the group GI(2) is used in the book by
Jaquet and Langlands[42] on G1(2) and which in an implicit formis based on some
double coset computationsin the group G(F),) for thegroup G = GI(2). For me, an
analogous doubl e coset decomposition for the group G = G 'Sp(4), due to Schroder,
suggested this approach. A special case was been carried out by Schroder [81]. It
seems that nice representatives for double cosets H (F, )\G(F, )/ K of thistype ex-
ist for reductive, hyperspecial maximal compact subgroups K and maximal proper
reductive F,,-subgroups H of G quite generally, in the sense that they should define
a generalization of the classical theory of genera of quadratic forms. In classical
genustheory, H isthe orthogonal group contained in the linear group G. The max-
imal subgroups of reductive groups are well known, and new types of genus theory
mainly arise from considering the inclusions H — G of centralizers H = Gy
of semisimple elements s in reductive groups G. In Chap. 12 we consider this sit-
uation for the group G = GSp(2n), where we generalize the result obtained by
Schroder to the case n = 2. Similar computations can be made in the case of
classical groups [116]. The case of the exceptional case group G of type G, was
considered by Weselmann [117].
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Chapter 9 considers the fundamental lemma for twisted base change endoscopy.
This type of fundamental lemma is needed for the trace comparison theorems in
Chap. 3. We show that these twisted endoscopic fundamental lemmas can be re-
duced to the ordinary fundamental lemmas of standard endoscopy. Such areduction
can be carried out quite generally, except that we consider the global trace formula
arguments only in the case of the group G'Sp(4). However, the argument can be
extended to the general case, and thiswill be considered el sawhere. Asaside result,
one gets a variant of the fundamental lemma (see Lemma 9.7) where the transfer
factors are defined in a dightly different form, which is needed for Chap. 3. This
is based on some explicit formulas for the Langlands reciprocity map as given in
Kottwitz [48] or Schroder and Weissauer [82]. An entirely local proof was given
later by Kaiser [43].

In Chap. 10, we verify that the twisted endoscopic fundamental lemmais a con-
sequence of the special case of the fundamental lemma for unit elements, as one
expects from the untwisted case [35], and that it is enough to know it for almost all
primes. This reduces the fundamental lemmas needed for Chap. 3 to the statements
givenin Chaps. 6 and 7. The argument uses the method of Labesse [57]; hence, itis
based on elementary functions and can be further generalized [113] to the twisted
adjoint cases. For standard endoscopy this reduction was proved in Hales [35] by
adifferent argument. Finally, Chaps. 11 and 12 contain some prerequisite material
needed in Chaps. 6-10.
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Chapter 1
An Application of the Hard Lefschetz Theorem

In the later parts of this chapter, we will use the hard Lefschetz theorem to show
that an irreducible cuspidal automorphic representetion 7 = 7.7 s, Of the group
GSp(4, A), whose Archimedean component 7., belongsto thediscrete series, gives
acontribution to acohomology group of some canonical associated locally constant
sheaves on Siegel modular threefolds only if the conomology degreeis 3, provided
m is not a cuspidal representation associated with parabolic subgroup (CAP rep-
resentation). In other words, under the action of the adele group GSp(4, A t:n),
all irreducible constituents occur in the middle degree, if one discards so-called
CAP representations. Since CAP representations are well understood for the group
GSp(4), this result is important for the analysis of the supertrace of Hecke opera-
tors acting on the cohomology of Siegel modular threefolds, and hence for the proof
of the generalized Ramanujan conjecture for holomorphic Siegel modular forms of
genus 2 and weight 3 or more.

1.1 Review of Eichler Integrals

In this section, we collect facts on the Hodge structure on the cohomology of Siegel
modular threefolds. For this we first define the underlying locally constant coef-
ficient systems. Although our main interest will be the /-adic conomology groups
defined by these coefficient systems, the Hodge structures defined by them will play
avital role later. The Hodge structure helps to improve upon results on the [-adic
representations obtained by the topological trace formulain Chap. 4, sinceit alows
us to obtain an interpretation of certain multiplicities my, mo which are defined via
[-adic representations. See, for instance, Corollaries4.1 and 4.4.

Notation. Let I be a neat subgroup of finite index in the symplectic group Sp(4, Z)
(e.g., aprincipal congruence subgroup of level 3 or more). Let H denote the Siegel
upper half-space {Z = Z’ € M, 2(C) | Im(Z) > 0} of genus 2. Matrices M =
(A4 B)inGSp(4,R) acton H intheusua way by M (Z) = (AZ+B)(CZ+D)~*.

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 1
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 1,
(© Springer-Verlag Berlin Heidelberg 2009



2 1 An Application of the Hard L efschetz Theorem

Let X denote a suitable toroidal compactification of the Siegel modular variety de-
fined by the quotient X =T\ H. Let j : X — X denote the inclusion map.

Representations of GSp(4,Q). To any irreducible algebraic representation
A:GSp(4,Q) — GI(V)

of the symplectic group of similitudes GSp(4, Q) on acomplex vector space V' one
can associate a locally constant sheaf V), on X = I'\ H whose fibers are isomor-
phic to V. The mixed Hodge structure of the cohomology of these fiber bundlesis
described in [19], Sect. VI.5.

Except for the similitude character v : GSp(4,Q) — C*, there are two funda-
mental representationsof the group GSp(4, Q). Oneof them isthefour-dimensional
standard representation on C*. The other is containedin A2 (C*), which decomposes
into a one-dimensional representation and the five-dimensional fundamental repre-
sentation. These representations are defined over Q. Up to atwist by v, n € 7, dl
irreducibl e representations occur in the decomposition of tensor products of the two
fundamental representations.

Anirreducible representation A of GSp(4, Q) as aboveremainsirreducible after
restriction to the subgroup Sp(4, Q). The isomorphism class of the restriction to
Sp(4,Q) is determined by its highest weight. In our case this may be made more
explicit: The Sp(4) dominant weights may be identified with pairs of integers

A= ()\1,)\2) such that A1 > Ao > 0.

For the four-dimensional standard representation (A1, A2) = (1, 0), and for the five-
dimensional fundamental representation (A1, A2) = (1,1). The irreducible repre-
sentation A of GSp(4,Q) is indeed uniquely determined by its central character
and theintegers A1, \2. A character of the center of GSp(4, Q), identified with the
scalar matricest - id, has the form ¢ — t™ for an integer n € Z. For fixed A\, Ao
the possible values of n are the integersn = A; + A2 modulo 2. In fact, two irre-
ducible algebraic representations of G:Sp(4, Q) with isomorphic restriction to the
symplectic group, i.e., coinciding parameters (A1, A2), are obtained from each other
by atwist with a power of the similitude character v.

Algebraic Normalization. In the following we attach to integers Ay > X2 > 0
the unique class of irreducible algebraic representation A of the group GSp(4, Q),
whose central character ist — t**+22 and whoserestrictionto Sp(4, Q) has highest
weight (A1, \2). By abuse of notation, wewrite A = (A1, A2) both for this represen-
tation of GSp(4, Q) and for its highest weight vector. With use of this notation, the
dual representation \ attached to X is A @ v~ 72,

Let \ be an irreducible algebraic representation of the group GSp(4, Q). Con-
sider the coefficient system V, = V(\) on X attached to the representation \ as
in[19], p.232. Put By, = V(\V) for the dual representation \Y = \ @ v~ 142,
This notation is motivated by the fact that for the four-dimensional standard repre-
sentation A of GSp(4, Q) thisgives

E)\ = Rlﬂ'*C,
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wherew : A — X is“the universa family” of principally polarized Abelian vari-
eties of genus 2 over X [19], p. 234.

Algebraic and Unitary Normalizations. If n = 2r is even, our normalization
above normalized the representation A such that the central character becomes
trivial — by twisting with a suitable multiple of the similitude character. Even if
n is odd, one might proceed in this way by twisting formally with a half-integral
power of the similitude character. If n = 2r isodd and » € §Z, this “unitary”
normalization can be introduced only in a purely formal manner (see [19], p. 231)
except that one then hasto deal with the slight inconvenience of having half-integral
F-weightsin Hodge filtrations or half-integral Tate twists. However, asthisis done
purely formally, it presents no difficulties. Following Chai and Faltings[19], wewill
use this notation.

This normalization of the representation is suitable if we consider L-series and
spectral theory. We refer to it as the unitary normalization. However, one has to be
careful. The operation of the Hecke algebraand al so the Gal ois action, defined | ater,
essentially depend on the central character of the representation A of GSp(4, Q).
For this our previous algebraic normalization is better suited.

In contrast, the unitary normalization formally leads to Hodge structures of half-
integral weights. See [19], p. 235, Remark (1). Although it implies that the cor-
responding [/-adic sheaves will formally become pure of weight 0 and self-dual,
half-integral Tate twists are not well defined over the base Spec(Q). Nevertheless,
half-integral Tate twists are well defined in characteristic p, hamely, in the sense
of Weil sheaves. Notice the unitary normalization has the advantage that all auto-
morphic representations arising in the cohomology groups then have trivial central
character on some open subgroup of Z¢(A)/Z:(Q); hence, the central characters
become unitary of finite order. Here Z denotesthe center of G. For the study of the
Hodge structure or the study of Galois representations on etale cohomology groups,
theartificial unitary normalization can easily be removed by an “r-fold” formal Tate
twist for r = 11322 € 17

The Dual Bernstein—Gelfand—-Gelfand (BGG) Complex. Itisshownin[19] that
the direct image complex Rj.(E») on X defined for theinclusionj : X — X can
be resolved using the dual BGG complex. This means that the complex is quasi-
isomorphic to complex K} = Rj.(E,) on X, where

Ky =Epw,
i

and where the complex maps are given by certain differential operators[19], p. 232,
Proposition 5.4(1). The vector bundles W, , and their duals WZ, which occur in
this sum, are prolongationsto X of certain vector bundles 1V,, on X, being defined
by automorphic cocycles attached to a rational irreducible representation p of the
group G(2, Q).

A spectral Sequence. By abuse of notation, let ;. denote the representation and
aso the corresponding M° = GI(2,Q)-dominant weight. Notice that owing to
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our normalization of A (either algebraic or unitary) we can replace the group
M = GI(2,Q) x G,, considered in [19], p. 222f, by the subgroup M° = GI(2, Q).
In the following, let P = M°U be the Siegel parabolic subgroup of upper block
triangular matricesin Sp(4, Q) with the notation asin [19]. This gives a canonical
isomorphism M° = P/U = GI(2,Q). Fixing a Borel subgroup in P containing
the diagona matrices as in [19], pp. 222 and 228f, induces a Borel subgroup of
M?. Then the weight p (half sum of the positive roots of Sp(4)) is defined and
becomes p = (2,1). In this sense the sum P, WZ above extends over all those
G1(2)-dominant weights pi, where

p=wA+p)—p

holds for some element w of length I(w) = p in the Weyl group of Sp(4,Q).
According to Chai and Faltings [19], Theorem 5.5(i), p. 233, the spectral sequence

EP? = HI(X K%)= HP*(X, E))

degenerates at the 1-level.

In our case let us make this more explicit.

Given the dominant weight A = (A1, \2), such that A; > X\ > 0, of the
group Sp(4), there are four substitutions w in the Weyl group of Sp(4), such that
uw=w(\+ p) — pisGi(2)-dominant. These are the Wey| group elements denoted
id, o, T,w of length 0, 1, 2, and 3, respectively, where o (u, v) = (u, —v), 7(u,v) =
(v, —u), and w(u, v) = (—v, —u). For these substitutions u = w(A+p) — pisgiven
by (/\1, )\2), ()\1, — Ao — 2), ()\2 -1, -\ —3), and (—)\2 -3, -\ — 3), respectively.

SINce Wiy, sy = W (-, —pr) [19], p. 229, we obtain

0 1
K)\ = W(*)\g,*)\l)? K)\ = W()\2+2,7>\1)7

2 3
K, = W(/\1+3,1w\2)a K, = W(/\1+3,/\2+3)-

Example 1.1. For (A1, X2) = (0, 0) we get the sheaves of differentials K = Q% =
0% (log) with log poles at the boundary. In fact Qi( = W2,0)-

Example 1.2. For A = (2,0) wehave H' (X, E)\) = H*(X,Qx (log)*).

Hodge Structure (weights). Let us first review certain facts about the mixed
Hodge structure defined on H3(X, E), »,). The pure part of this Hodge structure,
which contains the image of the space of holomorphic cusp forms or the image
of the cohomology with compact support, has weight 3 + A1 + Ay (algebraic nor-
malization) or formal weight 3 (unitary normalization of E). For details see [19],
Theorems 5.5 and 6.2 and p. 237.

F-filtration. On HP (X, Ex, »,) = image(H2(X, Ex, x,) — H3(X,Ex, x,))
we have a pure Hodge structure, since this space is contained in the restric-
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tion of the cohomology of the smooth toroidal compactification. According
to [19], Theorem 5.5, the decomposition of the weight 3 Hodge structure on
H!B(XvE)\l,Az) = image(Hg(XvE)q,)\z) - HB(XvE)q,)\z)) into (p,q)-types
yields“formal” Hodge types with p expressed as

p=p(H) —w(X+p)(H),

where H = (1/2,1/2,-1/2,—1/2) holds (everything is now in the unitary
normalization [19], pp.231 and 232). Notice that the weight (u1,42) maps
(z1, 22, —x1, —x2) (an element from the Lie algebra of the diagonal matrices in
Sp(4)) t0 p1z1 + powe; hence, (ur, o) (H) = 32 . For the Weyl group elements
Lo, m,wthisgivesp = —J (A1 + X2), p=1—5(A1 — X2), p =24 (A1 — Aa2),
andp = 3+ J (A1 + Az), respectively.

Let usreturn for awhile to the more familiar algebraic normalization. Removing
the formally defined Tate twist Q(r) on

HP (X, Ex, »,) = image(H2 (X, Ey, 5,)) — H* (X, Ex )

for the half-integer r = *'$72, we obtain the algebraic normalization with the
Hodge types (p, ¢)atg = (1, @)unit + (M 5**, 21372, where pq, ranges now over
theintegers0, 1+ A2, 2+ A1, 3+ A1+ 2. Thisdefinesan “honest” Hodge structureon
uni al
V= H‘S(Xv E()\l,t)\g)(ir)) = H‘S(Xv E()\?T)\Q))v

whichispureof weight \; +X2+3 = k1 +k2—3. Itsdecompositioninto (p, ¢)-types
isgiven by

V = V(k1+k2—3,0) e V(kl—l,kg—Q) e V(kg—Q,kl—l) D V(O,k1+k2—3) )

The new notation k&; = A1 + 3 and k; = Ay + 3 isintroduced for the following
reason.

Links with Holomorphic Modular Forms. Consider the complex analytic situa-
tion. Then the space of global sections H°(X, W 4, x,)) can be identified with the
space (I, (k1, k2)] of classical Siegel holomorphic vector-valued modular forms of
weight (k1, k2). The degeneration of the spectral sequence[19], Theorem 5.5, gives
inclusions from the edge homomorphisms

3
[T, (A1 +3, A2 +3)] = HY (X, W, 43,43) = H' (X, KY) — H*(X, Ey, \,))-

Hence, vector-valued holomorphic modular forms of weight k; > ks > 3 can
be embedded into the cohomology of suitable canonical coefficient systems F,.
These embeddings are compatible with the action of Hecke operators. The case
k1 = ko = k correspondsto classical Siegel modular forms of weight &.

For k1 > ko > 3 the space of holomorphic cusp forms I, (k1, k2)] mapsto the
subspace V (k1 ++2=3.0) of the Hodge decomposition.
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Remark 1.1. More generally for k; > ko > 0 one could ask which holomorphic
cusp forms can be detected by higher cohomology groups. From the list above we
see that the space of vector-valued holomorphic modular forms of type (k1 , k2) can
be embedded into the cohomology of a canonical coefficient system if and only if
p+ (—keo, —k1) isnot Sp(4)-singular. In other wordsin all caseswhere ks # 2 and
(kl, kg) 75 (2, 1) or (kl, kg) 7& (1, 1).

1.2 Automorphic Representations

For the group G = GSp(4,Q) of symplectic similitudes we consider the corre-
sponding Shimura varieties

Sk(€) = G(Q)\ G(A)/Zentr(h) K,

where K is a compact open subgroup of G(A ¢;,,), and where Zentr(h) is con-
tained in the product of a maximal compact subgroup K, and the topologically
connected component Ac(R)? = Z¢,  of the center Z¢ o, of Goo = G(R)
(we aso refer to [110]). As an analytic space each Sk (C) is a digoint union
of Siegel modular varieties X = | |, I3\ H for certain I'; depending on K, as
considered in Sect.1.1. The topologically connected components 7 (Sx (C)) =
m0(G(Q) \ G(A)/Zentr(h)s K) can beidentified with

(IIz)/vx),

wherev : G — G =~ @,, is the similitude character of G. Hence, the results of
Sect. 1.1 also apply for the analytic spaces Sk (C). In particular, we can consider
the embedding of the spaces of holomorphic modular forms for X = Sk (C) and
H*(X, E)) asfollows.

The adele group GSp(4, A f;,,) acts on the direct limit

H*(S(C), Ex) = limg H*(Sk(C), )

by an admissible representation. The automorphic representation of the group
GSp(4, A i) onthedirect limit over K of the spaces @), [I';, (k1, k2)] of holomor-
phic vector-valued modular forms of type (k1, k2) with fixed k; > k2 > 3 (holo-
morphic discrete series) embeds into the representation H3(S(C), B, -3 k,—3), 8
explained in Sect. 1.1.

Furthermore, it is well known (see [13] or again [19], p. 233) that the subspace
of cusp forms within this space of holomorphic modular forms maps under this
embedding into the cohomology subspace

HP (X, By) = Image(H (X, Ex) — H*(X, Ey)).
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Let usfix ky > ko > 3; hence, A = (k1 — 3,k — 3) and E = E,. Attached to
(K1, k) there exists the holomorphic discrete series representation 729! (k1 ko) of
GSp(4, R) of type (k1, k2). Then from what has been said above we get

Lemma 1.1. The subspace defined by the direct limit of holomorphic cusp formsis
injected into HZ(S(C), Ex, —3.x,—3), and isisomorphic to

@ T fin

T=Tfin®@Too,hot (k1,k2)

as a module under the group G:Sp(4, A ¢;,,). The sum extends over all irreducible
cuspidal automorphic representationsm = 7 ® 74y, Such that 7., belongsto the
holomorphic discrete series of type (k1, k2).

Fixing notation. For an irreducible cuspidal automorphic representation =
of GSp(4,A), let S be a finite set of non-Archimedean places, which in-
cludes the ramified places of w¢;,. Choose a compact open small level group
K = K°Kg C G(Ay,) suchthat 7% is nonzero, where K° = GSp(4,7°)
is the maximal compact subgroup of unimodular symplectic similitudes at the
non-Archimedean places outside S.

Canonical Models. The Shimura varieties X = Sk (C) have canonical models
over thefield Q. For the group Kg there are two particular choices of interest.

The First Choice. Kg = Kxn C GSp(4,Zg) isaprincipal congruence subgroup
of level N, i.e., the subgroup of al matrices g € GSp(4, Zs) with the congruence
condition g = id mod N for theinteger N' = [, [**"¥). Infact, for this choice of
K, the Shimuravariety can beidentified with the complex analytic space attached to
the moduli space of principally polarized Abelian varieties with level N structure.
Let M temporarily denote its canonical model over Spec(Q(¢n)).

The Second Choice. Within the set S of bad non-Archimedean places we as-
sume Kg = K, to be a“modified” principal congruence subgroup (denoted K}?’
in [110], p.102). K}, is the group generated by the matrices M = id mod N in
GSp(4,Zy) in K g together with the matrices

E O *
<0)\~E)’ A€ Z5.

Obvioudly, A = K, /Kn = (Z/NZ)*. Let the model temporarily denote M’.

For both choices the corresponding Shimura variety Si (C) has a canonical
model defined over Spec(Q). For the second choice this model M’ becomes ge-
ometrically connected, which is convenient from the point of view of classical al-
gebraic geometry, whereas the canonical model M considered as a scheme over
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Spec(Q) by restriction of scalars has many geometric components. However, using
Galois descent (see [24], p. 286, Lemma 2.7.5), these two models M and M’ are
related by Remark 1.2, which easily allows usto pass from one point of view to the
other.

Remark 1.2. For fixed N with the notation above the canonical Q-model M is
obtained from the Q-model M’ by the Cartesian product M = M’ Xg,cq(q)
Spec(Q(Cn))-

M

Spec(Q)

Theaction of K, on M factorizesover thequotient A = (Z/NZ)*, and thisaction
is compatible with the Galois action on Spec(Q(¢x)) provided the reciprocity law
has been suitably normalized.

The space M’ isa quotient of M. We will later consider certain ample divisors
on the quotient space M’, which pull back to an ample divisor of the geometrically
nonconnected scheme M.

For placesp outside S, M hasasmooth model X' over Spec(Z,,) forlevel N > 3
and (p, N) = 1 defined by the moduli space of principal polarized Abelian varieties
with level N structure.

Generalized Eigenspaces. Let Hg denote the Hecke algebra of al K9 bi-
invariant functions on G'(A®) with compact support. The Hecke algebra Hg acts
on the cohomology groups H* (X, F) and H? (X, E) via correspondences. Let us
fix some further notation which will be used frequently. Let S be a set of places as
above containing all bad places. Consider some non-Archimedean place p notin S.
This will be a prime of good reduction for the model X' of Sk, xs(C). Then we
write
A:RXAﬁn:RXASXQpXAJt,
where f means finite places away from S and some distinguished prime p, also
called the Frobenius prime later. In particular, we will consider the tensor decompo-
sition
T = Moo @ Mfin
for
Mtin = Ts QM Q Ty
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Hence, in this setting we always et .S be some fixed finite set including all ramified
places of «, and p will be some distinguished unramified place for = (i.e., not in
S). At the remaining non-Archimedean places the spherical representation 7 is
then uniquely determined by the eigenvalues of the action of the Hecke algebra H ¢
on its spherical vector. Any finite-dimensional module V' of the commutative H ¢
algebra uniquely decomposes into a direct sum of generalized eigenspaces (Jordan
blocks) V' = &V (x), on each of which the semisimplification of the image of H
in End(V') actsby acharacter x of Hy. If x arisesfrom the spherical representation
¢, we alsowrite V(x) = V(my) for this generalized eigenspace. In the following
we consider the following generalized eigenspaces

H*(X,E(ry)) = H*(X, E)(y)
on the finite-dimensional vector space H* (X, E)

H*(X,E) = @ H* (X, E(ry))

T

for K = KnK® and K = K,K; = GSp(4,Z7). Furthermore, we consider the
related spaces H? (X, E(ny)) and H® (X, E(7y)).

1.3 CAP and Toric Representations

For a reductive group G over Q let 7 be any irreducible cuspidal automorphic rep-
resentation of G(A\). For a parabolic subgroup P C G for aimost al places v the
following holds:

e There exists an irreducible representation 7, with central character denoted w,,,
of the Levi component of P, such that 7, is asubquotient of 1 ndfjﬂ” (T0)-

Definition 1.1. The cuspidal representation 7 will be called CAP[69] if for aproper
parabolic subgroup P C G over Q there exists afinite set of placesT” such that the
representation @,,¢77, of the Levi group of P is automorphic or it will be called
toric if its centra character ®,crw, isautomorphic (viewed as a character of the
center of the Levi component).

Being CAP or toricis, of course, aproperty of theweak equivalenceclass of irre-
ducible cuspidal automorphic representations 7 of GG; hence, we will not distinguish
between 7 and ¢ in using this notation.

Recall. Two irreducible admissible representations are called weakly equivalent if
their local admissible representations coincide at almost all places.

Obviously CAP implies toric. It seems plausible that a converse form also holds,
i.e., anirreducible cuspidal automorphic representation should be toric if and only
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if itisa CAP representation. See [112] for some resultsin this direction in the case

of the group G = GSp(4). The CAP representations for the group G = GSp(4)

have been classified by Piatetski-Shapiro [69] and Soudry [97].

Theorem 1.1. Let us maintain the notation from above. For an irreducible cuspidal

automor phic representation 7 whose infinite component 7., belongsto a holomor-

phic discrete series representation of type (k1, k2 ), consider the spherical represen-

tation 7 as above and the sheaf E = E) for A = (k; — 3, k2 — 3). Then:

la. The generalized rs-eigenspace HP (X, E(r¢)) € H3(X, E(r¢)) is nontrivial
for some X = Sk(C) for some K =[], Ko with K, = GSp(Z,) for all
v, where 7 is spherical.

1b. If 7 not is CAP (or toric) (H3(SK(C),E)/H?(SK((D),E))(7rf) = 0 for

al K.
2. If w isnot CAP, for all K the generalized eigenspaces

H'(Sk(C),E(rs)) =0, i#3
vanish in degree different fromi = 3.

Corollary 1.1. Suppose 7 is not toric. Then for all Hecke operators f, €
C*(G(Qp)//K,) and X = S (C) the following holds:

6

~Trace(my(f,); HY(X, B(xp)) = S _(~1)Trace(m, (f,); H (X, E(xy)).
i=0

Proof of Theorem 1.1. By our assumptions regarding © and F, the assertion (1a)
followsfrom Lemma1.1. In particular,

H3(S(C), By, —3,5,—3) # 0.
By assumption 7 is cuspidal, but not CAP. Hence, all generalized eigenspaces
H*(Sk(C), E)(7y))

are contained in the subspaces H?(Sk (C), E), since from [83] the cohomology
is spanned by the subspaces H? (Sk (C), E) and the Eisenstein cohomology. We
remark that this result in [83] uses the Borel-Serre compactifications. Since 7 is
not CAP, the generalized eigenspace of 7, on the Eisenstein cohomology is obvi-
oudly trivial; hence, this implies (1b), and for (2) it is enough to consider the co-
homology groups H/ (X, E). In other words, one has to show the vanishing of the
H!i(SK(C),E(ﬂ'f)) fori #3. O

This will be done in the remaining sections of this chapter with arguments that
are a dight modification of those in [112, 114]. They use the weak form of the
Ramanujan conjecture proven in Chai and Faltings [19], p. 264. The point will be
that if 74 contributes nontrivially to the third cohomology of £ and to some other
cohomology group of E in a different degree, then the L-series of 7 will have a
pole, which forces 7 to be CAP, contradicting the assumptions.
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1.4 The I-Adic Sheaves

Remark 1.3 concerns the sheaves E. For the following fix some auxiliary prime (,
say, contained in S. Furthermore, fix an isomorphism « between the algebraic clo-
sureof Q; and C. The comparison isomorphism allows usto identify Betti cohomol-
ogy and Q;-adic cohomology. We now consider the [-adic version of the coefficient
system E.

In fact, the sheaves E = E, can already be defined as an [-adic smooth Weil
sheaf of amodel over Q of thealgebraic variety X = Si (C). They are of geometric
origin and occur in the direct image of products of the universal Abelian variety

ASHSK(C), AS:AXSK(C)AXSK(C)...XA.

For A = (1,0) the basic exampleisthe sheaf £\, = R'7.(Q,). All the other [-adic
coefficient systems F, can be produced from such direct imagesin a similar way.
See[19], p. 235.

The construction also works over Spec(Z) \ S. Consider aprimenotin S and let
T be the spectrum of the strict henselization of Z with respect to this prime. There
exists a smooth model 7 : Xy — T of the moduli space defined by Sy (C) (for
N > 3) together with a universal Abelian variety A (or products of it over Xr),
being smooth over X'r. This defines coefficient systems £ = &,.

Lemma 1.2. The construction above defines smooth sheaves £ on X such that the
sheaves R*m (€) and R*r..(€) are smooth on T and commute with arbitrary base
changeT’ — T.

Proof of Lemma 1.2. Since the Leray spectral sequence for the morphism 7 de-
generates at the Fs-level by the Liebermann trick (cohomology decomposes by
the different eigenvalues of the multiplication map), this leads us to consider the
case of the constant sheaf Q; and its higher direct images with respect to the com-
posed morphism from the Cartesian product f : A* — Xpr — T. Thismap is
smooth and admits a proper smooth extension f : 45 — T, where the bound-
ary divisor is a relative divisor with normal crossing [19], p. 195. Hence, accord-
ing to [72], theorem of finitude (App. 1.3.3(ii)), the pair (f, Q,) is cohomologically
proper. Therefore, the higher direct image sheaves Rf.(Q,;) commute with arbi-
trary base change 7/ — T. So, according to [72], theorem of finitude (App. 2.4),
the specialization and the cospecialization maps are isomorphisms, because f is
smooth and therefore locally acyclic. Therefore, the direct image sheaves R’ f..(Q,)
are smooth sheaves.

Without restriction of generality, the morphism f can be compactified by a pro-
jective morphism f [19], p. 207; therefore, the relative Poincaré duality theorem
holds for the morphism f

Rf.RHom(K, f(Q,)) = RHom(Rfi(K),Q,).

71(Q,) = Q;[2d](d), since f is smooth, where d is the relative dimension. Hence,
the cohomology sheaves of the complex RHom /(R fi(Q;), Q;) are smooth sheaves
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on T'. By the theorem of finitude (Theorem 4.3) this complex is quasi-isomorphic
to D(Rfi(Q,)); hence, Rfi(Q,) = D(D(Rf(Q,))) = D(R.f(Q,)). A spectral
sequenceis now obtained from R fi(Q) = D(R. f(Q;)), which computes R’ f1(Q)
intermsof the R’ f..(Q,). It has smooth E»-terms by the result above; therefore, no
higher £t sheaves occur. Hence, the spectral sequence degenerates. Thus, also the
sheaves R f,(Q,) are smooth sheaveson 7.  [J

Positive Characteristics. Fix someprimep ¢ S and different from /. Lemma1.2
now allows us to consider the situation in characteristic p using base change. Let
now X and X, respectively, denote the moduli scheme and a smooth proper toroidal
compactification over the algebraic closure I, of the prime field of characteristic p.
(Of course, the sheaf £ need not extend to a locally constant coefficient system
on X.) First of al, H2(X, E) is independently defined using comparison isomor-
phisms, whether we consider X = S (C) to be the Shimuravariety over C or use
its smooth reduction mod p of a model over T, considered as a scheme over IF,,.
Namely, these spaces will be identified using the specialization map. This follows
from the base change assertions of Lemma 1.2. By Poincaré duality, the same holds
for cohomology with compact support and thereforealso for Hy (X, E). Theseiden-
tifications are equivariant with respect to the action of the Hecke correspondences
on these cohomol ogy groups.

Reduction Mod p. To simplify comparison with automorphic L-series later, we
choose a squareroot p'/? of pin Q, and an isomorphism: : Q, = C and normalize
the Weil sheaves E), by a half-integral Tate twist to become ¢-pure Weil sheaves of
weight O (well defined over theresiduefield I, after reduction mod p). For example,
E(1,0) = R'7.(Q)i(3). Thissheaf is self-dual as aWeil sheaf. The sameis true for
the other E\ by tensor calculus.

Over the algebraic closure I, of the residue field the Frobenius automorphism acts
on the cohomology groups commuting with the action of the Hecke correspon-
dences. The eigenval uesof the Frobeniuson the spaces H/' (X, E) are pure of weight
1. To take into account that our spaces are not compact, let £ be the sheaf complex
on X defined by the perverse intermediate extension of the sheaf E' to the com-
pactification X considered in characteristic p. Thisisapure self-dua perverse Weil
sheaf complex of weight 0. Its cohomology groups are pure, and hence so are the
subquotients H* (X, E).

1.5 Lefschetz Maps

By the hard Lefschetz theorem for the pure perverse sheaf £ on X = Sk (C) we
get for al » > 0 isomorphisms

L": H3"(X,E) — H*"(X,E)(r),
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where L" is the map induced from the iterated cup product with the fundamental
class of some ampleline bundle £ on the toroidal compactification S (C).

There are corresponding maps on the cohomology groups and cohomology
groups with compact support. We have a commutative diagram of morphisms

H:(X,E) — H*(X,E)
1 | res
H*(X,E)— H*(X,E)

compatible with the Lefschetz maps L. We consider these both in characteristic
p and characteristic 0. In positive characteristic L™ commutes with the Frobenius
action up to somefactor (coming from the r-fold Tate twist). It is enough to consider
thecase E.

Hecke operators. Next we show that L.” commutes with the action of Hecke
operators. Using the base change and smoothness (Lemma 1.2), the specidiza-
tion map is an isomorphism outside S. It therefore suffices to consider the ques-
tion in characteristic 0. We can aso replace the moduli variety X of level N by
some geometrically connected component X’ using the remark of Sect.1.2. For
the variety X’ choose £ as in [110]. Then, as explained in [110], pp.104 and
108, the Lefschetz map L" : H? "(X',E) — H{™"(X',E)(r) is defined by
the iterated cup product with respect to the trandation-invariant harmonic Kahler
2-formon G(R). The same then holds by pullback for X. Hence, L commuteswith
the action of Hecke operators, because it already does so on the level of differential
forms. We therefore obtain induced maps preserving the generalized eigenspaces:

L'+ HY ™" (X, B(rp)) — H (X, E(myp))(r).

Lemma 1.3. Suppose 7y is a representation which is not weakly isomorphic to an
Eisenstein representation attached to a proper parabolic subgroup. Thentherestric-
tion of L™ to the generalized 74 eigenspace defines an isomor phism

L": HY7 (X, E(wy)) — HP (X, E(mp))(r).

Proof. Poincaré duality applied to the self-dual sheaf £ on X proves dim H} ™"
(X, E) = dim H?T"(X, E)(r). Use Im(¢)* = Im(¢*) for the dual ¢* of alinear
map ¢ : V. — W between finite-dimensional Q, vector spaces. Apply this to the
natural map ¢ from cohomology with compact support to ordinary cohomology.
Observethat ¢ = ¢* isself-dual with respect to Poincaréduality. Hence, it isenough
to show injectivity of L".

At thispoint of the proof we use atranscendental argument. Accordingto [83] ev-
ery cohomology class has an automorphic representativein our case (for the general
case, this holds by atheorem of J. Franke). By our assumption regarding = ¢ the rep-
resentatives have to be cuspidal. This meansthat the generalized ¢ eigenspacesare
contained in the cuspidal cohomology. Hence, they can be represented by harmonic
differential forms (with respect to the translation-invariant metric) that have rapid
decay on the Siegel space '\ H. From [13], p. 47, the natural map from harmonic
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rapidly decreasing forms H?,(E) to the cohomology H*(I'\ H, E) is injective
(coefficientsof F are assumed to be complex). Asexplained in the section on Hecke
operators above, the Lefschetz map L” is realized by iterated cup products with
the trand ation-invariant harmonic Kahler 2-form w. Hence, L™ preserves the space
H?,(E) of harmonic rapidly decreasing forms:

Hy'C = HYT(XE)

Aw” L"
v v
WO = HE(X.E)
This shows that our hypothesisregarding 7, implies that the natural map
HP™(X, B(ny)) — H**" (X, E(ny))(r)

isinjective. By the dimension argument at the beginning of the proof it is therefore
an isomorphism. [

Remark 1.3. For the constant sheaf £ = Q,; the map
L™ : 7" (X,E) — H* (X, E)(r)

defines an isomorphism. See [114]. It would be interesting to know whether this
holdsin general.

1.6 Weak Ramanujan

A weak form of the Ramanujan conjecture, proved in [19], p. 264, implies that the
graded generalized eigenspace Hy (X, E)(m ), when considered in positive charac-
teristic p, is preserved by the Frobenius action. Furthermore, the Frobenius F'rob,
can have at most four different eigenvalues on this subspace, and — although not
stated explicitly in [19] —the possible eigenvalues are given by

p3/2a0,p3/2a0a1,p3/2a0a2,p3/2a0a1a2,
where these numbers define the local spinor L-function L, (¢, s)
Ly(mp,8) 7 = (1= aop™®)(1 = agarp™®)(1 — agazp™)(1 — agarazp™)

attached to 7. Notice the shift by 3 (unitary normalization). The complex num-
bers ag, a1, ap  are the Satake parameters of the unramified local representation
m, atached to 7y at the prime p. Owing to the unitary normalization, the value
(ap)? a2, which defines the central character, has absolute value 1.
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Low Degrees. Concerning the cohomology groups in degrees 0,1, 5,6 it is well
known that cuspidal representations do not contribute to these degrees. To see this,
it is enough to consider degrees 0 and 1 using Poincaré duality. By the vanishing
theoremsfor the continuous L?-cohomology groups H(I', V') 2), the cohomology
groups H,,,,(X, E) (sheaveswith coefficients over C) vanishfor i < rkg (G) — 1.
Here rkr(G) = 2 denotes the real rank of the group GSp(4) ([13], pp. 40—
42, in particular Theorem 4.4(i).2). If, therefore, 7¢ is not CAP, the generalized
eigenspaces H'(X, E(ry)), etc. vanish in degree i = 0,1,5, 6. Hence, for the re-
maining part of this chapter — in particular for the proof of assertion (2) of The-
orem 1.1 — we can restrict ourselves to discussing non-CAP representations ¢,
whose generalized eigenspaces are nontrivial on the cohomology groups H{ (X, E)
both in degree 3 and in degree 2 (or degre 4). By Lemma 1.3 7; contributes both to
degree 2 and to degree 4.

Multiplicity 1. Let us now suppose 75 is cuspidal automorphic, but not CAP,
and contributes to cohomology in the degreesi = 2, 3, 4. If 51, B2 are two differ-
ent eigenvalues of the Frobenius on H? (X, E)(r) and pf1, pf- are two different
eigenvalues on H'(X, E)(r), corresponding vice versa under the Lefschetz iso-
morphism L, then by purity of the eigenvalues of the Frobenius on H/' (X, E) all
these four eigenvalues would be distinct from each other, having weights 2 and 4,
respectively. Then, by the weak form of the Ramanujan conjecture stated above,
these four eigenvalues must al be eigenvalues. This implies a contradiction, since
w¢ also contributes to degree 3. Hence, at |east one of the eigenvalues of the Frobe-
nius must have absolute value of weight 3. Therefore, at most one eigenvalue of the
Frobenius Frob, occursin HZ(X, E). Then the same holds for H!(X, E) by the
L ef schetz isomorphism.

1.7 Residues of L-Series

For a cuspidal representation 7 which is not CAP and violates assertion (2) of
Theorem 1.1, we conclude that the Frobenius at the prime p has at most one eigen-
value on the generalized 7 ;-eigenspace of the cohomology in degree 2. If the action
of the absolute Galois group Gal(T'q) of Q on HZ (X, E(r¢)) is semisimple, then
the corresponding Gal ois representation has to be amultiple of afixed Abelian char-
acter. The sameis also truein degree 4.

To show semisimplicity we proceed as follows.

First we reduce to the case of the scheme X’ such that X = X' Xgpec(q)
Spec(Q(¢n)). Then according to [110], p. 104, there exists an ample divisor Y in
X defined over Q describedbelow suchthat Y =Y, U(X \ X).PutY = X NY;.
Then the restriction map on the right of

HE(X,E) « H2(X,E) — H2(Y,E|Y)
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isinjective. Thisholdssince the kernel isaquotientof H2(X \ Y, E), whichiszero
by the affine vanishing theorem of Artin—Grothendieck. Noticethat X\Y = X\Y is
affine of dimension 3. Thedivisor Y issingular, aunion of products of two modular
curves together with the components of the boundary divisor X \ X, whichitself is
aunion of Shioda surfaces. Passing to the normalization of Y, one can control the
cohomology groups H2(Y, E|Y) in terms of the cohomology groups of modular
curves and canonical coefficient systems on them as in [110]. Again as in [110]
this implies for H2(X, E), and hence for the quotient H?(X, E), semisimplicity
and furthermorethat all one-dimensional Galois representations, which occur in the
(I-adic) cohomology, are grossen characters viewed as characters of the absolute
Galoisgroup of Q.

That the Hecke algebra acts by a single character on HZ(X, E(r¢)) and
H}X, E(ry)) (multiplicity 1) now easily implies that the absolute Galois group
I'q of Q actsby amultiple of some grossen character x(—1) on HZ(X, E)(rs) for
aDirichlet character y. Similarly, in degree 4, it acts by the corresponding multiple
x(=2).

We still assumethat 7 is cuspidal, but not a CAP representation, and contributes
to degree 3, however not exclusively. Then both px(p) and p?x(p) must occur as
eigenvaluesof the Frobenius F'rob,, on the generalized eigenspaces H* (X, E(7¢)).
These two numbers occur among the four “roots’ of the spinor L-series at the
prime p. Since the Weyl group acts transitively on the four “roots’ of the loca
spinor L-function L, (7, s), we can assume p3/2aq = px(p) without restriction of
generality. Furthermore, the Weyl group alows us to interchange aga; and agas.
So we can assume p2x(p) to be either p/2apa; or p/2apaias. Hence, for all
primesp ¢ S (S isfinite, fixed, and large enough) one of the two cases holds:

e Casel.a; =p
o Case2. cvyas =p

Lemma 1.4. ajay = p holdsfor all p ¢ S, and |a;| = |as| = p'/2. Furthermore,
P20 = px(p), and the central character of 7 isw, = x2.

Proof. Assume to the contrary «; = p. The unitary central character w,. of 7 is
related to the value a2 a; ava, Which has absolute value 1. Since p®/2a = px(p) and
a1 = p, thiswould imply |as| = 1. Notice p*/?aga;as then has absolute value
p?; hence, at least one of the values p*/2aga; or p?/2 g occurs as an eigenvalue
of the Frobenius in the third cohomology with absolute value p/2. Since a; = p,
lao| = 1, and ap = x(p)p~*/?, this is impossible; hence, only the second case
a9 = pis possible. Then ap = x(p)p~/? and apaas = x(p)p'/?. Again
there must be an eigenvalue p*/2aga; or p*/2agae of absolute value p/2 coming
from the third cohomology. Therefore, || = |as| = p'/2. Findly wx,(q) = a0 -
aparan = p~2x(p) - p*/?x(p) provesthelast claim. Thisprovesthelemma. [

The Final Contradiction. Consider the partial L-seriesfor the primesp ¢ S

L(m,s) = H Ly(m,s).

p¢S
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Since (1 — aparasp™)"' = (1 — x(p)p2~*)~* by Lemma 1.4 and oy =
x(p)p~1/2, the estimates for the Satake parameters || = |az| = p'/? obtained
aboveimply for any Dirichlet character y

ResS:gLS(ﬂ' ®X,s) = c- Res—1 L°(xX, s), c#0,

where ¢ is some nonvanishing constant arising from an absolutely convergent prod-
uct. Since the partial Dirichlet L-series L (yx, s) hasapoleat s = 1 for yy = 1,
thepartial L-series L° (7 @Y, s) of therepresentation 7@y~ ! hasapoleat s = 3/2.
Furthermore, 7 has central character y2; hence, 7 ® xy~! hastrivial central character
by Lemma1.4. The characterization of CAP representationsof PG Sp(4, A) in[69]
thus forces 7 @ x~! to be a CAP representation of the group PG Sp(4, A) of the
Saito—Kurokawatype. That 7 isa CAP representation of GSp(4, A), however, was
excluded by assumption. This proves Theorem 1.1.

Corollary 1.2. Let m = w74, be anirreducible cuspidal automorphic represen-
tation with infinite component 7., belonging to the L-packet of the holomorphic
discrete series of type (k1, k2), and let £ = E,, _3 1, —3) and m; be as above. If
is not a CAP representation, then it contributes only to cohomology in degree 3, in
the sensethat H3(X, E(ry)) # 0 but H (X, E(ms)) = 0 for i # 3.

Remark 1.4. The CAP representations which appear for the classical holomorphic
Siegel cusp formsof weight k& > 3 (k1 = ko = k) arejust those given by the Saito—
Kurokawalift. See [69]. The situation isreversed for weightsk = 1, wherethe CAP
forms studied by Soudry appear. See [111].



Chapter 2
CAP Localization

In thischapter, we will expressthe r-isotypic L efschetz numbersof Hecke operators
acting on the cohomol ogy of symmetric spaces S (G) attached to reductive groups
G in terms of so-called eliptic traces T.;;, provided the underlying representation
7 is not a cuspidal representation associated with a parabolic subgroup (CAP rep-
resentation) of G(A). In the following two chapters we derive from these formulas
all the essential information required.

For a connected reductive group G over Q, let K, be amaximal compact sub-
group of G, = G(R) and let Ag(R)° be the topologically connected component
of themaximal Q-split component A¢ of thecenter Z of G. Then X = Goo/f(Oo
for Koo = Koo - Ag(R)Y will be called the connected symmetric space attached to
G. For acompact open subgroup K C G(A f;r,)

Sk(G) =G(Q)\ (Xa x G(Asin)/K) =G(Q)\ (Xa x G(Agin)) /K
isadigoint union of arithmetic quotients of X

Example 2.1. For G = GSp(4,Q) we have X = H U — H for the Siegel upper
half-space H of genus 2. Hence, Sk (G) doesnot coincide with the Shimuravariety
Sk (C), whichisan unramified covering of Sk (G).

Assumption Regarding Gger.  In this chapter assume that the derived group G e,
of G issimply connected. This property isinherited by the Levi subgroups L of G.

Proof: G = Guer Z(G) and Z(G) C L implies Lyer = (Gger N L)der- L N Gger
isaLevi group of Gy, sincethis holdsfor the Lie algebras by characterizing Levi
subgroups as centralizers. So it is enough to consider the semisimple case to see
that L., is Simply connected. For this case see [99], Lemma 5.3 or Theorem 5.8,
p. 208, which provesthe claim. Since al groups L 4., are simply connected implies
that the centralizers L., of semisimple elementsin the Levi groups L are connected
reductive groups.

Lefschetz Numbers. An irreducible complex representation of the group G, =
G(R) with highest weights A restricts usto arepresentation of G(Q), which defines

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 19
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 2,
(© Springer-Verlag Berlin Heidelberg 2009
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a coefficient system® V on S (G). The cohomology groups H” (Sk (G), V) are
modules under the Hecke algebra of K -bi-invariant functions on G(A z;,,) with
compact support. Assume K = [[, K,. Fix afinite set S of non-Archimedean
places such that for all non-Archimedean places v ¢ S the group K, is a specidl,
good maximal compact subgroup of G,,. Let

S
™ = ®v¢S7rv

be an irreducible spherical automorphic representation of G (Afc ). The 7°-isotypic
generalized eigenspace of the vth cohomology group

H"(Sk(G), Va)(m®)

is amodule under the Hecke algebra Hs x C Hg, defined by the locally constant
K g-bi-invariant functions on G(A.g) with compact support. A simple formula for
the trace of Hecke operators fs € Hgs = ®yecsH, in the subspace Hg x of the
Hecke algebra (see Appendices 1 and 2) defined by

ra7s) = S0 (s, (5. ) ) )

v

is provided by the topological trace formula of Goresky and MacPherson. Assume
that the unramified automorphic spherical representation 7° of G (A;? ) is not iso-

morphic to a subquotient of an induced representation I ndgi (%) for al proper
parabolic subgroups P # G with Levi component L, and all irreducible automor-
phic representations o® of L(A7). Inthis case 7 iscuspidal, and 7 is not a CAP
representation in the sense of [69, 97]. With these assumptions, the formulafor the
trace of fs isfurther simplified (Sects. 2.6, 2.8).

Of specia interest is the case where G, has discrete series representations
(Sect.2.9). In this case the formula for the trace becomes the following (see
Corollary 2.6): If the group K = [], K,, is smal and 7° is not CAP, the trace
Trs(fs) of fsisequal to

!

dG) - D T(G)OTP) (fs frs foo).
veEG(Q)/~

The sum is over al strongly elliptic semisimple conjugacy classes in G(Q) (see
page 46); G, denotesthe centraizer of v in G, which by our assumptionsis a con-
nected reductive group. The coefficients Of A) are adelic orbital integrals. Mea
sures are such that volyy, (K) = 1 and volyy_4q, (G(Q) \ G(A)) = 7(G) isthe
Tamagawa number. The function f,.s is a suitable chosen good 7 -projector de-
pending on the fixed fg (see Sect.2.8), and f.. is a suitable linear combination
of pseudocoefficients of discrete series representations with respect to the measure

dgeo (See Sect. 2.9). The corresponding L-packet is determined by the representation

1 In this chapter we consider the dual V, of the coefficient system E, of Chap. 1.
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A defining the coefficient system V. d(G) denotesthe number of discrete seriesrep-
resentationsin this L-packet.

Remark 2.1. If K ., isreplaced by asubgroup U of finiteindex such that G, /U —
G /K = X is afinite unramified covering of degree d, then the trace formula
aso holdsfor G(Q) \ (Goo/U x G(Ay;y,)/K except that the formula above has
to be multiplied by the degree d of the covering. This applies for Shimuravarieties
(G, h) attached to areductive Q-group, for which Z(G)/A¢ isR-anisotropic, since
in this case the centrdizer Z(h) of the structure homomorphism /4 of the Shimura
variety is asubgroup of finiteindex in K = K, - Ag(R)°. See page 53.

2.1 Standard Parabolic Subgroups

Fix a minimal Q-parabolic subgroup P,. For a Q-rational parabolic subgroup
P = LN containing Py, and v € P(Q) let v, denote the image of ~ under the
projection P(Q) — L(Q) to the Levi component.

Contractive Elements. A semisimple element v € L(Q), which is contained in
areal torus T of L, which is IR-anisotropic modulo Ay, is caled P-contractive,
if |77]oc > 1 holds for al simple roots o (over the algebraic closure), which
occur in the Lie algebra of the nilpotent radical of P, restricted to the maximal
Q-split torus Ay, (in the center of L). In fact, it does not matter if we consider
the absolute root system or the Q-root system. SINCe 71, = a0 * Tookoor o fOr
oo € AL(R)Y koo € K100, thisimplies |v7|o = |a%, |~ for al roots o. Hence,
~1, is P-contractive if and only if the central component a. is P-contractive and
this notion depends only on the L(Q)-conjugacy class of the element ~. Suppose
P = Py = LyNyisaQ-rational standard parabolic subgroup defined by a subset 6
of the smple positive Q-roots. Then by definition |a(v. )|~ = |a%|cc = 1 holds
for al simpleroots a € 0. Sincetherootsin Lie(Np) are the positive roots which
are not linear combinations of the roots in ¢, the condition defining the notion
P-contractive may be replaced by the stronger condition: |y > 1 holdsfor all
positiverootsin ®*, and [y¢|~ = 1 holdsif and only if « isaroot which occursin
Lie(Lp), or aternatively this could also be replaced by the condition |a2, | > 1
for al simple Q-roots « ¢ 6.

The Set W. Let &g = & = &7 U &~ be the decomposition into the posi-
tive and negative roots of the absolute root system. Define W' as a subset of the
absolute Weyl group W (considered over the algebraic closure) to consist of the
elementsw € W for which ®* N w®~ C ®(Lie(Np)) [33], p.474, or equiva
lently w®~ N @] = 0 < w l(®]) C ®L. Then W’ = W7 is the set of all
w € W suchthat w=!(«) > 0 holdsfor al a € 0. By aresult obtained by Kostant,
W is the digoint union of the cosets Wy, - w for representativesw € W*; hence
|WPe| = |W|/|WL,|. Here W, denotes the absolute Weyl group of L, considered
as asubgroup of W = W. The representativesw € W are uniquely character-
ized as the representatives of minimal length in the W, left cosets of W.
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Inductivity. Notice the following inductive property of the sets W C . Let
P =P, CQ =P, CG bestandard parabolic subgroups, corresponding to
01 C 05. Let L = Ly, bethe standard Levi component of P,. Then Py, N L = P’
isastandard parabolic subgroup of L with Levi component L’ = Ly, . In particular,
WP C Wy isdefined. Then

wr . we =w?r.

Infact wy -we = w) -wh withwy,w] € wr and ws, wh € W9 impIiesWL92w2 =
Wi, wh; hence, we = w and therefore also w, = wj. By the above-mentioned
formula for the cardinalities it is enough to show that the product set on the left
sideis contained in the right side. But thisis clear. Every w; ' for w; € WP maps
®(Lg, )t to ®(Ly,)t and every w, * for wy € W' maps ®(Lg,)" to &+ =
®(G)T; thus, wywe € W,

Characters. For adominant weight A of L let «), denotethe character of thefinite-
dimensional irreducible complex representation of L with highest weight \. Let pg
denote half of the sum of the roots in ®*. Similarly define p;, for the reductive
group L. Put pp = pe — pr, ascharactersof L. If \ is adominant weight for G,
then w(pa + A) — pe isdominant for L (see[15], Sect. I11.1.4 and Sect. I11.3.1, and
[45]). Using the Coxeter lengths /(w), define

V(y,A) = Z (_1)l(w)¢w(>\+pc)fpc ('7;1)-
weWr
Since —pg + pp = —pr, wehavefory € L(Q)

|’7‘o_opp : \Ij(’%)‘) = Z (_1)l(w)ww(>\+pg)fp[, ('7;1)
weWwr

The Function r(v). Let A denotethering of adelesof Q and A ¢;,, thering of finite
adeles. Let K =[], t;,,44 Kv beacompact open subgroup of G(A ). For aQ-
rational parabolic P = LN and for semisimpley € P(Q) definel’ = G(Q) N K,
I'y=TNN, T"=Iny Ty, Iy =I"NN. Then

r= T(’Y) = [FN : FGV] = [FN : FN ﬂ’yier’y]’
s=s(y)= [y 'Tny: T =[x : 7Ty

saisfy s(7) = [[n : y(On Ny ' Ty)y ] = O s 9Dy ' NTN] = r(y7h);
hence,

Lemma 2.1. s(y) = r(y~ 1), which only dependson ..

Lemma 2.2. s(7)/r(y) = % or |77 |eor () = VPP eor(Y 7).

Proof. Thequotient [['x : Ty Ny yy /[T : Ty Ny~ 1T 7] isthevirtual index

[Cn Ny ' Tny Ty NNy =[On Ny Tnyy(Tn Ny Ty = oo O
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2.2 The Adelic Reductive Borel-Serre Compactification

As aset, the adelic reductive Borel—Serre compactificationis

(ST =G\ [JXL x (G(Asin)/K)] = GQ)\ | XL x G(Asin)/K,

adigoint union over al Q-rational parabolic subgroups P of G. X, = Loo/f(Lm
isthe connected symmetric domain attachedto L, i.e., Koo = K1 o AL(R)?, where
K, ~ denotes a maximal compact subgroup of L, and A, (IR)° the topologically
connected component of the maximal Q-split subtorus Ay, in the center Z(L) of L.
Elementsg € G(A t;,,) act ontheprojectivelimit (S)* = lim (SE)* = G(Q)\
Up X1 xG(A ;)] by x — xg~!. Thisdefinesaleft action of G(A f;,,) on (S&) 7,
which induces aright action on cohomology groups. Now consider

T(gil) : G(Q)‘Tocxfzn = G(Q)Ioo(xfingil)-

Here 2o € Up X1 and x4i, € G(Ay;,,). On the quotients (S&)* this defines
Hecke correspondences. Put

K =Kng 'Ky

Then the induced Hecke correspondence is given by two maps ¢; = 7'(1) and
co = T(g™ 1) (see Appendix 1)

(St 2SR

Cc2

The action of G(Q) on the Q-parabolic subgroups by conjugation is transitive
on the minima Q-parabolic subgroups. Fixing a minimal parabolic Py, every Q-
parabolic is conjugate over Q to one and only one standard parabolic Q-subgroup
P with respect to Fy. Since the stabilizer of P under conjugation with G(Q) is
P(Q), (S%)* is a union over the finitely many standard Q-parabolic subgroups
P = P, containing Py:

(ST = J Sk. where S¢=P(Q)\[XLxG(Azn)/K.
P,CP

Goresky and MacPherson [33] deduced aformulafor the alternating trace
trs(T(g~ ") H* (Sk(G), Vi)

from the Grothendieck—Verdier—L efschetz fixed-point formula which they applied
for the reductive Borel-Serre compactification (S$)* of Sk (G). They used the
property that the cohomology groups H*(Sk (G),Vy) coincide with the coho-
mology groups H*((S$)T,i.Vy) of the reductive Borel-Serre compactification
(SE)*, where i : Sk (G) — (S%)T is the inclusion. As in [33], Theorem
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(version 0), the Lefschetz fixed-point theorem of Grothendieck, Verdier, and Illusie
therefore expresses the L efschetz number as asum of “local” contributions LC(F')

> > Le(F)

for the connected components F' of the intersection of the fixed-point set of the cor-
respondencewith the boundary strata S% attached to the rational parabolic group P.

Rational Hecke Correspondences. We say a double coset KgK or the corre-
sponding Hecke correspondence is rational if a representative g can be chosen to
be g = vfin fOor some v = 075 € G(Q). In this case the correspondence
T(g~1) defined on (S9)* = G(Q) \ [Up X1 x G(A ;)] stisfies G(Q)woe —
G(Q)xwvﬁ}l = G(Q)7s0T0; hence, it induces the Hecke correspondence consid-
ered in [33], p. 467, defined by ¢; (I"y) = T'y and c2(T"y) = T'yeoy-

2.2.1 Components

First consider the connected components of SE. Since X, is topologically con-
nected, the topologically connected components & of the stratum SE- are the fibers
of themap

Sk = PQ)\ [XL x (G(Agin)/K)] — mo(Sk) = P(Q)\ G(Ayin)/K.
For each component h = P(Q)x 4, K inmo(SE) put
Ip, =P(Q)N xmex;iln and I'y, = N(Q)N asmexJ?;l.

For Ky (h) := N(Agin) N xmex;;n and K (h) := N(Ayin) N xme’x;iln
then obviously [K'y(h) : Ky(h)] = [I'n, : 'y, |, where Iy, = K}y (h) N N(Q).

Fixed Components. Now consider the connected components F' of the fixed-point
locus of a Hecke correspondencewithin SZ, for fixed P. Then

FCh

for some unique component h of SE. If F isfixed, then h is aso fixed. So we first
determine the fixed components . of the Hecke correspondence, and then the fixed
components £ in h.

2.2.2 Fixed Components h

The component h = P(Q) (X1 x {xfin})K isfixed

T(g Y =h,
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if and only if z 4,9 'K = v 4, K holdsfor somey € P(Q) and somek € K.
Recal gK'g~' C K.Hence,y 'z gt = xfmkimplieS'y’lemK’x;iln'y C
xmex]Tiln. Thus,

771F;3h7 =P(Q)N 'yfleinK’('yflem)fl CPQ)nN xme:c;Zln =Tp,.

Cpin K w0 =0 pin K O ping™ 'K (€ ping ™) " = pin K (@ pin K5, )y~
again using Ifing_li’)/l’fink'. Hence, the intersection with P(Q) is Fth,:th N
ALp,y~'. In particular, Iy, =(T'y, N 4Ly, y~"). Hence, the fixed equation
T(g~)h=hgivenby vy ‘a0~ =ik implies,

Lemma 2.3. [KN(h) : K]/V(h)] = [FNh : F/Nh] = [FNh : (FNh ﬂ’yFNh’y_l)] =
r(y~1). For fixed g, K this number only dependson P and the coset P (A f,,) in.

Rationality. To simplify the notation we now replace K by l'finKl‘;iln, and g !
by x fmgflx;fn, which allows us to assume z#;, = 1 without restriction of gen-
erality. Then the fixed-component equation becomes v € ¢~ ' K. Hence, the coset
g 'K C K¢~ 'K hasarational point, and the Hecke correspondence defined by
K¢ 'K = KK isrational. For afixed component / one can thus reduce the lo-
cal computations of the local term LC(F') for F' to the classical setting considered
in[33].

2.2.3 Another Formulation

Theaction of G(Q) onthe Q-parabolic subgroupsby conjugationistransitive onthe
minimal Q-parabolic subgroups. Hence, choosing aminimal Q-parabolic Py, every
Q-parabolicisconjugate over Q to one and only one standard parabolic Q-subgroup
P with respect to P,. Since the stabilizer of P under conjugation with G(Q) is
P(Q), (S$)* is aunion over the finitely many standard Q-parabolic subgroups
P = P, containing Py,

(S2)7 = U PQ\ XL x G(A )]/ K.

PyCP

Since gKg=!' N Np(Ay;y,) isopenin Np(Ayg,) for P = LpNp, for the strata
Sk = P(Q)\ [Xr x G(Ayi)]/K of

sH= U sk

PyCP

an easy density argument givesthe formula SE = Lp(Q) \ [X1 x (Np(A i)\
G(Ayin)/K)] oF

St = Lp(QINp(Asin) \ [Loo X G(A )]/ Koo K.

1
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Hence, = € (SI,G()Jr is a double coset represented by some © = ooZfin €
Lo x G(Ay;y,). lwasawa decomposition G(A ;) = P(Ay;y,) - Q for some
maximal compact group €2 containing the group K gives a finite decomposition
G(Agin) = U, P(Ayin)gK. Therefore, the set 7o (SE) of the topologically con-
nected componentsisfinite, since by aresult obtained by Borel and Harish-Chandra
[14], M(Q) \ M (A s;,)/ K isfinite for any reductive Q-group M and any com-
pact open group Ky C M (A, ). Of course we may choose the representatives
elements

2.2.4 Small Groups

Consider compact open subgroups K C G(Ay) and Koo = KOOZ&OC, where K
ismaximal compact in G. K C G(A f;,,) will be called small if

e nyr € KK oo 21 00

forx € G(A),n € N(A),y € P(Q) and any Q-parabolic P = L - N with
unipotent radical N impliesy;, € Z1(Q) (imageintheLevi componentiscontained
in the center) and in addition implies~y,, = 1 if v, isatorsion element.

Remark 2.2. Of courseit is enough to demand thisfor all standard parabolic groups
containing afixed P,.

Remark 2.3. “Small” implies “neat” in the sense that L(Q)ior N (zKz~! N
P), =1.

Small-level groups K exist: G(A) is a finite union of cosets P(A)kK K, for
k € G(Ay;,). Thisalowsusto replace K by some conjugate K, and = by some
p € P(A), and givesequationsp~!nyp € Ky, for p € P(A) instead of z € G(A).
Equivaently, m~'y,m € (K N P)r, form € L(A), wherethe index L indicates
projection from P to the Levi component L. ~;, is semisimple since modulo the
center it is contained in a maximal compact subgroup of L,. The groups L and
L.q = L/Z;, are connected reductive groups; hence, by embedding L, into some
linear group and using for L., the argument at the beginning of the proof [44],
Proposition 8.2, one can show that only finitely many L(Q) conjugacy classes of
semisimple elements~;, in L,4(Q) meet (K N P)y,. Shrinking K leaves us, con-
sidering eigenvalues, with the unique Q conjugacy class {1}. Thus, v, € Z.(Q).
Finally, Z1.(Q):.r is finite (consider a splitting field of Z;). Since it is enough to
consider the finitely many standard parabolic groups P and for each finitely many
cosets k, shrinking K thereforealowsusto assume Z1,(Q)tor N (K N P)r = {1}
for the finitely many relevant cases.
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2.3 Fixed Points

Now we want to determine the fixed points z of the Hecke correspondence 7'(g 1)
in the reductive Borel—Serre compactification (S¢,)*. They are described by the
equationsc; (z) = T(1)x and c2(z) = T(g~ )z in (SE)*. The unique component
h containing x is necessarily a fixed component. & is contained in a stratum SZ..
Now fix the standard parabolic P = LpNp, or P = LN for short.

Suppose z € SE, isrepresented by © = 2002 fin, € Loo X G(Ayi,). Thenzisa
fixed point of T'(g~1) if and only if xg~! =~ -« - k holdsfor some~ € P(Q) and
k€ K1 oK, or equivalently if and only if

x_l'yx S g_le(L,oc-

We may replace x by another representative § 1z, § € P(Q). Theninstead of v its
conjugate 66! appearsin the fixed-point equation. Moreover

Lemma 2.4. The element ~ is semisimple and R-elliptic. For small K the L(Q)-
conjugacy class of the image ~;, of v in L(Q) is uniquely determined by the fixed
pointz € SE,.

Proof. The equation z 'y 2 € f{L,oo implies that v;, € L(Q) is R-dliptic,
hence semisimple. Now choose an equivalent representative dnxzk’ for = for
somen € N(Afi,),0 € P(Q),K € KiK' Suppose zg~' = ~zk; and
(6nxk')g~" = ~ya(dnzk')ks holds for v; € P(Q), ki € Ki ..K. Replacing
ko by k'ko(gk’g—1)~! alows us to assume k' = 1. Replacing v, by 61794 a-
lows us to assume § = 1. Hence, vizk; = xg~' = n~ 'yanaks. Since K is
small, thisimplies v, € Z.(Q) for v = ~; '42 and hence v commutes with .,
which then implies v, € K. Kr, where Ky, is the image of K N P(Ay;,) in
L(A ). Thus, v, € Z1(Q) N KooK 1. Looking at the Archimedean place
and the non-Archimedean places separately, this forces v, to be atorsion element.
Therefore, v, = 1, since K issmall.

This lemma gives a decomposition of the fixed-point set in the stratum SZ, ac-
cording to the conjugacy classes vy, € L(Q)/ ~. O

Fixing v, / ~. Wewant to determinethe set Fiiz(~y,) of al fixed pointsx € SE,
of T'(g~1), where in the fixed-point equation for some representative an element
appears whose projection to L(Q) belongs to the fixed conjugacy class v,/ ~. To
unburden the notation we also write Fliz(y) instead of Fixz(vz),

Fix(y) C SIIE' = Lp(Q)\ [(LOO/RL,OO) X (N(Afin) \ G(Afin)/K/)]-

FOr & = oo fin € Loo X G(A 44, thedoublecoset z = L(Q)N (A fin) 2K oo K’
isin Fiz(y) if and only if thereexist n € N(Af),6 € P(Q),k € K1 oK, €
N(Q) such that n(6v'y0~1)zk = xg~! holds, or equivalently if and only if there
existn € N(A;),6 € P(Q),k € K1, oK, suchthat

(%) e oy e € g KL oK,

since we are free to replace n by ndy/6 1.
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By abuse of notation we do not distinguish between global elements~, 4 in G(Q)
and their imagesin G, or G(A t;,,). Since z isconsideredin S£, = P(Q) \ [X 1, x
G(Ayi,)]/K', we may replace = by 62 and n by §~'nd, which simplifies the
equationsfor F'iz(v). Hence, we get

Lemma 2.5. We have Fliz(y) = L(Q) \ <L(Q) 11, Solv(7)> , where

Sol,(7) = {z» € N(Q,) \ G(Qu)/K | z, 'nvyz, € g, ' K, holds for somen € N, }
at the non-Archimedean placesv and K/ = K, N g, ' K,,g,,, and where
Sols(7) = {20 € LOC(IR)/f(Lm | 2y e € f(Lm }
at the Archimedean place oc.

By abuse of notation we write L., for the centralizer L., of the element v, in
L, which is a connected reductive group by the assumption that G, is simply
connected.

Corollary 2.1. For small K we obtain Fiz(y) = L,(Q) \ Sol() for Sol(y) =
1, Solu(7).

Proof. L(Q)-equivalent solutions in Sol(v), say, = 'niyx and 2~ 1nyd~1ydx in
g 'K K, for suitable ny, ng € N(Ay;,) andd € P(Q), satisfy z ' ngd 1oy~
nmr € KK for somen € N(A). We may then assume n; = 1, and since K
issmall, thisimplies §; 'v.0.7v; " € Z1(Q). Since the commutator 67 'yr,.dr7; "
iSin Lger(Q), and since Z1(Q) N Lqe-(Q) is finite, the commutator is a torsion
element, and henceis 1 since K issmall. Thisimplies6;, € L. (Q) and completes
the proof. [

2.3.1 Archimedean Place

Soloo(7) = Lyco/(Ly,00 N f{L,oo) by the corollary in Appendix 2, unless it is
empty. If it is nonempty, the Archimedean fixed-point condition shows that ~;, is
Lo-conjugate to a point in K, .. To determine L., - we may therefore assume
YL € K ,00 Without restriction of generality. Hence, the centralizer L., ., becomes
g-stable for the Cartan involution ¢ (see Appendix 2). Therefore, Koo N L, iS@
maximal compact subgroup K7, o of L, . Since AL(R)Y C Ly oo, Soloo(7y) =
Ly oo/ (KL, 0AL(R)?) admits a smooth surjective map to the symmetric space
Xr, =Ly oo/ (KL, AL, (R)?) of the centralizer L., which definesatrivial fibra-
tion by the Euclidean space A, (R)°/AL(IR)°, and hence ahomotopy equivalence.
See the Remark 2.15 in Appendix 2.
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2.3.2 Non-Archimedean Places

Recall that T'(g~!) and v/ ~ are now fixed. Let ©, be the stabilizer of a special
point in the Bruhat—Tits building. Specia points always exist, and €2, isamaximal
compact subgroup of G,,. We now assume K, C ,; hence, K/ C Q,. Then by
the lwasawa decomposition G, = P, - €, (see [103], Sect. 3.3.2). For k& € Q,, put
g = kgT'kTY Ky = kK k7Y, and K, = kK, kL. Elements z,, € Sol,(7)
may be written z, = p-kforp € P, and k € Q,. The coset (P, N Q,)kK] is
uniquely determined by z,, and G/K' = Uyep,no,\0. /5, Lo/ (Po N EKETY).

Therefore,
Soly(v) = U Sol, (v, k).
k€ P,NQ2,\Qy /K,

Here Sol, (v, k) = {p € Ny \ Pu/(P, NRELK) | pp vepr € (g5 'K 0 P)L}

or
SOlv('y’ ): 1)(’77 )/K( )
for K'(k), := (P, NkK/k=1), and

Su(rk) = { (95 Kk N P)L b = (L)oo K/ (k).

3

This is a finite (possibly empty) union over representatives ¢, € L,. From [53],
Propositions 7.1 and 8.2, thereis only one representative &, = 1 for aimost all v.

2.3.3 Globally

With this notation

Sol(y, k) = S(v,k)/K'(k)a for  Kj(k)=Kpo [[ E'(k)
v fin
whereS(v, k) = sm € L(A) |[m~tyym € f(L,OC(glekﬂP(Afm))L}. L,(A)

actson S(v, k) from the left. Choose a decomposition
k)= L, (A) - & K'(k)a
13

with representatives ¢ € L(A\), where representatives = [ [, &, are chosen to be
products of corresponding local non-Archimedean representatives &, for L (Q,) \
Su(v,k)/K'(k)y,and s = 1. Then
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Lemma 2.6. For small K the contribution of a fixed conjugacy classy/ ~ in L(Q)
to the fixed-point locus of T'(g~1) is

Fia(y) = © Fia(y, k),
KEP(Afin)NO\Q/K’

Fiz(y,k) = [H L, (Q)\ Ly(A)/ (€K' (k)a& ™" N Ly (A)).
¢

Of course L, (Q) \ L (A)/(EK'(k)a&™ N Ly (A)) = |§ F, isafinite union of
arithmetic quotients F,.

2.4 Lefschetz Numbers

The Lefschetz number becomes

22200 o)

P v/~ k€

wherek € PNQ\ Q/K'. Put F = F,. For the loca terms LC(F) Goresky
and MacPherson gave an explicit description as a product x (F)r(ve)U(ve, A) if
~r is P-contractive, and it vanishes otherwise. See[33], pp. 470-471 and Theorem
(version 3a), p.474. Here v = ! is the characteristic element defined in [33],
p. 469, which is the inverse of the element ~ defined in Lemma 2.4. Hence, if it is
nonvanishing, the local number LC'(F) isthe product of:

e The Euler characteristic x (F)
o [ypl80 (e, k) )
o rlEr V(O A) = X pewr (D uripe) o (17

2.4.1 Euler Characteristics

We may sum the terms 3 x(F,) for fixed P,/ ~, k, &, which gives the Euler
characteristic

XLy (Q)\ Ly (A)/(§K" (k)a&™" N Ly (A))).

To computeit wemay replace L., oo/ K100 by X1 = Ly 0o/ K1, 0. See page 4.
Notice L, (Q) N gf(LmooK’(k)Af‘l is contained in the center of L., since K is
small. Hence, the intersection is discrete and compact, and hence we have a finite
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group. By our assumption K is small; hence, the intersection is trivial. Thus, we
obtain

. (L dggin)
;X( ) Uoldgfm(fK/(k)Axfmf_lmL'y(Afin))

for a constant x (L) = x(L~,dg i) depending only on L., and on the choice of
the Haar measure dg i, on L, (A f;r,).

Remark 2.4. Observe that v is R-élliptic, and henceis Q-€lliptic. For the ambigu-
ity of thisnotion, see [44], p. 392. We show that in our situation this ambiguity does
not cause problems, since the Euler characteristic of the corresponding summands
in the trace formulavani shes unless both notions agree. Consider the group L or bet-
ter L/Ar. Thecenter Z(L,) is Q-anisotropic modulo Ay,. If the quotient were not
anisotropic over R, the corresponding global quotient space X would be a nontriv-
ia torus fibration, whose Euler characteristic would therefore vanish. Similarly the
Euler characteristic vanishesfor locally symmetric arithmetic quotients of semisim-
ple groups unless the R-rank of the maximal compact subgroup equals the R-rank
of the group. Considering the map L., — L, we can assume that (L., /Ar)(R)
contains an RR-anisotropic torus of maximal rank, or otherwise the Euler charac-
teristic vanishes and the corresponding summand does not contribute to the trace
formula

Definition 2.1. Call v € L(Q) strongly ellipticif - is L(IR)-conjugate to an element
in K1, - A (R)° such that the Euler characteristic x (L) does not vanish.

Remark 2.5. For connected reductive groups L over Q, for which the connected
component of the center modulo A, is anisotropic over R, one aso wants to com-
pare x(L, dgysi) With the Tamagawa number. At the moment we do not need to
carry through this comparsion. When we need it later, it can be obtained directly
from a comparison between the topological L2-trace formulaand Arthur’s L2-trace
formula. On the other hand, it should not be difficult to obtain it by reduction to the
case of semisimple groups (Harder’s theorem [37]) adapting the argument of [68],
pp. 129-131, with a z-extension 7" — L* — L replacing the sequence (V'), and
L = (L*)ger — L* — T replacing the sequence (H) in [68].

Only (semisimple) strongly elliptic elements v contribute to the L efschetz num-
ber. Let % be the characteristic function of the P-contractive elements. We obtain
for the L efschetz number the expression

ZZX(L’Y?dgfzn)Xg(’YQ_ol) Z (71)l(w)ww(A+Pc)_0L(’7) 'O’Y

P v/~ weWFP
= ZZX(L’Y’ dgfzn)XICD;(’Yoc) Z (71)l(w)ww(>\+pc)—pL (,yil) . O’y*lv
P y/~ weW?P

where

Iy HEE (v k)
O — .
v §§ voldgy:, (fK/(k)Axfmf_l N Ly(Ayin))
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Herewe used r(v, k) = r(6v6~1, k) for § € L(Q). To show this, recal k = xf;,
describesthe component % of the P-stratum, which contains F'. Recall r(7y, z i) =
r(6v6 1, 0z i) for 6 € P(Q). Since r(v, zf:,,) dependsonly on P and the coset
P(Afin)zsim (Lemmas 2.1 and 2.3), replacing by a conjugate does not change
r(vy, k).

2.4.2 Computation of O,

Notice [y~ [52r(v™") = [0 V167 [Ny 0 Ky : N, N K] by Lemma2.3. Since
f(k)
Y. f= X . e
ke(Pyn, )\ QW /K, keQ, /K, [(Po N€2) = (P N K]

thisallowsusto write O, asaproduct [, O, of non-Archimedeanlocal terms

T e o (P ) <PmK;>]-voldgv<va'< o6t O L)

Since
0—N,NK;, > P,NK}, — K'(k), — 0
is exact, this gives

|v]2F - woln, (N, N Ky) - voly,, (K'(k)w)
’Y v Z Z UOZ (é— ( ) f,1 n L )
keQ, /K] & dg. \Sv vQv v,

’

where measures are normalized such that vol (2, N P,) = 1 and vol (2, N N,) =1
In Sect. 2.5 we show that this expresses O., as an orbital integral

0, = 0k(s")

of the characteristic function f of the set K¢~ K up to anormalization factor.

2.4.3 Conclusion

The computationsin Sects. 2.4.1 and 2.4.2 describe theright action of 1 x4k /vol (K)
on the cohomology. Any K-bi-invariant function f isalinear combination of func-
tions f as above. However, we should keep in mind that so far we have used a left
action of G(A;,) on S¢, where g € G(A;,,) acts by the formula on page 23;
hence, the cohomology becomes a right module under the Hecke algebra.
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Theorem 2.1. Assume the derived group of G is simply connected and K is small.
Then the Lefschetz number of the right action of a K-bi-invariant Hecke operator
f € CX(G(Ayin)) onthe cohomology H® (Sx (G), Vi) isgiven by

LV =3 Y L dgpn)OF ) w3 ).

P yeL(Q)/~

The sum extends over all standard Q-parabolic subgroups P = LN containing the
fixed minimal Q-parabolic P, and all L(Q)-conjugacy classes v € L(Q)/ ~ of
semisimple, strongly elliptic elementsin L(Q) with P-contractive representatives.

Example 2.2. G = G,, for the representation = — z” of weight A\ = ronV = C,
and K maximal compact. Then Sk isasingle point. Theelement g = (g,) € A\fm,
whereg, = pandg, = 1forv # p,actsonVy by 1 x 1 — 1 x g7t ~p" x 1
inV x A%, . It acts on the cohomology via multiplication by p~" (right action on
cohomology) or p” (left action on cohomology).

Remark 2.6. Notice we used

(P)

O (f

v

)= 0k(s-'"),

For the comparison of trace formulaswith thosein [64] in Chap. 3, we may turn the
right action of the Hecke algebra on the conomology groupsinto aleft action by the
substitution f(z) — f~(z) = f(x~!). This makes the formula compatible with
that in [64], p. 197.

Remark 2.7. The factor x (L, dgsin)O%(.) does not depend on the choice of the
fixed Haar measure dg;,, on L., (A f,,,); therefore, we do not mention the choice of
dg¢in inthe following.

Remark 2.8. The condition imposed in Theorem 2.1 that v € L(Q)/ ~ containsa
P-contractive representative v € P(Q) can be replaced by the stronger condition
that |a(y)|s > 1 holdsfor al positive roots o of G and |« ()| = 1 holdsif and
only if o isaroot from L as explained after the definition of contractiveness. Of
courseit isenough to consider Q-roots, since G and P are defined over Q and vy isa
Q-rational element. Therefore, the condition in Theorem 2.1 can be replaced by the
condition |a(v)| fin < 1 holdsfor all positive Q-roots o and ()| fir, = 1 holdsif

and only if o isaroot from L.

Remark 2.9. For a standard Q-parabolic group P O P, with Levi decomposition
P =LNlet X*(P)q = X*(L)q = Homq—a4(L, G,,) be the group of charac-
ters defined over Q. Then X, = Hom(X*(L)q, R) can be canonically identified
with the Lie algebra of A7, and hence with A (IR)" by the exponential map. One
defines the Harish-Chandra homomorphism

HP:L(A) ~>XL
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by exp((Hp(1),x)) = |Ix(1)]|, where ||.|| : A* — R* istheidele norm, and x €
X*(L)q. For the minimal Q-parabolic P = P, we write Yp = X. Let A bea
basis of the simple Q-roots. Then the standard Q-parabolic subgroups P = Py
correspond uniquely to the subsets ¢ C A. The roots in F' are the roots of the
Levi component Ly, and the simple rootsin the Lie algebra of the unipotent radical
Ny are therootsin A \ F'. In fact, since v is strongly elliptic, the condition for
v € L(Q) = Ly(Q), givenin Remark 2.8, could also be replaced by the condition

la(Hp ()] pin <1

for al simple Q-roots« not in 6.

The Decomposition X = A @ A= [1]. Let 3; denote the dual roots such that
(Bj, ) = 05, both considered as elements of X. Then there exists a natural or-
thogonal decomposition X = X, @ Xj such that X7, is the span ngF RS;
and X7 = >, Rey. The projection prr, © X — Xy is pr(X qp ;0 +
Y ier Vi) = ngF:cjﬁj. The image under pr; of the open positive Weyl
chamber X+ = 7. \Rsof; C X defines the open Weyl chamber X in
X, the image of the obtuse Weyl chamber T4 = > Rsoay € X defines
the obtuse open Weyl chamber in X7. Obvioudy tX; = ZJ¢F Rsoa;. Then
X =pr(xt) = » Rs00;, since (a;, ;) < 0fori # j and (6;, ;) > 0.
In fact ZJ¢F x]ﬁ] + %ZGF yici € ), p Roof3; thereforeimpliesy; > 0,4 € I
hence, z; > 0,5 ¢ F.Also Xt C *x; therefore, X;7 C A7 Finaly notice
Xt n—+x ={0}.

2.5 Computation of an Orbital Integral

Wewritetheterms O, in theformulafor the L efschetz numbersas an orbital integral

k("
by

Sep 1. Assume measuresare normalized by volg (2) = 1. Recall K/ = KNg~'Kg

and g € G(Ay;,) isfixed. The characteristic function 1,1 ;- (y) of theset g~ ' K is

then K'-bi-invariant. Furthermore, k= 'zk € g 'K <= 2 € kg 'k 1kKk™! =:

95 ' K. Hence,

). Thisisdonein steps 1-3. Thefinal result isformulated in step 4.

/ (B k)l = [Q: KT YT 1 (kT k)
2 keQ/K'
= volg(K Z 1 lKk
keQ/K’

Jx Lok (B ak)dk = [i 141 (kK a)dk :'UOZQ(gilKng)lKg—lK( ) =
UOZQ( Mgy~ 1K( ) holds for € G(Ayn). Hence, [, = wvolo(K)™' [, [«
implies
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/1971K(k:_1:ck)dk:volQ(K)_l/ volo (K" )1 g1 (k™' ak)dk.
Q Q

Comparison of the right sides thus gives for the Q-average

Definition 2.2. f(x) = [, f(k~'xk)dk, x € G(Ayy,), of the normalized
characteristic functl on.

Definition 2.3. f(z) = volo(K) 1 -1x(x) .

Lemma2.7. f(z) =3 eq/k 1yt k, (%)
Step 2. For € P(Ay;,,) inastandard parabolic subgroup P = LN by Lemma2.7
flzn)dn = / 1, -1p (zn)dn.
‘/I\V(Afin) ke%[(/ N(Afin) Ik o

If 2 isnotin (g, " K N P(Afm))L, the corresponding integral on theright sideis
zero. Otherwise ang = g, ko holds for someng € N(Ayi,) and kg € Ky, andin
thiscase theintegral becomes [y, . 1,-1p, (95 “kon)dn = vol (N (A yin)NKy).
Hence, for x € L(A f;,,) we get

Lemma 2.8. ¢(z) := fN(Afm)f(xn)dn = D keq/K’ vol (N(Ayin) N Ky)-

Lo kP (A i) (T):

Step 3. Next consider the orbital integral of the function ¢ defined on L(A f,,,)

oko) = [ B(mLym)dm
L’Y(Afin)\L(Afin)

By the definition of ¢ the value of O (¢) is

Z UOZ(N(Afm) ﬂKk)~/

kEQ/K' Ly(Apin NL(Agin)

char{m ’ m~lypm € (gk_lKk N P(Afm))L}dﬂ%

or by Sect. 6.16 and the decomposition S(v, k) = U L~ (A yin) - Epin - K'(K)as.,

Z vol(N(Afm)ka).Z volL(Afm)( (k‘)Afm)

KEQ/ K/ Efin V0L, (8 o) (€5in B (R i € i O Ly (Argin)

Sep 4. To put things together. The function

x) = / f(k~ak)dk, flx) = UOlQ(K)illKg—lK(I’)
Q
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is K-bi-invariant on G(A y;,,). Define

(P)
;o (m)=1m ?fn/ f(mn)dn, m € L(Ayp)
N(Ajin)
(P) Py, _
oX(f :/ £ (m™ym)dm,
Loy (Apin)\L(Apin)

assuming that the integrals are normalized by the conventions volpa ) (Q N
P(Ayin)) = 1,00l(Q) = 1, and vol(a,,,) (2N N(Ayp)) = 1. See also [16],
p. 144. Themeasureon L., (A f;,,) iSdgin. Then the computation above provesthat

ot = o,

2.6 Elliptic Traces

Recall G is a connected reductive group over Q whose derived group is smply
connected. Define elliptic “traces’

Te%(f» T) = ZWGG(Q)/N X(Gv)Og(f) ’ tr(T(’Yil))

for afinite-dimensional complex representationst of G(Q) and f € C°(G(Afiy)).
If 7 is an irreducible complex representation defined by a highest weight A\, we
also write 79, (f, \) instead of T.G,(f, ). Hence, we do not distinguish between
representations and their highest weights. The sum defining 7.5, (£, 7) extends over
the G(Q)-conjugacy classes of semisimple, strongly elliptic elementsin G(Q). The
integrals OS" (f) in this sum are orbital integrals with respect to the group of finite
adelesfor functions f € C2°(G(A fi,,)). The same definition defines elliptic traces
T%, for the Levi subgroups L of al standard Q-parabolic subgroups P = LNp
of G.

Let x& = 75 o Hp be defined by the characteristic function 75 of the open
positive Weyl chamber of X7, = X.(Ar)q @R, liftedto afunctionon L(A f,,,) via
the Harish-Chandrahomomorphism Hy, : L(A,) — Xr. Then Theorem 2.1 and
the remarksfollowing it imply

Lemma 2.9. ®)
L,V = > Th(F7XEN,
PyCPCG
where
Th(h,2) = Y (1) Th(h,wh + pe) = pr)
weWw?r
for h € C°(L(Ayiy,)), and where P = LNp runs over the Q-rational standard
parabolic subgroups of G.



2.6 Elliptic Traces 37

Let X& = 75 o Hp be the characteristic function 7§ of the open obtuse Weyl
chamber in Xz, considered asafunction on L(A f;,,). NO'[ICGX < XG.

Lemma 2.10. Let the situation be asin Lemma 2.9. Then

ran —ran, (Q) .
ell(fa ) Z (_1) 9(@) g(G)LQ(f X87 >‘)a

PyCQCG

where the sum is over the standard Q-parabolic subgroups of G, where rang(Q)
denotes the Q-split rank of the Levi subgroup of @, and the Lefschetz number L?
for h € C2°(L(Ay;y,)) and the parabolic group () is defined by

Lo Va) = 3 (=1 LY (b Vi pey—ow )
weWwe

and L~ (h, .) isthe Lefschetz number attached to coefficient systems for the symmet-
ric space attached to the Levi subgroup L of the (standard) parabolic subgroup Q.

Lemmas 2.9 and 2.10 were expected by Harder [39], pp. 144-145.

Proof of Lemma 2.10. Lemma 2.9 applied to the Levi subgroup L of ) = LN gives

Q) . w (@Q) .
LQ(f XCG)>V)\) = Z (_1)1( ) 'LL(f ng Vw(A+pG)*PL)

weW®
_ 1 l(w) TP/ (Q) ~G (P) L )\
- Z (_ ) Z ell (f XQ) XP’aw( + pG) —PL
weW< PyNLCP'=L'N'CL

_ Z Z Z l(w)+l(w ) .

PoNLCP'=L'N'CL  cWP weWe

(P
Q) . /
Th ((f( X3)  xphwwh+ pa) — pLI>-
P C (@ induces the parabolic group P’ = P N L in the Levi component L of Q,
and all standard Q parabolic groups P’ are obtained in this way from the standard
Q-parabolic subgroups P C () such that the Levi components ' of P’ and P co-
incide. Since sn(w) = (—1)"*) satisfies sn(w’)sn(w) = sn(w'w), theinductivity
(P")

WP'We = WF and the formulaf(P)x — (f'9% X§)  implies that the sum
simplifiesto

@ (P)
LFRGW = D Th(fRExEs N
PCPELNRCQ

Thesumisover all Q-rational standard parabolic subgroups P of G containedin Q.
Noticein the formulaabove y %, isafunction on X/, whereas ¥ XQ! which is defined
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asafunctionon X7, istacitly considered as afunction on X', viathe canonical pro-
jection map pr : X, — Xr. Summing these formulas over the standard parabolic
groups @, with the additional factors (—1)7"9(¢)—rang(Q),

ran —ran (Q) A
§ ' (-1) 9(Q) 9(G) .LQ(f X%VA)’
PoCQ

givesthe desired result, by interchanging the order of summation. Fixing P, the sum
over al Q with P C @ C G giveszero except for P = G. Indeed for fixed P C G
thesum Y- o o (—1)7 9@ —rang(@ 3Gy [ is zero except for P = L'Np = G,
where it is 1 instead. Thisis a well known result obtained by Arthur [1]. For the
convenience of the reader we include the argument. [

Proof. Let F/ C F C A define P/ C P C . Since the support Suppr of
the characteristic function 75 7/, of the subset Yigr Beoti + X icp o Roof;
of X7, is contained in X, = ZigF/ Rsoa; (if B/ # A), Suppr = "X N
Njer rH | o;(H) > 0} follows as animmediate consequence of theinequalities
(i) < 0fori # jand (6;,05;) > 0. For H € X let Ay denote the set of
a; ¢ F', for which {(a;, H) > 0. Ay isnonempty for H € TX, since — X+ N
TX = {0}. Hence, 3 pe e (—1)nol@—rans( @287 L (H) = 0 follows from

ZTQAH(*U‘T‘ =0. U

Corollary 2.2. Thedliptictrace TG, (f, \) is

rang(Q)—rang(G)+1l(w) . trs (f(Q)>287 H.(

2 pyc@ce Lwewe (=1) SLgr Ve(rtra)-pr)) -

Corollary 2.3. The Lefschetznumber L(f, V) is

w (P)
ZPOQPQG ZwGWP (_l)l( ) Tejil(f Xg’w(A + pG) - pL) .

2.7 The Satake Transform

For a connected reductivegroup G over anon-Archimedeanlocal field F), let A bea
maximal F,-split torusin the center of G. Let G** be the maximal Abelian quotient
of G. WriteG,, = G(F,), etc.

ordg. Thereisacanonical homomorphismorde : G, — X.(G) = Homp, —alg
(G, G,,) (see [16], p. 134). We also write ord for the induced homomorphism
G, — Xo, = X.(G) ® R, and °G for the kernel. The homomorphism ordg is
functorial in G and inducesthefield valuationinthecase G = G,,,. It factorizes over
the quotient G°, and is trivial on compact subgroups. The kernel of the canonical
map A, — G2 is contained in the maximal compact subgroup °A4,,. Hence, the
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quotient group A, /°A,, which can be identified with the F,-rationa cocharacter
lattice X.(A) of the torus A4, is injected into G2 /°G% as a subgroup of finite
index. Hence, the canonical maps X4, — X, — Xga induce isomorphisms,
which allows us to identify these vector spaces.

The Map S. Now assume G, = G(Fy,) to be quasisplit, and split over a finite
unramified extension field of F;, such that the derived group issimply connected. L et
), be agood maximal compact subgroupand P = M N beaminima F,-rational
parabolic subgroup of G such that G, = P, - §2,,.. To be precise, we demand (2, to
be admissible relativeto M, in the sense of [7], p. 9. The 2,,-bi-invariant functions
on G,, with compact support define the spherical Hecke algebra M (G, €2,,) of G,.
Put A = OM, \ M,. For f, € C°(G,) define £ (m) = |m|0" [, f(mn)dn
as on page 36 now locally for F),. For elements f,, in the spherical Heckéalgebraof
G, the Satake transform S is defined by (see [16], p. 146, formula (19))

(Py)

vaS(fv):fv

and defines a function S(f,) on M,(Q.)/M,(Q,) N, = A. Thegroup A isa
lattice, which contains and is commensurable with the cocharacter lattice X, (A) of
thetorus A (see[16], p. 135)in X4, = X.(A)®R. The Satake transform definesan
isomorphism between the spherical Hecke agebra of the group G, and the algebra
C[A]" (W-invariantsin the group ring C[A] [16], Theorem 4.1). Furthermore, for
~ regular in M, the Satake transform S is given by the orbital integral up to a
normalization factor

S(fv)(y) = DG(V)l/QOs‘U (fv)

For an arbitrary function x : X, — R multiplication by x determines a C-linear
endomorphism f,(z) — x(ordr(z))f,(z) of the Hecke algebra of G,,, which pre-
serves the spherical Hecke algebra such that for the orbital integral

O'C;U (va) = X(OrdG(fY)) ’ O»C;U (fv)

holds, and also for the Satake transform S (x f,, ) (m) = x(orda (v)(m))S(fv)(m).

Standard F,-parabolic Groups. Let ) be a F),-rational standard parabolic sub-
group of G with Levi component L. Let Ag be the maximal F,-split torusin Q.
The natural map A, — L, — X, factorizes over the quotient 4, /°A,,, and hence
induces a canonical R-linear map

pr: Xy, — XL,
The following two properties characterize the projection pr. Firstly, the embedding

Ag, — A, induces a canonical embeddingi : X, = X.(4g) ® R — X, =
X.(A) ® R such that pr : X, — X, restricts us to the identity map on the
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subspace X7, C X, . Secondly pr is zero on the subspace X, (Ap) ® R C Xy,
where A’Q denotesthe split torus L., N A.

This gives the following formulation in terms of the Killing form. Let «; €
A(G,, A,) denote the simple F),-roots attached to P, C G,,, let { , ) denote the
Killing form, and let 3; denote the dual basis («;, ;) = d;;. Use the Killing form
toidentify X, (A) ® R withitsdual X*(A) ® R. The F,-rational standard parabolic
subgroups are in one-to-one correspondence with the subsets FF C A(P,, A,). For
Q = Qr thespace X, = X.(Ag) ® Risgivenin Xy, = X.(4) ® R by the
equations ( ., «;) = 0,«; € F (0ri € F by abuse of notation) for a subset F' of
the simple roots. X, splits into the orthogonal direct sum of the two subspaces
XL, =2, ¢ R3; and the orthocomplement > icr Ray. pristhe orthogonal pro-
jection defined by pr(3, p 26) + X p yici) = 305 i B
Transitivity. Let @ = LN be an F,-rational parabolic subgroup of G. Let o,
be an irreducible admissible representation of L,. The Hecke algebra C2°(G,) of
locally constant functions with compact support on GG, acts by convolution on the
unitary normalized induced representation ., = I ndgz (o) suchthat (for measures
suitably normalized) the adjunction formula (see, e.g., [44], Sect. 2, Lemma 1, the
dightly different definitioninvolving f,; inthepairingin loc. cit. hasno effect) holds

tr IndSr (00)(f) = tr oo (f17),

where f, € C2°(G,) and by definition £\% (m) = [m|0%" [ f(mn)dn.
ThegroupQ, N L, = (2,NQ,) 1, isagood maxima compact subgroup of L,,,
i.e.,, admissible with respect to M, (see[7], p.9). L, is again quasisplit and splits
over a unramified extension field. Hence, the spherical Hecke algebra H (L, 2, N
L,) is defined. For f, € H(Gy, ) the function S¢(f,) = f'? is bi-invariant
under Q, N L,,, and hence the partial Satake transform S = S§, : H(G,,Q,) —
H(M,,°M,) factorizes over the spherical Hecke algebra (L, 2, N L,)

S =S5 =Sy 0 SE.

Absolute Support. Inthefollowing, acone C' in Euclidean spaceis understood to
be an open submonoid stable under multiplication by R~ which does not contain
ared line.

Lemma 2.11. Fix an arbitrary nonempty open cone C' C X, which is contained
in the positive Weyl chamber attachedto P,. Let 7, = I ndG (o) bean unramified
induced representation attached to an unramified character o, Of M, with spherical
constituent 0. Choose 2y € C.. Then there exist spherical Hecke operators £, with
the properties:

1 tr 7rv(fv) =trm (fv)
2. The support of the Satake transform S(f,) of f, iscontained in the Weyl group
orbit | J,, ey w(zo + C) of the trandated cone zp + C'.
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Proof. It sufficesto find f,, € H(G,, Y,) with tr m,(f,) # 0 such that (2) holds.
tr m,, considered as a functional on the spherical Hecke algebra C[A]", isafinite
sum of characterson thegroup A. Up to atwist by 6*/2(z) these charactersarein the
W -orbit of the character o,,. This character sum is conjugation-invariant, and hence
W-invariant. If the assertions of the lemma were false, there would exist finitely
many different characters y;,7 = 1,...,r, of A andn; € C such that

Y onixi(z) =0, (n1,-n) #0
i=1

holds for al © € AN (xo + C). To see that this is impossible we can assume
zo = 0, changing the coefficients n; to n;x;(z¢), and then use induction on 7.
Sincez,y € C impliesz + y € C we can lower the length » of such a nontrivial
character relation on C' by considering > . n;(x:(y) — x1(y))xi(x) = 0, provided
there existsy € C with x,.(y) # x1(y) if, say, n,. # 0. Because y = x../x1 isa
nontrivial character on A, such ay exists, since otherwise y vanisheson C'N A, and
hence on the generated group (C N A) — (CNA). However, (CNA)— (CNA) = A
holds for any nonempty open cone of X'. Thisprovesthelemma. [

Relative Support. For f, € C°(G,) consider the support X of the orbital integral

Oﬁ(ff)Q)) as afunction of v € L,. Notice the support of ff}Q) itself is contained
in 3. Theimage of X in X, of the regular, semisimple subset of this support under

ordy, : L, — X, will be called the relative support of f, with respect to @,,. The

relative support contains the image of the support of fE,Q) in Xz, under the map
ordy,. Sincethe regular semisimple elements are densein X2, and since the maximal
compact subgroup of L, isin the kernel of ordy,, one could replace the support X

by the regular, semisimple support of 05 (f EJQ)) for the definition of relative support
above.
The relative support of f, with respect to @, is a finite subset of the vector

space X,. Noticethat f iQ) has compact support on L,,, and ord, isinvariant under
conjugation. Hence, the image ordy, (X) isrelatively compact in Xy, . On the other
hand ordy, (L, ) is contained in a sublattice of X7, .

Lemma 2.12. Let f, € H(G,,,) be a spherical function. Let Q = LNg be
an F,-rational standard parabolic subgroup of G containing the minimal F,-
parabolic subgroup P = MN. Then =z € A, is in the relative support of

(O)Ngr e ;
Oﬁ(fv ) if and only if = is in the image of the support of the Satake transform

S(f.) € H(M,,M,) under the map pr o ordy;, where pr : Xy, — X, isthe
canonical projection.

Proof. Let x..(A) be the function on X, which is not zero for A\ = 2 and is zero
otherwise. Then by definition the following statements are equivalent. By abuse of
notation we consider . as afunction on L,, using the map ordy. Thenz € X, is
in the relative support of f, if and only if

X (O (£V) = OLv (i, - 119
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does not vanish identically for al semisimple, regular elements~ € L,,. Since f, is
aspherical functionon G, ff}Q) = S%(f,) isspherical on L,,; hence, . - f(Q) =

v

Xz-SY(f,) isagainspherical on L,,. If Ok (ngf,(,Q)) doesnot vanishidentically for
all semisimple, regular elements~ € L, then Xxfij) doesnot vanishidentically on
L,. Sincexl.f(Q) is spherical, thisimpli&sS]@(ngff,Q)) # 0; hence, Oﬁv(xl.f(Q))

v v

does not vanish identically for all semisimple, regular elementsy € M, C L,.In
other words, z € X, isintherelative support of f,, if and only if Sffv (meiQ)) # 0.

. Q Q
Obviously 5% (v ") = xSk (V) = (xa 0 pr o ordar) - SH(SE(£2)) =
(xz o proordy) - S(f,). Thisdoes not vanish identically if and only if x isin the
image of the support of S(f,) in Xz, under pr. Thisprovesthelemma. O

2.7.1 Subdivision of the Weyl Chambers

Suppose ) = LN isan F,-rational standard parabolic subgroup @ = @ defined
by F C A(G,, A,), containingtheminimal F,-parabolicgroup P = M N. Thenan
eementx = ZieA(GmAv) x;a in Xy, 1S contained in the support of the function

XOp = %gF oproordy

if and only if its projection pr(z) = ZigF%‘O‘i € Xp, isin the obtuse Weyl
chamber *X;, = >~ p R0y, whichmeansz; = (z, ;) > 0 forali ¢ F.

Theequationsa;(z) = 0 and 3;(x) = 0 for o; € A(G,, A,) define hyperplanes
in Xy, . The images of these hyperplanes under the action of the Weyl group on
Xr, define finitely many hyperplanes. The complement of these hyperplanes in
X, isaunion of open connected cones. Each of these cones is the image under
the Weyl group of a subcone of the open Weyl chamber XJ\}U. Pick one of these
conesC.

Example 2.3. For G, = SI(3, F,) the positive Weyl chamber contains two such
cones.

Support Conditions. Suppose f, isaspherical function on G, such that its Satake
transform is contained in the W-orbit of o + C C Xy, for somezy € C, asin

Lemma2.11. Then aregular semisimpleelement ~ isin the support of 05 (ff)Q)xg)

if and only if 2 = ordr(y) isin pr(U,cw (zo + C)). If this is the case then
x; = Bi(x) > 0forali ¢ F.Butthen moreover, by our specific choice of the
cone, we even get x; > const(xg) > 0 foral ¢ ¢ F. Similarly, if v is not in

the support of Oﬁ(ff)Q)xg), then z; < —const(xg) holds for at least one: ¢ F.
The constant const(z() which appears in these formulas of course depends on the
choice of zy € C. By a suitable choice of ¢ it can be made arbitrarily large. A
similar statement holds for the condition that = = ord(y) € X7, isin the support

of OL/(f(P)fchfz) for ' C L, P = L'Np,and Q = LNg. Infact al values
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ai(w(@)), Bi(w(z))  weW, i,jeAGy, Ay)
are different from zero, and either > const(zg) or < —const(xo).

Preferred Places S’.  These facts can now be used in the global context to concen-
trate the effect of the adelic cutoff functions )28, as they appear in the formula of
Corallary 2.2, to afinite set S” of “preferred” local non-Archimedean placesin the
sense that

tro(F VNG H (S0, V) = tro(F Y (R8) s H* (S1, V)

holds (in a suitable context). For thisit would suffice to know that

(@

’ (P) . ’
Te[l/l ( XgXé’a ) = Te[l/l (f

holdsfor al L' C L, where L" isaLevi componentof P = L'Np C Q = LNg
(Corallary 2.2). Alternatively (Corollary 2.3) it would be enough to know that

(P), .
(X§xP)s,-)

o (P) v p(P) o
O (£77%8x%) = OF (f " (XGxE)s1).-
Before we explain under which conditions this holds, we first recall certain
definitions.

2.7.2 Global Situation

For Q-rational parabolic subgroups P and Q of T" the global cutoff function XgX,L),
on L'(Q), which occurs in Corollary 2.3, was defined for P = L'Np using the
Harish-Chandramap Hp via

Qe  =r/(A) s x

In fact, by the product formula Hp () = log|veclso = D2 ys00 @v - 0rdrs (70), the
global cutoff condition can be written as the condition on the point

Z Qv - OT’dL/(’)/v) e X
VF#0O

to liein the support of 7575,

Notation: v = (74)v € L(Afin). g» denotesthe cardinality of the residuefield, and
ordr () theimage of the local element ordy (,) € X1, in Xz, under the natural
projection map X7, — Az, (noticethat locally the maximal F,-split torus may be
larger than the maximal Q-split torus Ay).
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Assumptions. To be more specific about the concentration at specific places, let us
assume f = [], oo Jv- FUrthermore, suppose there are two finite digjoint sets S
and S’ of non-Archimedean places such that f,, isthe unit element of the spherical
Hecke algebrafor al v ¢ S U S’. Suppose fs = [],cg fo has support in afixed
compact subset of G(Ag). Finaly, supposethat al f, for v € S’ are spherical such
that the Satake transform S( f,,) has the following property.

Property (). For all roots o and all dual roots 3 in the set of Q-rational simple roots
of (G, Py) and dl elementsw € W the absolute value of the linear forms « o w and
B owon

Z quv - ordp ('YU) € XL
veSs’

islarger than afixed constant ¢ > 0.

If cissufficiently large compared with the support of fg, we obviously get

Lemma 2.13. Under the assumptions above, if the constant ¢ is large enough de-
pending only on the support of fg, the truncation condition concentrates on the

placesin S’

(P)

’ (P) . ’ N
O (F'RGxw) = OF (f (XGxpr)s7)-

Notation. Let £, denote the set of irreducible constituents p = psr @ p°' € &, of

the admissible representation of G (A f,,,) on the cohomology group H” (Sr,, V).

Corollary 2.4. Let the situation be asin Lemma 2.13. Then the truncated Lefschetz

number 7, (f'VXG; H(S1, V) isgiven by try (57 () s/ H* (S5, V), or al-
ternatively by a sum

S0 S (5 maf 3 (0s) (1 RE)sri ),

v pEEL

where now /%" = fs [[ye.5 wotoo L

Proof. The first statement follows from Corollary 2.3 together with Lemma 2.13,
whichimplies T, (fx&,7) = T /(fs - (f*(X§)s), 7). The second formula then
follows from thefirst assertion viathe adjunction formula. [

2.8 Automorphic Representations

Fix A and a compact open subgroup K =[], K, € Q of G(Ayi),
which defines the “level,” the level group. The G(Ay;,)-module given by
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the limit H*(S(G),V)\) is an admissible representation of G(Ay;,). Only
finitely many irreducible constituents = with the property = = 0 occur. The
same holds for the finitely many Levi subgroups L, the induced level groups
K1, = (K NP(Ayi,) 1, and the induced coefficient systems attached to the highest
weights \' = w(\ + pg) — pr. Thus, the admissible representation

I = @ P Pindg(Ar) @ (H(SL), Virtpe)-on):

PoCQCGwewWe i

the “halo” of the G(Ay;,)-module H*(S(G), V), again contains only finitely
many irreducible G(A ¢;,,)-congtituents 7 with the property 7 # 0. Let P be
the set of equivalence classes of these representations of level K.

Remark 2.10. II(\) should be considered as a superspace whose grading isinduced
by the sign defined by the parity of the sum of the number rank(G) — rank(Q),
thelength I(w) for w € W, and the degree i.

Let Sy be the set of places for which K, # Q, (level primes). Outside S, repre-
sentations in P are unramified. Fix aprimep ¢ Sy, the “Frobenius’ prime. For 7
in P consider the representation 72 of G(AY; ) defined by 7 = 77 @ . The set
of places S, can be enlarged to afinite set S of places not containing p such that
T =7y == (T1)s = (m2)s. Thereexists fs € C°(G(Ag)), sotr ms(fs) =0
holdsfor al representations#’ in P for which (7’)? is not isomorphic to 77, where
m is some fixed representation in P. Furthermore, we can assume tr mg(fs) = 1.
For a suitable choice of K (in a cofinal system, where K° is a product of special
good maximal compact open subgroups), one can assume in additionthat fs is Kg-
bi-invariant (see the Remark 4.3 on page 79). Now fix the #P-projector fs. For a
non-Archimedean place v ¢ S consider functions

f:fS'hp'fv' H Lw

w#oo else

in C°(G(Ayin)), where hy, and f, are suitable functions in the spherical Hecke
agebra™(Gp, ), respectively, H(G,, 2,). f, ischosen subject to the conditions:

e Property () (see the assumptions preceding Lemma 2.13) holds for S" = {v}
with respect to thefixed function fs or moreprecisely itsfixed supportin G(Ag).

e trm,(f,) = 1 holdsfor the unramified component 7, of our fixed representation
P = ®w7$p,oc Tw-

Such functions f,, exist, as explained on page 42, as a consequence of Lemma 2.11

choosing z in the cone C' to be sufficiently large. The function £, is chosen to be

either:

e h, =1, (unit element of H(G,,<,)) or

° hé”) = b(¢,,) (thelocal cyclic base change of the Kottwitz function ¢,, on G(E,,)
of [51] under the unramified base change map homomorphism b of spherical
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Hecke algebras for some unramified local field extension E,,/Q,, of degree [E,
Qp] = n) inthe context where G is attached to a Shimuravariety asin [51] with
reflex field Q (for simplicity)

We claim that either for h, = 1, " = {v}, or for h, = hé"), S’ = {p, v}, and for
sufficiently large n > 0, the assumptions preceding Lemma 2.13 are satisfied. For
hyp = 1 this has aready been explained. The case h, = hé") andn > 0 can be
reduced to the ensuing Lemma 2.14. We |eave this as an exercise. So taking this for
granted, now assumen > 0 or k), = 1.

Then we get from Corollary 2.4 an expression for the truncated Lefschetz
numbers

tro(F9%G, H (S0, V)

in terms of

>0 0t (1 and ) (%) 1 (157 (1))

v pe&,

This allows us to apply a theorem of Franke [27] which states that all irreducible
representations p of L(A f;,) which occur in £, as constituents of the cohomology
group H¥ (S, V') are automorphic representations of L(A f,,,). Hence, al induced
representationsin

Ind;(i3)(0)

are automorphic representations of G(A%"), and are Eisenstein representations for
L #G.

Therefore, if the fixed representation = € P is cuspidal and not CAP, 7P does not
occur as a constituent in P from these induced representationsin the case L # G.
Since f and f are K g-bi-invariant, thetrace of f onII(\) involvesonly constituents
inP,i.e, for thefixed level K. Since fs isaprojector for 77 among the represen-
tationsin P, thisimpli&str(fg,IndG(As (H”(SL,V))) = 0. Hence, the truncated

L(Asg
L efschetz numbers

trs (f Q)Xg,fP(SL,V))

all vanish except for the case G = @), where the truncated L efschetz number is the

tracetrs(f, H*(SL,V)) of f onthecohomology H* (S, V). Notice f = f(G) *f
in general. However, f and f have the same trace on every irreducible admissible
representation. This follows from O%(f) = O%(f), since vol () = 1. But then
we can replace f by f. Then, since f is Kg-bi-invariant, the remaining L efschetz
number is the trace of f on the finite-dimensional space H*(Sk(G), V') for fixed
level K, and it only involves the representationsin P. Since fs is a ©”-projector,
thetrace of h), f,, on this spaceisthetrace of h,, f,, on the generalized =?-eigenspace
of the cuspidal cohomology. Since ¢r m,(f,) = 1, this simplifies the formula for
TG, (fs fohp, A) of Corollary 2.2, and leaves only the term for Q = G and w = 1.
This proves
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Theorem 2.2. Suppose 7 isan irreducible cuspidal representation of G(A ¢, ) and
not CAP (see [69,97]). Then for f = fsfulp [l z00 cise Lws Where fs, f,, and

hy, =1orh, = hé") and n > 0 is chosen as above, we get for the trace on the
wP-constituents

trs (hp,H'(SK(G),V,\)(w”)) =75 (fsfvhp,)\>.

Thistheorem will be used in Chap. 3 for the “Frobenius’ prime p.

Notice that fsf, again is a projector on 7”7 among the representations in P. We
write fsf, = fr», and call it a“good =P-projector.”

Lemma 2.14. Let C' C V be a cone in Euclidean space, W a finite group acting
onV,and Ly, ..., L, a W-stable set of linear forms in VV* nonvanishing on C.
For xp € C andz € V and a bounded set M C V, there exists a integer m
depending on M and an integer N depending on m and M such that the following
holds. Suppose v = vy + va + v3 for v1 € U, ey {n - w(v) [n > N}, v €
Uwew w(m - 2o + C),and vz € M. Then L;(v) > 0 for somed = 1,...,r holds
if and only if L;(v1 + v2) > 0 holds.

Proof. Obvious. O

Remark 2.11. Inthecase h,, = 1, we may also omit theauxiliary primep or choose
p to belarge so that the formulain Theorem 2.2 becomes

Y (1) dime(H" (S (G), Va)(m)) = TG (fx, )

for agood m-projector fr € C°(G(Ayin)).

Remark 2.12. In the Hermitian symmetric case there exists a formulaanalogous to
Theorem 2.2 for the L2-cohomology instead of the Betti conomology. In this case
the L2-cohomology is finite-dimensional, so one can define the traces of Hecke
operators on the L2-cohomology. Using the results in [33], one obtains a formula
for the L2-Lefschetz numbers analogous to the one of Corollary 2.3. The relevant
change in this case amounts to a subtler substitute of W, which in the case of
L2-cohomology also depends on the elements . In fact one obtains the following
formulafor the L2-L efschetz number:

S S 0O h (NG w), wh + pe) - i),

PoCP=LNCG wew?r

where the cutoff functions x& (w) now depend on w € W, They are defined as
follows: x(w) is the characteristic function of the set of all v € L(Q), which sat-
isfy I(y) = I(w), for certain finite sets I(w) depending only on w, P, G, and A
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(see [33], p.474), and where I () is the set of simple roots « of Ap in Np such
that [a(y)[;' = |a(y)lw < 1 (see[33], p.471). Let xp; denote the character-
istic function of the set of al v € L(R) such that |a;(y)|ec > 1 for the sim-
ple root a;. Then the characteristic function x4 (w) can be expressed in the form
[Ligr xpillje;(1 = xpy) for I = I(w). It can therefore be expanded into afinite
linear combination of the functions x x = [ [, xr,i for K € A(G, A). For these
finitely many global cutoff functions x x, which now appear in the L2-Lefschetz
formula, the effect of the cutoff can now be concentrated at some preferred non-
Archimedean places v € S’ by the choice of a suitable good 7 -projector, modified
at asingleplace S’ = {v} asin thediscussion above using avariant of Lemma2.13.
Thisimplies

Corollary 2.5. Suppose G, is of Hermitian symmetric type. Suppose 7 isan irre-
ducible cuspidal representation of G(A ¢;,,) and not CAP. Then there exists a good
w-projector f,.s such that the L2-Lefschetz number of the 7-constituentsis

tra(Hiy (S(G), Va)(m)) = TG (fr, V).

In particular, the alter nating sums of the -multiplicities on the cohomol ogy and the
L?-cohomology coincide.

2.9 The Discrete Series Case

Thisis the case considered in [4]. Suppose G is a connected reductive group over
Q, Gger i1s Smply connected, and G contains a maximal R-torus B, for which
B(R)/Ac(R)? is compact (see [4], p. 262).

Notation. Let 2¢(G) denote the real dimension of the symmetric domain attached
to G, and d(G) the cardinality of the packets of discrete series representations
of G. Let 7 be an irreducible complex representation of G(Q) defined by the
highest weight A € X*(B)¢. A defines a representation of G(C), and hence of
the compact inner form G of G over the field R. Let 7* denote the contragredient
representation. Attached to the representation 7 of G isapacket I1;,.(7) of discrete
seriesrepresentations 7. . Let 75 denotethe contragredient. Attached to ~ and ) is
the function
I

foo = d(G)>

where f) € Hac(Goc,ggl) (in the notation in [4], Lemma 3.1) is the stable cus-
pidal function (i.e., supported in discrete series, see [4], Sect.4) defined by Clozel
and Delorme. f.. is compactly supported modulo Ag(R)° and is K oo-invariant.
Then using the notation in [4], p. 271, formula (4.3), tr p*(fx) = tr p*(fe) =
(=1)7C=tr 75 (f)) for moe € Tlaise(p) becomes d(G) ™ if w3, € Haise(T)
and is zero otherwise (see [4], Lemma 3.1). Notice 7%, € Tlgs.(7) if and only if
p* = 7. Hence,
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trp*(foo) = d(G) ™!
if p=7*, andtr p*(foo) =0 otherwise
The orbital integral OG fG \G(R) f(x~tgx)dx, considered for fixed

~v € G(R) asadistribution onHac( (R), &), isdenoted @ (v, f) in[4], p. 269,
andin[5], p.325. Theorem 5.1 in [4] givesaformulavalid for al v € G(R) which
expresses the orbital integral of stable cuspidal functions f, € Hac(Goc,gl) in
terms of the distributions p*(f) discussed above,

O—?(fcc) = (_1)q(G)d(G"/)UOZ( v, OO/AG Z Ca(v,p) - tr p*(foo),

for certain coefficients @ (v, p). The sum runs over irreducible representations p of
G(R)inII(G(R),&x). Inparticular, O (f) is zero unlessy is semisimple and €
T(R) for some maximal R-torus of G such that (R)/Aq(R)° is compact. Notice
T(R) = B(R). On the regular part T)..,(R) the function is @ (v, p) = tr p(f)
(see[4], p.271). Since D (v, p) extendsto acontinuousfunctionon T'(R) (see [4],
Lemma4.2), thisholdsfor al v € T'(R). Hence, if Of(f) does not vanish apriori,
onehas~y € T(R), where T' isamaximal R-torusin G suchthat T'(R)/Ac(R) is
compact. And for al v € T'(R) one has the formula

05 (foo) = (1)1 d(G )vol(Gry 00/ Ac(R)") " Htr 7 (7)d(G) Y,

since only p = 7* contributes to the sum over al p. Notice tr 7(y~1) = tr 7%(v)
for the contragredient representation. Next, from the formulafor the Euler numbers
(see, e.g., [4], p. 281, formula(6.3), and also p. 282)

X(G,dgs) = (=1)"D-d(G) -vol (G(Q)Ac(R)*\ G(A)) -vol (G(R) /Ac(R)*) ",

oneobtainsfor fr;, € C2(G(Ayin))
X(Gy) - trm(y71) - OF (frin)

= (~1)d(G, yvol (G (R )/AG( ))) (G - tr T () - OF (frin)
= d(G)T(G1)OS™ (frinfoo),

provided the measure dg.. is chosen such that dg..dg f:» isthe Tamagawameasure
on G(A.). Hence, from the definition of 7. (f») we obtain

Lemma 2.15.

/

Tecl;l(ffinﬂ—) =d(G) Z T(Gw)of(A)(ffinfw)'
1EG(Q)/~



50 2 CAPLocdization

The summation is over all semisimple, strongly elliptic conjugacy classes of G(Q).
Here7(G,) isthe Tamagawa number vol (G, Ac(R)"\ G, (A.)), where the measure
dgso is chosen such that dg..dg :r isthe Tamagawa measure on G(A.).

Corollary 2.6. Wth the assumptions and the notation used in Theorem 2.2 we get
for ffin = hpfﬂp

!

tr(hy, H* (S (G), VA) (7)) =d(G) D 7(Gy)OT™ (hy frn foc).
YEG(Q)/~

The summation is over all semisimple, strongly elliptic conjugacy classes of G(Q).
The measures defining the orbital integrals are assumed to be Tamagawa measures
on G(A) and G, (A).

Remark 2.13. Theterm Of(fsf,rs foo) isindependent of the chosen measures dg ¢
and dg provided dg-.dgy is the Tamagawa measure on G(A). Thisfollows from
the definition of fy;, and fo.. Hence, in applications we are now free to normalize
the measures dg; and dg.., €.9., such that voly,, (K') = 1 following the convention
of [51].

Remark 2.14. Assume that Zs/Aq is anisotropic over R. If one considers a
Shimura variety attached to G (as in [51]) one replaces Sk (G) = G(Q) \
G(A)/K.K by G(Q) \ G(A)/Zentr(h)s K, where h is the underlying struc-
ture homomorphism of the Shimura variety. For small K this multiplies the trace
by the index [K : Zentr(h)s]. See also the remark on page 21 In fact e, €
KZentr(h)s for ex, € Koo, andy € G(Q) impliesy € Zg(Q) (K is smal)
and v € KK.. Hence, v is finite, and hence is 1 (K is small). Therefore,
€00 € Zentr(h)so-

Appendix 1

Let G be a reductive connected group over Q. Let K C G(A;,) be a compact
open subgroup. For g € G(Ay;,) put K' = K, = g7'KgN K C K. Consider
M = G(Q)\G(A), or some compactification, with continuous G (A ¢,,,) left action
m+— mg~t, g € G(Ay,) together with the maps p(m) = m and p’(m) = mg~*

p: M/K'— M/K
p:M/K' — M/K.

The map p (or the map p’) is equivariant with respect to the map ¢ (or the map ¢’)
from K’ = K, to K, defined by k — k or k — gkg~'. Two points mK and m'K
in M /K are related by the correspondence underlying p, p’ if there exists a point
m" K’ € M/K' such that
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p(m"K') =mK andp'(m”"K') =m'K in M/K.

This means that there exist k, k' € K,k"” € K’ such that mkk” = m” and
m”g=t = m/(k')~! holds. Hence, mkk” g~'k' = m’. Stated in other terms, m’ =
ma~" for somez € KgK. There exists a finite decomposition KgK = l4; K g;.
Hence,

mK = mg}lK

for some j. Conversely, suppose m’'K = mkg 'K for some k € K. Then for
m” .= mkK,, wetget p(m”K,) = mkK = mK and p'(m"K,) = mkg~'K =
m' K.

PutT' = K N G(Q). Ingeneral for v € G(Q) the double coset TAI" = 4, I'y;
decomposition gives KT" = 4, K;, again a digoint union. Since k11 = ka2
implies k5 'ky = 297t € G(Q) N K =T, we get T'y; = Ty, Passing to the
closure defines the subset K~I' = ), K; of KyvK = |4, Kg;, which might be
smaller than KgK if I' # K. Therefore, to relate fixed points of the adelic cor-
respondence to its classical analogue, one has to ensure that fixed points belong to
cosets g K of the form vK for some € G(Q) and in particular KgK = K+K.
However, this is the case (see page 24). Only rational cosets vK contribute to the
fixed points of the Goresky—M acPherson trace formulafor the Lefschetz numbers.

Appendix 2

Let G be the group of rea points of a reductive group over R. Let K., be a
maximal compact group, and let V; C Z, be avector group in the center 7.

Claim2.1. Thenforevery y € K., -Vi,theset S of al x € G, suchthat x~'yx €
K, - V1, iseither empty or
S =Gy K.

Here G, o denotesthe centralizer of y in G.

Proof. The proof of this assertion is easily reduced to the case V; = 1. In fact,
Goo = "G -V, where V is the maximal vector group in the center of G, and °G
is the normal subgroup of G, with G NV = {e} chosen asin [98], p. 19. Notice
Ko C9%G .

This allows us to reduce the proof to the case where y € K., and x satisfies
the equation 2~ 'yx € K. In fact, if :cglyxo = k - v; holds for some z = xg
andk € Ko, v € Vi, wesimply replacey by y1 = zoyv; '2y " € Ko and 2 by
x; = x5 e Thenz tyzy € Ko,V isequivalentto 2~ 'yz € Ko - V. However
o7ty € K Vi ifandonlyif 2y tyizy € °GooN(K oo Vi) = Koo. SoWe assume
y€ Ky andz lyr € K.

Choose a Cartan involution 0 of G, suchthat g € K if andonly if 8(g) = ¢
(see [98], Proposition 5). For = as above, the element z = 0(x)z ! isin G ., and
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satisfies 0(z) = 2~ 1. Onecanwritex = s -k for k € K, and s = exp(c) and
0(c) = —o € Lie(G) (followsfrom[98], Proposition 5). Then z = exp(—20) €
Gy 0. Sincey € K, y and hence also G o is 6-stable. Therefore, there exists
a symmetric one-parameter subgroup in G, o, passing through z. See, e.g., [98],
p. 20. In other words we find a symmetric root r = exp(—c) € Gy 00, 0(r) = r=!
of z = r?for (o) = —0 € Lie(Gy.~). We conclude 1 = r~10(x)z~1r~1 =
O(rz)(rz)~t. Thus,rz =k € Koo andz = r~'k € Gy o - Ko, Which provesthe
clam. O

Corollary 2.7. § /(K - V1) is either empty or Gy o0/ (Gy,00 N Koo)Vi, Where
Gy,oo N Koo.

Proof. Notice V; C Gyo0. O

1%

Remark 2.15. Finally, there exists a diffeomorphism G /(K - V1)
("Go/Koso) x V/Vh. Inparticular for 1 € Ag(R)°, weseethat G /(Koo - Vi
ishomotopicto X = G /(Koo - Ac(R)P).

~—



Chapter 3

The Ramanujan Conjecture for Genus 2 Siegel
Modular Forms

In this chapter we apply the results obtained in Chaps. 1 and 2 and work of Kottwitz
in the special case of the symplectic group of similitudes GSp(4). The main result
obtained in this chapter isthe proof of the Ramanujan conjecturefor G.Sp(4) for co-
homological automorphic forms which are not cuspidal representations associated
with parabolic subgroups (CAP). We will assume certain statements regarding the
trace formula, the proof of which occupies Chaps. 6-10.

For the moment let G be a connected reductive group over Q, whose derived
group issimply connected. Assume that the maximal Q-split torus A¢ in the center
coincides with the maximal R-split torus in the center. Let K C G(Ay;,) bea
sufficiently small compact open subgroup (see Sect. 2.2).

Shimura Varieties. Let
h . R@/R(Gm) — G]R

be the structure homomorphism of a Shimura variety attached to G (i.e., satisfying
the conditions of [65] and [51], p. 162). Let X, = G(R)/Zentr(h)~ denote the
G (IR)-conjugacy class of the homomorphism k. The Shimura variety

Sr(C) = G(Q)\ (Xoo X G(Ayin)/ K

is asmooth algebraic variety over C. Let K, denote a maximal compact subgroup
iNGo = G(R) and put Ko = Ag(R)"Ko. Then Zentr(h)oo C Koo isasub-
group of finite index by our assumptions.

The Manifolds Sk(G). Let X = Goo/f(oo denote the connected symmetric space
attached to G. There is a finite covering map X,, — X¢. The cardinality of the
fibers is equal to the index [K., : Zentr(h)s]. At the beginning of Chap.2 we
defined the topological space

Sk(G) = G(Q)\ (Xg x G(Afin)/K).
R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 53
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Obviously
Sk(C) — Sk(G)

isacovering map of degree [K . : Zentr(h)s]. Thetraceformulasin Chap. 2 carry
over to the spaces Sk (C) instead of Sk (G), except that they have to be multiplied
by thisindex (see the remark on page 21 and the second remark on page 50).

Example 3.1. For G = GSp(4,Q) X~ = H isthe Siegel upper half-space.

Example 3.2. For G = GSp(4) and the standard choice of structure morphism i
thisindex is [K o : Zentr(h)ss] = 2. Infact, K, isgenerated by Zentr(h). and
the block diagonal matrix

€00 = diag(id, —id).

Hence,
Xeo = G(R)/Zentr(h)oo =XqgU —-X¢ , Xg=H.

The spaces S (C) are the (nonconnected) Siegel modular varieties of genus2. The
canonical model of the Shimura variety Sk (C) over Q can be identified with the
moduli space over Q of principally polarized Abelian varieties of level N for a
suitable choice of K (Sect. 1.2). In the following we restrict ourselves to studying
these particular cases, since the corresponding groups define a cofinal system of
compact open subgroups K C G(A y;,).

Relevant Constants. For G = Sp(2g, Q) the number of discrete series represen-
tations d(G) in afixed L-packet for the group G is 29; for G = GSp(2¢, Q) this
number is 2971, In particular, d(G1(2,Q)) = 1; hence, d(M) = 1 for the group
M = GI(2,Q)?/Z;,. Thegroup Z; = G,,, isembedded viat — (¢ - id,t~! - id).

Tamagawa Numbers. There is the general formula 7(G)=|mo(Z(G))"|/|ker!

(Q, Z(G))|, which holdsfor all connected reductive groups G, whose derived group

is simply connected. For the groups G=GSp(2g) we have Z(G)=C*, considered
with trivial Galois action; hence,

7(G) =1.

In the case g = 2, we also consider the group M = Gi(2)?/Z;, where Z; = G,
is embedded in G1(2)? viathe map = + (x - id,z~"' - id). The derived group
Mo = SI1(2)?/(41) is not simply connected. Oesterle [67], p. 40, showed that
(M)7T(Q*)/7(GI(2,Q)?) isthe product of

#Koker(Homq—ay(G1(2)%,Gy) — Homq—a1y(Z1, Gp))
and [M(A)/M(Q)GI(2,A)?] divided by
#Ker(ker'(Q, Z1) — Ker'(Q,GI(2)?)).

The first factor is 2 and the second and third factors are 1 by Hilbert theorem 90.
Thus,
T(M) = 2.
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The Endoscopic Factor i(G,M). An endoscopic datum (M, =M, s, €) for G is
a quasisplit connected reductive Q-group M (called an endoscopic group for G),
an element s in the center of the dual group M, and an embedding ¢ : M — G
of groups, satisfying the following conditions: (a) £(M) = (Gg( 3)%; (b) the G-
conjugacy class of ¢ isfixed by the Galois group, which definesan extension A/ —
L aso denoted ¢; and (c) the image of s in Z(M)/Z(G) is fixed by the Galois
action and is contained in the group K(M/Q), i.e., has alocally trivial image in
mo((Z(M)/Z(G))"2). Such an endoscopic datum is called elliptic if £(Z(M)"'2)°
iscontainedin Z(&). For further details and the notion of equivalence of endoscopic
datawerefer to [54], p. 17ff.

It is not hard to see that up to equival ence there exists a unique nontrivial eliptic
endoscopic datum (M, £ M, s, €) for thegroup G = G'Sp(4, Q), namely,

*0x0
¢ M:{ 2;23 }<—>G:Gsp(4,®)
0x*0 =%

for the choice
s =diag(1,-1,1,-1).

See also Sect. 6.3. The group M is the group Gl(2)?/Z; defined above. For an
elliptic endoscopic datum there is the constant

i(G, M) =1(G)r(M)~* A1,

where X is the order of a group A(M, s,n) = Aut(M, s,n)/M.q(Q) attached to
the elliptic endoscopic group M. Aut(M, s,n) isthe group of those automorphisms
¢ of M which preserve the embedding 1 up to G equivalence and the element s €
K(M/Q) under the map K(M/Q) — K(M/Q) induced by ¢. See [60] and [53],
p. 630, for these definitions and further details.

The case G=GSp(4). Any automorphism of PGI(2) is an inner automorphism;
therefore, an automorphism p of M which does not switch the two factors of
M,q can be modified by an inner automorphism such that it induces the iden-
tity on M,q. Since p preserves the center 7y = G, the restriction pg of p
to Z,, is either the identity or the inversion. Automorphisms p : M — M,
which induce the identity on M,, and induce some fixed homomorphism py on
the center Z,,, are of the form g — gvy(g) for an agebraic character ¢ €
Homalg(M, Z]w) = 7 (generated by (g1,gg)/(t . Z'd,t71 . Zd) — det(glgg)il)
such that ¥(2) = po(2)z~! holds for z € Zy;; hence, po uniquely determines p.
For pg = id, therefore, 1)(z) = 1 and p = id. For po(z) = 2~ the automorphism
pis (g1,92)/ ~ + (gidet(g1)~', gadet(ga)~1)/ ~. Its dual p is not induced by
an inner automorphism of G. There it does not contribute to A(M, s, ). Hence,
up to an inner automorphism, there is a unique further automorphism of M given
by (g1,92)/ ~ — (95", 97")/ ~, which contributes nontrivialy to A(M, s, ¢) and
switchesthetwo factorsof M, ;. Theinduced map on M istherestriction of aninner
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automorphism of G, which stabilizes s modulo the center of Z(G). Therefore,
A=2.Sncet(G) =1and 7(M) = 2, thisimplies

1

i(G.M) =

for the nontrivial elliptic endoscopic datum of the group GSp(4).

3.1 Results Obtained by Kottwitz, Milne, Pink, and Shpiz

In the following we consider principal congruence subgroups K = Ky in
GSp(4,Ay;,) for N sufficiently large. Then the moduli space of principally
polarized Abelian varieties of level N structure defines a scheme Syi over
Spec(Z[1/N]), which gives the canonical model denoted M on page 7. Fix a
prime p such that (p, N) = 1. Then p is a prime of good reduction for the Siegel
modular variety Sk . We write as usual K = K,K?, where K, = GSp(Z,). By
abuse of notationwewrite Sk (IF,,) for thevariety over I, obtained by the extension
of scalars from I, to the algebraic closure IF,, of the reduction of S modulo p.
The Hecke correspondences and the Frobenius act on the etale cohomology groups
of thevariety Sk (IF).

Counting Points. In[51], (3.1), Kottwitz states a conjectural formulafor the“ P =
G-part” of the Lefschetz number (or supertrace) of a correspondence

[ x Froby

on the etale intersection cohomology groups IH*®(Sk (F,), V). The sheaves V)
extend to smooth [-adic sheaves on the reduction of the Shimuravariety, temporarily
viewed as avariety over the algebraic closure I, of the primefield of characteristic
p. See Sect. 1.4. In this chapter we use the unitary normalization (see page 3). In
other words, we normalize these sheaves by a half-integral Tate twist so that they
become Weil sheaves on Sk (IF,,), which are pure of weight zero. In this formula
the Hecke operator f = [, f, issupposed to be a product of local Hecke operators
coming from the primes outside p. In fact, there is no other restriction except that
f = fpf? is K-bi-invariant and induces at the place p the local Hecke operator
fp = 1,, which is the unit element of the local spherical Hecke algebra at p. See
loc. cit. p. 163. We simply write f? instead of f?1,. To provide evidence for his
formula, Kottwitz computedin loc. cit. Sect. 4 the cardinality of the number of fixed
points of F,»-rational points of Sk (IF,), and showed that this cardinality is given
by his predicted formula (3.1) in the specia case f x Frob, = Frob,, where
the Hecke correspondenceis trivial, and where the coefficient systemis Vi, = Q);.
Hence, by the Weil conjecturesthis computation of Kottwitz givesaformulafor the
Lefschetz number of F'rob), on the etale cohomology 2 (Sk (IF,), Vi)
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Conjecture of Deligne. Theimmediate question iswhether this cal culation extends
to cover the caseswhere V), isnontrivial and where f = 1, ® f? isaHecke operator,
which has trivial component at p. In this case the supertrace trs(f x Froby) on
H?(Sk(Fp), Va) can be calculated by the Lefschetz trace formula of Grothendieck
and Verdier. It computes this Lefschetz number as a sum over the fixed points in
terms of contributions, which are defined purely locally. However, in general, these
local terms of the Grothendieck—Verdier fixed-point formula may be complicated,
and in addition there appear possible additional “boundary contributions” owing to
the fact that the variety is not proper over the base field [65], p. 258f. On the other
hand, Pink [73] has shown that for fixed f? and all large enough powersn > 0
of the Frobenius F'roby;, the Lefschetz number of the correspondence f7 x Froby
on the cohomology with compact support can be calculated by a“naive’ Lefschetz
number, in which the local terms at the fixed points of the correspondence are the
obvious local traces. A similar result was obtained, independently, by Shpiz [65],
Theorem C.4. Hence, again one can compute the Lefschetz number by a counting
argument involving the fixed points of the correspondence [65], Theorem C.6. In
fact the computation of Kottwitz in [51], Sect. 12, gives a stronger result. Thiswas
further refined by Milne[64] or [65], (0.1). Asexplained in [65], p. 157, hisrefined
result [65], (0.1), givesaformulafor the “naive” Lefschetz number of f7 x F'roby
ontheetalecohomology H? (Sk (F,), Vi), stated in [65], (0.5). Infact, thisformula
coincides with the formula (3.1) in [51]. Hence, combined with [65], Theorem C.4,
thisimplies

Theorem 3.1 (Kottwitz-Milne). For f = 1, f? and K, = GSp(Z,) the following
holds: there exists ng such that for all n > nyg

trg (fPx Frobl'; HE (Sk (F =33 c(v0:7. )05 (fP)TOs(dn)tr 7(7),

Y0 (v,9)

subject to the summation conditions and the notation in [51], p. 171.

For the formula of the last theorem we assume that the Hecke operators f act on
the cohomology groups by a left action, following Milne's convention. This differs
from the conventionsin the last chapter. To make acomparison with the last chapter,
where the right action was used, simply replace f = f(z) by f~ = f(z™1).

Remark 3.1. In the following we do not need to know the rather complicated de-
scription of the terms in this formula. It is enough for us to know that the term
TOs(¢y,) isaloca twisted orbital for the group G(F), where E is the unramified
extension of Q,, of degreen. A warning concerning different normalizationsin the
literature is in order. In [51] the function ¢,, denotes the local spherical function
defined by the characteristic function of the double coset GSp(og) - a - GSp(og)
on GSp(E) fora = pp(rp"), where uy, : (Gp)e — Ge isdefined by h as usual.
In[64], p. 202, however it is the characteristic function GSp(og) - a - GSp(og) for
theinverse a = (7 ), where the action of Hecke operatorsis induced by aright
actionof G (A’}m) on the variety and the induced |eft action on cohomology, which
was also our choice above.
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3.1.1 Stabilization

In [51] Kottwitz rearranged the summation terms in the formula[51], (3.1), which
appearsin Theorem 3.1 under the assumption of certain conjectureson (twisted) en-
doscopy. These conjectures are described in loc. cit. p. 178 (existence of matching
functions; an extension of matching to (G, M )-regular elements; the fundamental
lemma for the unit element at almost al places) and on p. 180 (twisted fundamen-
tal lemma for the function ¢,,). These assumptions are needed to construct the re-
quired functions h? € C2°(H (A, )) and h,, in the spherical local Hecke algebra
of H(Q,), which match, respectively, with the function f? (endoscopic matching
condition) and ¢,, (twisted endoscopic matching?), where H denotesthe elliptic en-
doscopic groups of G. For G = GSp(4), therefore, either H = G or H = M.
The required twisted versions of the fundamental lemmafollow from the untwisted
fundamental lemma, which is proven in Chaps. 6-10.

Archimedean Case. Similarly, using the theory of characters of the discrete series,
Kottwitz constructed functions h., on H(RR) in loc. cit. pp. 182-187. In the case
H = @ the construction is as follows. Consider the L-packet II(y) of discrete
seriesrepresentations of G(IR), having the same? central and infinitesimal character
aST = Ty.

hS = (1) Dhige) = (-11OdG) " Y e,

oo €I1(¢p)

where f__ is a pseudocoefficient for w.,. This dlightly differs from [51], top of
p. 185. The choice of Kottwitz coincides with the function f., defined on page 48.
We use the dual since we follow the conventions of Milne [65], p. 214(c).

Concerning the Assumptions. One further remark is in order. The matching con-
ditions, among others, depend on the choice of transfer factors A,. In[51], p. 188,
Kottwitz assumes the global hypothesis, i.e., the product formulaA = [[, A, =1
for global elements (Sect.7.15). Furthermore, the other assumptions are not un-
related. The fundamental lemma at amost all places implies the fundamental
lemma (Hales [35]) at al places. See also Sect. 10, where we give a proof of this
which includes the twisted endoscopic case, using the method of Labesse [57] and
Clozel [20]. In the case of the group GSp(4) the existence of matching func-
tions was shown by Hales [36], Sect. 6, Corollary 3. In general, it was shown by
Waldspurger [108] that the existence of matching functionsis already a conseguence
of the fundamental lemma. (Finally, it is possible to extend statements from regu-
lar to (G, M)-regular elements along the lines of [76], Proposition 8.1.3 and [50].)

1 This matching condition is a priori not the same as the twisted endoscopic matching condition
of [54]. The condition is described in Lemma 9.7. However, it is equivalent to the twisted endo-
scopic condition in general, and can be deduced from the ordinary endoscopic fundamental lemma.
See Corollary 9.4.

2 Well defined also for the unitary normalization.
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Therefore, it enough to prove the fundamental lemma in the regular cases. Hence,
since these assumptions are therefore fulfilled in our case of the group GSp(4),
Theorem 7.2 of Kottwitz [51] implies

Theorem 3.2. Under the assumptions above and of Theorem 3.1, the following for-
mula holdsfor f =1, f? and K, = GSp(Z,) and all n > 0:

try (7 x Frob; HE (Sk(Fy), 1)) = zg:i(G,M)ST:(h).

This requires some explanations:

1. First, & refersto a set of representatives of elliptic endoscopic triples. For exam-
ple, in the case of the group G = GSp(4, Q), the cardinality of £ is2. Thereis
thetrivid triple (G, 1, id) and thetriple (M, s, ) considered above.

2. Second, the constantsi(G, M) aretherational numbers defined already. For G =
GSp(4) they are 1 and , respectively.

3. Third, the symbol ST ( ) stands for the (G, M)-regular, Q-€lliptic part of the
stable trace formula

ST, (h) = Z| "/1\1/ )|7150'J~x\[/1(h)

Y

Summation is over a set of representatives for the (G, M )-regular semisimple
Q-elliptic stable conjugacy classes in M (Q) [51], p. 189. The terms SO (h)
are the corresponding stable orbital integrals. A semismple element v, €
M(Q) is (G, M)-regular if the corresponding element v € G(Q) satisfies the
following: v = 1 for aroot o of G implies that « is already a root of M.
Q-élliptic meansthat Z¢ . /Z¢ is Q-anisotropic.

Recall that the functions . = [], h, have been carefully attached to the given
correspondence f? x Frob;! for each M. In the following we often write h,, = h}’
for the corresponding function f,. Notice h, = f, for M = G except for v €
{p, 00}. Wewrite f, := h, inthecase H = G. Thisdefines (!)

S =heofPf, and KM =nMn)RMP.

Remark 3.2.Suppose G' = G, K =[], Z,, and A = r € Z. Then the Frobenius
Frob, actson H2(S(F,),V\) = H°(S(F,),Vx) = Q, in the same way as the
Hecke operator (with left action on cohomology) definedby g = (1,...,p,1...) €
A%, namely, by p". This seems to be in discrepancy with [40], p. 55. But notice
that this dependson certain conventions, such as the normalization of the reciprocity
law, the reciprocity law for the Shimura variety, and in particular on whether the
absolute Galois group of the reflex field is considered to act by a left or a right

action on the base field extension to Q of the canonical model.
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Let us Specialize for The Case G=GSp(4,Q). Assuming the local conjectureson
the endoscopic lifts, which will be proved in Chaps. 6-9, we get the formula

try (f x Frob?; H'(SK(]FP),VA)) = ST*(hC) +i(G, M)ST*(hM) .

Let usconsider thefirst term on theright-hand side. Since G 4.,- issSimply connected,
itis
ST (h%) = Z SOS, (hY).

Summation is over representatives of the semlsmple Q-élliptic stable conjugacy
classes of G(Q). The condition of (G, G)-regularity is void.

3.2 Destabilization

Theorem 9.6 of Kottwitz [53] gives the stabilization of the elliptic part of the trace
formula— again using certain endoscopic conjectures [53], pp. 380 and 384, which
for G = GSp(4) are covered by the results proved in the chapters on the funda
mental lemma. Notice that in these chapters only regular elements are considered.
Thiswill cause no problems since the extension to the (G, M)-regular case can be
obtained along the lines of [76], Proposition 8.1.3 and [50]. So this alows us to
destabilize the last formulafor the Lefschetz number. Destabilization [53] gives

ST*(hC) = T*(h%) —i(G, M)ST;* <(hG)M).

Here, following the notation of Kottwitz [53, p. 393], the double index «x instead of
the single index * should remind us that in the case G = M one should not con-
sider the (G, M )-regular stable conjugacy classes, but should exclude those coming
from central elements. Notice (G, G)-regularity is the empty condition. We need
not go through the full process of destabilization to observe that the second term
STx*((hS)M) vanishes.

The Vanishing Term. In fact, ST;*((h“)™) is the product over the local sta-
ble orbital integrals on M (A\). These are, up to some transfer factors, equal to the
so-called «-orbital integrals O (k") of the functions »“ on G(A.). For the van-
ishing term it is therefore enough to see that at the Archimedean place the global
k-orbital integral vanishes, unless x = 1. By a continuity argument similar to that
in [51], p. 186, one should reduce this to the regular case. Since the sum defining
ST**((h“)M) isindexed by stable conjugacy classes, al of which can be assumed
to have R-elliptic representatives v, ([51], p. 188), G is an R-anisotropic torus
modulo A (R). Hence, the global element x € K(G,/Q) istrivid if and only if
its image in (G /R) istrivial. In fact both groups are cyclic of order 2 and are
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generated by k = K, where k, is attached to the endoscopic element s. But this
is enough since for nontrivial x € K(G.,/R) the Archimedean x-orbital of h$
vanishes, simply because

WS = (=)D D fae

m€l(p)

is the sum over the pseudocoefficients f.__ of discrete series representations o, in
the Archimedean L-packet attached to an irreducible (finite-dimensional) represen-
tation of the compact form G. Hence, h& is stable (51], Sect. 7), and therefore has
vanishing x-orbital integrals at the Archimedean place for k # 1. We conclude

ST*(h€) = T (h%),

T (h) = Y (Gre /G)(Q) (G, OS5 (AY).
G
The sum is over representatives of the G(Q)-conjugacy classes of semisimple,
Q-elliptic elements in G(Q), however with central elements removed. See [53],
p. 391ff, in particular Theorem 9.6. In these formulas the global orbital integrals
are defined using the canonical measures on G/(A)), respectively, GQ/G (A) (i.e, the
volumes on the adele quotients give the Tamagawa numbers).

Adding the Central Terms. In the stable trace ST;*(h“) the omitted summands
are of the form 7(G)h% (y¢) for central elements v¢. Also in 7 (hY) the omitted
termsare theterms 7(G)h% (¢ ) for central elements . Thisimplies ST*(h%) =
TG,(h%), e,

ST (hY) Z| G /GI)(Q) T T(GY,)O5, (W) = 7(Gyy )OS, (h),

gl

where now the summation is over representatives of al G(Q)-conjugacy classes of
semisimple Q-élliptic elementsin G(Q). Notice G, = G, since G 4, issimply
connected. In the situation of Theorem 3.2 we therefore get from the result at the

end of Sect. 3.1
try ( 7 x Frob?; H'(SK(]FP),VA)) = TG (hC) + i(G, M)ST* (hM) .

Notice the orbital integral over h$ at the Archimedean place is zero unless the
element ¢ is R-€elliptic [51], p. 182. This alows us to compare the summands on
the right side of this formula with the terms in the topological trace formula of
Goresky and MacPherson. In Sects. 3.3 and 3.4, we discuss the two terms on the
right side of thisformula.
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3.3 The Topological Trace Formula

Assume that the level group K is small in the sense of Chap. 2. In the following, al
measures are again supposed to be canonical measures. So the measure on G(A)
is the canonical measure. We may in addition assume the Haar measure to be suit-
ably normalized on G(A;,,). Now we apply Theorem 2.2. To be compatible with
Milne's conventions, we have to convert the action of the Hecke algebra C'2° (AP->°)
on the cohomology from aright action to aleft action. Thisisdone by replacing f»
by f.». However, to come closer to theformulasin [65], it is better to make the addi-
tional substitution y +— ~~" for the summation index. Notice OS5, (f~) = O (f)
for f = f?. Attheinfinite place the effect is O, (f) = O (f2), wherenow the
function f.. becomesthe function f = hS . Recall that f? is agood 7-projector
for an irreducible automorphic representation ? of G'Sp(4, A.?m) with respect to
the fixed level K in the sense of Chap. 2, Theorem 2.2.

If 7 isnot CAP in the sense of Piatetski-Shapiro, we get from Theorem 2.2 the
following expression for 75, (h“):

TG(h) = (d(G)[Ke o : Zentr(W)])™' Y (=1)"tr(hy's HY (S (C), Va) (7))

v

- i . Z(—l)“tr(hg; H"(Sk(C), VA)(WP))'

This needs some explanation. First, observe h& = f, for al v not in {p, cc}. At
the archimedean place the definition of hS has already been given. The function
hpG depends on the Frobenius power n and can be understood in terms of a cyclic
base change of degree n [51,52]. For the moment it is enough to remember the
dependence of hf on n. Hence, we will sometimes write hf = hl()”).

On the other hand, for trivial reasons the choice of a good #?-projector (7 not
CAP) aso locaizesthe etale trace formulainvolving the Frobenius trace. Hence,

Lemma3.1. Let G = GSp(4,Q) and let = be irreducible cuspidal, but not CAP.
Let K be afixed small level subgroup with corresponding set S of primes of bad re-
duction. Then for n > 0 (depending on K and p) the Kottwitz functions hf = h,(,”)
define spherical Hecke operators such that under the assumptions of Theorem 3.2

4 try(Froby; HE y(Sk (Fp), Va) (1) — trs (A" Hpoyyi (S (C), Va) (7))
% (p My M M
= ST (hoohy' frr)-

Proof. Multiply the identity above by 4 and observe that the two coefficients
were both equal to 41;- For that see the introductory remarks on constants in this
chapter. O

Remark 3.3. By Theorem 1.1(1b) and itsdual, our assumption that 7w isnot CAPim-
pliesthat all generalized 7P -eigenspaces of the cohomology groups (with or without
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compact support) with respect to 7” can be replaced by the corresponding spaces
H? (Sk,Vx)(wP), where HY (Sk, Vi) istheimageof HY (Sk, V) in H”(Sk, V).
This shows that we might drop the index ¢ and replace both cohomology groups by
the cohomology groups HY (Sx, Vi) (7P)

HCV(SK,V)\)(FP) N>HIV(SK,V)\)(7TP) .

Furthermore, by Lemma 1.2 the two cohomology groups in characteristic p (coef-
ficients in the etale ;-sheaf V) and characteristic zero (coefficients in the com-
plex coefficient system V), which appear in Corollary 3.1, can be identified by the
choice of anisomorphism: : Q; = C.

Corollary 3.1. Under the assumptions of Lemma 3.1 we obtain
4-trg(Froby; H ., (Sw(Fy), Va)(7P)) — trs (hS™; HE (S (C), Va)(77))
= ST (AR £24).

For further applications of Corollary 3.1, it remains to simplify the right-
hand side of its formula. For that we should first understand the meaning of the
terms which were removed by the condition (*), namely, the condition of (G, M)-
regularity.

3.4 (G, M)-Regularity Removed

What does it mean for an R-elliptic, semisimple element ¢ of M (Q) to be (G, M)-
regular? Of course it is enough to deal with this over the field R of rea num-
bers. Suppose ¢ is represented by (¢;, t2) modulo Z; (R) in the notation in Chap. 6,
page 217. Not to be (G, M)-regular then means (see page 277) x = 7 or
x = ()7, where x = #1t2 and =2 = t1(¢2)?, and where o denotes the non-
trivial R-automorphism of C. In other words, ¢ isnot (G, M )-regular if and only if
t1/tg = (t2/tg)** holds.

Lemma3.2. SOM(h)!) = 0 for all R-elliptic, semisimple v which are not
(G, M)-regular.

Proof. h is defined in [51], Sect. 7. Remember that M is of adjoint type; hence,
d(M) = 1. Each packet of discrete series representations of M (R) has cardinality
1. Furthermore, ¢(G) = 3. Therefore, according to [51], p. 186, and Lemma 8.4

W= Gunss) - D det(wi(éa)) (1) Dhlnr)

W €£2AI\Q

orinour case hll = —(un, s) - 32, crig.wy det(ws(dar), X*(T))h(¢onr). Theterm
in front of the sumisasign factor, and id and w are representatives of the cosets of
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the complex Weil groups 23, and 2 of M and G, respectively. w interchanges the
two factors of the group M. If ¢y : Wr — LM isalLanglands parameter for M
for the discrete series representation 7y, on M (R) determined by A, h(m,) denotes
one of its pseudocoefficients. Hence, up to asign determined later in Lemma 8.4,

ih% = h(ﬂf‘l ® 7r7‘2) - h(7r7“2 ® 71—7“1)7 (Tl > T2)-

Here, by abuse of notation we regard the discrete series representation mp; as
given by a pair of discrete series representations =, , 7, for the group GI(2, R).
The weights r; and ro (highest K-types) are numbers greater than or equal to
2 determined by the assumption that the composite map Wy — ‘M — LG
gives the discrete series packet on G(IR) corresponding to 7, i.e., to the coefficient
system FE, under consideration. Similarly for the central character. For example,
if V) corresponds to classical Siegel modular forms of weight & — which means
A = X = k—3-—thenwegetr; = 2k — 2 and o = 2. More generaly, for

rim=ki+ko—2, 1ro=k —ky+2.

Thestableorbital integral on M (R) isessentially the product of two orbital integrals
onthegroup Gi(2, R).

Consider an R-€lliptic element in M (RR). Notice v is conjugate to an element
which isup to some central element contained in afixed maximal compact subgroup
of M(IR). Suppose” = (v1,72) mod Z; (R). If det(y;) < 0, then OS' @™ () =
0 for al r. In particular, SO (hA!) vanishes. For this recall that the restriction of
an irreducible discrete representation = of GI(2, R) decomposesinto the direct sum
of two irreducible subrepresentations 7+ & 7, after restriction to GI(2, R)T =
{g € GI(2,R) | det(g) > 0}. Furthermore, an irreducible representation =’ of
Gl(2,R) isisomorphicto 7 if and only if therestriction of = to GI(2, R)™ contains
7 T. Therefore, if T isapseudocoefficient of the discrete series representation 7+
of G, extend f* to afunction on GI(2,R) which is zero on the complement of
GI(2,R)*. Then, evidently, f becomes a pseudocoefficient for the discrete series
representation 7 of G1(2,R). Since the support of f isin G, our claim follows.

Hence, to prove the lemma, we can assume that ~1, - are both contained in
Gl(2,R)*, and by conjugation

=\ ( cos(a; sm(ai)) ’ \ € R

—sin(ay;) cos(ay)
is contained in afundamental torus, and ¢; /t¢ = exp(2ic;). Since now -; are con-
tained inan liptic torus, up to some constant (—1)q(M$)d(MS)/d(M)UOl(ZRHN \

Mg’oo)—1 (Sect. 2.9), the orbital integral Oilm (hx,.) can be expressed by

(tT (TT1—2 ® TTQ—Q) —tr (TTQ—Q ® TT1—2)>(’7)a
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where 7, is a finite-dimensional irreducible complex representation of Gi(2,C).
Infact 7. = Symm”(st), and tr 7.(v;) = w(\;) - P(t;) for P € C[X, X 1] with
P(X)=P(XYandP(—X) = (-1)"P(X).Thatyisnot (G, M)-regular means
2 = 12, orequivalently t, = +t, or +t; ' Therefore, tr 7., _o(t1)-tr 7y o (ta)—
tr TTQ_Q(tQ) -tr Trl_g(tl) =0, since r1 —rg = 2ky — 4 is an even integer. This
completesthe proof of thelemma. [

Corollary 3.2. Theterm ST: (X n) f17) on the right-hand side in the formula of
Corollary 3.1is
T 1) = ST, M3 O (i ),
Ym

Summation is over all conjugacy classes of R-elliptic, semisimple elements of

M(Q).

Proof. M does not have nontrivial elliptic endoscopic groups, and the no-
tions of conjugacy and stable conjugacy coincide; hence, ST (hX!h) fY) =

P

Th(hXIR)T ). This proves the corollary. In the sum .57 (hiIn) f17) one

could aso remove the central terms, which are zero owing to the presence of
the Archimedean orbital integralsof n2/. O

3.5 CAP Localization Revisited

At this point we apply the trace formula for M to write the sum in Corollary 3.2
in terms of automorphic representationsof M (A\). Recall that the functions 1/ for
v # p, oo arelocally constant with compact support and independent of the twist n.

Concerning the Archimedean Place. Both the Frobenius trace formula of
Kottwitz and the topological trace formula of Goresky and MacPherson (in the
form of Chap. 2) were considered by us only under the simplifying assumption that
the derived group is simply connected. Since M.,- isnot simply connected, we may
nevertheless use the trace formula in the L? version given by Arthur [4]. Thisis
possible since the functions 12 at the Archimedean place are linear combinations
of pseudocoefficientsof discrete series representationsof M. Arthur's L2-formula
can be brought into a CAP localized form in the same way as the topological trace
formula. This gives a spectral expression for thetermin Corollary 3.2 similar to the
onein Corollary 2.2. In fact we have more than that. For » >> 0 the parabolic terms
automatically vanish by our assumption that = is not CAP. The reason for thisisthe
same as the one in Sect. 2.8. We sketch the argument.

Concentration at Preferred Places. In Chap. 2 we saw that the trace formulais
simplified considerably if one discards CAP representations in the discrete spec-
trum. This can be achieved by inserting suitable test functionsinto the trace formula
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called good projectors in Chap. 2, which concentrated the truncation at preferred
places. In the construction of a good 7-projector in Chap. 2 we specified one place
v (notin S U {p}) where the support of the Satake transformsis “very” regular in
addition to the Frobenius place p. This projector f,» was chosen for G = GSp(4)
such that for n > 0 truncation concentrates at two preferred places p, v. By transfer
from G to M we now have to consider thelocal Hecke operators )" and f27 for the
group M. These transferred functions do not define a good projector on M in the
precise meaning of Chap. 2. Nevertheless, they act in the sameway. For n > 0 trun-
cation concentrates again at the preferred places p and v. Therefore, the argument
of Sect. 2.8 carries over verbatim. In fact

The Bad Places. For the finite set S of ramified primes w, where K,, #
GSp(4,Z,,), the existence of h} is guaranteed by [36]. Except for their exis-
tence we need not care further about these fixed Hecke operators.

The Frobenius Prime p. Here, up to a constant ¢(n) depending on n, the Satake
transform of h,(,”)M turns out to be obtained by arescaling (Lemma 10.2)

S(hGM)(N) = e(n) - SR )(n - )
for A € A.

The Unramified Places. For the places v # p, oo, where K, = GSp(4,Z,),
the fundamental lemma established in Chaps. 6-9 gives us precise information on
the functions hM. Recal hG are in the spherical Hecke algebra H(G,, §2,) for
the good maximal compact subgroup 2, = GSp(4,Z,). The homomorphism
b H(Gy, Q) — H(M,, QM) between the local spherical Hecke algebras, de-
fined by the commutative diagram

b

H(GIMQ’U) >H(M’Ua9g[) 9’
s ~ ~ S
\ \
C[A]WeC > C[A)W™

describesfor v # p the spherical lift (Sect. 10.1)
hy' = b(hy).

Hence, at the chosen preferred place v # p the function & can be chosen such that
S(hM) has sufficiently regular supportin A C X, with respect to the fixed Hecke
operators b at the bad places and such that S(h$) has sufficiently regular support
in A C X, with respect to the fixed Hecke operators h“ at the bad places.

CAP Localization. Thefunctions £/ do not project onto asingleirreducible rep-
resentation of M. For instance, they cannot distinguish representations which are
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conjugate under the outer automorphism of M, which switches the two simple fac-
tors. However, they still allow usto eliminate the parabolic contributionsto the trace
formula. Without restriction of generality we can choose f,» in such away that, by
the endoscopic fundamental lemma, any irreducible automorphic representation of
M which is a constituent of a globally induced representation from an automor-
phic representation of a proper parabolic subgroup of M isannihilated by f2.. This
follows from the description of b given above, which describes the spherical endo-
scopic lift. We skip the details since we have to give the detail s of the argument later
anyway (Lemma4.27).

Concerning Finiteness. Irreducible representations of M (A f;,,) are given by pairs
of irreducible automorphic representations m;, mo of GI(2, A ¢;,,), whose central
characters w; = ws coincide. As f %US is spherical, it is enough for us con-
sider the case where 7, and m are unramified representations of GI(2, A y), where
Aji = Ay x HUEpUS Q.. If one of the two representationsis of Eisenstein type
including the one-dimensional case, then the endoscopic lift of the representation
™ Qo givesan automorphicirreducible spherical representation IT of GSp(4, A y).
From the endoscopic fundamental lemmait is clear that IT is then induced from an
automorphic representation of the Levi subgroup of the Siegel parabolic subgroup
(Lemma4.27). Ast was assumed to be not CAP, the w-projector f,» can be chosen
such that it is orthogonal to all such lifts IT similar to the eliminations of induced
representations coming from the halo. There are only finitely many possibilities for
IT, because without restriction of generality the representations ; ® 75 can be con-
sidered to have fixed discrete series components at the Archimedean place of some
fixed level depending only on the fixed Hecke operators b/ for w € S. Since the
level is determined by the functions K for v € S, and is independent from n,
we get from the L2-trace formula of Arthur for M after the process of CAP lo-
calization, which in the present case obviously also throws away all terms in the
L2-cohomology in cohomology degree different from 2, the following corollary

Corollary 3.3. Suppose that the coefficient system is chosen subject to the unitary
normalization. Then for n > 0 and a suitable choice of the good projector f», the
right-hand side of the formula in Corollary 3.1 is equal to

Z tr(m ®7T2)(h£héwf%)-

T QT2

The sumruns over all irreducible cuspidal automor phic representations m; ® o of
M (A) (described by a pair of cuspidal automorphic representations of GI(2, A)
with the same central character w; = ws) such that w; . restricted to A, (R)° is
trivial.

Remark 3.4. That w; o restricted to Ay (R)° is trivial comes from our unitary
normalization considered on page 3, which makes F, pure of weight zero. In
fact £\, = V) becomes self-dual. By this twist the central characters become
Weo; = sign”i. Notice r; = ro modulo 2. In the L?-trace formula 7; and 7,
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in general, need not be unitary without this normalization. They become unitary by
asuitable twist with the idele norm character of M (A).

Proof of Corollary 3.3. From the preceding discussion thisis now aroutine calcula-
tion. Recall
ihhog = h(ﬂ.ﬁ ® 7TT2) - h(ﬂ-TQ ® 7.1-7“1)

is the difference of two pseudocoefficients of discrete series representations of
M (R). Hence, the expression in Corollary 3.2 becomes the difference of two L2-
Lefschetz numbersfor certain coefficient systems

i(£u1®#2 - ‘C/J2®lt1 )

Since CAPlocalization eliminatesthe parabolictermsexcept for P # M in Arthur’'s
formula ([4], Theorem 6.1) for the L?-Lefschetz number £, = £,,(h)' 1), only
the terms from the elliptic M (Q)-conjugacy trace remain:

Ly £y =ad) Y r(M)[M,y : MYTOY (£ )+
YEM(Q)/~

where the sum is over al semisimple, R-élliptic conjugacy classesin M (Q), and
where f,, = (=1)9 M) d(M) = h(u). Since d(M) = 1, the function h(u) on M (RR)
is a pseudocoefficient for the discrete series representation attached to p. Since
(M) = 2, foo = h(p).

To understand the .2-cohomology, observe that £ eliminates all spectral con-
tributions except those coming from cuspidal cohomology in degree 2 (the under-
lying space is the product of two modular curves). From [4], Proposition 2.1, we

get
h]\[ M Zm ]\I X# ) trﬂfzn(hM M)

M

The sum runs over al irreducible representations 7 of M (A) in the discrete
spectrum of L?(M(Q) \ M (A),£,,) (see [4], p.263; i.e., the space of measurable
functions with the property f(zg) = £,.(2)f(g) for z € Ag(R)°, where ¢, isthe
character of A,/ (IR)° defined by the central character A(zg) = £,.(2) " *A(g) of the
representation A\, whoserestrictionto M *(A) also denoted f(g) issquare-integrable
on M (A); recall M(A) =M'(A) x Ap(R)%). The multiplicity 1 theorem for
G1(2) implies m(m*) =1. The trace of fM eliminates all 7; ® w5 which are not
cuspidal. The cohomological Euler characteristic x,, (/) vanishes unless 72/ =
T, ® T, iS the unique discrete series representation of M(R), determi ned by
W = p1 ® po. If it is nonvanishing, the Euler characterigtic is (—1)7M) = 1 [4],
Lemma 2.2. Hence, the claim follows owing to the presence of the pseudocoeffi-
cients which enter in the formulafor 12Z, since the representation )\ determines the
Archimedean component of the central characters. [
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3.6 The Fundamental Lemma

Thefunction £/ ischosen to be any locally constant function with compact support
on M (A%, ), whichisattached to the function fr» on GSp(4, A%, ) by amatching
condition, which is given by an equality between orbital integrals:

A, (t1,12)) O (far) = SO, 1, (f22)-

The factor A is a transfer factor (see Chaps. 6, 7), and (¢1,t2) is a representative
in GI(2, A%, ) of asemisimple (G, M)-regular element in M(Ay), and 7 is a
corresponding element in GSp(4, Afcm). For the precise definition of 7, we refer
againto Chaps. 6 and 7.

Symmetry atv £ p, co. Let usseewhat happensif weinterchanget; and¢5? This
interchange defines an outer automorphism of A7, which is trivial on the center
of M.

In case 2 (the situation considered in Chap.7) the element 1 and the transfer
factor depend only on the product ¢t and the left side is therefore a priori sym-
metric. In case 1 (considered in Chap. 6) thisis not a priori clear. Interchanging ¢,
and ¢, correspondsto achange of variablesz, 2’ +— x, (2')7, considered in Chap. 6.
This changes 7 within its stable conjugacy class by the “factor” x;,r(—1). The
transfer factor A, which depends only on z, 2/, thereby changes in the following
way: A(z, (z')7) = xr/r(—1)A(x, 2"). This means that the right-hand side of the
matching condition, stated above, is invariant under the interchange of the variables
t1 and ¢4 in both cases.

In other words, if f satisfies the matching identity above, then also the new
function, which is obtained from the twist by the outer automorphism (g1, g2) —
(g2,91) of M, satisfies the matching identity. Hence, we may replace 2 by the
arithmetic mean, and we can therefore assume that the function £/ is symmetric
under the considered automorphism of M.

Asymmetry at p, co. Thefunctions hf and h | however, are not symmetric.

They are antisymmetric. For R this is evident from the formula given in the
proof of Lemma 3.2. For hé” the antisymmetry follows from Kottwitz's descrip-
tion. If we simultaneously change s to —s and n by precomposing with the outer
automorphism, which switches the factors, then )’ does not change. So the effect
of the outer automorphism is the same as that of the change of s to —s. However,
changing s by —1 € Z(G) changes hi! by the factor yi; (—1)~' = —1 from the
remarksin [51] following formula(7.3).

Satake Parameters. The Satake transform of ¢,, on GSp(4, E) is qg’mtr ru(p
(o)) by Theorem 2.1.3in [52]. Notice gz = p". The spherical function A{" is
obtained from ¢,, by cyclic base change, and hence corresponds to tr 7, (h,) =
" 2tr v, (p(c)). Seeloc. cit. formula (2.2.1), where d = 3 is the dimension.
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In terms of symplectic Satake parameters g, a1, a2, Which describe ¢, the Satake
transform of A" is

p3”/2 <(0£0)n + (apoiaz)"™ + (apa)™ + (O‘Om)n)'

From this we can also compute the Satake transform of (hl(,’” )M, which is obtained
from ¢,, by atwisted cyclic base change. The twisted endoscopic lemma implies
(Lemma10.2)

tr(mp @ m2,p) (AS)M) = tr my p (F) — tr ma, (F),

which up to a constant £ is the analogue for G1(2, Qp) of the spherical Hecke

operator b\ for GSp(4, Q). Again, this shows the asymmetry of this function.
For spherical representations 71, and w2, of GI(2,Q,) with Satake parameters

a,fand o, ', wherea = o/ 3, the trace of (h,(,”))M onm , ® ma, IS
(@ (9 = @) = @),

This uniquely describes the spherical endoscopic lift 7, of the unramified rep-
resentation 7y, X m . The symplectic Sateke parameters of 7, are ag = o,
apaias = 3, aga; = o/, and agag = 3, which are well defined up to the ac-
tion of the Weyl groups.

Conversely, two unramified representations 7y , ® w2, and 7} , ® m, , of M,
have the same symplectic unramified lift 7, if and only if they are conjugate under
the outer automorphism, which switches the two factors of M.

Let us put things together. As both contributions from place p and place oo are
antisymmetric and all the other contributions are symmetric, we can assume, by
switching the two factors of M, that

Tl,00 = Ty, 72,00 = Ty
normalized such that
rKL > To.

Recall theweightSr1 =k +k—2andry = ky — ky +2 Satley T — Ty =

2(ke — 2) > 2, and hence are different. From this normalization we now obtain

every summand twice, which gives an additional factor 2. Furthermore, the trace of

pseudocoefficientsgivestr(m,, ® 7., ) (h2) = £1. Thesign will be obtained later.
Corollary 3.1 now implies

Corollary 3.4. Under the assumptions of Lemma 3.1 and Corollary 3.3
4-try (Frob; HR o, (Sk (Fp), Ex)(7P)) — trs(h{™; HY (Sk(C), Ex)(77))

3 The reader might wonder why the sign = is left undetermined. The reason is that at the end it
most naturally comes out from the global multiplicity formula via Theorem 4.3 and Sect. 5.3.
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isequal to
+2. Z tr ® 71—1])\1( %)(tr 7rLp(flgn)) —tr 7r2,p(f1§n))).

M= @m2 v#£p,00

The summation is over all cuspidal irreducible automor phic representations; and
mo Of GI(2, A) with unitary central charactersw; (for the unitary normalization of
E)) such that:

1. w; = we.
2. 1,00 = Ty, @Nd w3 o = 7y, belONg to the discrete series of G (2, R) with fixed
r1 > To.

Remark 3.5. One may ask how many representations 7 contribute to the sum for
the fixed choice of a good 7-projector f,». If thereis a contribution at all, we call
m aweak M-lift or a weak lift from m; ® 75, otherwise we say that 7 is not an
M -lift. To analyze this, check the orbits of Weyl groups. Suppose 7 = 7, ®
and 7'M = 7| ® !, are two cuspidal automorphic representations that contribute
to the sum. Then locally for al unramified places v # p either 7, = 7, and
T, = mh, holdsor in reversed order my , & @), w2, = 7 . Thisimpliesthe
same for the global representations 7y, 7o and 7/, 7. By the strong multiplicity 1
theorem it is enough to show this outside a finite set of places. Suppose ] is not
isomorphic to 7; or 5. Then the quotient of the partial L-series with a suitable
finite set S of places omitted

L3 ((m) @ mh) © (71)*, )
L3 ((m @ m2) @ (71)*, 5)

is by assumption (1). At s = 1 the numerator has a pole, but the denominator does
not have one. This gives a contradiction. Hence, =) = m; or m = m. But then
71 = m by looking at the Archimedean place. Therefore, also 7}, &2 .

Let us return to the formulain Corollary 3.4. It holds for al n > 0. Assume
my is automorphic but not CAP. Then we know from Chap. 1 that the 7?-isotypic
component is concentrated in the middle cohomology of degree 3. By our “uni-
tary” normalization, F) as a Weil sheaf is pure of weight O; therefore, the mod-
ule ert(SK(]Fp, E)) is pure of weight 3 by the Weil conjectures. Hence, by the
Ramanujan conjecture for holomorphic discrete series representationsin the case of
GI(2), Corollary 3.4 implies that

3t (WY, HY (Skc(C), Bx) (7))

is afinite linear combination of powers of complex numbers of absolute value 1.
Therefore, every representation m, of G.Sp(4, Q,) in this module, which necessar-
ily is spherical, has Satake parameters «q, agar, agas, and aga;as oOf absolute
value 1. We thus obtain

Theorem 3.3. Let 7 = ®’'m, be an irreducible cuspidal automorphic representa-
tion of GSp(4, A) with unitary central character and which is not CAP. Assume
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T belongsto the discrete series. Then at all places where 7, is spherical the gen-
eralized Ramanujan conjecturefor 7 holds. In other words, the corresponding local
Satake parameters ay ., a1, and as , of the spherical representation ,, are com-
plex numbers of absolute value 1.

3.6.1 Odds and Ends

In this section let = now be an irreducible cuspidal automorphic representation
which is neither CAP nor a weak M-lift in the sense above. Then the right side
of theformulain Corollary 3.1 or Corollary 3.4 vanishes. Write 7 = 7o @ 1), @ 7P,
where p denotes some chosen spherical place. Assume there is another irreducible
cuspidal automorphic representation 7' = 7, ® m, @ 7’7 of GSp(4, A) such that
7P = 7'P are isomorphic. If 7}, is aso spherical, then it also contributes to the
formulastated in Corollary 3.1, which now reads

(%) 4~trs(FrobZ;Hi’et(SK( Zm )tr h("))

The sum runsover all irreducible automorphic representations =’ counted with their
multiplicities (") such that 7;, = , for v # p, oo for unramified 7, and 7/, be-
longing to the L-packet of discrete series representations determined by £. Notice
m(z’) isthe multiplicity of 7/, in H? (S (C), Ex)(7?).

If we now vary p, but keep 7 fixed, we see that for amost al p the previously
given representation 7 is uniquely determined by 7?. This follows from the finite-
ness of the number of isomorphism classes of automorphic representations with
fixed level and fixed representations at infinity. Hence, for ailmost all primes p the
right side of formula (*) consists of the single summand m(r) - ¢r np(h(”))

The semisimplification p; of the Q;-adic Galois representation of I'q on the iso-
typic space H?(Sk xq Q, E\)(nP) isdetermined by the Frobeniustraces at almost
all places p, by the generalized Tchebotarev density theorem. So let us vary the
prime p for the moment. The finiteness theoremsimply that for ailmost all p the sum
in (*) involvesonly one representation ', since r;, is unramified. See also Sect. 4.1.
So we get for al p large enough

4 -tr pi(Froby) = m(m) - tr Wp(hz(,")).
This holds for al large n, and therefore for all integers n. The formula implies
that p73/2Frobp has the eigenvalues a0, ap0ap,1, oy 2, AN a0ty 102 ON
HP(Sk(F,), Ex)(nP) each with multiplicity m () for aimost all primes p. Hence,
for amost al primesp

(%) det(1 —t- p (piS/QFrobp)) = L,(my,t )—m(n)’

Lp(ﬂ'pvt)il = (1 = ap,0t)(1 — ap,00p,1t)(1 — ap0ap,2t) (1 — apoap10p,t).



3.6 The Fundamental Lemma 73

In particular, the semisimplification p; of the Galois representation only dependson
the weak (or near) equivalence class of 7. In [115] it is shown that the semisimplifi-
cation is an isotypic multiple of afour-dimensional representation. This, of course,
raises the question whether this Galois representation is irreducible and of dimen-
sion 4. The latter means that the multiplicity m () is 1. Thisis expected and proofs
have been announced by Arthur and Weselmann.



Chapter 4

Character Identities and Galois Representations
Related to the Group GSp(4)

In this chapter we study the [-adic representations attached to cohomological Siegel
modular forms. To understand their associated [-adic representations defined by the
Galois action on the etale cohomology, one needs to understand the endoscopic
lifts and vice versa, since for all automorphic representations in this lift the asso-
ciated [-adic representations turn out to be smaller than what would be expected
apriori.

The simple version of the Lefschetz trace formula used in Chap. 3 suffers from
the particular restriction that for one specific prime — the chosen Frobenius prime
p — the corresponding local Hecke operators at p always have to be deleted from
consideration. As a consequence, this particular chosen Frobenius prime p together
with the Archimedean place play a distinguished role. This situation in fact looks
similar to the situation in Arthur’'s simple trace formula. Of course this is not a
mere coincidence, but is definitely forced by the failure of the strong multiplicity
1 theorem for automorphic forms on G'Sp(4). To bypass the technical difficulties
that result from this, the [-adic representations of the absolute Galois group on the
cohomology turn out to be very helpful. With their help we analyze the endoscopic
lift. This allows us to understand the failure of the strong multiplicity 1 theorem
caused by it.

In the second part of this chapter we describe the local endoscopic character
lift in some more detail in terms of local representation theory. The local character
identitiesin thetrace formuladefinelocal L-packets. In some easy special casesthey
can be understood by local considerations aone. In the more complicated cases the
local character identities of the endoscopic lift are obtained from global character
identities through the global trace formula. Since this construction is unfortunately
rather indirect, we explain at the end of this chapter how the underlying irreducible
representations can be obtained aternatively from thetalifts as considered in [41].

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 75
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 4,
(© Springer-Verlag Berlin Heidelberg 2009
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4.1 Technical Preliminaries

In the following we consider automorphic cuspidal irreducible representations =
of the group GSp(4, A), and we assume that 7 is not a cuspidal representation
associated with a parabolic subgroup (CAP representation).

In this chapter we are interested in those representations which contribute to the
cohomology of Siegel modular threefolds; hence, we assume for m = oo 74y, that
Teo 1SCONtained in the L-packet of the Archimedean discrete series representations,
say, of weight (k1, k2). Then, in particular, k&; > ko > 3. Consider the corre-
sponding local coefficient system £ = E on the Shimura variety Sk (G), where
A =k —3> X = ko —3 > 0. For asuitable normalization depending only
on X or the weight (&1, k2), the representation 7 is unitary (as aready explained
in Chap. 1). Changing this normalization only amounts to twisting = by a suitable
power of the idele norm character. By assumption, the representation = contributes
to the cohomology of H?(Sk (C), E,) for any principal congruencelevel subgroup
K C G(Ay;,) suchthat 75 £ 0.

Now let usfix A and K for the moment.

We are interested in the classes of theirreducible cuspidal automorphic represen-
tations 7’ weakly equivalent to , i.e., locally isomorphic to 7 at almost all places.
Since 7 isnot CAP, such 7’ are again cuspidal and not CAP.

The Set R. Among the classes weakly equivalent to = consider the subset
‘R defined by those 7/ which nontrivially contribute to some cohomology group
H"(Sk(G), Ey) for our fixed K and A. Then (7/)X # 0. Although only the
group G(Ay,,) acts on the cohomology, al these representations are automor-
phic. Well-known results of continuous cohomology imply that 7, belongs to the
Archimedean local L-packet of the fixed representation 7., (for L-packets as de-
fined in [91]). In particular, 7/ belongs to the discrete series. By the finite dimen-
sionality of the cohomology groups, the set R is afinite set depending on 7 and K.

Frobenius Primes. In the situation above we would now like to apply the trace
formulato obtain information on the representationsin R. For instance, we would
like to obtain information on all those representations«’ € R which areisomorphic
to our fixed 7 outside some given finite set of primes.S. Of course we would like to
prescribethe set S. At the beginning it seems reasonabl e to exclude the set of primes
dividing the level (notice at the moment the Archimedean place will be excluded a
priori). Let Sy temporarily denote this set of primes. But again the naive attempt
to apply the trace formulas to control al representations 7’ in R isomorphic to =
outside Sy must fail. The reason is the trace formula in the form we consider it
involves the Frobenius substitution at some unramified place p. By the choice of a
primep ¢ Sy welose control over the representations «’ at this specific place. This
disturbing fact fortunately is not really a serious obstruction. Since R isfinite there
exists a prime po such that 7, = m, holds for al 7" in R and al p > py. We can
therefore enlarge the set S, of exceptional placesin such away that for every prime
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p outside S the unramified local representation 7, for 7’ € R satisfies 7, = .
Such afinite set .S can be chosen, and will be called saturated.

Saturation of S. Theuse of saturated sets of exceptional placeswill be abandoned
soon by Lemma 4.3. For the moment we choose S to be saturated and as small as
possible. So

77/5 o~ oS

for al 7/ in R. In other words al 7’ = w47’ in R have the form

2ol QT
where 7/ isin the discrete series L-packet determined by (&1, k).

This being said, we now define a preliminary notion of the endoscopic lift. The
following definition of a representation 7 attached to a pair o = (01, 02) with re-
spect to S in the sense below is atechnical definition. It will be abandoned in two
steps. It will soon be replaced by the notion of weak lift on page 87. However, in this
chapter, where we study the conomology of Siegel modular threefolds, we will al-
ways place arestriction on the Archimedean type o1, and o2 . Theserestrictions
will then aso be abandoned in Chap. 5 by Definition 5.1.

4.1.1 Representations Attached to o and S and p

Suppose we have a pair
o= (01,02)

of irreducibleautomorphic cuspidal representationso; and o of thegroup Gi(2, A)
with the same central characters w,, = wy,. SUPPOSE 00s,1 aNd 0o 2 beElONg to
the discrete series representations, which define holomorphic eliptic cusp forms of
weight

1 :k'1+k'2723nd7‘2 =ky — ko +2

(noter > ro > 2), respectively. Notice these are the conditions that also occur in
Sect. 3.6.
The pair o = (01, 02) defines an irreducible automorphic representation of the
group M (A) for
M = Gl(2)*/Z,

and the antidiagonal central subgroup Z; 2 Gyy,.

Definition 4.1. Let S be afinite set of non-Archimedean places which contain the
ramified primes of 7. Then we say that the representation 7, or more generally a
representation =’ with classin the set R defined by 7, isattached to o and .S, if:

1. o isunramified whenever =, isunramified at v (v non-Archimedean).
2. The spinor L-series of 7 satisfies
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Lv(ﬂ-v7 S) = LU(UU,L S)L1)(U1),27 S)
for al non-Archimedean placesv ¢ S.

In the applications .S will be saturated.

Notation. The Satake parameters of ¢, 1 and o, 2 a the unramified places v ¢
S U {p} aredenoted o,,, 3, and o, 3., respectively. Thenforv ¢ S

v

Lv(ﬂvy 5) - (1 - O‘vpgs)_l(l - ﬁqujs)_l(l - a;p;S)_l(l - ﬁ;p;S)_l'

Main Assumption. Assume 7 is attached to o for some S. This assumption will
be maintained in this chapter except at the end of Sect. 4.4. Notice that under this
assumption 7 isaweak lift of o in the sense of the more flexible Definition 5.1. See
also page 87.

Remark 4.1. The auxiliary finite set of places S in this definition is introduced
for technical reasons only and will be abandoned later. The Frobenius prime p will
vary outside S. Hence, for representations 7’ in R which are attached to o and S U
{p}, the local representations 7, might a priori depend on the prime p considered.
However, if the set S is chosen to be saturated and m, is unramified, this will not be
the case, as explained above.

Remark 4.2. If r is attached to o and .S, then by the strong multiplicity 1 theorem
for the group GI(2, A) the representation o is uniquely determined by the weak
equivalence class of 7. The converse is false. There exist different choices for =’
attached to the same o owing to a failure of the strong multiplicity 1 theorem for
GSp(4) as we will see. All such 7’ are contained in the same weak equivalence
class, and if S is saturated the unramified representation outside S

isuniquely attached to o. We will therefore say ° is attached to o .

We will also see soon that at placeswhere o, is spherical thelocal representation
m, for 7’ € R isuniquely determined by o, (see Lemma4.3) and does not depend
on the 7/ chosen. This in fact implies that it was not really necessary to saturate
the set of places Sy. Thiswill not be true for the set of ramified places of 7. Here
the situation is more complicated. More precise information at these places will be
obtained in Sect. 4.10.

4.2 Galois Representations

Consider amodel S over Q of the Shimuravariety Sk (C) asin Corollary 3.4. The
absolute GaloisgroupI'q = Gal(Q : Q) actson the direct limit
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li H3(Sk, E)(r®
K:;(rISIKS !( K, )(ﬂ- )’

wherethis direct limit is over the cofinal set of principal congruence subgroups K's
of GSp(4,Ag) with K = GSp(4,Z°) fixed. The Galois action commutes with
the action of the Hecke operatorsin G.Sp(4, A g); hence, it respects decomposition
into irreducible representations s of G(Ag). Let m(ws) denote the multiplicity
of the constituent 7s ® 7 in limx H{(Sk, F), which is a completely reducible
Q,-representation of GSp(4, A g). Then g induces a representation

Prs + Gal(Q : Q) — Gl(m(ms), Q).

By definition, it is obtained from a A-adic representation by extension of scalars.
Fix K, E, and . Fix acorresponding saturated set S for the subset R of the weak
equivalence class of 7. Then 7° is an unramified representation. Our main object
of interest will be the finite-dimensional Q;-vector space defined by the generalized
eigenspace
V = H}(Sk,E)(n°), K=KsK°.

It is a module under the Hecke algebra H(G(As)//Kgs) of Kg-bi-invariant func-
tions with compact support on G(A.g).

Remark 4.3. For irreducible 7g the space 7 is an irreducible H(G(As)//Ks)
module. If it is nontrivial, this module completely determines the representation mg
if Ks isagood small subgroup in the sense of [10], Corollary 3.9(ii). The groups
K form acofinal system. In the following we can assume K to be a good small
congruence subgroup.

Finite Levels. Fixing such compact open level groups K, one can already deter-
mine the semisimplification of the finite-dimensional Galois representation p,. de-
fined above by the direct limit of cohomology groups at some level K for a suit-
able good small level group K, provided 7% # 0 holds. We therefore obtain the
decomposition

K
V = H}(Sk,B) (%) = @y pryy @ 7' -
The sum is over the finitely many representatives 7, for which the class of 7., =
Ty @ndisinR,i.e,n € Rforn’ = T i @Nd for which , isin the discrete
series L-packet attached to (k1, ko).

4.2.1 The Classical A-Adic Representations

Suppose 7 is attached to o = (o1, 02). We want to relate the A-adic representation
pr defined for mgm° to the A-adic representations p; , p-» defined by Deligne for o
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and 0. The representations p1, p2 areirreducible Q,;-representations of dimension
2 and are obtained by scalar extension from two-dimensional A-adic representations

P15 P2

attached to o4 and o2. Therepresentations p, ; are absolutely irreducible by aresult
obtained by Ribet. Since they are irreducible, p; and ps are characterized by their
character, and hence by

tTPA,l(FTObp) = p(rl_l)/Q(ap + ﬂp)v detPA,l(FTObp) = prl_lapﬂp’
trpxa(Froby) =p™"V/2(a, + 8,),  detpya(Frob,) = p™ a0,

Thisholdsfor all unramified primes of o and ¢/, and so, in particular, for al p ¢ S.

Remark: Here F'rob,, denotes the geometric Frobenius. In fact, we consider Galois
representations dual to the ones usually considered in the literature.

Comparison with Hodge Structures (see Chap. 1). For the algebraic normaliza-
tion Ejig 5, Of the underlying coefficient system, the Hodge structure of the gener-

alized eigenspace of 7 was computed in Chap. 1. It is of the Hodge type:
<V(T1—1,0) @ V(07T1—1)> D (V(TQ—I,O) D V(O,Tz—l))(2 o kg)

Since (11 — 1) — (r2 — 1) = 2(k2 — 2), this defines a Hodge structure on the
generalized eigenspace which is pure of weight &y + ko — 3 =y — 1.

4.2.2 Weak Reciprocity Law

We show that the representation p.. is related to the representations p; and p2 ®
ul’”_Q in arather easy way. Let v, denote the dual cyclotomic character v, : I'q —
Q; defined by

vi(Froby) = p.

The semisimplification (p,)®® is determined by the characteristic polynomials of
the Frobenius elements Frob, for p ¢ S chosen from a set of Dirichlet den-
sity 1. From the Frobenius relation proved by Chai and Faltings [19], p. 264, one
knowsthat the characteristic polynomial det(id — tF'roby; px.) of the Frobeniuson
the generalized 7r5 -eigenspace divides a suitably high power of the local L-factor
Ly(mp, @ ||, 2,t). Notice that 7, is unitary by normalization. This explains the
twist with the character "2 = || ST wherew = |.|p isthelocal character
normalized by v(p~1) = p.
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Since o° is attached to =, the automorphic L-factor of ,, at the prime p is
Ly(my @ v 5,0) 7" = det (id — Frobyt; py @ (p2 @ 1/*7?))

foral p ¢ S. Up to permutations with elements from the Weyl group this im-
plies for the Satake parameters oy, o, ap. 1, p 2 Of the unramified representation ,
and for the Satake parameters v, 3, and o, 3;, of (01), and (o2), the identities

o = Qp 0,

B =apo-ap1-aps,
r_
Q= Qp,o - Qp,1,
B =a,0-a
— Gp,0 " Cp,2-

Hence, the eigenvalues of the Frobenius elements Frob, for p ¢ S on the gener-
alized 75 eigenspaces have to be among those four numbers. Since Ramanujan’s
conjecture holds for holomorphic elliptic modular forms, these numbers have abso-
lute value 1. Therefore, Ramanujan’s conjecture holdsfor 7, and all primes p ¢ S.
Hence, by purity, 7 only contributes to the cohomology of degree 3. See Chap. 1.

By the trace formula we show in the next sections the existence of integers
mq(ms), ma(mg) such that

(Prs)®* = my(ms)p1 @ ma(ms) (1?2 @ pa) .

To prove this, it suffices to have an equality of characteristic polynomials for the
Frobenii of al primesp ¢ S inaset of Dirichlet density 1. Let us collect some facts
on Complex Multiplication (CM) representations, which will be needed to show this.

4.2.3 CM Representations

By definition an irreducible cuspidal automorphic representation o of Gi(2,A) is
a CM representation if there exists a character y # 1 suchthat 0 ® x = o. This
implies x? = 1. Hence, x defines a quadratic extension field F of Q. If o isa
representation that comes from holomorphic elliptic modular forms of weight 2 or
more, then F' is an imaginary quadratic field extension of Q.

Lemma 4.1. There exists a set primes of positive Dirichlet density for which the
Satake parameters a,,, ay,, 3, 3, are different from each other.

Proof. For a number field L the absolute Galois group is denoted I'y,. oy and o2
are representations of GI(2, A) attached to holomorphic cusp forms of weights
r1 >1re > 2. Theno; % k® o, for all Dirichlet characters «. Therefore, py 1 ® K 2
Pr2 ® ul’”_Q. The same holds for all Galois conjugates of these representations.
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Hence, by a Goursat-type argument for the representation 7 = px 1 ® (pa 2 ®ul’“2*2)
(see, e.q., [110], p. 121 and Behauptung 5.3) either both representations o4, o5 are
of CM type or the image of I'q under the representation ~ has a Lie group of di-
mension greater than the dimensions of the Lie groups of the images of I'q for
the two corresponding single representations p, ;. In this latter case we can apply
Theorem 10 of [86]. If both o; are not of CM type, then the set of primesp for which
op.1 = 0,2 holds has Dirichlet density 0. In fact, if none of the representations are
CM, then conditions (a)—(c) of [86] are satisfied. Theorem 10 of [86] showsthat the
natural density is zero; hence the analytic Dirichlet density is zero (see [84], p. 76,
for this notion).

In the case where both representations are CM with corresponding CM fields F
and F5, both \-adic representations are induced:

I
PXi = Indr%_ (wz)

The +; are grossen characters of A, /F;* whose infinite type (reflex type) is de-
termined by the weights ;. The set of places €2 where both the quadratic exten-
sions F /Q and F»/Q splitisaset of Q-primeswith Dirichlet density } or greater.
Now restrict the A-adic characters 1); to the Galois group I' » of the composite field
F = Fy - Fy. Since the infinite types of 4, and v are determined by r; # 7o,
the quotient of the restricted \-adic characters ¢); is a one-dimensional M-adic rep-
resentation of I" » with infinite image. Thisimplies oy, # o2, for asubset of 2 of
density ; or greater.
Finally, o, = 3, for p ¢ S isequivalent to

px1(Froby) # 1

for the associated “projective’ representation p, ; : I'q — PGI(2, E) attached to
pa,i- Since p, ; doesnot have afinite |mage([74] Theorem 4.3), the Q;-dimension
of the Lie algebra defined by its image is positive. Hence, the set of primesp ¢ S
where o, = 3, holds has density 0. Similarly for o7, and 3,. O

4.3 The Trace Formula Applied

We till suppose 7 is attached to o and S for some cuspidal representation o =
(01,02) and some saturated set S. Consider the generalized 7 -eigenspace V' of
the cohomology as in Corollary 3.1. The Frobenius F'rob,, acts on this space with
eigenvalues (normalized by the factor p"+§’), say, ~;, of absolute value 1 for all
primes p ¢ S. Let m; denote the multiplicity of the eigenvalue ;. We may as-
sume that the eigenvalues +; for thesubsetsi € I = {1,3} andi € I° = {2,4}
correspond to the Satake parameters of the representations o; ,,:

(’715’72773/74) = (apa O‘;aﬂpvﬂ;)'
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Since S was chosen to be saturated, 7 isunramified outside S and only dependson
0% and not on the particular representation in R. This allows us to apply the trace
formulain the following form.

The Trace Formula. Recall that 7 = mgm only contributes to cohomology in
degree 3, since it satisfies the Ramanujan conjecture. From the trace formula in
Corollary 3.4 we therefore obtain for n > 0 the trace identity

4. Z trrs(fs) - (7711(71'5)(1;1 + ma(ms) (o) +ms(rs)By + m4(71'5)(5;,7)n>

—;tr(ﬂs)(fs)-(m1(rs)+mz(ﬂs)+ms(ﬂs)+m4(7fs)>'(a2+(a;)n+ﬁ§+(ﬁ;)n)

= 42 . trUs(féw) : (Oz;1 + By — (Oé;;)n - (B;)n)

Here fs isan arbitrary K g-bi-invariant function on GSp(4, A s) with compact sup-
port. The sum is over the finitely many ¢, which extend to an irreducible automor-
phic representation 7., mg ® 7° and represent the set of classes of representations
R attached to 0. Notice 7° only depends on o°.

The Character Lift. Thetransfer fs — f4! defines a pullback of distributions
a — o for stable distributions . See Rogawski [76], p. 183ff. Working with the
group G1(2)?, we can drop the stability assumption. Thus, we obtain a distribution
lift for invariant distributions. In particular for the distribution o« = x,,, defined by
the character of representation o's of GI(2, A.g)?, this defines the distributions x &
asfollows:

X5 (fs) = tr os(f&h).

See also Sect. 4.4.

For a suitable choice of p ¢ S and a suitable choice of n, the factor oy + 3] —
o', — ', isdifferentfrom zero (Lemma4.1). So, by the correspondingtraceidentity
above, we can express x & (fs) asalinear combination of the characters x - (fs)
which appear on the left side of the trace identity. This gives an expression of the
form

XS (fs) = Zn(ﬂs) “Xns(fs)

s

for all Kg-bi-invariantfunctionswith compact support. Heren(wg) are certain com-
plex numbers, and the sum is over all the finitely many 7 that occur in R.

If we substitute thisinto the right side of the trace identity above, we obtain new
character identities. They hold for all primesp ¢ S and al integersn > 0. Since
the representations g in R satisfy wgs = 0, and since we haven chosen K to
be good small subgroups, linear independency of charactersimplies that we obtain
identities of the form
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4
() Z4mm Zmz Z% =c) A —cd A

i€l ¢l

forall n > 0, where
m; =m;(rg) and c¢==+2-n(mg)

for fixed s and the normalized eigenvalues; of the Frobenius Frob, on (V, px)
forp ¢ S. Notice, them,; > 0 areintegers.

Remark 4.4. Any identity like (x) that holdsfor al n > 0 and ~; # 0 isan identity
that holds for all n. (To show this, multiply by ¢", take the sum from n = 0 to oo,
and consider itspolesat t — ~;.)

Now wevary p ¢ .S and discuss several cases.

First Assume o1, p% 04 P Since the central characters of o, o5 coincide, thisis
equivalentto {a,, B, }N{ay, 3,} = 0. Then, if o, # 3,, by thelinear independence
of characters

dmy = mq1 +mo + mo + my +c,

dms = mi1 + mo + mo + my + c,
and similarly

dmy = my +mg + ma +my —c,

dmyg = mq +ma +mo +my —c.

Hence, m1 = ms and my = my4 and

dim(V) + ¢

m; = 4 € IN7
g — dim(V) —¢ —
4
Since
¢ dim(V)
ml—m2:2, m:=mji+mo = 9 ,

c and dim(V') are even integers.

Remark 4.5. By Lemma 4.1 there exist p ¢ S for which oy , % o2 ,. From this

we deduce  (dim (V) £ ¢) € N, and that dim (V') = 2m is of even dimension, by

considering just one of these places. The numbers ¢ and dim/(V') and also m; are

independent of the placep ¢ S considered; hence, in particular, the coefficients
tn(rs) = mi(rs) —ma(rs) € Z

areintegers.
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Definition 4.2. Using the integers m; = my(ws) and mg = ma(ws) just defined,
we set
T=mip1 B mg(ulkz_2 ® p2).

We claim that the normalized Frobenius has the same characteristic polynomial
for the two representations 7 and (V, pr¢) for al p ¢ S. For o1, % o2, and
ayp # B3, this has been shown already.

Now assume oy, 2 02, but oy, = 3,. Then, by the arguments above, we only
get

4(my +m3) = 2(m1 +ma +ms + my) + 2¢.

But still my + m3 = § - (dim(V) + ¢). Hence, 7 and V' again have the same
characteristic polynomial for F'rob,,.

Next Assume o1,,= o2,,. Then by reordering, we can achieve o, = «;, and
Bp = B3, Then the c terms cancel in the comparison, and for «;, # 3, we get

4(my +ma) = 2(mq + ma + ms3 +my) = 4m,

4(ms +ma) = 2(my + mo + ms +my) = 4m.

Hence, m; + mo = m = mgs + my, and the characteristic polynomial of the
normalized Frobeniuson V' yields

(1- apt)™ (1 = Bpt)™ = (1- apt)ml(l - ﬁpt)m3(1 - a;t)mz(l - B;Iat)m4v

which again is the characteristic polynomial of .

Needless to say, the same a so holdsin the final case where all eigenvalues coin-
cide, since m; + ms + mg + my = dim (V') = dim(7). By the Cebotarev density
theorem thisimplies

Lemma 4.2. If 7 is attached to o, then with our previous notation

(prs)® =mi(ms)p1 QBTTLQ(WS)(VfT2 ® p2).

Local Character Lifts. Thelocal transfers f, — fM- define local distributions
XUGU for each place v € S, which are uniquely defined by o, once the transfer
factor A, has been specified. Let us assume this. Then the semilocal formulas
[Toes X5, (fo) = X5 (fs) = 321 n(ms) xxs (fs) Obtained aboveimply local for-

mulasforeachv € S:

X?v (fv) = Zﬂv ”(vaﬂv) : Xm(fv) .

The sum is over the finitely many local irreducible admissible representations
at v of the representations = in R. Here f,, is an arbitrary K,-bi-invariant function
with compact support on G,,.
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The numbersn (o, 7, ) are uniquely defined and depend only on o, and the local
transfer factor A, chosen. Furthermore, for any saturated finite set .S’ of places

= H n(oy, Ty)

veS

holdsby thelinear independence of charactersof theHeckealgebraH (G(As)// Ks).

So far these character relations obtained are valid only for functions f¢ which are
K g-bi-invariant. So they involve only those representations «s which admit nontriv-
ia Kg-invariant vectors. But at this stage we are now free to make K¢ smaller. In
the limit over a cofinal system we obtain alocal character relation

X?U = Z n(av77rv) Xy 77/(0'1;,77'1;) S C7

T

at the cost that thisis only a countable sum over (unitary) characters. Thisisan iden-
tity of distributions on G(A. ). For each locally constant function on G(A g) with
compact support inserted in the identity, amost all summands are zero. Hence, this
countable sum is absolutely convergent for such test functions. It iswell known that
linear independence of characters of unitary representations holds in this setting
(see[42] and [76], Proposition 13.8.1). Thus we extract the local character relations
from these semilocal ones by the linear independence of characters. Formally we
may view the sum in the local character identity to be a sum over al unitary ad-
missible irreducible representations of G,,. Since we are free to enlarge S provided
K, = GSp(4,Z,) holds at the added places, we obtain

Corollary 4.1. Let = be an irreducible cuspidal representation attached to some
irreducible cuspidal automorphic representation o. Suppose 7 ¢;,, contributes non-
trivially to some cohomology group HY(Sk., Ex). Then there exists a sign ¢ €
{£1}, which only depends on A such that for any finite saturated set Sy of non-
Archimedean primes, and for an arbitrary set .S; of unramified placesv ¢ S of
and o where K, = GSp(4, Z,), the following relations hold for .S = Sy LU Sy:

Tg) = H n(oy, my),

vES

mi(mg) —me(ng) = e - n(ms),

k‘22

P @ v = my(rs p1@m2 (ms)p2 @ v
Now we want to get rid of the technical assumptions which we still have to make
regarding the set S (namely, to contain a saturated set Sy as above). The next corol-
lary shows that without restriction of generality, S can be chosen to be an arbitrary
set of non-Archimedean places containing the ramified primes of the given repre-
sentation 7.

Lemma 4.3. Supposew and 7’ arein R, then «), = xr,, if m, and «, are spherical.
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Proof. For spherical Hecke operators f.,, i.e., K, = GSp(4, Z,)-bi-invariant func-
tions with compact support, we have

ng (fo) = Z n(o, 77';)(77';)[(@ (fo)
considered as an identity on the spherical Hecke algebra. Theleft-hand side satisfies

X?U(fv) = Xoo (fsz) =tr o'v(féw) =1r 7T1-;"_(fv)

Thefirst two equalities hold by definition. Thelast identity (Shintani identity) holds
for the canonical endoscopic ring homomorphism of spherical Hecke algebras f, —
M (provided the local transfer factor A, was chosen properly, which we tacitly
assume) and for a canonical unramified representation

m = (on),

whose Satake parameters are defined by the endoscopic L-embedding. (Recall that,
in particular, thisimplies o, is unramified.) This is an immediate consequence of
the fundamental lemma (see Chaps. 6, 7). Inserting this formulainto the left-hand
side of the character identity, linear independence of characters implies 7, = 7
for al spherica =, for whichn(o,,7’,) # 0 holds. O

Remark 4.6. The last lemma allows us to choose the set S to be arbitrary. In fact,
to obtain something nontrivial, we should take S to be the set of places where o
ramifies. It is now convenient to abandon the notion that “r is a attached to ¢” and
S, and replaceit by the following.

Definition 4.3. Given apair o = (01, 02) of unitary irreducible cuspidal automor-
phic representations of G1(2, A) whose central characters coincide, we call anirre-
ducible cuspidal automorphic representation = of GSp(4, A) awesk lift of o if for
almost all places

L%(ng,s) = L (01, 5)L° (02, 5)

holds. (These places can be assumed to be unramified without restriction of gen-
erality. Recall that in this chapter we still retain our assumptions regarding the
Archimedean places of o1 and 05.)

Suppose ™ =TTy IS @ irreducible cuspidal automorphic representa-
tion of the group GSp(4,A), which is cohomological (with respect to E)).
By this we mean that some generalized eigenspace of some cohomology group
limg HY (Sk, Ex)(7°) isnontrivial. Then, up to atwist by some power of theidele
norm character, giving the unitary normalization, 7 is a preunitary representation.

Corollary 4.2. Let 7;, be anirreducible constituent of the admissible preunitary
representation

lim H (Sxc, B)(n%) = @) g @ pin

Tfin
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of G(Ayi,). All 7 = moompiy N this sum are cuspidal irreducible automorphic
representations with infinite component 7., in the Archimedean L-packet of the
holomorphic discrete series representations of weight (k1, k2) = (A + 3, A2 + 3).
Suppose 7 (with unitary normalization in the sense of Chap. 1) is a weak lift of
some irreducible automorphic representation o = (o1, 02). Then o; are cuspidal
automorphic representations of G1(2, A) attached to holomorphic elliptic modular
forms of weight 1 > ro > 2, wherer; = ki + ko — 2 and 7o = ky — ko +2.
In particular, = is not CAP. Furthermore, the semisimplification of the finite-
dimensional Q;-representation p,,,, (in the algebraic normalization) is isomor-
phicto

pfffm Qv = ma(Tfin)(p2 ® l/l @ml Tfin)P
Theintegers mq (7 i) and ma (7 ;) are related by

ml(ﬂfin) ma 7rfzn =& H vaﬂv sy Tfin = ® Ty

VF# 0O VF# 0O

where n(c,, m,) are complex numbers uniquely determined (for fixed transfer fac-
tors) by the local character identities

XS =3 n(oy,m)m,.

Thesigne = +1 isafixed sign. (Itisan Archimedean contribution. Weshowe = —1
in Chap.8.) The sum is a countable, absolutely converging sum over the unitary
spectrum of GSp(4,Q,). If o, is spherical, then there exists a unique spherical
representation r, such that n(o,,m,) # 0. For this representation n(o,,m,) = 1
holds.

Remark 4.7. In Chap.5 we prove mq (7 i) + ma(mpin) = 1. Since Shelstad
[90, 91] has shown

X?x =1 (000) = T-(0c0)

for the nonholomorphic discrete series representation 7, (0,) and the holomor-
phic discrete series representation 7_ (0, ) of the Archimedean L-packet of weight
(k1, k2), this gives the globa multiplicity formulafor weak lifts :

m(r) = ; (1+ Hn(aq,, ™)) m wesklift of o, o generic.

The product is now over all places including the Archimedean. In fact, in
Corollary 4.4 the following multiplicity formulas will be shown:

m (71 (00c) @ Tpin) = ma(7fin),

m(ﬂ; (000) ® ﬂfin) = ma(Tfin).
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Remark 4.8. If ¢ is ramified at a unique non-Archimedean place v, Lemma 4.3
and Corollary 4.2 force al n(o,,m,) to be integers. One can easily show that this
impliesn(o,, m,) isintegral for al unitary generic representations o,,. By character
twists, one easily reduces some local calculations for induced representations o, to
the case of discrete series, which are handled by embedding techniques. Details are
givenin Sect. 4.5. For amore uniform approach, see also Sect. 5.1.

4.4 Rationality

For a weak lift = of some representation o for A/, the Galois representation p ¢
is a direct sum of two-dimensional Galois representations p; and p, attached to
certain elliptic modular forms. The characteristic polynomials of the Frobenius el-
ements have their coefficients in some fixed number field E,. This follows from
Corollary 4.1, since the same is true for the Galois representations p; and p, at-
tached to o, and 0.

On the other hand, the representation 7 is realized on a cohomology group
with complex coefficients. Considering the Q-structure defined by the Betti real-
izations of these representations, we see that the induced natural action of the group
Aut(C/Q) on the coefficients of the cohomology group permutes the isotypic au-
tomorphic subspaces. Since 7% # 0 implies (77)% # 0 for 7 € Aut(C/Q), this
action of Aut(C/Q) hasfinitely many orbits. Itsfixed field £ will be called thefield
of rationality for 7 s,. The character of = hasvaluesin thisfield £ since

T € Aut(C/E) <= x, is E-valued.

However, it is not clear whether the representation 7 can be defined over £ owing
to the possible effect of Schur multipliers. We will show

ECE,

(an immediate consequence of Lemma4.10 and Theorem 4.5).

Consider the set X' of embeddings7 : £ — Q. Choose some fixed embeddings
of Q, into € and into Q; and the completion C;. Then one can consider the action
of the absolute Galois group I'q on the coefficients of the corresponding cohomol-
ogy theories. This allows us to recover the A-adic representation attached to 7 in
terms of the \-adic representations attached to o4, o2 using the isomorphism of Q-
representations given in Lemma 4.2. Here we use the well-known fact that there is
no problem with Schur multipliers for the two-dimensional Galois representations
attached to elliptic modular forms.

Matching Conditions. The (not uniquely defined) assignments f — M are de-
fined by the matching conditions

SOM(fM) = At m 05 (f)-



90 4 Character |dentities and Galois Representations Related to the Group G(4)

Heret € Ty (F) C M(F)andn € Tg(F) C G(F) must be related by an ad-
missible homomorphism between tori 7, and T;. The precise description of these
matching conditionsis quite involved, and therefore we do not want to give it here.
See, e.q., [54], (5.5.1). However, let us make some general remarks:

(@ The transfer factors A(t,7) and the x-integrals Oy (f) are defined for eliptic
endoscopic data (M, M, s, §), wherein our case except for the maximal datum
(G, TG, 1,id) there is up to equivalence only one €elliptic endoscopic datum
givenby (M, LM, s,€). See[36]. It is described in Sect. 6.3.

(b) Forany maximal F-torusT}y, in M thisdatum, in particular, defines a character
x and, roughly speaking, the x-orbital integrals as a certain average of orbital
integrals.

(c) Whenever the set D (T) = ker(H'(F,T) — H'(F,G)) istrivial, the char-
acter x becomes trivial and Of(f) becomes the orbital integral OF (f) =
fGt\G f(g~tg)dg/dg:, and also the transfer factor A(t,7) becomes easy to
describe.

(d) In our case the maximal F-tori Th; of M are determined by a pair (L1, L2)
of quadratic etale algebras L; over F. Ty, is anisotropic if and only if both
L; are quadratic field extensions of F. Notice T}, is isomorphic to G3,, or
Gy, x Resp p(Gr) of [Resy, jp(Gm) X Rest, p(Gm)]/Gy, for quadratic
extension fields L or L1, Lo, respectively, of F'. A glance at the list of maximal
F tori in G (see page 94) implies that only the tori T" of types (4)—7) can be
F-isomorphic to one of the maximal tori T, of M. Furthermore, if thisisthe
case, H'(F,T) is trivia (Hilbert 90) except for the anisotropic cases. In the
anisotropic cases the exact sequence

1 — H'(F,Ty) — H*(F,Gy) — H*(F, Resr, /r(Gm) x Resp, r(Gp))

forces the group H'(F,Ty) = Br(F)[2] to be cyclic of order 2 (for the
anisotropic tori Ty). Therefore, since H'(F,GSp(4)) = 1, we obtain for
Dg(T) = ker(H'(F,T) — H'(F,G) thefollowing:

Lemma 4.4. For maximal F-tori in G coming from M the group D¢(T) is
Da(T) = 7./27.
for F-anisotropic tori, and istrivial otherwise.

(e) For theanisotropic tori we give explicit formulasfor the transfer factors A(¢, )
for t € Tj; and anisotropic tori T3, in Chaps. 6-8. The transfer factors for the
remaining tori, which are not anisotropic, are very easy to determine, and this
will be skipped.
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4.4.1 Character Transfer

The matching conditions define a distribution lift o — o (see also Hales [36]) via

/ F(g)a®(g)dg = / FM(R)a(h)dh.
G(F)/Z(F) M(F)/Z(F)

Here a is an invariant distribution on M (F'), which transforms with respect to a
character w under the center Z(F'), and f is alocally constant function, compact
modulo the center, which transforms according to the character w=! under Z. We
will replace M by its z-extension G1(2)?, also denoted M by abuse of notation,
in the following. Similar assumptions will be made regarding f*. Notice that in
general the central charactersof f and f* need not coincide, owing to the transfor-
mation properties of the transfer factor A. However, in our case they are equal by
an inspection of the transfer factor. See Theorems 6.1 and 7.1.
Following [76], p. 182, one can compute o .

Stability for M. Let F' be a non-Archimedean local field of characteristic zero in
the following: For amaximal F-torus T in areductive F'-group G one defines

D(T) = Dg(T) = Ker(H'(F,T) — H'(F,Q)).

Notice D sp(a)(T) = H*(F,T), since H*(F,GSp(4)) = 1. On the other hand
D (T) = 1.

Proof: For any maximal F-torus 7" in M, its preimage in GI(2)? is of the form
Resr, ) p(Gm) X Resr, r(Gn). Since the Galois cohomology of this torus van-
ishesand since H*(F, GI(2)) = 1, we obtain adiagram

1 > HY(F,T)¢ > H*(F,Gp,)

v \
1 > HY (F,M)¢ > H*(F,Gp)

which provestheinjectivity H*(F, T) — H'(F, M). Hence, for sufficiently regu-
lar semisimple elements ¢ we have

SOM (M) = oM (f1).

We only consider sufficiently regular elements ¢ in the following, since this suffices
for our purposes.

Notation.

1. LetT C G beamaximal F-torus. Let t € T'(F') be a sufficiently regular el-
ement. Then for 6 € Dg(T) = Ker(HY(F,T) — H'(F,G)) one can define
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t9 € T9(F) (another maximal F-torusof G’ uniquely defined up to F-conjugacy
in G) by t* = g~ 'tg if § is represented by the cocycle a(c) = ¢%g~!,
g € G(F) (asin [76], p.183). Recal H!(F,G) = 1 for G = GSp(4); hence,
Dg = HY(F, T). Theresult aboveimplies

D (T) = 1.

For the convenience of the reader we recall some of the definitions:

2.

Fix an admissible embedding 7' — G in the sense of [60]. It comes together
with a homomorphism p of the Galois group of the splitting field of 7" to the
abstract Weyl group We. In this way the Galois group I' = Gal(F : F) acts
by conjugation with pr on the Weyl group W (since the group G is split). Let
Wr (T, G) denote the subgroup of T-invariant elementsin We. It contains the
relative Weyl group W (T, G) = Ng(T)(F)/T(F'). By the non-Abelian Galois
cohomology sequence

W(T,G) — Wg(T,G) % H'(F,T) — H'(F,N¢(T)) — H'(F,Wg),

attached to the normalizer N(T') of T in GG, the coboundary map d maps
w € W5 = Wg(T,G) with representative n € Ng(F) to the class of
d(w) = n°n~1. More generaly w € Wg(T,G) with representative n acts on
D(T),andsends§ € D(T'), represented by the cocycled = a(o) = g~ 1g° (split
by g € G(F)), to the cohomology class of the cocycle w(5) = n7g7g n=1
in D(T). Notice w(d) € D(T) and image(§) = image(6*) in HY(F, N7).
Furthermore, w® € D(T) is independent of the choice of representative n and
the choice of splitting element g. In general this defines an action of W (T, G)
on the set D(T"). Buit this action need not respect the group structure defined by
D(T) C HY(F,T) in general.

. Ker(HY(F,Ng(T)) — H'(F,G)) can beidentified with the set Cg of G(F)-

conjugacy classes of maximal F'-tori T' in G. The image C(T) of D(T') under
HY(F,T) — HY(F, N(T)) istheset of G(F)-conjugacy classes of F-tori which
are stably equivalent to T'. Furthermore, the fibers of the natural map induced by
the Galois cohomol ogy sequence

G(F)-conjugacy classes
D(T) — { of maximal F-toriin G
can be identified with the left cosets
W(T,G)\ Wr(T, G).

If we chooserepresentatives [7"] € C, and representatives 7" in each stable equiv-
alence class, then for afunction f on C

ZW’G ZWF( ZfT(S

[T']eC c(T)e 6E’D(T
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Similarly, we have formulasfor M.
4. Let
T=A" DM/DG

be the product over the transfer factors A;Ar;Agyr in the sense of Langlands
and Shelstad [60].

The x-Invariance. We define the outer automorphism¢ +— ¢* of M by
t=(t1,t2) € GI(2, F)*/F* — "= (ts,t1) € GI(2,F)*/F*.

Obvioudly t** = t. For a distribution « on M put o*(f(t)) = «a(f(t*)). Define
e(T)tobelif T* is M (F')-conjugateto 7" in M, and otherwise £(T") = 2.

Lemma4.5. (a*)¥ = a“,
Remark on the Proof. Thefirst guesswould be to check whether the right side of
SOM(FM) = At,m) 05 (f)

isinvariant under t — ¢*. If this were the case, we could simply replace f by its
average ; (fM(t*) + fM(t)), sincein principal we are free to choose any matching
pair of functions (f, f). Thiswould immediately imply a® = (a*)%.

However, this thought is somewhat too naive. The matching condition of Lang-
lands and Shelstad specifiesthe relation between ¢ and n: n islinked with ¢ viasome
admissible embedding. This condition will be destroyed by simply replacing ¢ by t*.
In general, the assignment ¢* — 7 will not be given by an admissible embedding
any more. In fact, this phenomenon occurs for one type of torus (namely, in elliptic
casel, if inaddition x 1,/ »(—1) = —1 holds; seetype (4) in thelist of tori below). In
this sense the tori of type (4) are rather curious. They will be examined in Chap. 8.
For all other cases of tori the relevant admissibility conditionis preserved under re-
placement of ¢ by ¢*, and also A(t,n) = A(t*,n) holds in these other cases. See
Lemmas 6.5 and 7.3. In fact, the proof of Lemma 4.5 isgivenin Sect. 4.5 asaside
result of the proof of Lemma4.6.

An Assumption. The space of invariant distributions o on M splits into two sub-
spaces, those anti-invariant «(t*) = —a(t) and those invariant «(t*) = «(t) under
theinvolution . By the last lemmaa® = 0 holds for anti-invariant distributions c.

In the following we therefore always assume « to be x-invariant. Hence, suppose
« is a s-invariant distribution on M. Then the argument for [76], Lemma 12.5.1,
implies

Lemma 4.6. For § € D(T) and sufficiently regular ¢ € T(F') and all maximal
F-tori of G coming from M
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(Dga®)(t’) = k(8) - 7(t) D (t) - (o + *)(t)

=e(T) - Z 7(wtw ™ k(w(0)) (D) (wtw™).
weWp (T,M)\Wr (T,G)

Inparticular, (Dga®)(t%) = k(0) - (Dga)(t) for § € D(T).

Proof Postponed. See Sect.4.5. O

Support. For further use let us discuss the support of the distribution o (¢). For
thiswe list the different G(F')-conjugacy classes of maximal F-tori of G. Thislist
contains seven distinct types. Notice that the Galois group G(L/F') of the splitting
field L of amaximal torusT" is a subgroup of the abstract Weyl group. Hencetori in
GI1(2) split over aquadratic extension field L and are isomorphic to Resy, /g (Gin ).
Thiseasily givesadescription of all maximal F-tori of the group G1(2)?, and hence
for M. Notice the support of o~ (considered for sufficiently regular semisimple
elements) is contained in the union of the F-tori of G that come from M by an
admissible embedding.

4.4.2 The List of Maximal F-Tori of G

Maximal F-Tori of G that do not come from M by an admissible embedding:

1. T(F) isisomorphicto {x € E* | Normg,g+(v) € F*}, where E/F is an
extension of F' of degree 4, whose splitting field is either cyclic of degree 4 or
dihedral of degree 8 over F'. E contains aquadratic extension field E+ of F.

2. T(F) = {x = (w1,22) € L} x L | Normp, jp(x1) = Normp, p(z2)} for
two nonisomorphic quadratic field extensions L, /F and Lo/ F'.

3. T(F)= L* x F* C Q(F), where @ C G isthe Klingen parabolic subgroup.

Elliptic maximal F'-tori of G that come from M by an admissible embedding:

4. Elliptic case I: T(F) = {z = (z1,22) € L* x L* | Normp p(x1) =
Normp,r(z2)} for aquadratic field extension L/F. These tori (see Chap. 6)
come fromthetori L* x L*/F* of M. Wehave Dg(T) = HY(F,T) = 7Z,/27
and £(T') = 1. The Galois action is via wy,q., Which is the longest element
of W¢. The Weyl group is the semidirect product of (w-,w2) and the reflec-
tion . attached to the short root. We have w, o = wiws and tw; = woe.
Furthermore, Wp(T,G) = Wg and Wg(T,M) = W)y. The embedding
Wg(T,M) — Wg(T,G) is an isomorphism onto the subgroup generated by
the permutation . and the element w;,,,. The outer automorphism * acts on
T like wy € Wg(T,G). We have W (T, M) = Wg(T, M). Findly, we have
W(G,T) = Wgp(G,T)iff xr,r(—1) = 1, inwhich case T is not F-conjugate
to 7" for the nontrivial element § € D¢ (T'). Inthecase xz/p(—1) = —1 wehave
T? and T are G(F)-conjugate, and we can even assume 7' = T*° by choosing a
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suitable representative. In this case, if ¢ : Ty (F) > t — n € T(F) isan ad-
missible embedding, then ¢(¢*) = % holds. Finaly, W (G, T) = Wg(T, M) C
Wr(T,G) inthis case.

5. Elliptic case II: These tori are T'(F') = (L7 x L3)/F* for two nonisomorphic
quadratic field extensions L, /F and L2/ F (see Chap.7). They come from M
with e(T') = 2. Then Wx(T, G) is the subgroup of W generated by the two
elements w.,.q.., ¢ (image of Galois), which can be identified with the image of
WF(T, M) = Why. Also Dg(T) = Z/QZ

Nonelliptic maximal F'-tori of G that come from M by an admissible embedding:

6. Thesetori are T'(F) = L* x F* C P(F) for quadratic extension fields L/ F,
contained in the Siegel parabolic P C G. They comefromthetori Ty, = (L* x
(F*)?)/F* of M viathe embedding

(z,diag(ta, th))/(t - id, ™" - id) s blockdiag(thdet(x)x ™", tax).

Here 2 € L* C GI(2,F) and to,t, € F*. We have ¢(T) = 2 and
De(T) = 1. Furthermore, Wr (T, G) isgenerated by wq., ¢ and Wr(T, G) =
We(T, M) = Way.

7. The split torus T'(F) = (F*)® obviously comes from M with £(T") = 1. Fur-
thermore, W(T',G) = Wp(T,G) = Wgand W(T, M) = Wr(T, M) = Wy,
which mapsto the subgroup (¢, wynq.) Of We. The admissible embedding is the
one used in (6) for diagonal matrices + = diag(t1,t}). The involution * acts
on the diagonal split torus 7" in M. This action corresponds to the action of the
element wy € We.

Lemma 4.7. For all maximal F-tori T"in M the following holds:
#W(T, M) = #Wp(T, M)
and
e(T) - #(Wp(T, M)\ Wr(T,G)) = 2.
Proof. Thisis done by a case-by-case inspection, and will be skipped. [
Remarks Concerning the Weyl Groups. Over the algebraic closure F' of F all

underlying admissible homomorphismsof tori Th; — T becomes conjugateto the
homomorphism

(diag(tla t/l)? diag(t27 tIZ)) = dlag <t/1t/27 tlt/Za t1t2a t2t/1)

by Lemma 8.1. This isomorphism induces the isomorphism (W, ) — W¢ re-
ferred toin the list of tori given above.

Character Twists. Let us denote vyr(g1,92) = det(g1g2) for (g1,92)/(t id,
t~1id) € M and let v denote the symplectic similitude factor v : G(F) — F*.
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Then in cases (4)—(7) an admissible isomorphism of tori ¢ : Ty = T sdtisfies

va(P(t) = vm(t)

M DTy v >TGQG
Gm

It is enough to show this over the algebraic closure F', where this follows from
Lemma 8.1. Furthermore, v¢(t%) = vg(t) for 6 € Dg(T). Both statements are
easy to verify, and together they imply

(x(war (1)) - (1) = x(v(t) - € ().
Therefore, we have

Lemma 4.8. x,, = > 1(0v, M) Xr, IMPHES X5y xs = D (0w, Tu) Xrrw @50 -

Lemma 4.9. Suppose o, = (04,1,04,2). Then n(o,, m,) # 0 implies that the rep-
resentations ,,, 0,1, and o, » have the same central character.

Proof. The admissibleisomorphism Ty, — T maps (¢,t) x (1,1) and (1,1) x (¢, t)
to (t,t,t,t). Furthermore, the transfer factors do not change the central character.
Hence, Lemma4.6 provestheclam. [

This being said, we come back to what we aready formulated at the beginning of
this section, the rationality statement £ C E,,.

Since T hasvalues +1, and  isaquadratic character (see Corollaries6.1 and 7.1)
all coefficients of the formulafor o“ stated in Lemma4.6 arein Q except possibly
theterms o = x,,, . Therefore, thefirst statement of the next lemmafollows.

Lemma 4.10. Suppose x& = > n(oy, )X, SO that for compact open K there
are only finitely many n(o,, 7,) # 0 for which 7 # 0 holds. Then

X?; = (X?U)T

andn(o,, )" =n(ol,wl).

Proof and explanation. For an irreducible admissible representation =, of G, and
7 € Aut(C/Q) or Aut(Q,;/Q) the representations #] are defined as follows.
Choose an admissible basis (extending the bases of the fixed spaces of a cofinal
decreasing system of compact open groups) of the representation space W and con-
sider the Q-vector space generated by it. This choice of basis induces an action
of 7 on the C-vector space W, preserving the fixed spaces of a cofinite system of
compact open subgroups of the representation. Then 77 (g) = 7 o m,(g) o 71 is
again aC-linear irreducible representation of G, on W. For K in the cofinal system
the subspace WX is stable under 7. Hence, W7 (5) = (W7 (K)) = (k)
so 7, is admissible. The character is x.; = x7 . The isomorphism class of 7"
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is independent of the choice of the admissible basis. Since x7 = x.7, we get
Yon(oy, )™, = Y n(o],m;)w; . For afixed compact open subgroup K C G,
assume that only finitely many representations satisfy 7 # 0 and n(o,, 7,) # 0
andn (o) # 0. Then thisimplies
n(oy,m)" =n(o;, ).

Since we do not assume that the representations =, are preunitary (in fact for the
representations that arise from the trace formula they are), we may not be able to
apply linear independence of characters directly. But we can argue as follows. We
can consider the spaces of fixed vectors under small compact open subgroups. If the
coefficient relation held, this would contradict the linear independency of a finite
number of irreducible characters of the Hecke algebra of K -bi-invariant functions
with compact support. [

Remark 4.9. We will show in Sect.4.11 for tempered o, that x§ = Xx, — X
holds for two irreducible representations 7, and m2; hence, XET = Xx7 — Xag DY
the last lemma. If o] = o,, then 77 = =; by linear independence of characters.

Thisimpliesthe rationality statement £ C F,,.

4.4.3 Concerning Q;-Rationality

Let us return to the representation on etale cohomology with coefficients Q; on
H}(Sk, F). It decomposesinto adirect sum

@ pTrfm ® T fin

Tfin

asarepresentation under I'q x G(A ;). Let V(o) be the subspace corresponding
to all weak lifts 7, of o. For congtituents of V(o) the representation p,,,, isa
finite-dimensional Q;-representation of I'qy of the form

Pfrsfm = ml(ﬂfm)m 3] m2(7ffm)(,02 Q).

For 7 € Aut(C/Q) = Aut(Q,;/Q) obvioudy V(o)™ = V(o7).
Corollary 4.3. In the situation of Corollary 4.2 the set of representations r ¢;,, with
the property n(c ¢in, 7¢in) = ], (0w, ) # 0 is Galois stable with finite orbits
in the sense of

’fl(O'fin, ﬂ—fm«) % 0 < n((j}-in7 ﬂ}-zn) 7é O

Furthermore, ml(ﬂ}m) = mi (T fin) and mo (W}m) = ma(Tfin).
Proof. The first assertion follows from Lemma 4.10 and n(os,ns) = n(oyin,
Trin) = [, (0w, m) and the integrality of n(ofin,mrin) = e(mi(mpin) —
ma(Tfin)) (Corollary 4.1). It implies
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n(afin’ 71-fi?’b) = n(a}—in’ ﬂ.}—in)'
For the last assertion notice that conjugation by 7 induces a 7-linear isomorphism
. T T
T - Tfin & p7rfin - ﬂ—fl’ﬂ ® pﬂfin'

Hence, obviously p7. =~ = px7. and dim(px,,,) = dim(py,, ) = dim(pxy, ).
Thisimplies

M (7 pin) +ma(Tpin) = ma(Th,) + ma (77,

Together with e(m i (mpin) — ma(mpin)) = e(ma(r},;,) — ma(n},,)), sincee does
not depend on 7 ¢y, , thisimpliami(w}m) =m;(mpm) fori=1,2. 0O

Corollary 4.4. In the situation of Corollary 4.2 we have

ma (7 in) =dime (H™H2730(S(C), Bo(r)(nsin) ),
ma (i) =dime (H™1%272(S(€), Bo(r))(nsin) )-

Proof. Notice the generalized  ;;,,-eigenspace is cuspidal by our assumptions. For
weak endoscopic lifts 7 = 7 ® m¢;,, We defined thefield E = E(7y;,,) of ratio-
nality, afinite extension field of Q. The subspace

15 = @ (H™(S(C), Bo(r))(n7:0) ® HY(S(C), Ee(r)) (7.0 )

TEXE

isstableunder Aut(C/Q). Hence, the H”-¢ defineaQ-rational sub-Hodge structure
of the Q-rational pure Hodge structure defined by cuspidality on the inner Betti
cohomology group H(S(C), E(r)). The dimension of each summand indexed by
7 istwice the dimension

dime (HP=Q(S(C), Ec(r))(ﬂ}m))

by well-known resultsof continuouscohomology. Hence, dime(HP4(S(C), E¢(r))
(7%4,)) and dime (H?(S(C), Ec(r))(nF,,)) areequal. Since Aut(C/Q) simply
permutes the summands (H?:4(S(C), E¢ (r))(n}m) ® H®?(S(C), E¢ (r))(n}m))
for the different 77, thisimplies

dime (H"(S(C), Ee(r))(myin)) = dime(H*?(S(C), Be(r)(Fin))

foral p, ¢, and .

Similarly for the subspace H; = @, . 5;,, HE, ,(S(C), Eq (r)(n7,,) of the Q;-
adic cohomology. This space is defined over Q;. It arises from a Q;-subspace of the
Q-adic cohomology group Hfjw (S, Ei(r)) by extension of scalarsto Q;. Hence, it
is of Hodge-Tate type since it is a direct summand of a Hodge-Tate representation
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(using Chai and Faltings [19], Chapter VI, Theorem 6.2(i)). From loc. cit. further-
more, after tensoring coefficients with C;, the Hodge-Tate weights can be read off
from the de Rham cohomology using the comparison isomorphism and an identifi-
cation C = C;. The comparison isomorphism between the cohomology induces an
isomorphism of the subspaces

(ﬁl ®Qz C) (j':[k1+k2*3’0 ®C) ® (E[kl*l,kg*Z ® C).

Since the Hodge-Tate decomposition of p; is of type (r; — 1,0) and (0,71 — 1)
and the Hodge-Tate decomposition of ps is of type (ro — 1,0) and (0,72 — 2),
Corollary 4.2 thereforeimplies Y- mi (n},,) = >, dime HM ™% =30(x7, ) and
similarly for Y- _my(n7,,) and Y dime H* ~1k2=20(x7%, ). Sincethe multiplic-
ities mi(n}m) are independent of = (Corollary 4.3), and since the corresponding
statement was shown for the dimensions dimc¢ (HP4(S(C), E¢(r))(mfin)), this
implies the stronger formulas of Corollary 4.4, which hold for each constituent
Ttin- O

4.5 Orthogonality Relations

Let F' denotethe local non-Archimedean field Q,,.
The multiplicity formulasfor weak endoscopicliftsfrom M are encoded in char-

acter identities
X?v = Z n(gva 71—1))7%’

which are defined localy. In specia cases we were able to prove the existence of
such anidentity. Indeed thisholdswhenever o, isthelocal representation of aglobal
representation o = (o1, 02), where o; . are in the holomorphic discrete series of
weight r;. This provesthe local identities for a large class of local representations,
but not for all. Hence, thisis not enough. To show that such alocal character identity
holds for an irreducible admissible representation o, of M, = M (F') one could
replace o, = (0y,1,00,2) By 0y ® X» = (0u,1 ® Xv, Tv,2 @ Xo) fOr SOMe arbitrary
character y,, (see Lemma4.8). Let us assume this for the moment.

Our first aim in Lemma4.11 isto show that such alocal character identity holds
for all local irreducible representations o, in the discrete series. To show that it is
enough to find a global representation o for which o, is the corresponding local
representation, at least up to alocal character twist. Thisis the strategy of the proof.
However, we show more. We aso prove that the coefficients n(o,, 7,) are dl in-
tegers. By the global multiplicity formulas already obtained, and by the way these
coefficients were defined, this would immediately follow if we can find the global
representation o in such a way that for al non-Archimedean places w # v the
local character identities X§ = > n(ow, )Ty involve only coefficients with
n(ow,mw) € {—1,0,1}. This would suffice, since [, n(ow, mw) are inte-
gers by Corollary 4.1. However, so far the only representations where we know
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n(ow, mw) € {0,1} by Lemma 4.3 are the spherical representations. So we could
try to choose o to be unramified outside v. This is a possible strategy. For those
who do not like to waste energy on this, we prefer to invoke Lemmas 4.12 and 4.27
(an obvious extension of Lemma 4.3, whose proofs are elementary and local) to be
more flexible with the construction of o.

To prove the next lemma, let us therefore assume that o, is a representation of
M, inthe discrete series.

Global Embeddings. Consider unitary irreducible cuspidal automorphic repre-
sentations o of the group Gi(2, A\). Since A*/Q* = R%, x [[, Z3, the central
character w of o can be viewed as a character of [ [, Z;; — C*. Givenalocal char-
acter x,, : F'* — C* at anon-Archimedean place, one can extend x,|Z;; to aglobal
character y ramified only at v. Hence, x,, can be written as a product of alocal un-
ramified character \Y and aglobal character ramified only at v. Hence, for given o,
by replacing o, with the unramified character twist o, @ (w9)~'/2, one can find an
extension w of the central character of o, to aglobal Dirichlet character w, whichis
ramified only at co and v. So we can assume without restriction of generality that
the central character of o, isthelocal component of an idele class character w.

Now consider some representations o, and o,, from the discrete series at the
Archimedean place and at the fixed non-Archimedean place v whose central char-
actersare given by the global character w. Hence, o, isin the holomorphic discrete
series of weight . And r is even or odd, depending on whether the Dirichlet char-
acter w iseven or odd:

1. For cuspidal o, there always exist global cuspidal automorphic representations
oinL?,.(G(Q)\ G(A),w) whichredizethe local representation at the places
v and a oo such that o, is unramified at all other places w # oo, v. See [25],
p. 110ff.

2. If o, isnot cuspidal, then o, = Sp(x0) = Sp ® X0 isaspecia representation.
By alocal character twist we may assume o = 1. Then the central charac-
ter is trivial, so we could choose the trivial global character w. One could ask
whether there exists again a global cuspidal automorphic representation o in
L2,,(G(Q)Za(A) \ G(A)) which redlizes o, and afixed discrete series rep-
resentation with trivial central character at oo such that o, is unramified at al
other places w # oo, v. Thisisnot true in general, since otherwise the space of
elliptic cusp forms of level 2 would be nonzero. In other words the conjecture
formulated in [25], p. 110, does not hold. But for our purposes it is enough to
have this result not for afixed discrete series representation but rather for some
discrete series representation o, say, of weight r sufficiently large, and up to
alocal character twist at the place v. In this weaker form the statement above

holds. We will give a proof.

Proof. o, = Sp has nontrivial fixed vectors for Iwahori subgroups of Gi(2, F).
Since the supercuspidal and ramified induced representations do not have a nontriv-
ia I-fixed vector, the only admissibleirreduciblerepresentationso,, withtrivial cen-
tral character w,, and nontrivial Iwahori fixed vector are unramified representations
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or the special discrete series representations Sp ® xo.» (Where xo ., isan unramified
quadratic character). Hence, the space of new formsin [['g(p), r]o (classical elliptic
cusp forms of even weight  for the group I'y(p)) is realized by automorphic forms,
whose local representation space o, at the prime p is Sp or Sp(xo,»). One could
distinguish them by the Frickeinvolution w. For our purposesit is enough to realize
one of the local representations Sp or Sp(xo,») asthelocal component of a global
cuspidal representation. Hence, it sufficesto have

dim([To(p),r]) > 2 - dim([SI(2,7Z),7]o)

for r > ro(p) a agiven prime p = p,, which is a well-known fact. In fact, this
istrue for r = 2 except in the cases p = 2, 3,57, 13 where the genus g of the
corresponding modular curve X (p) vanishes. If g = 0, then vol(H/Ty(p)) =
Sy Ei: > 0, since there are two inequivalent cusps[92], Theorem 2.20. Hence,
dim([To(p), 2klo) = =1+ >y [k - “~'] > 0 for either k = 3 or k = 4 [92],
Theorem 2.23.

It is obviousthat the weight » can be chosen to be arbitrarily large.

The next step is to extend these results to the group M (A) instead of GI(2, A.).
Of course a representation o, = (014, 02,) Of M, isin the discrete series if and
only if both o;, arein the discrete series. Again by an unramified character twist we
can assume that the central character w,, , = w,, , comesfrom aglobal idele class
character w. The results above immediately carry over, except in the case where
01,» and o9, are both special, but not isomorphic. Then o2 , = 01,4, @ X0, fOr
some local character x ., with the property x5, = 1. Hence, xo,, defines alocal
quadratic field extension L, /F,. Choose a global L/Q, which localy gives L,,.
This defines a global character xo = x 1., Which extends xo,.,. Without restriction
of generality we can assume that o4 ,, is the local component of a global cuspidal
representation o1, which is unramified at all places outside v. Then o2 = o1 ® x¢
globally realizes o9 ,,. The local components o, 2 = 04,1 ® Xo0,w fOr w # v are
ramified if and only if X0, ramifies. Fortunately, for o, = (01w, 01,0 ® X0.w) the
character lift x& isthe character xr,, (c.,) of asingle irreducible representation
74 (0y) foral w # v, co. Thisfollowsfrom local computations, for which we refer
to Lemma 4.12. See also case 2 in the list on page 154 for an even more precise
result. For o, = (01w, 02,4) @ad w # v thisimplies

N(0y, Tw) =1 0OF n(oy,mw) =0

for al m,.

Thus, up to alocal character twist, any discrete series representation o, v € S
of M, can be realized as the local component of a global cuspidal representation
o, which is an induced representation o, for al non-Archimedean w # v and is
a representation of the discrete series at w = oo. Therefore, the local character
expression stated in Corollary 4.2 exists for all discrete series representations o, of
M, inthefollowing strong form. [
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Lemma 4.11. If 5, belongsto thediscrete seriesof M., then x& = 3" n (o, ) my
holdswith integer coefficientsn(o, 7).

4.5.1 Elliptic Scalar Products

Consider scalar products on the set of elliptic regular elements (= elliptic locus) as
in Rogawski [76] or Kazhdan [44]. For the moment fix some central characters. Let
o = X, beax-invariant distribution on M.

Assume o, to beirreducible or to be of the form

Oy = (O—’U,170-’U,1)

or

Oy = (O—’U,17 Jv,2) @(O—v,% Jv,l)

for irreducible discrete series representations o, 1, 0,2 Of GI(2, F'), where o, ; and
0,2 are supposed to have the same central character. Then the L?-norm on the
elliptic locusis

(Xo» Xo)M,e = 1 0r 2, respectively,
depending on the cases considered, by the well-known orthogonality relations for
discrete series representations[44].

Similarly, for the character x . of irreducible discrete series representations 7 of
G (see also [76], Proposition 12.5.2) we have

<X7r7X7r>G,e =1.

Scalar Product Formulas. Let o be ax-invariant class function on M. Similarly
toin [76], p. 183ff, for distributions « the endoscopic lift satisfies

<a?>a2c>G,e = 4(a, 042>M,e-

For this result (see Lemma 4.14) besides an explicit formulafor o“ two further
ingredients are needed:

1. |7(t)|?> = 1,where T = A;A;;Agrr, which canin this case be directly checked
(without explicit computation) or by using the explicit formulas given later.
2. [Da(T) : Dy (T)] = 2 for all eliptic tori in M.

4.5.2 The Formula for o€

We first prove the formula for the distribution a“(¢), which was aready stated
in Lemma 4.6. Obvioudly the support of a%(t) is contained in the union of
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G(F')-conjugacy classes of tori 1" of types (4)—(7). For this terminology we re-
fer to the list of maximal F'-tori given after the statement of Lemma 4.6. For our
purposesit is enough to consider elements¢ € T'(F') which are sufficiently regular.
Cases (6) and (7) are trivial and are left to the reader. The cases of elliptic tori are
the relevant cases, and we do the calculations case by case.

Elliptic Case I for XL/F(_]-) = 1. Thisistype(4)inthelist of tori. Thereisone
M (F)-conjugacy class of typeT" in M. A representative of this class can be chosen
with T* = T. Notice W (T, M) = W), hasorder 4.

There are two stably conjugate, but not G(F')-conjugate classes of such tori in
G. Fix representatives T and 7' = T°, where & generates the group D¢ (T') of
order 2. The map H'(F,T) — H'(F,N(T)) is injective. Its “kernel” is trivial
Wr(T,G)/W(T,G) = 1, where Wg (T, G) has order 8. The Weyl integration for-
mula gives

1 1

D (t)*a()OM (fM)dt = De(t)?aC (t)OF (f)dt
4 Jr/z 8 )1z
. Dg(t)?a% ()OS (f)dt'.
8 Jr1)z

Notice fT/Z here actually meansintegration over T'(F')/Z(F).

Now we insert the matching condition O} (f™) = SOM (fM)=A(t, )05 (f),
wheren isobtained from ¢ by an admissible embedding of tori. By abuse of notation
weidentify Ty = T = T viasuch an embedding. Then this formulabecomes

(rDa/Dar)(t) - (OF (f) — OF (1)),

wheret’ € T'(F) isstably conjugateto ¢, but not G(F)-conjugateto ¢. This gives

s [ Dul)Dara)©OF (N-0F(Ndi=y [ Da(t?aC w0 ()t
T/Z T/Z
+ ; y Dg(t')?a% ()OS (f)dt'.

Orbital integrals O (f) of test functions f € C(G(F)) only separate the
W(G,T) = Wg = (W, *) orbits in T'(F'). But they separate the tori T' and
T'. Hence, we can assume O5 (f) = 0 near t' = ° for asuitable choice of f (¢ and
t’ are not G(F)-conjugate). Thus,

Y Dy Da(t) (a0 (f)dt =

De(t)*a%(H)OF (f)dt.
4 )1z 8 )1z

After making the left side W (T, G) = Wy invariant, we can compare both sides
at the (sufficiently regular) point ¢ in T'(F) /W (T, G). Since W¢; is generated by
W(T, M) = Wy and %, we obtain
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De(t)a®(t) = 7(t) Dar(t)alt) + (") Dar (t*)a(t”)
() D () () + a(t™)).

A similar argument for t° = t' gives
% (1) = k(0)a (t) = —aC(t).
Notice 7(t*) = xr r(—1)7(t) = ().

Elliptic case I for x, ,z(—1) = 1. Then there is a unique M (F")-conjugacy
class of T in M, and the representative T = T}, can be chosen to be invari-
ant under *; furthermore, there is a unique G(F')-conjugacy class of such tori in
G. Themap HY(F,T) = Dg(T) — HY(F,N(T)) is trivial; hence, Dg(T) =
Wr(T,G)/W(T,G) (viathe exact non-Abelian Galois cohomology segquence at-
tached to W = N(T')/T over F). Furthermore, W(T,G) = Wp(M,T) = Wy
andWr(T,G) = Wg = (W, *). Since#W (T, G) = #W (T, M) = 4, the Weyl
integration formulaimplies

1 1

L Du@Pa®ol (it =, | De(t)?aC@)0f (1)t
T/Z T)Z

Hence, again by insertion of the matching condition for OM (f)

[ DaDe®r a0 (H-0G(H)dt=, [ De(t2aC 0 (fat

4 )12 4 )1z

Notice t,#' € T without restriction of generality in this case, and t' = t° for an
element ¢ in the Weyl group Wg (T, G). Recal Ty, = T5;. If the underlying fixed
admissible isomorphism mapst € Th; tot € T (notice the abuse of notation that
resultsfrom our identifications T, = T' = T using this admissible isomorphism),
then t* € Ty mapsto ¢’ under the same admissible embedding. See the example at
the end of Sect.6.2.
Hence, we obtaint’ = t*. By (¢*)* = t, after making a substitutiont — t*, we
obtain
D (1) Dar()r(1)a(t)OF (f)di— | | De(t*)Dar(t*)r(t*)alt*))OF (f)dt
4)r)z 4)1/7
1
= Dg ()% (t)OC (f)dt.
4 )1z
Thus, since the OF (f) separatethe W (T', G)-orbitsin T'(F'),

De(t)a®(t) = 7(t) Dar(t)a(t) = 7(t*) Das (t*)a(t*) = 7(t) Das (1) (a(t) +a(t*)).

Notice Di(t) = Deg(t*) and Dy (t*) = Dp(t) (see Sect.6.3), and (by
Lemma6.5)



4.5 Orthogonality Relations 105

7(t") = xp/p(=D7(t) = =7(1).

Of course, thisalso implies o (t°) = o (t*) = k(8)a(t).

Elliptic tori 1. These are the tori of type (5) in the list of maximal F-tori of
G. In this case there are two F'-conjugacy classes of such tori in M, with rep-
resentatives T, and 7', (the image of 7" under the involution * of ). An ad-
missible embedding ¢ of T, into G defines an admissible embedding ¢ o * of
T* = Ty, into G. Note that these define the same A-factor (see Lemma 7.3).
Thus, the argument in [76], pp. 183—184, gives (with an additional contribution by
combining the contribution for T, and 7’5, in M!) the desired formula. In fact,
W(T,M) = W({T*, M) = Wy and Wp(T,G) = W(T,G) = Wy C Wg
now all have order 4. Since Ap« 1, (t*,t) = Ap . (t,t) = AL, t) for t* € Ty,
(Lemma7.3)

1 [, P Ole+ @) OO DaO0; (1)de
1 2 K 1 2 * K
. [ Dha@acornie , [ Dh@awa 0t
T/Z

By the Weyl formulathisis
1

= Da(t)2aC(H)08 (f)dt +

Dg(t')?a% ()OS (f)dt.
4 Jr/2 4 Jr1 )z

Sincethetest functions f separatethetori 7" and T’ in GG, we can compare the terms
fort € T(F)andt' € T'(F) separately. Thisgives
Dg (t)a® (t°) = K(8)r(t) Dar (t) (a(t) + a(t")).

SinceWr (T, M) = Wg(T, G), this could also be written in the form

Dg(t)a% () = > T(t") D (1) k(w(6)) (a + ) (t").
wWEWR(T,M)\Wp (T,G)

Noticea + o* = 2a = ¢(T') - a if @ = a* inthiscase.

Split Tori. Here x is trivid and W(T,G) = (W(T,M),x) is of order
8 and ¢(T) = 1. Notice ;fT/Z Dy(t) (o + o*)(t)7(t)Dg(H)OF (f)dt =
ifT/z D3, ()a(t)A(t, t)Of (f)dt. By the Weyl integration formula this is
s J1/z D& (t)a% (H)OF (f)dt. Hence,

(Dga®)(t) = Dar(t)(a+ ") (1),

since evidently 7(¢t) = 1 in this case, as follows from the definition of + =
AjArrAgrr given by Langlands and Shelstad [60].
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Semisplit Tori. Notice T'(F') = L* x F* and ¢(T) = 2 and W(T,M) =
Wr(T,M)=Wr(T,G) =W(T,Q); hence, T and T;; give contributions. Now
K istrivia, and T(t) = A[A]]A[[[ =1, SinCeA] =1 (H||beft 90), A]] =1 (the
Galois group stabilizes the set of positive roots outside M and the corresponding
x-subdata can be chosen trivialy), and henceforth A;;; = 1 isthetrivial character.
Again

(Dea®)(t) = Dar(t)(a+ a™)(t)

in this case.

So now we come to the end. Adding the terms from all types gives the desired
identity, which proves Lemma4.6. Since all the terms only depend on o 4+ o, this
also provesLemma4.5.

4.5.3 Induced Representations

Assume o, = Ind%M (py) isinduced from a character p,, of the Borel subgroup
By of M. The character x,,, of o, has the regular semisimple support contained
in the conjugates of the split torus T C Bj,. On the split torus T, = T itself
the character of o, is given by the sum of four conjugates p.’ of the character p,, of
T.(F)
Du(t)xo, ()= Y pol(t),  teTM(F).
weWnr

From Lemma 4.6 and its proof we obtain for o = x,,

Da(t)xS, () = Du®)(a+a’) = Y Du(t")xo, ("),
weWn\Wea

wheret € TY(F) isidentified with t € TM(F) by an admissible isomorphism.
Observethat in this case x istrivid and Wg (T, M) = Wy and We(T,G) = Wg
and T = 1.

Fix an admissible isomorphism of split tori of M and G, respectively. This also
includes a choice of Borel subgroups B); and B containing the split torus. View p,,
asacharacter of both split tori viathe chosen admissible isomorphism. Because X?v
vanishes on the nonsplit conjugacy classes of tori in G, the formulas above imply

Lemma 4.12.
(XInd%IM (pv))G = XIndg(pv) .

A similar formula holds for representations o, = I nd% ,(py) induced from a
Levi subgroup of a proper maximal parabolic subgroup Py, of M, where

P ((% diag(ta, t;))/(t id, t_lid)) = Tv(x)Xl,v(tQ)XQ,v(t/Z)-
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Here Py is aparabolic subgroup in M with Levi quotient GI(2, F) x (F*)?/F*,
and of course (z, diag(ts,th)) € GI(2,F) x (F*)? denotes representativesin Py,
modulo the unipotent radical. Assume the central character w,, of 7, satisfies

Wr, = X1,0X2,v-

In that case, we will see that the lifted character x& = Jx¢ .. isthe character
of acorresponding representation of GSp(4, F') indliced from the L evi subgroup of

the Siegel parabolic P. Asaboveby Lemmad.6 D¢ (t)xS (t) = D (t)(a+a*) =
Dn(t)Xo,+0x (t) for @l ¢ in the nonanisotropictori. For t € T'(F) = L* x F* C
Py (F) one of the two distributions x., (¢) and x., (t*) vanishes by the choice of
o,. Furthermore, the factor A;yv = Dg/Dy = Dp/Dp,, compensates for the
factors appearing in the character formulafor induced representations. Hence,

(XIndM (pv))G = XInd$ (pv) >

where p,, is the representation of the Siegel parabolic subgroup P(F) C G(F)
given by the representation

pu(blockdiag(\g™", 9)) = Tu(9)x2,0(Ndet(g)), X € F*,g€Gl(2,F),

of its Levi subgroup of block diagonal matrices in G(F'). It remains to check
semisimple regular elements in the split torus 7. For that observe that the char-

acter X 46 (5, isinvariant under w, € W, which correspondsto the involution «
on the split torus of M. This compensates for the factor 1/2.

Corollary 4.5. For any irreducible admissible representation o, of the local group
M, thelift x& can be expressed as a (locally finite) sum x& = > n(m,)xx, of
irreducible characters of the group G, with integral coefficientsn(m,) € Z.

Proof. It is enough to consider generators of the Grothendieck group up to char-
acter twists. For the group M élliptic tempered representations necessarily belong
to the discrete series. Hence, every irreducible character x,,, can be written as a
finite integral linear combination of discrete series characters and a finite number
of induced representations. For discrete series representations o, the statement has
already been given (Lemma 4.11). For induced representations the claim follows
from the remarks above. Hence, the coefficients n(, ) are integers. That moreover
the sum islocally finite (see the definition on page 110) is obvious. This provesthe
clam. O

4.5.4 Scalar Product Formula
For invariant distributions 31, 52 on G(F') oneformally defines

(61,02)G,e = . B1(9)B2(9)dg
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whenever the integral on the right sideiswell defined. Integration is over the regular
elliptic subset G¢ of G(F"). Hence, by the Weyl integration formula

Groc= X e [ Dem DOm0

T eliptictori C Gfrom M
modulo G ( F')-conjugacy

Suppose D¢ 3;(1%) = r(8)DeBi(t) for al § € D(T) and al eliptic maximal tori
T in G. Thentheintegrand is invariant under D¢ (T"), meaning that

Da(T
(B1, B2)c.e = ) d”m;mmm ) #ﬁ/F?;’ é) " D¢ (t)B1(t) D (t)P=(t)dt.

See Sect. 4.4.2 for an explanation.

The Scalar Product Formula. Assume «; are invariant distributions on M (F')
such that o; = «f for i = 1,2. Then both distribution lifts (Dga$)(t) =
2 - 7(t)(Dprevi)(t) satisfy Dga;(t°) = k(8)Dgai(t) for al § € D(T) and all
maximal elliptic F-tori 7" in G (Lemma4.6). Hence,
Da(T)
¢ al)g.e = 4- #Da / £)[2D s (£) % () o (£)dt.
(af ). 2 WeT.G) fy, T PO (Bt

T elliptic toriC Gfrom M
modulo stable conjugacy

The sum is over al stable conjugacy classes of elliptic maximal F-tori T in G
coming from M by an admissible embedding. Since |7(¢)|*> = 1 and

eT) _ #Da(T
#W(T, M) #Wg(T,G)’

by Lemmas 4.4 and 4.7, this becomes

4
> Dar(t)2on (Bas(t)dt = 4- (a1, as)are-
T elliptic toriCM #W(T’ M) T/Z
modulo M ( F")- conjugacy

Lemma 4.13. Let a; = o be x-invariant class functionson M (F). Then

<a?70f§>a,e = 4(o1, a2) M e

455 Character Formula

Let o, = (04,1, 04,2) be anirreducible admissible representation of A (F'), which
belongs to the discrete series. We distinguish two cases: (1) o % o, and (2) o =
o,. Since o} isdefined as o, o * for the involution x of the group A/, which flipsthe
two copies of GI(2), the second caseis equivalentto o, 1 = 0, 2.
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Lemma 4.14. We have
(XS XS )ae =2

in thefirst case (o is not x-invariant) and

<X§7 X§>G,e =4

in the second case (o, is *-invariant).

Proof. Suppose o), # o,. Pt @ = Xo: + Xo,. Then (a,a)r,. = 2; hence
(a%,a%)G. = 8. But o = 2x¢ by Lemma 4.5; hence, (G , X5 )a.e = 2.
If 0, = o}, put @ = xo,. Then (a,a)re = 1; hence (a“,a%)¢. = 4 and
(xS . XS ), = 1. Thiscompletesthe proof. [

4.6 Exponents and Tempered Representations

Inthe following we use the notation and resultsfrom [44]. Let R(G) = Rz(G)®zC
denote the Grothendieck group asin [44], p. 3. Let R;(G) C R(G) denote the sub-
space spanned by the classes of representationsfully induced from proper parabolic
subgroups. R;(G) is generated by the images of themaps iz 1, : R(L) — R(G)
defined by induction, from proper standard parabolic subgroups P of G with Levi
group L. “Parabolic” in the following should always be understood to mean standard
parabolic, containing a fixed minimal parabolic.

It is possible to arrange the character expression x& = >~ n(oy, m,)m, in the

form
ng = Zﬁ'(ﬂ-v) “Xm, T Z Zm(pv) ) Indg(pv)

P#G po

with integer coefficients 7(mw,) and m(p,) such that only tempered representa-
tions 7, occur in the first summation. This uses the property that the coefficients
n(o,,m,) are integral (Corollary 4.5), and a result from [15], Sects. X1.2.11 and
X1.2.13 (see aso [44], p.6). Using the notation in [15], we sketch the argument
for the convenience of the reader. Every nontempered representation 7, occurs as a
Langlands quotient J (P, p,,, X, ) of astandard induced representation I (P, p,,, X )-
The multiplicity d(m,) of the Langlands quotient 7, = J(P, p,, X») in the com-
position series of I(P, p,,x») is 1 [15], Sect. X1.2.13. Hence, in the integral
Grothendieck group, m, can be expressed by the class of the induced representa-
tion class(I(P, py, xv)) € Rr(G), and some integral linear combination of non-
tempered or tempered representationswith smaller Langlands parameter < A, [15],
Sect. X1.2.13. The nontempered representationsin this expression can again be writ-
ten as Langlands quotients. This process terminates after finitely many steps by the
finiteness of exponentsof a given (induced) representation. This givesan expression
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for nontempered representations as a Z-linear combination > 7i(m,, )7, + R (G) of
tempered representations modulo R;(G). Inserting this expression into the sum-
mation gives the desired expansion x;7 = > 7(m,)x~, With integra coefficients
n(m,) modulo asum whose summandsarein R;(G).

However, oneremark isin order. Since we have not simply reordered the summa-
tion, it remainsfor usto show that the new sum Zm 1oy, m,)m, IS still absolutely
convergent. For this we write the character sums so that they are indexed by in-
finitessmal characters .

Infinitesimal Characters [10, 11]. An infinitesimal character x is a G(F)-
conjugacy class of pairs (L, p,), where L is a standard Levi subgroup and p,
isacuspidal irreducible representation of L. See[11], Sect. 2.1. For arepresentative
(L, py) of x, fix some parabolic P = LN and consider all representationsthat occur
asirreducible constituents of representationsinduced from cuspidal representations
of the Levi component of P. Call the finite set of inequivalent representatives of
these classes R,.. Then one can expand XCC;'U, by reordering, in the form

G _§ :
Xcrv - 71-)(7
X
Ty = E Ty, Xms s T € Ry.

Locally Finite Sums. Suppose we have a cofina system of good small open com-
pact subgroups K, of G,, inthe sense of [10] such that all K, are normal subgroups
of K

K=K, <Ky

and such that G(F') = P(F) - K, holds for standard parabolic subgroups P of G.
Inour cases GSp(2n) and GI(n) the principal congruence subgroup formsa cofinal
system K, of normal subgroups of K, such that G(F') = P(F') - K, holds for
every standard parabolic subgroup P containing the group of diagonal matrices. An
infinitesum > n,my, 1y = > nyixx, fOr m € R, iscaled locally finite, if for
every K = K, inthecofinal system there existsonly afinite number of infinitesimal
characters y represented by (L, p,,) such that pX"L =£ 0 and ,, # 0 holds:

1. By our assumptionsregarding K thevanishing pX =0 implies Ind%(p, )5 =0.
Hence, my(f) = 0 for a K-bi-invariant function f unless pX™% +£ 0. Thus,
pENL = 0 impliestr 7, (f) = 0 foral m, € R,. Therefore, localy finite sums
are absolutely convergent. Furthermore, since R, isfinite, there are only finitely
many n,, ; for which 7/ is nonzero.

Conversely:

2. The summation Y n(m,)xx,, SO that for every compact open K C G there exist
only finitely many 7, for which 7% # 0 and n(r,) # 0 holds, is necessarily
locally finite. Obvioudly it is absolutely convergent, so we can write it as a sum
ZX m, indexed by infinitesimal characters x by reordering. But =, € R, and
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& = 0implies pL"K = 0 [10], Proposition 3.8. Hence, pL™% =£ 0 and 7, # 0
implies 7% # 0 and n(w,) # 0 for somem, € R,. But there are only finitely
such m,,, and hence there are only finitely such x.

3. The Jacquet functors are known to be compatible with infinitesimal characters
(see [11], Sect 2.4; see also the argument preceding Lemma 4.17); therefore,
they “map” locally finite sumsto locally finite sumsin an algebraic sense. Seethe
proof of Lemma4.17. Under certain local L'-conditions, properties of the distri-
butions are inherited by this process as shown later in the crucial Lemma4.18.

From this it is clear that XUGU = Zm n(oy,, m,)m, is alocaly finite sum. If we
reorder the summation by first grouping into combinations ., of irreducible repre-
sentations with the same infinitesimal character , the further splitting up into two
sums, as defined above, obvioudy givestwo locally finite sums, sincein fact we have
to split up the inner summands 7, = 7, + 77, only when they are different from
zero m, # 0. So both new sums, in particular the sum Zm (7 )Ty = ZX Ty, are
locally finite.

Remark 4.10. It followsfrom [44], Theorems A and F, that the pairings (., .) .. and
(., .)m,e have the spaces R;(G) and R; (M), respectively, in their radical. Hence,
to compute (x5, .)¢.. one can replace x§ by the sum 3= i, (m,)xr, defined

above:
<X§U ) 5>G,e — <Z ﬁv(ﬂ.v)Xﬂ'U 5 ﬁ>G,e-

Pseudocoefficients. For irreducible local representations 7 = , in the discrete
series there exist pseudocoefficients f, [44], Theorem K, i.e., locally constant
functions with compact support such that ¢tr 7'(f:) = d - holds for al tem-
pered irreducible representations 7/, so that furthermore O (f.) = x(t) holds
for al regular semisimple elliptic elements ¢t € G(F) and O (f,) = 0 holds for
al regular semisimple nonelliptic elements. In loc. cit. this is stated for groups
with anisotropic center. But these statements hold in general. For cuspidal ,
the conditions imply ¢r 7'(fx) = d=, - for al irreducible representations =’. Fi-
na”y! <f7T7f7T/>G = <f7raf7r’>G,e = Z W(Yl“,G) fT/Z DG(t)QOtG(fﬂ’)OtG(fﬂ’)dt =
tr '(fx) = On, -

An Application. Let f = Y | n(m;)f beafinitelinear combination of pseu-
docoefficients f,, for discrete series representations ;. Then f islocally constant
with compact support, has vanishing orbital integrals outside the elliptic locus, and
the orbital integrals are given by characters on the elliptic locus. Hence,

/ Flox&,du= | f9)xS, du.
G Ge
Now x& = > (me) X, + X prc.,, M(pv) - IndE(p,), where both sums are

locally finite sums. Since characters of induced representationsvanish on the elliptic
locus, we get
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[ HanGan= [ 1) amxe. (g
Ty

Sincethesumislocally finite, and f is K -invariant for some compact open subgroup
K, weobtain

RO D i) X, () =Y ()X, ()

T Ty

Since f is afinite linear combination of pseudocoefficients, and since the sum in-
volves only tempered representations, this becomes Y, 7(m,)?. Therefore,

/Ge FloxS dp= Zﬁ(ﬂv)Q-

By the Schwartz inequality

\/ FOXS dul* < (XS XS )a.elfs Flae = XS X5 e D (i)
GE

i=1

Equality holds if and only if x¢ = O%(f) holds on the elllptlc locus G¢. By
the formula above, the Schwartz |nequal|ty implies Y7, 7(my,)% < (XS, XS )e.

Hence, in the limit ) ¢
> im)? < (GG e
Ty €M12(G )

where the summation is over all isomorphism clamsHQ(G) of discrete series rep-
resentations of G(F'). Again, equality holdsif and only if X = O0%(f) holdson

the elliptic locus G°.
Now we use:

e Theintegraity ni(m,) € Z (Corollary 4.5).
o (X xS )e €{2,4} (Lemma4.14 for irreducible ).
Therefore, the inequality from above implies

Lemma 4.15. For irreducible representations o, of M, the character lift XG can
be written as a locally finite sum

Z (7)o

of tempered representations 7,,, and a locally finite sum of characters of represen-
tations induced from proper parabolic subgroups P of GG. The multiplicities of the
induced representations in these sums are integral. Furthermore, the coefficients
n(m,) areintegral. n(m,) € {—1,0,1} for 7, in the discrete series.

Proof. If some |n(m,)| # 1 for some discrete series representations ,, then
| ()| = 2 by the inequality. But then, as explained above, Oy(fx,) = xS (t)
holds almost everywhereon G¢. Hence,
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G = e
X5 () =xr, (), teG"

But this gives a contradiction looking at formal degrees (thecaser = 1 below). O

Formal Degrees. Assume_; ; n(m,)? = (xS , x5 )e holds. Then

s

X?v = Z ﬁ(ﬂ_i)Xﬂ'i

i=1

holdsasacharacter identity ontheregular elliptic locus G¢. Xg?v vanishesidentically
on elliptic tori of G corresponding to a cyclic field extension of Q, of degree 4
(type Linthelist of maximal F-tori of ). From Rogawski [76], pp. 194-195, any
finite character relation Y., n(m;)xx, = 0 between characters of discrete series
representations on some elliptic maximal torus implies > d(w, )n(m,) = 0. Since
the formal degrees d(r,,) of the discrete series representations ,, are positive, not
all of the nu(m;) can be positive or negative, respectively. In particular, this excludes
r = 1. Thiswas used in the proof of Lemma4.15.

Corollary 4.6. 7(m,) # 0 can occur for at most two discrete series representations
if o, is not x-invariant, and for at most four if o, is *-invariant.

In fact, if there are two or four discrete series representations, respectively, with
coefficient 1, then this determines x& on the eliptic locusin terms of these dis-
crete series representations. However, we will see that the situation is slightly more
complicated. In general, there exist limits of discrete series which compensate for
the difference on the elliptic set. Recall that tempered irreducible representations
are called elliptic or limits of discrete series if their character is nontrivial on the
regular elliptic locus G¢. For instance, irreducible tempered representations, which
are fully induced from a proper parabolic subgroup, are not elliptic.

Remark 4.11. Suppose o, is not x-invariant. Suppose (1), n(m2) = +1 holds
for two nonisomorphic discrete series representations ,,. Denote them by 74 (o)
and 7_(o,). Then the argument based on formal degrees implies n(74 (o)) +
n(r—(o,)) = 0. Without restriction of generality, we can therefore assume
n(ry(o,)) = £1. But then, as explained above,

XS () =Xt (1) = x,=(8) . tEG”

holds on the elliptic locus.

To understand what happens if the number of discrete series representations
with (7, ) # 0 islessthan or equal to one, we have to study the asymptotic behav-
ior of the distribution x& at infinity.
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4.6.1 The Asymptotic Behavior

For a representation (V, ) and a parabolic subgroup P = LN, define the unnor-
malized Jacquet module V' ( P) to be the space of N (F)-coinvariants, considered as
amoduleunder L(F'). Asin[10], Sect. 2.5, define

rG(V)=V(P)®bsp%

% induces a homomorphism between the Grothendieck groups & : R(G) —

R(L). For fixed standard parabolic subgroups P with Levi group L we also write
rrq instead of rg.

Asymptotic Independence. Fix aninfinitesimal character y of the Bernstein cen-
ter represented by (L, p,,), P, = LN. Consider the finitely generated Z-submodule
R, (G) of R(G) generated by the classes m; € R, of al irreducible representa-
tionswith infinitesimal character x. Let AD, C R, (G) bethe kernel of the homo-
morphism r& : R, (G) — R(L). We say asymptotic independence holds for y if
AD, =0.

Suppose f isalocaly finitesum f = ZX Ty, and suppose each ,, isafinitelin-
ear combination, = > n, ixx, . € Ry. Foraparabolic subgroup ) we associate
thelocally finite sum

F(Q) =) m(Q),

where 7, (Q) = >, ny,imy,i(Q) € R(Lg) is the sum of (the characters of) the
Jacquet module of the representations ,, ; with respect to Q.

Claim 4.1. f(Q) = 0 implies m, (Q) = 0 for each infinitesimal character x =
(L, py) Of G.

Proof. (see [11], Sect. 2.4) Let M be the Levi component of Q. Then from [11],
p. 189,

TMG O lGL = E (M wLw-1n0) © WO (TLAw=1Mw, L)
weW (M)\W/W (L)

for minimal length representativesw. Here W = W (T, ) isthe Weyl group of G,
and similarly W (M), etc. arethe corresponding Wey! groupsof the Levi subgroups,
considered as subgroups of 1. For irreducible admissible cuspidal representations
po therefore,

MG OiGL(pv) = Z i]W,wwal(w(pv))'
weW (M)\W/W(L),wLw—1CM
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So for irreducible admissible representations r,, with infinitesimal character (L, p,,)
the class of ry;g(m,) in R(M) is a linear combination of representations of
M with infinitesimal characters w(L, p,)w—! where wLw= C M, since p, is
cuspidal. O

This Implies. Suppose 7, and 7, are irreducible admissible representations of
G(F) with differentinfinitesimal characters (L, p,,) and (L, p’)). Thentheinfinites-
imal charactersof the constituents (representationsof M) of 7y, (7, ) and e ()
are different. Otherwise there would exist w,w’ € W and w” € W (M) from the
last statement above such that w”w(L, p,)w™ w”=1 = w' (L', p! ) (w’)~*. Hence,
(L, py) and (L', p)) would be conjugate in G(F), i.e., m, and 7, would have the
same infinitesimal character, contradicting the assumption.
Furthermore, for x = (L,p,) we get ricicr(py) = X,ewmp\w/w(r),
u}Lu;*lsz(pv) or
rrcicr(py) = Z w(py),

weWr, /W (L)

where W, isthe group of all w € W suchthat wLw~! = L. It contains W (L) asa
normal subgroup sincew € Wy, permutestherootsof L.

Lemma 4.16. Let x be represented by (L, p,). Then AD, = 0 holds unless x is
“ramified” or “irregular,’ i.e., there exists a nontrivial element w € W /W (L)
such that w(py) = py.

Proof. Suppose x is not ramified. Then rgricr(p,) is a multiplicity-free linear
combination of the irreducible representations w(p,, ) for w € Wy, /W (L). For non-
isomorphic representations 7, and =, with infinitesimal character x, rr¢(7,) and
rrc(m,,) therefore have disoint support. Therefore, AD, = 0. O

In particular, this implies the next lemma, and since r;¢ IS up to a normalization
just the virtual Jacquet module, it also impliesthe claim.
Lemma 4.17. rar (32, my) = 0 impliesrasg(my) = 0 for all x.

Corollary 4.7. , (Q) = 0 implies, by inductivity of the Jacquet functor, 7, € AD,
for all infinitesimal characters x, which are represented by (L, p,) so that ) con-
tainsa parabolic group P, = LN with Levi group L.

Hence, 7, (Q) = 0 for all proper standard parabolic subgroups @ of G implies that
either x correspondsto acuspidal representation (G, p) of G(F) itself or m, € AD,,.

4.6.2 The Theorem of Deligne and Casselman

Suppose T1,T» are distributions on G(F') represented by locally finite sums of
irreduciblerepresentationsT; (f) = > ni(m, ) x« (f). If both distributions are repre-
sented locally by an L' -function, we show in this section how to derive from the dis-
tribution identity 77 = T+ the corresponding distribution identity 73 (Q) = T>(Q).
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Let G beareductive group over ap-adic local field. Choose aminimal parabolic
subgroup Py with simple roots A. For a subset # C A one defines the torus
Ap = Nacokern(a) and Py = Zentr(Ag)R,(Py). The unipotent radical of Py is
generated by the unipotent subgroups, which belong to those positive roots, which
arenot linear combinations of rootsin 6. There exists areductive group Ly such that
Zentr(Ag) = Lg. Therootsin A\ ¢ define characterson Ag C Ly. An element
a € Ay iscaled Py-contractive provided

la(a)| < 1 holdsfor al o ¢ 6.

Let A, denotethe set of P-contractive elements.

Let g bearegular semisimple element of G. Let A be the maximal split torusin
Zc(g). Some power g* of g hastheform g* = a-s,a € A,s € S, where S isthe
maximal anisotropictorusin Zq(g). After replacement of g by a suitable conjugate,
there exists a standard parabolic group Py suchthat a € Ay = Nyepkern(a) holds
and

la(a) <1 fordlac A,

where A is the set of simple roots associated with the standard minimal parabolic
group Py. Let 0(g) be the set of simple roots with the property |«(a)] = 1. No-
ticed C 0(g) C A. Let Py (contained in P C () denote the standard parabolic
subgroup attached to 6(g). We say, the conjugacy class of g belongs to the P-
stratum. By definition, g is a semissimple regular element contained in the Levi
component of P; hence, g acts on the unnormalized Jacquet module 7, (P). The
Deligne-Cassel man theorem gives the following formulafor the character x ., of a
finitely generated admissible representation ,, of G

X (9) = Xro(P)(9) -

See [17], Theorem 5.2. Hence, for example, the support of the character of anirre-
ducible cuspidal representation is contained in the set of topologically quasiunipo-
tent elements.

Similarly to this statement, we provefor Q = Py, Ag = Ay, and Lo = Ly (for
some @ in A) the following.

Lemma 4.18. Let G be a reductive p-adic group. Suppose f is an invariant distri-
bution on G(F') defined by a locally finite sum of characterswhich is represented by
alocally integrable function (also denoted f) on the set G"* of semisimple, regular
elementsof G(F). S0 f(¢) = [.. f(9)¢(g)dg holdsfor all locally constant func-
tions ¢ on G with compact support. Let () = Lg N be a parabolic subgroup of G
with Levi component L¢ and the split component A . Then the following conditions
are equivalent:

(i) Let 2 C Lg be a compact subset. For all semisimple regular elements g €
Q f(ag) = 0 holds for all sufficiently Q-contractive elements a € Ag e,
la(a)] < €(Q) < 1 for all roots v ¢ 6.
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(i)’ For all semisimple regular elements g € Q f(ag) = 0 holds for all elements
a of Ay with [a(a)| < €(€2) < 1for a ¢ 0, for which (log(|a(a)]))age 1S
contained in a fixed open cone of the eyl chamber attached to A.

(i) f(Q) = 0 holds (in the sense of page 114).

Proof. Let @~ = Lo N, bethe parabolic oppositeto () = L N¢,. Choose some
small good compact open subgroup K C G such that

K= (KNNg)(KNLy)(KNNG).

Put K = K N Lg.
Letg € Lg beregular semisimpleandlet a € Ag be Q-contractive. By replacing
a by asuitable power and g by a™g, one can assume that « and g are contained in

Lo={9€Lq|g(KNNg)g~' CKNNg and g(KNNg)g~' € KNNG}.
Let 1~ denote the characteristic function of aset C'. Then we obtain
(%) f(meas(KiagKi)_llKiagKi) = f(Q)(meas(f(iagf(i)_llf{iagf{i).

Observe that only finitely many irreducible admissible charactersin the summation
defining f are relevant on both sides of the equality; thus we get this from [11],
Sect. 5.3, term by term.

Remark: If thedistributions f and f(Q) are both smooth at the point ag, then — by
taking thelimit K — 0 —weobtain f(ag) = f(Q)(ag).

Suppose (ii) holds. Then the identity (*) above showsthat f(meas(K;agk;)™*
lk,agk;) Vanishesfor al a € A, whichare highly contractive. Thisisindependent
of K. By acovering argument thls implies [, f(g)dg = 0 for al compact subsets
C contained in this range of points. This gives f (ag) = 0 (amost everywhere) for
a € Ag which satisfy [a(a)| < €(g),a ¢ 0. Itis clear that this argument works
locally uniformly.

Conversely assume f(ag) = 0 for al highly Q-contractivea € Ag,. Assume K
is chosen to be small enough such that every element in KagK is conjugate to an
element a’g’ witha', g" € L, and g’ € Q(g) and o’ satisfying |a’| < €(£2). Then
f(meas(KagK) ™14k ) vanishes and therefore

£(Q)(meas(K;agK;)~ Zn We, (a)Xo, (meas(KiagK;) ™" 1% ag,)

vanishes. Summation is over theirreducible representations o; of L, which appear
in f(Q). This sum actually is a finite sum. Almost all summands are zero. Using
linear independency of a finite number of different central characters w,,, on cones
asin Sect. 2.7, we get the following. If this finite sum vanishes for all a in a open
subcone of A, then the sum vanishesfor all a € Ag. Thisshowsfor every g € Lg
and every a € Ag that f(Q)(1z,,z) = 0 holds.
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How do the K depend on the particular elements a, g € L¢g we started from?
| claim that the good small subgroup K = K (a, g) can be chosen such that K =
Lo N K(a,g) is asuitably fixed small subgroup K of L¢ independent of a and
g. This would imply f(Q)(1z,,z) = 0 foral ag € Lgq, because the regular

semisimple elements are dense. Then f(Q) = 0 follows by letting K get arbitrary
small.

To construct K we use the remarksin [10], p. 16. Choose a lattice A to construct
K asin[10]. If wereplace A by p’ A we get acofinal system of good small subgroups
K; of G with respect to @ and o™ and a™g for suitable n, m. Now choose a small
compact open Ky in Lg, which stabilizes A N Lie(Ng) and A N Lie(N, ) and
ANLie(Lg). Then K normalizesall K; or equivalently theintersectionsof K; with
Nq.Ng, Lq. Therefore, we have (Ko K;) N Ng = K; N Ng and (KoK;) N Ng =
K; N Ng, asthe decompositions N, Lo N are unique. Then we also have

(KoK;) = (Kok; N NG)(KoK; N Lg)(KoK; N NG).

Therefore, not only K; but also Ko K; = K; K satisfies the assumptions necessary
for the argument in [11], Sect. 5.3. But now |J,(KoK;) = Ky. Therefore, for i
sufficiently large, K (a, g) can be chosen to be of the form Ky K. Then K = K,
for ¢ sufficiently large. This completes the proof of thelemma. [

Corollary 4.8. If o, isa cuspidal irreduciblerepresentation of M, then thedistribu-
tion f = x& defined by the endoscopic character lift isa locally finite sum of cus-
pidal characters and characterswith infinitesimal character x, for which AD, # 0
holds.

Proof. If o, isacuspidal irreducible representation of A/, then the distribution x,
is alocal L!-function. Hence, it is easy to see from the explicit formulas for the
transfer factor that f = x& isalsoalocal L'-distribution. Thedistribution f = x&
also satisfies condition (i) of Lemma 4.18 for al three conjugacy classes of proper
parabolic subgroups. Thisfollowsimmediately from Lemma4.6 and the cuspidality
of o,. Therefore, by the implication (i)=>-(ii) of Lemma 4.18 we have f(Q) = 0
for al proper parabolic subgroups. Hence, x., is alocally finite sum of cuspidal
characters and characterswith infinitesimal character , for which AD, # 0 holds.
SeeLemma4.17 and Corollary 4.7. O

4.7 The Classification of Local Representations

Let F' bealocd field. The symplectic group of similitudes GSp(4, F') isdefined as
the subgroup of Gi(4, F') of al matrices g which satisfy g*.Jg = A(g)J, \(g) € F*

for
0 —-F
J(E 0).
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The standard parabolic subgroups are supposed to contain the Borel group B con-
sisting of al matrices g = (¢ B) € GSp(4, F) for which D is upper triangular.
Then A isalower triangular matrix.

In the following w denotes central characters, i.e., w, denotes the central char-
acter of m, etc. In the first two sections we consider representations induced
from cuspidal representations of maximal parabolic subgroups. According to
Shahidi [87], Theorem 6.1 and Waldspurger [106], Sect.5, such representations
have a multiplicity 1 decomposition series. There are two maximal proper standard
parabolic subgroups, the Siegel parabolic P and the Klingen parabolic Q.

4.7.1 The Siegel Parabolic P (Results Obtained by Shahidi)

Representations induced from P sometimes contain discrete series representa-
tions [88], Proposition 6.1 and Theorem 5.1. The result in [88] is the following.
Let oy and x beirreducible admissible representationsof Gi(2, Q) and Gi(1,Q,),
respectively, and let

oc=o01 Xy

betheirreducible representation of the Levi component of the Siegel parabolic M =
Gl(2) x GI(1) defined by o (2, 7) = o1(x) - x(7). For the representation I (o) =
Ind% (o) of G induced from P (using unitary normalization)

P> (”” ¥ )Hal(x)x(f)

07 -zt
we write

Short Notation. I(o) = o1 < x.
Notice

(o1<x) ® X = o axx,
w<71<1X = w01X2'

For cuspidal unitary o, the induced representation o; < x is irreducible. More
generaly, consider the representation o1v° < x for o1v°(z) = o1(z)|det(z)|?,
where o, isunitary cuspidal. In the notation in [114] thisisTI(o, s) ® v*.

For unitary cuspidal o the representation o1/ <y isreducibleif and only if the
following two conditions hold: (1) s = +1/2 and (2) the central character w,, of
oy istrivial w,, = 1:

— In the reducible case s = 1/2 the Langlands quotient Jp(v'/2, 0y K x) isir-
reducible unitary nontempered and not generic. The corresponding kernel is a
generic discrete series representation

D =6(oyv? <)

as shown by Silberger (we refer to [87,88]).
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The representation D is irreducible. Bruhat theory (93], Corollary 2.12.2(1))
impliesthat the induced representationis multiplicity free, since oy #*/2 isnot stable
under the nontrivial element of the Weyl group. By the same reasoning there are at
most two exponents; therefore, there are at most two irreducibl e constituents. Hence,
D isirreducible.

4.7.2 The Klingen Parabolic @ (Results Obtained by Waldspurger)

Representationsinduced from @ were studied by Waldspurger [ 106]. For irreducible
admissible cuspidal representations x and p of Gi(1) and GI(2), respectively, let o
be x X p considered as a representation of the Levi subgroup GI(1) x Gi(2) of Q.
Then the representation I (o) = I ndg(a) induced from the representation o (using
unitary normalization)

a0bx*

* Tk % ab
s |roat | xen(lh))
000y

is multiplicity free and has at most two composition factors.

Short notation. I(x X p) = x X p.
Notice

(xxp)@x =xx(pex),
Wyxp = XWp-
For cuspidal p therepresentation y x p isreducibleif and only if one of thefollowing
two conditions holds:
1. x=1.
2. x = vy and p has CM multiplication by . (By thiswe mean x2 = 1, xo #
1 such that p ® xo = p.)

Reducibility for cuspidal p in cases (2) yields an irreducible nontempered Lang-
lands quotient and an irreducible generic discrete series representation

5(vxo X p).

Thisfollows again from Silberger’s result (see [87] and [88], p. 285, Theorem 5.1).

For cuspidal p reducibility in cases (1) produces two tempered representations
of G, which are relatives in the sense of Kazhdan [44] called Wp (p), Wp_(p).
Hence, the unitary representation 1 x p decomposes

Wpi(p) @ Wp—(p) =1xp.
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Notably r¢p(Wpi(p)) = 0and rgc(Wpi(p)) =1 x pimplies

Wpi(p) —Wp—(p) € ADy

for the infinitesimal character represented by the representation 1 X p of the Levi
group of Q. Exactly one of the two representations Wp. (p) admits a Whittaker
model (see [105], p. 64, the remark in loc. cit. following Lemma 8.2; we will give
a detailed discussion of this later). Fix Wp, (p) to be the representation with the
Whittaker model. The definition of representations Wp. (p) and Wp_(p) will be
extended later to include also the case where p is an arbitrary discrete series repre-
sentation of G1(2, F'). For this we refer to the discussion of case (b) on page 128.

4.7.3 The Borel Group B (Results Obtained by Tadic and Rodier)

In this section we give areview of results obtained by Tadic [100] on the (nonuni-
tary) principal series representations. These are induced from representations x; X
x2 X x of the Borel group B attached to three (not necessarily unitary) characters
X1, X2, X, Which are defined by

0 x
* Y ko ok

B3 o0t/e « |7 e@xa@x®.
00 0 t/y

We denote this induced representation (using unitary normalization) by

X1 X X2 <X,

using the short notation used in [100]. For the reader who wantsto compare with the
resultsin [100], it should be remarked that Tadic used aslightly different realization
of the symplectic group of similitudes, which differsby conjugationin Gi(4, F). If
we take this into account and use corresponding choices of Borel groups, then the
definition above matches the definition in [100].

For characters X1, X2 we write X1 X X2 = I’fldglczl2 (X17 Xz) = i; <X2.

We have the obviousisomorphism

X1 X X2dX = 014X,

where

_ _ Gl(2) ~ Gl(2) ~ X1

1= X1 X X2 = I”dBG,<2) (X1, Xx2) & I”dBGl(Q) (x2,x1) = X X2,
and where B (2 is the group of upper triangular matrices in G1(2, F). This is
consistent with the short notation. Also observe xo < x = xxo X X = X X XoX =

xo < xox for x§ =1, x0 # 1.
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Furthermore, there is an obviousisomorphism

X1 X X2 9X = Indg(x1 ® p),

where ol
2
p=x2ax = Ind'2) (x2x, X)-

Thisis again consistent with the short notation introduced above.

Reducibility. The nonunitary principal series representations y; x 2 < x of the
group GSp(4,Q,) areirreducible unless y1x» = v or x1/x2 = vl or x; =
v or yo = v*! holds, where v = |.|. See [100], Theorem 7.9 and Remark 7.10.
Observe

<X1 X X24X)®X/ = X1 X x249xX,

_ 2
wX1><X2<]X - X1X2X .

Furthermore, one has the following equalities
X1 X X2<dX = X2 X X149X,
X1 X X2 <9X = X1 X Xz <X2X

valid in the Grothendieck group Rz(G) of representationsof G = GSp(4,Q,). In
the reducible cases this allows us to do the determination of the irreducible compo-
sition factors in the two basic cases yo = v or x1/x2 = v. Hence, it is enough to
consider the two types of representation.

Basic Reducible Cases.

X1 XVv4dY or V1/2X0XV—1/2X0<]X_

Regular Cases. According to results obtained by Rodier (see [100], Remark 8.3)
theinduced representation ;1 X x2<x ismultiplicity freeif the characters (x1, x2, x)
areregular. Regularity means x; # XQﬂ and y; # 1 and xo # 1 (i.e, the charac-
ter is unramified for the action of the Weyl group). Condition (iii) of Tadic [100],
proposition 8.1(b) is void for n = 2. So in the regular case there are one, two, or
four constituents, and the length of y; x x2 < x is 2¢ ([100], Remark 8.3), where
s = s(x1 X x2 < X) isthe cardinality of a subset

S =S5(x1 % x2<9%)

of the corootsof GSp(4) defined asfollows: x1 X x2X x definesacharacter ¢ of the
maximal torus 7' C B of diagonal matrices. Each coroot oV is a cocharacter, and
hence definesahomomorphisma" : G,,, — T'. Define S(x1 x x2 <x) to bethe set
of al coroots oV for which ¢ o o = v holds. For the two simple positive roots the
homomorphisms are o) (t) = diag(t~!,t,t,t~) and oy (t) = diag(t,1,t71,1).
See[100], p. 36ff.
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Remark 4.12. There are eight coroots, but the cardinality of S isat most 3. The
orbitsof 1 X v X y under the Wey! group become the only cases of characterswhere
the cardinality of S is3 with eight irreducible constituents. Thisis theimportant case
(b), which is not regular and will be discussed later.

In thereducibleregular casesthere are either two or four irreducible constituents.
To determine them, we look at the basic cases.

First Basic Case. Applied to the exact sequence
0 — Sp(xo) — V1/2X0 X V71/2X0 — xpodet — 0

of representations of the group G1(2), induction from @ gives

0— x1xSp(x0) — x1xv<avr 2 — x1 x (xo0det) — 0.

The representations L. and R that occur on the left and right are irreducible for
X1 # 17V:t17V:t2'

Proof: x; x v <av~1/2y, isregular and #S = 2 in these cases. Similarly, the cases
x1 = v*2 are equivalent in the Grothendieck group
st 1/2

ZxvavT XOEV2 ><u<1y_1/2X0,

andfor thefirst basic casethisistheonly regular case with four constituents, whereas
the other remaining cases y; = 1, v*! essentialy give the nonregular cases (b) and

(c), which will be discussed later (see page 128ff).

The Second Basic Case.
0— Sp(x) <x — V1/2X X Vﬁl/quX/ — (xodet)ax' — 0

is obtained by induction from P. The representations on the left and right are irre-
ducibleif x # xor®1/2 for al X0, X3 = 1land y # vE3/2 and x2 # 1.

Proof: #S = 2 and v'/2x x v=1/2y <\’ is regular in these cases. Similarly the
remaining cases x = yort/?, x2 = 1,x0 # 1, and x = v*3/2 are regular
with four constituents, and have discrete series constituents. For y = v3/2 —the
corresponding principal series representation

vVExvay

already came up in the first basic case — two of its constituents are preunitary:
the Steinberg representation and the one-dimensional representation. The other two
constituents are nonunitary by a theorem of Casselman. So all regular induced rep-
resentations with more than two constituents already occur in the second basic case,
and they were just described, since the remaining cases are nonregular: Notice
xo = 1,x = v*¥/2 is nonregular of type (b). The nonregular case x? = 1 is
case (a) below (see page 127).
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Discrete Series.  Up to the obvious modifications with respect to the action of the
Weyl group described above, which gives equivalent elements in the Grothendieck
group, they occur in (nonunitary) regular principal series representations possibly
only for the cases % x v <y or vxo X xo <) for x3 = 1, x0 # 1. In these cases
there exists a unique irreducible discrete series subquotient of the principal series.
This subquotient is denoted

St xvay)

(Steinberg representations) or

d(vxo X x0<X)

as a constituent of Sp(xo)r*/? < xv~1/? together with the Langlands quotient
Jp(p1vt/? a xv~1/2) for the tempered representation p; = Sp(o). Both are con-
stituents of vy X xo<x. For aproof see[100], Theorem 8.5, which usesthe different
notation §(k, f, x), or theremark on page 132. These discrete series representations
are generic representations [100], p. 42. In the nonregular cases it turns out that the
nonunitary principal series do not have constituents in the discrete series. This will
also become clear from the subsequent discussion of the three relevant nonregular
cases (a)—c).

Concerning Tempered Representations. No relatives are contained in unitary
principal series since they are aways irreducible (e.g., [100], Corollary 7.6).

4.7.4 The Borel Group B (The Nonregular Reducible Principal
Series)

It remains for us to examine the nonregular cases of the reducible nonunitary prin-
cipal seriesrepresentations. See also [ 75, 79,100]. For later applicationsit is crucial
for us to determine the exponents of the irreducible constituents of these repre-
sentations. Up to eguivalence in the Grothendieck group, only the three following
nonregular cases remain to be considered:

@ v'/%x0 x v Px04ax,  xg=1
(b) I xvay
(©) vxvay

We Start with a Short Summary. Situation (&) turns out not to be interesting
since there are only the two obviousirreducible constituents Sp(xo) < x (tempered)
and J = g o det < x (nontempered), completely analogous to the regular second
basic case. In case (c) there are again two irreducible constituents; both are non-
tempered. In the interesting case (b) there are four irreducible constituents: .J, J’
(nontempered) and 7', T (tempered). Warning: Temperedness for a representa-
tion of G(F') —hereand for the rest of this chapter —will usually mean temperedness
up to a suitable character twist of the representation.
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Finally, noneof theirreducible constituentsin cases (a)—c) belong to the discrete
series.

Exponents. For an irreducible admissible representation (7, V') of a reductive
group G over F and astandard parabolic group P one can attach characters E (P, )
asin [15], Chapters X1.1.8. The elements of E(P, 7) are the charactersof T'(F') for
the maximal split torus 7" in the standard Borel group B that appear in 7, (V)
as generalized eigenvalues, where P is the parabolic group opposite to P [15],
Chapters X1.3.3. T'(F') is contained in P(F'), and hence acts on the normalized
Jacquet module rpg (V) = 6;1/2 ® V(P). The longest element w4, Maps P
to P: hence, wq.(E(P, 7)) are the generalized eigenvaluesof T'(F) on rpa (V).
The absolute values of the charactersin E(P, «r) definethe set ° E(P, ) asin [15],
Chapters X1.1.13. Let —w,,4, denote the opposte involution.! We call the ele-
ments —wy,q..° (F (P, 7)) the exponents of 7 with respect to P. Let ay,...q; be
the simple roots attached to the standard Borel group. Let 31, . . ., 5; be defined by
(avi, B5) = di;. Then the Lie algebra of the maximal split torus of the Levi group
M of Pisspanned by ;,i € F, modulo the center of Lie(M ), for aunique subset
F C{1,...,1} which characterizes P = Pp. Recall the following facts:

1. 7 belongs to the discrete series of G (up to a central character twist) if for a
minimal standard parabolic P for which E(Pr, ) # () we have (v, 3;) < 0 for
dlv e E(P,w)andall i ¢ F [15], Chapter X1.1.14.

2. |stempered (up to acentral character twist) if for aminimal standard parabolic
Pr for which E(Pr, ) # 0 we have (v,3;) < 0foral v € "E(P,7) and all
i [15], Chapter X1.2.3.

3. For Pr with Levi group M and a unitary tempered representation of Mg let x
be a character of My (F). Suppose |x|, considered as a character of the points
T(F) of the maximal split torus T' of G, has exponent v such that (v, o;) > 0
holds for al ¢ ¢ F. Then the induced representation Indgg}) (x ® o) hasa
unique irreducible quotient, the Langlands quotient Jp,. (x, o) (up to a dight
change in the notation, thisis[15], Chapters X1.2.6 and X1.2.7).

4. Every irreducible admissible representation is equivalent to some (essentialy)
unique Langlands quotient [15], Chapters X1.2.10 and X1.2.11.

Example Gi(2). For convenience, since this is used later, consider the special and
the trivial representations Sp and 12y of G1(2). Let Sp(x) be the discrete series

representation constituent (submodule) of v/2y x v=1/2y = v a xyv~/2. Then
Sp(x) = Sp @ (x o det). The diagonal matrices act on 7y (2) B, ., (Sp) by

12 1/2,-1/2
Bgi(2) :

Recall B (2 isthe group of upper triangular matrices. Hence,

1 For the groups considered —w.,, qo. = 4d.
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E(BGI(Q)aSp) = {wmaw((SBé/ZQ )} = {(53—1/2}

(2) G1(2)

and
{E(Bai), 1)} = {wmax(f;BEll(/;))} ={0z12 }.

Gi(2)

So the exponentsare — J ay and Loy

The Case GSp(4). Now consider the group G = GSp(4) and its principal series
representations for the split torus 7' C B of G. For an admissible representation V'
the irreducible congtituents of (V') are charactersy : T(F') — C*. Their abso-
lutevalues|u|(t),t € Sp(4, F)NT(F), will belistedin root coordinatesasapointin
the Euclidean space IR? spanned by the roots such that for t = diag(x,y, =1, y1)
the vector (v, w) € R? correspondsto the character

(v,w) € R? «—— |u| =" Rv* Ky

(for simplicity of notation we ignore similitudes, hence x may be arbitrary). The

vector (v, w) € R? will be called the exponent of the character ... The multiplicity

of an exponent will be the dimension of the corresponding generalized eigenspace.
The positive simple roots «i; and «; of B correspond to the characters

p(t) = [p®)] = (vRv RL)(E) = |2y,

p(t) = [p(t)] = AR Br=h)() = |af?,

with the coordinates oy = (1, —1) and as = (0,2). Hence, 8; = (1,1) and B2 =
(2,0) up to some positive scaling factor, which we can ignore. An exponent (v, w)
istempered if v = Wiaq (v, w) = (—v, —w) satisfies (v, 51) = —v —w < 0 and
(v, B2) = —2v < 0. In other wordsif v > 0 and v + w > 0 holds, or equivaently
if (v, w) isintheclosed cone spanned by «; and as. An exponent is called discrete
if itisin the open cone

Rso- a1 +Rso - ao.

a1 isthe short root and a; isthelong root of Sp(4). The element w,;, 4. Of Maximal
lengthisin the center of W Let s,,, sq, denote the simple reflections attached to
aq and aa. Then s,,, generates W (M) for the Levi component M of the parabolic
groups P (fori = 1) and @ (for i = 2).

Shuffle Formulas. Define mapsfrom Ry(B) to Rz(B) by
San (X1 B x2 B x) = x2 W x1 W,

San (X1 B x2 M yx) = x1 K x5 ' B xax.

We will use the formulas (11], Lemma 5.4) to compute the Jacquet modul es of
induced representationsin cases (a)—(c). For the group GSp(4) these formulas are:

TpGoiGP(V) :V+wmamsal(V)+ipBOSa2OT’BP(V). (a)
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Notice WimazSa, (01 K x) = 0Ff Kwe, x and Wp \ W /Wp = {id, WmazSa; s Sas }
(representatives of minimal length), where in the following Wp and W, stand for
the Weyl group W (L) of the standard Levi subgroup L of P and @, respectively,.

roa oiap(V) =igp orpp(V) +1iQB © Sa,5a; 0 TBP(V) (b)

Qe 016Q(V) =V + WmazSas (V) +igB © Say 0 TBQ(V). (©)
NOtiCe WinaxSa, (X X p) = x 1 X px.
rpG © ng(V) =1ippo TBQ(V) 4+ 91PB 0 SaySay © T’BQ(V). (d)

It is easy to see that the substitutions listed are minimal representatives of Wy \
WG/WP WQ \ Wg/WQ, orWp \ WG/WQ.

Nonregular Case (a) (Discussion of w = v1/2x¢ x v~ 1/2x0 < x
Where x2 = 1)

Representations of type (a) have two irreducible constituentsIT and .J, where 1l is

IT = Sp(xo) < x-

IT istempered (up to the y-twist) but not elliptic, whereas .J is not tempered.

Proof. By a twist we may assume  to be unitary. Partial induction with respect to
P yields two composition factors of 7: the tempered IT = Sp(xo) < x and J =
Xoodet<ayx. O

The Representation IT. By formula(a) the P-Jacquet module of TT has the follow-
ing three constituents:

rpa(Il) =2 Sp(xo) B x + (1%x0 x v1?x0) B xxor /2,

two specia ones with real exponents éal and one with the real exponent ;(al +
as) (by applying rpp). The latter occurs with multiplicity 2 in the Gi(2, F)
representation (1*/2xo x v/2x,). The tempered unitary representation IT is com-
pletely reducible. It cannot contain a discrete series representation § ([44], Sect. 1,
Lemma 4) since otherwise § could be embedded into two different representations
both induced from unitary discrete series, either induced from (G, ¢) or induced
from (P, Sp(xo)). Thisisimpossible! Therefore, every constituent of II must con-
tain one of the two “nondiscrete” tempered exponents éal. Thus, there are at
most two irreducible constituents, one of them must contain (v/2yo x v'/?y,) X
xxov~ /2, and hence contains both the exponents } (a; + ) (since these occur
with multiplicity 2in (v1/2xo x v'/2x0) B xxor~/?). Formula (b) with respect to
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the other maximal parabolic group @ impliesthat
roa(Il) = v %x0 B (™12 x0 < x) + vM2x0 & (v"2x0 < xx0v ™ /?)

has two irreducible constituents. After applying 7o g, each of them has the expo-
nents o, 5 (v + az) with multiplicities 1. Using both results together, we con-
clude that any constituent of II with an exponent } (a; + ) must contain this
exponent with multiplicity 2, and then by the last observation it must contain all
four exponents together. Hence I1 is irreducible with exponents Jav, 5 (a + a2),
each with multiplicity 2.

Now J = x, o det < x. Therestriction of .J to the symplectic group Sp(4) gives
the representation (s, yo) of Kudla and Rallis [55] at the specia point s = 0.
Accordingto [55], Proposition 5.1, thisis an irreducible representation of Sp(4, F').
Hence, J is irreducible. According to [55], p. 235, its exponents are —1/2a; =
(—1/2,1/2) and —1/2(c1 + a2) = (—1/2,—1/2), both with multiplicity 2 (be
aware that Kudlaand Rallis [55] used a different choice of the minimal parabolic).

Notice that xov'/2 x yor~/2 < x has the same irreducible constituents as
xort/? x xor'/? < xxor—/2. We aready know that these are the constituents of
J & I1. Since II is tempered but .J is not, J must necessarily be (up to a character
twist by xxor~!/?) the Langlands quotient ./ (11/2, (xo X x0) X 1) attached to the
tempered representation (o X xo0) X 1 of the Levi component of P.

Nonregular Case (b) (Discussionof m# =1 X v <)

This case is the most interesting case among the irregular cases. By a character
twist —without restriction of generality —we may assume yv > tobe unitary. In fact,
one could make it trivial and invoke Rodier’s result [75], Sects. 6 and 6.2. We will
not do this. Since we need more information, we give an aternative proof.

Claim 4.2. There are four irreducible nonisomorphic constituents: two irreducible
nontempered representations J and J' and two tempered nondiscrete represen-
tations 7, and 7_, where T, and T_ are relatives in the tempered induced
representation

T=T,eT_-=1x Sp(xyé).

Definition 4.4. The two representations 7"y, 7 will be denoted

Wpi(p), Wp_(p),  p=Sp(xvz).
Remember that Sp(yr2) isthe special representation twisted by yv2.

Remark 4.13. Notice, with this additional definition, the representations Wp.(p)
are now defined for all irreducible discrete series representations of Gi(2, F).
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Proof. Starting from
0— Sp—v'/2xv™12 5 1odet — 0,
atwist by yv2 and induction from Q givesan exact sequenceform =1 x vay
0—1xSp(xr?) —m—1x (xw?odet) — 0.
This gives two constituents of 7: the tempered subrepresentation
T=1x Sp(Xl/;)
and the quotient 1 x (xv2 o det). Formulas (b) and (c) on page 127 imply
roa(T) = 18 Sp(xv/?) + 1K Sp(xv/?) + v K (1 1),

rpa(T) =2 (Sp(w'/? B X)) +2- (!/? 0 det R x)

with thecharacters2 - (1K v X yx) +2- (v K 1K y) inrpe(T). So the exponents
of the tempered constituent 7 are J oo and oy + 5 a2, each with multiplicity 2. The

exponentsof 1 x (Xui o det) aretheir negatives; hence, al are nontempered. O

Hence:

1. Every irreducible constituent of 1 x v <y which has one of the exponents éag
or ay + jag iscontainedin 7.

2. T cannot contain a discrete series representation since it is induced from a uni-
tary discrete seriesrepresentation of the Levi group of @ [44], Sect. 1, Lemmad4b.
Therefore, every constituent of 7" has to contain one of the tempered but nondis-
crete exponents J ;.

3. Therepresentationsm =1 x v <y and v x 1 < x have the sameirreducible con-
stituents. For the latter representation one has an exact sequence using induction
from P

0—-L—-vxlaxy—R—0,

where R = (v2 odet) <y and L = Sp(v2) < x. R has a unique irreducible
(nontempered) quotient, the Langlands quotient J = Jo (v, 1K1 <yr2) @ v~ 2
of v x 1 < x. Let T_ denote the kernel of the projection from R to .J

0—-1T_-—>R—J—0.

Themodule L = Sp(ué )< x aso hasauniqueirreducible nontempered quotient,
the Langlands quotient J/ = Jp(v2, Sp X x). Let T, bethekernel

0T, —-L—J —0.
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Remark 4.14. Later we also use the notation 7. = 6, (Sp), T- = 6_(1), and

Exponents of L. Formula (b) on page 127 gives three irreducible constituents for
rea(L),
roc(L) = v & (1<ay) 4+ 18 Sp(/?2x) + 1K (v1/2x o det),

and after applying rop
VRIRY+rvRIRY) +1IRvRy+ 1K Ky,

The exponents of the three summandsare o + 3o, 3, and — 1 ap, respectively.
Thelast two have multiplicity 1, thefirst onehas multiplicity 2. Thus, the constituent
T’ of L with exponent a; + a, must contain this exponent with multiplicity 2,
because these belong to the irreducible representation v X (1 < x) of the Levi group
of Q. If we compare this with the discussion of 7', we see that 7" is contained in T,
and therefore cannot have exponent — ; «z. It cannot be a discrete series constituent
either. Hence, the tempered constituent 7" contains in addition the exponent éag.

Asaconsequence L hastwo irreducible constituents. One of themisT", with the
real exponents2(a; + ya2) and J e, Hence, 7', istempered. The other oneisthe
Langlands quotient J” with the real nontempered exponent — J .

Finally,

rpa(L) =2 Sp('/?) K x + Sp(v™?) Ruvy + (v*/? o det) R x
has three constituents. Applying rp5 gives

vRIR Y+ IRy ' Ry + (0 RIRy +1Rv K y)

with exponents a; + jaz, —yaz, and Jas, ag + as.

4. Since we already know that the tempered subrepresentation 7' C 7 contains all
irreducible tempered constituents of 7, it must contain the tempered constituent
T, . By acomparison of exponents of R and 7., we see that the tempered rep-
resentation 7'/T";. has exponent ;a, with multiplicity 1. Hence, 7/T"; must be
irreducible. Since J and .J’ are irreducible and nontempered, the tempered rep-
resentation 7'/ must therefore be isomorphic to 7 # 0. Hence, .J has the
remaining exponents —a;; — %042 with multiplicity 2 and — éag.

5. For the module R = (u5 o det) < x one has an aternative description by the
following.

4.7.5 Results Obtained by Kudla and Rallis

Let us temporarily work with the group Sp(4, F') instead of GSp(4, F). Thisis
enough, since the exponents in the irregular case (b) can already be distinguished
from each other on that level.
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The Sp(4, F) analogue of the module R can be identified with the module
R = Ry(2,2) = Ry(V})

in the notation in [55]. V; is the space underlying a split rank 4 quadratic form.
By [55], pp.211-212, Theorem 2(v), the module R is isomorphic to the induced
representation I»(1/2,1). The intertwining operator M5 (1/2,1) : I(1/2,1) —
I5(—1/2,1) (see [55], p. 212) maps the maximal quotient .J of R to theirreducible
maximal submodule R»(1,1) of Io(—1/2,1). See [55] p.211, Theorem 2(i). It
therefore has a composition series of length 2 with unique irreducible quotient
R2(17 1)
J = Ry(1,1)

and a unique irreducible subrepresentation R»(4); therefore,
T_ = Ry(4) = Ryo(V3).

V4 isthe quadratic space of rank 4 for the quaternion norm form.
For the convenience of the reader we give some more details. One hasto consider
the theorem in [55] for the trivial character xy andn = 2, s = +1/2 in the cases:

(iym=2,0(1,1)
and
(v) m =4,whereV; = V(2,2) issplitand Vo, = V(4) is quaternionic anisotropic,

both having trivial character yy . Finaly, choose V1o = V(1,1) to be split
of dimension 2, with trivial character xy. Then Ry(4) is irreducible (55],
Proposition 6.10), contained in R2(2,2) = I(1/2,1) = Ind$(v'/? o det K x) =
R [55], Proposition 3.4(iii) and also p. 254, bottom. The quotient isirreducible and
isomorphicto Ry (1, 1). For this see pp. 211, case (i) and 255in [55]. Hence,

0— R2(4) — R2(2,2) — Rg(l, 1) — 0.

From [55], Propositions 4.5 and 4.6, we get the real exponents of the two con-
stituents: (0, 1) for R2(4) and (—1,0),(—1,0),(0,—1) for J = Ra(1,1). Thisis
the notation in [55] and corresponds to the real exponents after the identifications
a1 = (1,—1) and az = (0,2). Hence, the real exponentsare }ap and —a; — oo,
- — ;OZQ, —1/2aw in accordance with what we have already obtained. This com-
pletes our sketchy argument concerning the group Sp(4, F).

6. We return to consider representations of the group GSp(4,F) instead of
Sp(4, F). Let us come back to our starting point and summarize. We have
shown

T=T_o&T,.

Secondly, we proved

roa(Ty) = v R (1ax) + 1K Sp(xv'?)
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and
roa(T-) = 1R Sp(xv'/?).

Hence, the differenceis
rQG(T-‘r -T)=vK(1 <]X) )

which givesrpg(Ty —T_) = 2- (v K 1K x) by applying rg 5. Comparing with
the formulaobtained for rp (T'), this gives

rpa(Ty —T-) = 2(Sp(v'/*) K x) .

Remark 4.15. Later it will be necessary to know the exponents of the discrete series
representations, which are contained in the regular principal series representations
and which were determined by Tadic. In fact, they are contained in ¢ x xov<x. The
argumentsused for case (b) can also be repeated for the representations y X xov<x,
with x2 = 1,x0 # 1 (regular case). Especially analogues of the modules L, Ty,
and .J can be defined. The discrete series representations §(vyo x xo < xv~/?) are
then contained in the correspondingly defined module 7", with exactly one exponent
g + éag (it has multiplicity 2). It isthen clear from the discussion above that

rQa(6(vxo x xo 4 xv %)) = vxo B (xo < xv?),

rpa(8(vxo x xo<axv™ %)) = Sp('Px0)Rxv %)+ Sp(!x0) R xxor /%),

ra(8(rxo X xo Axr~Y?)) = vxo B xo B xoxr ™ ?) + vxo K xo K xv~/2).

One can simply repeat the arguments used above for the analysis of the module L.
We skip the detalls.

Nonregular Case (c) (the Representation # = v X v d )

In this case 7 has two irreducible nonisomorphic nontempered constituents de-
noted J,J'. Furthermore, the infinitesmal character (B,v x v < x) satisfies
AD(B,VXVQX) = 0.

Proof. 7 has two irreducible constituents (see [ 75], Sect. 6.3, inthe case x = 1). By
a character twist, the general case y # 1 follows as well. So it remains for us to
show the remaining assertions:

1. Therepresentation v x v < x hasauniqueirreducible Langlands quotient

J=Jp(r, (1 x1)Kx).
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Thus,
T=vXxvaxy —J—0

for the nontempered Langlands quotient .J.
2. There exists an exact sequence

0—-L—7m—R—QO0,

where the module L = v x Sp(xui) admits a unique irreducible Langlands
quotient J" = Jg (v, 1K Sp) ® 2

L—J —0,

which is nontempered and not isomorphic to J by the Langlands classification
theory. Of coursethe quotient R of m = v x v < x admitsanontrivial map

R—J—0.

So there are at least two irreducible nonisomorphic nontempered constituents of
m. Since w has only two irreducible constituents, we are done. [J

4.8 Summary

All the reducible induced representations of G.Sp(4, F') were listed in the last sec-
tion. The Langlands quotients were described in those cases where the induced rep-
resentation was reducible and “ramified” (with respect to the action of the Weyl
group).

Recall an irreducible tempered representation is elliptic if its character is non-
trivial on the regular éliptic locus of the group G. An irreducible tempered elliptic
admissible representation is called a limit of a discrete seriesiif it is not in the dis-
crete series.

Lemma 4.19. The limits of discrete series of GSp(4, F') aretheirreducible admis-
sible representations Wp,(p) and Wp_(p)

L x p=Wpy(p) ®Wp—_(p),

where p isan irreducible discrete series representation of the group GI(2, F).

Proof. Suppose 7 is a limit of a discrete series, but is not in the discrete series
itself. Then 7 is tempered and is a constituent of a proper induced representation.
Induction is from a unitary discrete series representation of a Levi subgroup of a
proper parabolic. If 7 isfully induced, it cannot be elliptic. Hence, we have to look
for reducible representations of this type. The unitary principal series are always
irreducible. Therefore, it is enough to consider representations of G induced from
one of the two maximal parabolic subgroups. If induction is from a cuspidal rep-
resentation p, then the only reducible case occurs for induction from @, where the



134 4 Character |dentities and Galois Representations Related to the Group G(4)

possible candidates for elliptic families are the representations Wp.(p), Wp_(p)
found by Waldspurger [106]. It remains for us to see that they actually are ellip-
tic. According to [44], Proposition 1, it is enough to show that W, (p) cannot be
linearly expressed in the Grothendieck group by properly induced representations.
Seeaso [21], p. 116. The only induced representations containing W (p) are of the
form W (p) + W_(p) (in the Grothendieck group). Hence, W (p) are elliptic for
cuspidal p.

To complete our discussion it remains for us to consider the cases where induc-
tion is from a unitary special representation of the Levi component of a maximal
parabolic subgroup. The special representation can be embedded into an induced
representation. By induction in steps this leaves us to consider the corresponding
principal series representations

Xu X VX

(in the case of the parabolic Q) and
XuV1/2 X XuV_1/2 4x

(in the case of the parabolic P) where the unitary condition for the special represen-
tations implies that x., is unitary. So let uslook at the composition factors of such
principal series representations. If there are only two irreducible constituents, then
these constituents themselves are fully induced from a maximal parabolic; hence,
they cannot be elliptic. In fact they are the tempered representations ., x Sp(xv*/?)
in the first case (induction from @),and Sp(x..) < x in the second case (induction
from P). So it remainsfor usto consider constituents of nonunitary principal series
of the type above with more than two irreducible constituents. The only cases to
consider are the nonregular cases (a)—(c). The reason is that for the basic reducible
regular cases y; x <y and /2y x v=1/2y/ 4 the only two possible cases where
there are more than two constituentsare v? x v<ix and vxo X xo<x, X& = 1, x0 # 1
(up to changes from the action of the Weyl group). See page 123. Hence, to have a
common constituent with x,, x v < x or x,'/2 x v~ /2 'y, the character y,,
cannot be nonunitary. However, case (c) did not have tempered constituents. In case
(a) we found only oneirreducible tempered constituent IT, which itself was induced
IT = Sp(xo0) < x-

However, in case (b) we found that the tempered representation 1 x Sp(yv2)
splits into two irreducible tempered constituents 7'y and 7. They are relativesin
the sense of Kazhdan and, in fact, it only remainsfor usto show that they are elliptic.
By Proposition 1in[44], it isenough to show that 7. cannot be expressed asalinear
combination of induced representationsin the Grothendieck group. But this follows
from our discussion of the nonregular case 1(b), in particular our claim (4.2) and
its proof. What can be combined by induced representations must have the form
a(T_+ N+ BT+ T)+~T-+T4)+6(J+J) fora, B,v,6 € Z. Thisshows
that 7, and 7_ are tempered elliptic. They define the representations W, (p) for
discrete series representations p, which are not cuspidal. This completes the proof
of Lemma4.19. O

A similar discussion determinesall infinitesimal charactersfor which AD, # 0.
For an infinitesimal character y = (L, p) onehas AD,, = 0 unless p is “ramified”
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with respect to the Wey! group. So only irregular principal series and the represen-
tations induced from cuspidal representations of the Levi components of the two
maximal parabolic subgroups P and () are relevant. Our discussions of exponents
in cases (a)—(c) and the results mentioned by Shahidi and Waldspurger show

Lemma 4.20. Asymptotic independence only fails for infinitesimal characters

X = (LQvllgp)7

where p is a cuspidal representation of GI(2, F). In this case x correspondsto the
two relatives Wp_ (p), Wp_(p) with AD,, = Z(Wp4(p) — Wp_(p)).

Proof. The case where p is special does not occur. Inthat case 7 = Wp, (p) and
T_ = Wp_(p) have different exponentsas shown in the discussion of case (b). O

4.8.1 List of Irreducible Unitary Discrete Series Representations
of G

1. Theunitary irreducible cuspidal representations of G.

The second types arise as constituents of representationsinduced from the maximal
parabolic P (Siegel parabolic).

2. The series §(pyv/? < xv—'/2) for unitary y and for irreducible unitary discrete
series representations p; % Sp of Gi(2, F'), whose central character is trivial
wp, = 1. Thecentral character of §(p1v/2 < xv=1/2) isx?.

Notice that either p; is cuspidal or p; is a specia representation with trivial
central character. In the second case p; = Sp(xo) and x2 = 1, but xo # 1. This
second type of discrete series representation, contained in the regular principal series
representations, was found by Tadic: Recall §(Sp(xo)v'/? < xv=2) = §(vxo x
Xo 4 xv~Y/2) for xo # 1,x2 = 1 and unitary y is one of the four irreducible
constituents of the regular principal series vy x xo < xv~ /2. See the beginning of
Section 4.7.4 and our Remark 4.15 on page 132.

0— 5(Sp(X0)u1/2 4 XV_I/Q) — Sp(XO)y1/2 4 Xu_1/2

— Jp(Sp(xo)V/? axv™1?) = 0.
Finally, notice that the “missing” discrete series, corresponding to the forbidden
choice py = Sp and the forbidden choice yo = 1, comes from the nonregular
1 x v < xv/? (case (b)). In this case one only has the “virtua” discrete series
counterpart 7'y — T instead of p;, which, however, is only defined as an element
of the Grothendieck group Rz (G).

The third type of discrete series representation comes from constituents of repre-
sentations induced from the maximal parabolic Q.
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3. Theseries§(vxo x ov~1/?) for unitary (automatically irreducible cuspidal) dis-
crete series representations o of GI(2) with CM by xo, i.€, xo # 1,x3 = 1 and
o ® xo = 0. Notice that the central character of 5(vyo x ov=/2) is yows.

Notice that special representations are never CM. Findly there are:

4, The Steinberg representations §(v> x v < xv~3/2) for unitary x. The central
character of the Steinberg representation is x 2.

4.9 Asymptotics

The Parabolic Subgroups of M. For the group M (F) = GI(2,F) x GI(2,F)/
{(t,t71) | t € F*} wefix the parabolic subgroups

Bu(F) = {(3 :) x <I S) mod F*},

Pu(F) = {<I I) x (I 2) mod F*}.

With respect to the action of the automorphism group of M these are representatives
of the proper parabolic subgroups of M. The simple roots defined by the Borel
subgroup B, are the characters of the maximal torus of diagonal matrices which

map

and

(diag(t1,t}),diag(ts, th)) mod F*
to tl/tll and té/tQ

Parabolic Subgroups of G = GSp(4). Wefix the Borel group B C G

* 0 % %
* ok k%
00 % %
000 %

B(F) = { € G(F)},

the Siegel parabolic P, and the Klingen parabolic subgroup @, containing B. The
simple positive roots are the characters which map the diagonal matrices

diag(x1, 2,2, 3) € B(F)
to 25 /1 (short root) and to x; /2 (long root).

Levi Components. We identify the Levi components of the parabolic groups
Py € M and P C G viathefollowing map: ¢ : Levi(Py) — Levi(P)

, —t
¢<(x,diag(f2,t/2)) mod I ) = <t2d€t%x)x tfx)
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This induces an isomorphism between the maximal split tori Levi(By;) —
Levi(B)

(diag(t1,t)), diag(ta, t)) mod F* w— diag(tyt], tht,tate, tat}),
whoseinverseis
diag(w1, 22,27, 5) + (diag(w2,21), diag(z /22,1)) mod F*.

In the list of maximal F-tori of G (see page 94), those which come from M
via an admissible embedding and which are also contained in a proper parabolic
subgroup of G, are the tori of type (6) or (7). These cases were:

6. T(F) = L* x F* C P(F), suchthat ¢(T) = 2, Wp(T,G) = Wp(T, M), and
De(T) = 1.

7. T(F) = (F*)? C B(F),suchthat ¢(T) = 1, Wg(T, M) = W), isasubgroup
of index 2 in Wg (T, M).

Among the maximal tori in Levi(Q) only the split tori come from M, but they are
already contained in B. For tori 7' contained in parabolic subgroups of G, which
come from M (cases 6 and 7) the formulafor the character lift o for a x-invariant
distribution o on M (F') simplifiesto

Da(t)a®(t) =2 - Dy (t)a(t),  teT(F),

where D¢ (t) =[], |a(t) — 1|*/2 for t € T(F) semisimple regular is the product
over all roots o of 7.

4.9.1 The Character Lift

For o, = (01,4,02,), Where o, ,, are irreducible admissible representations of
GI(2, F) with the same central character, we now construct distributions f =
x§ — D, where D isafinite sum of characters of irreducible admissible represen-
tations of GSp(4, F') so that the Jacquet coefficients f(P) vanish for the parabolic
subgroups P of G. For cuspidal representationswe set D = 0 (using Corollary 4.8).
For induced representationso,, of M (') the character lift iscompletely understood.
So it remains for usto consider the following cases:

op = Sp(x) ® p, w, = X°.

Since special representations are character twists Sp(x) = Sp ® x of the Steinberg
representation Sp, the central character is a square. The endoscopic character lift
commutes with character twists (Lemma 4.8). Hence, we can assume y = 1 or
w, = 1. We distinguish the cases o}, 2 o, and o = o,. Let « be the character

of o, & o inthefirst case, and the character of o, in the second. So there are the
Cases:
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1o, ®ay,=(Sp@p) D (p® Sp),
where p isanirreduciblerepresentation of G (2, F') with trivial central character,
which is either p cuspidal or Sp(xo) for aquadratic character yo # 1, x2 = 1.
2. 0, = Sp® Sp.

Let « denote the character of o, @ ¢ or the character of o, in these cases.

The Distribution f. Inthefirst case o, = (Sp, p) put
f = OéG - 2. Xé'(pul/qu,—l/Q)-

Then w, = 1 by assumption. For a general central character write o, = Sp(x) ®
p1x, Where w,, = 1 and replace x;(,,1/24,-1/2) Dy the character of the discrete
series representation 6 (pyv2 < xv—1/2) of G(F).

In the second case o, = (Sp, Sp) put

f:aG - X(T4-T-)»

whereT; @& T_ = 1 x Sp defines the tempered irreducible constituentsof 1 x v «
v~1/2, For general central characters, i.e., for o, = (Sp(x), Sp(x)), choose the
correctionterm D = (T4 — T_) ® x. Notice Ty ® x = Wp+(Sp(x)) arethetwo
irreducible summands of 1 x Sp(x) = 1 x v av~ /2y (Lemma4.19).

Lemma 4.21. For the distribution f defined above f(P) = f(B) = f(Q) = 0
holdsfor the Jacquet functor of the proper parabolic subgroups P, B, and Q).

Remark 4.16. Inthefirst casethelemmaimplies(Xg*'@Spfxé(pyl/zqwl/z))(P) =0
for al proper parabolic standard subgroups P of G (Lemma4.6).

Proof of Lemma 4.21. It isenough to show rp¢ (f) = 0 for the proper parabolic sub-
groups P of G for the normalized Jacquet functor rp¢ : Rz(G) — Rz(Levi(P)).

Claim 4.3. If ag € P is semismple regular, so that a € Ap is sufficiently P-
contractiveand g isin afixed compact set 2, then

rpa(a®)(ag) = (Dga®)(ag).

To provethe claim it is enough to show

Xrpa(m(a9) = (65" Xa(p))(ag) = (Daxx)(ag) = (65" xx)(ag).

For that let ¢ be semisimple regular with ¢ € T'. Then there exists an integer n
such that g™ = a - s, wherea € Ay and s € S, where S C T' is anisotropic and
T = Ay - S. Remember A was a fixed basis of smpleroots, P = Py for C A
a standard parabolic with split component Ay. Then for every root o of T' we get
la(g)| = |a - s|*/™ = |a|*/™. Now suppose a € Ap isP-contractiveand g variesin
some fixed compact set 2 C P. Then we get for a sufficiently P-contractive
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Da(ag) = Drevicr(9)57 " (a).
Together with Lemma 4.18 this provesthe claim.

By a similar formula for the group M the proof of Lemma 4.21 is therefore
reduced to the calculation of the normalized Jacquet functors of certain representa-
tions. Notice that to keep track of asymptotic conditions, one has to consider ele-
ments ag € T as elements of the two different groups M and G. To keep track of
thiswe deal with thetwo cases o} ¢ 0, and o}, = o, Separately.

Discussion of the First Case, p Cuspidal. For the Segel parabolic P C G we
identified the Levi components of Py, C M and P C G via an isomorphism 1.
This identifies elementst = (z, diag(t2, th)) mod F* in Py (F') with elements of
P(F), also denoted t. With this notation one obtains 62 (t) = [th/ta| = 6p(t)"/°
fort = (z, diag(ts,th)) mod F*. Thus, 6 (pv/? av=1/2) = 5(p§113/6 av=1/?).

The Siegel parabolic P C G isthe standard parabolic group attached to the short
root oy. Fort = gawithg € QN Panda € Ap and a = diag(the, the, tac, tac)
with |as(a)| = |th/t2] < €(2) < 1 Lemma4.18 implies

1o (Xatarsan 1 ) (0 =X, 1, plag), loa(a)] < 1

since 6(pr'/? a v=1/?) is one of two irreducible constituents of the induced rep-
resentation pv'/2 < »=1/2. The normalized Jacquet module of the induced repre-
sentation has the two irreducible constituents pr'/? X v=1/2 and pr—1/2 K 1/2,
The discrete series representation corresponds to the tempered exponent. Hence,
rpa(0(prt/? av=1/2)) = pv/2 K =12, So for sufficiently P-contractive ele-
mentsa, g € Qandt = ag

rpa(8(pr'’? avT2)(t) = Xy (tadet(z)e™ T2 (tathdet(x)) = xo(2)|ta/ta] '/

usingw, = 1. Onthe other hand, 7 p (@) (ag) = (Dgac)(ag) isequal to

2- Dy(ag) (Xp®sp + Xsp®p) (ag) =2-rpym (Xp®sp + Xsp®p) (ag)

for |aa(a)| = |th/t2] < 1. Thisis equivalent to the condition |3(x 1 (a))| =
[th/t2| < 1, where 3 isthe positive root of Py;. Hence,

rpa(a)(ag) =2 T, m <Xp®sp + Xsp®p> (ag)

=2 TPy M (Xp@Sp) (ag)

-9. -9 / 1/2
X o514 (ag) = 2x,(z)[ty /2]
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for |5(a)] < 1 and g staying in some fixed compact subset 2. Therefore, for all
such a

(rap(f))(ag) = 0.

Thisimpliesrgp(f) = 0, or equivalently f(P) = 0. In particular, f(B) = 0
(Lemma4.18).

First Case, p = Sp(x,) Noncuspidal. We briefly indicate which modifications
have to be made in the noncuspidal case p = Sp(xo). For § = §(pv!'/? av=1/2)

rpa(8)(t) = (1+ xo(tatydet(2)))x, () |ty /t2]'/2,

sincerpa(6) = prz av=12 4 prz a yor~ /2. Since, furthermore,

rpa(a®)(ag) =2 T, um <Xp®sp + Xsp®p> (ag)

= 2, (@)|th /t2|? + 2xsp () X0 (tath)[th/ta| /2,

which coincideswith the expression for r p () (ag), we get the same conclusion as
for cuspidal p.

First Case, but Second Maximal Parabolic Q. Now weshow f(Q) = 0 or equiv-
dently rqc(f) = 0. By definition the difference f(¢) of the two distributions a“
and §(pv'/? av=1/2) vanishesfor elliptic semisimple regular elements in the Levi
group of Q. So it sufficesto consider regular elements ¢ in the split tori

t = (diag(t1,t)), diag(ta, ty)) mod F* € By (F) C M(F)

and the image (under the isomorphism )

t = diag(tty, tith, tits, thts) € B(F) C G(F).

Then

(TQGf)(t) = (rQGaG)(t) -2 XTQG(J(pul/QQV*I/Q))(t) = (TQG(O[G))(t),
since roq(6(prt/? < v~1/2)) = 0 as a consequence of the shuffle formula
(page 126).

For raq(f)(t) = 0 it is enough to consider elementst = ag with the property
|aq(a)] < 1, g in some fixed compact subset of @ (Lemma4.18). These conditions
imply | (¢)| = |t1 /)] < Tand 0 < consty < |thth/t1ta| < consts for t. Inother
words |5 /ta| < consts|t1/t]| < 1. For such elementst = ag with the property
|ay (a)] < 1, g in some fixed compact subset of @), we have

(reaf)(t) = (rea®)(t) = Da(t)a(t)

=2 Dp(t)(Xposp + Xspop)(t)-
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Notice, t = ag isalso Bj,-contractive under the assumptions made. Hence,

(rcf)(t) =2 Du(t)(Xpesp + Xspop)(t) =0

for elements ¢ chosen as above, since p is cuspidal. This implies f(Q) = 0 for
cuspidal p.

If p = Sp(xo) and x2 = 1,x0 # 1, it is again enough to consider regular
elementst € @ inasplit torus. A similar computation gives

TQG(f)(t) =2 (XT‘MPJ\J(p®Sp+Sp®p)) -2 XTBG((S(pyl/QQV*l/Q)'

This difference vanishes sincethe first term in parenthesesis yov X xo Kv /2 (t) +
xov ® xo X xor~/2(t), whereas the second term is |t1t} /t)ta2|"/2 (xo(t1t)) +
Xo(t2t5)). Seethe remark on page 132.

The Second Case (p = Sp and a@ = xspesp). The vanishing f(P) = 0. We
already got (see page 132)

rpa(Ty —T_)=2- <5p(ué) X u1/2>.

We know D¢ (t)a(t) = 2 - Dys(t)a(t) holds for al regular semisimple t € G
coming from M. For (z,diag(ts2,t5)) € P with |t5/t2] < 1 and z in a fixed
compact set ) therefore

rp(a®) =2 rpy (@),

Hence,
rec(a® = X, —1)) =0,

as a conseguence of Lemma4.18 and the formula

. . 1
rpy M (@) (2, diag(ta, ty)) = 1ry M (Xspesp) (2, diag(ta, ty)) = xsp() |ty /t2] 2

together with (already used in thefirst case)

Xsp(wi/2)xp-1/2 (diag(tydet(z)a ™" tax)) = xsp(x)[th/ta| /2,

where both formulas hold in the above-mentioned range for «, to, t5.

The vanishing f(Q) = 0 is shown as in the first case. We only used the fol-
lowing two facts: f(B) = 0 as a consequence of f(Pg) = 0, and roa(f) as
a character of Levi(Q)(F) vanishes on the elliptic regular elements. The ana
logue of the first statement has been shown already. The second assertion holds
for f = a“ — x7, _r_ sinceit holds for the distribution o« by the defining for-
mula (Lemma 4.6) and since it holds for the character of roq (T — T-). Recall
T, ®T_ =1 x Spand (by the formulaon page 132)
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QG <T+ - T) =vX(1av~V?).

This formula implies that roc (74 — T-) vanishes on the elliptic locus of
Levi(Q)(F) since it is represented by the character of a representation induced
fromits Borel subgroup. This completesthe proof of Lemma4.21. [

Lemma 4.22. For all irreducible discrete series representations p of GI(2, F)

<Wpi (p)7 Wpi (p)>G,e = 1;

hence,
Wpi(p) = Wp—(p), Wpi(p) — Wp—(p))c.. = 4.

Proof. W1 = Wy (p) aredliptic irreducible representations (Lemma 4.19). There-
fore, (WL, Wi)g.e = a > 0. Wi & W_ isinduced; hence, its character van-
isheson G¢. Therefore, (W.,W_)g.. = —a. Thendso (W_,W_)¢ . = a; thus,
(Wy —W_, Wy —W_)q, = 4a. Thescaar products (m, n’) ¢ . are integers (see
Theorem 21 in [80] in the essential case of groups with an anisotropic center). Sup-
pose W, occurs nontrivialy in the endoscopic character lift (see Theorem 4.4 in
Sect.4.10), then @ € Z and 4a < 4 by Lemma 4.14. This implies the claim
a = 1. Alternatively this follows from [2]: since the R-group in this situation is
R, =W, = Z,/27, itscentral extension R,, (inthe notation in [2]) can be assumed
tobe R, = R, asthe Schur multiplier of cyclic groupsistrivial. Then, by formula
(A*)in[2], we get
a=[R)|™" Y ld(r)] =1,

TeRp‘reg

sinced(r) = 2 holdsfor the nontrivial elementr € R, ,., = R, \ {1}. O

Corollary 4.9. (a) Suppose o, = 01, ® 02, isanirreducible cuspidal series rep-
resentation of M (F') which is not invariant under the outer automorphism .
Then

ng = Xni(ow) = Xn_(ow)
for two irreducible cuspidal representations 7 (o), 7— (o).

(b) I o, isirreducible cuspidal and invariant under «, either xS = 7(my1)xx, , +
(Tw,2) Xryo + MUT0,3)Xny s + 7(T0,4)Xr, , Where the representations , ; are
irreducible admissible nonisomorphic cuspidal representations with coefficients
n(m,i) € {1,—1}, or alternatively

G
X5, = XWpy (o) = XWp_(p,)>
where p, isairreducible cuspidal representations of Gi(2, F).

Proof. Once we have determined the infinitesimal characterswhich contributeto the
character expression for x& , this follows from the integrality of the coefficients
n(m,) (Corollary 4.5) and the elliptic scalar product formula (Lemma 4.14). In
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fact, for cuspidal o, only cuspidal representations , contribute or infinitesimal
characters x for which AD, # 0 (Corollary 4.8). These noncuspidal contribu-
tions are integral combinations of the form Wp4 (p,) — Wp—_(p,) with cuspidal
po (Lemmas4.19 and 4.20). This gives an expression Xfy of theform

Xf@ = Z ﬁ(WU)XWv + Z n(pv)(XWp+(pv) - XWp,(pv))

Ty cuspidal pov cuspidal

on regular semisimple elements, where m,, are irreducible cuspidal and 7(w,) €
{0, £1} and where n(p,) € Z and p, runs over cuspidal irreducible admissible
representations of G(2, F') (Lemma 4.15 and Corollary 4.8). Since XUGU isanin-
tegral linear combination of characters of cuspidal discrete series representations
and an integral linear combination of terms Wp, (p,) — Wp_(p,) for cuspidal
pv'S, the remaining statements follow from the formula (x& , x& )a.e = 2 0r4in
cases (a) and (b), respectively (Lemma 4.13). This together with Lemma 4.22 im-
pliesn(p,) = 0incase (a). In case (b) o} = o, it impliesthat n(p,) # 0 holds
for a most one representation p,,. But then again by Lemmas 4.13 and 4.22 we
obtain x§ = £(Wp(pv) — Wp—(py)) on the elliptic locus. For the remaining
assertion see Corollary 4.6 and the remark thereafter. This completes the proof of
Corollary 4.9. O

If o, is not cuspidal but belongs to the discrete series, then use Lemma 4.21.
If we replace X?v by the distribution f of Lemma 4.21, Lemma 4.21 plays a role
similar to that of Corollary 4.8 for the character lift for cuspida o,. Again we get
an expansion

f= Z (70 ) X, + Z n(pv)(XWer(pU)7XWP7(PU))’

Ty cuspidal pov cuspidal

where 7, are irreducible cuspidal and n(m,) € {0,£1} and where n(p,) €
Z and p, runs over irreducible cuspidal admissible representations of Gi(2, F)

(Lemma 4.15 and Corollary 4.8). Using this, we can express & as a character
sum in such a way that the arguments from the cuspidal case carry over verbatim.
This proves

Corollary 4.10. A similar statement holds for o, in the discrete series, but for o,

not cuspidal. In this situation the statements of Corollary 4.9 carry over with the

following replacements:

(@ For oy, = (p1,0 @ Xo) @ Sp(Xw) = (P1,0 ® Xv, SP(X0)), Wherew,, =1 and
Po = P10 @ Xo 2 Sp(xo) isinthe discrete series, put 7, (0,) = 6(p1,v/? <
Yo~ 1/?) (seethelist of discrete series on page 135). Then

ng = Xﬂ-+(0'v) - XW*(UU)

for some cuspidal irreducible representation w_ (o).
(b) For oy = Sp(xw) @ Sp(xe) = (Sp(xv), Sp(xw)) PUt puy = Sp(x)- Then

G
Xo, = (XT+ - XTf) @ Xv = XWpi(pw) — XWp_(py)-
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4.10 Whittaker Models

In this section global arguments are used, and the relation between the endoscopic
lift and thetalifts playsarole.

Let 7 = ®m, be agloba cuspidal irreducible automorphic representation of
GSp(4,A). Then 7 is ¢-generic if it has a global Whittaker model with respect
to the character v. Since any two nondegenerate characters v are conjugate for
the group GSp(4), we fix ¢ and do not mention it further. Generic will mean -
generic. Under the assumption that # = ®,, is globally generic, al =, are locally
generic, i.e., have a Whittaker model. Conversely, assume all local components 7,
are generic. If the degree 5 standard L-function {(, s) of = does not have zeros on
theline Re(s) = 1, then 7 isglobally generic [9], p. 49.

Suppose w isaweak lift from M attached to anirreducible cuspidal automorphic
form o with holomorphicinfinite component oo, = 01,00 X 02,00 Of Weightsk; > 2,
then the o, are all tempered by the Ramanujan conjecture. Furthermore, the degree
5 standard zeta functionis {(m, s) = ((s)L(01 ® 03, s). It does not have a zero on
theline Re(s) = 1. See[8], p. 200, and [89]. Since the zeta function of aweak lift
does not vanish on Re(s) = 1, we get

Theorem 4.1. A weak endoscopic lift from M is generic if and only if it is locally
generic for all placeswv.

Theorem 4.2 ([95], p.295). Two cuspidal, irreducible generic representations of
GSp(4, A) which are locally isomorphic for almost all places v are isomorphic.

By a theorem of Waldspurger, Moeglin, and Rodier for irreducible admissible
representations o, of a quasisplit reductive group over alocal field £, the following
assertions are equivalent [87], p. 325:

1. o, isgeneric.
2. Thegerm expansion of the character of o, hasanontrivial (positive) contribution
from at least one of the maximal (regular) nilpotent orbits.

By the character formulas this implies that for generic irreducible representa-
tions on a (quasisplit) Levi component, the corresponding induced representation
has at least one generic irreducible constituent. Notice that this does not imply that
the induced representation itself has a Whittaker model. However, in the case of
the completely reducible induced representation 1 x p = Wpy(p) & Wp_(p) it
implies that one of the representations Wp. (p) has a Whittaker model. On the
other hand, considering the double cosets B(F') \ G(F')/Q(F’), one can easily show
dim(Hompry(1 x p,v)) < 1 (an independent and stronger result will be proved
later; see Corollary 4.16). Hence,

Lemma 4.23. For fixed p exactly one of the two representations Wp. (p), Wp_(p)
isgeneric.
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Another consegquenceis

Lemma 4.24 ([87], Proposition 9.6). For tempered irreducible generic represen-
tations o, of M, at least one of the coefficients n(m, ;) of chfv = > n(m)my:
in Corollaries 4.9 and 4.10 is positive n(m, ;) > 0, and the corresponding 7, ; is
locally generic for GSp(4, F,).

Notation. Fix one such generic 7, ; asin Lemma4.24, and denote it by
m+(oy) o, generic, irreducible.

Inspecting Corollaries 4.9 and 4.10, we see that 7 (0,) is obviously unique ex-
cept possibly in the situation of Corollary 4.9(b). However, in this case we will
show in the proof of Theorem 4.4 via a global argument, using Lemma 4.26 and
Theorem 4.3, that the first alternative in the statement of Corollary 4.9(b) cannot
occur. Hence, the generic representations 7 (o, ) turn out to be uniquely defined by
the tempered representation o,, which justifies the notation.

4.10.1 Theta Lifts

The connected component of the group of similitudes of a split quadratic form in
four variables

GSO(2,2) = (GI(2) x GI(2))/{(t.t™Y).t € F*}

is isomorphic to the group M. To determine the generic representation 7 (o)
we consider the local theta lift from M = GSO(2,2) to G = GSp(4) stud-
ied by Soudry [94], [96], p. 363ff, and [70] (loc. cit. p.514 local theory). For the
corresponding global lift see [71], p.416, and [94]. From general properties of
theta lifts one knows that for a global generic cuspidal automorphic representa-
tiono = o1 x 02 of M(A) the thetalift, denoted © (o), contains an automorphic
representation 6 (o) of GSp(4), which does not vanish and has a global Whit-
taker model. Notice 0 = (o1, 02) is generic if it is nondegenerate in the sense
dim(o;) # 1fori = 1,2 (localy or globally).

Of course (GSO(2,2), GSp(4)) isnot an honest dual reductive pair in the sense
of Howe. The underlying dual reductive pair (O(2,2), Sp(4)) was studied in [41].
In fact, the restriction of the representation © (o) to Sp(4, A) is a sum of repre-
sentations of the type stated in Theorem 8.1 in [41], up to character twists . in the
notation in [41].

The global representations © (o) attached to a generic cuspidal automorphic
representations o are cuspidal representations, provided the corresponding theta lift
of o from GSO(2,2) to Gi(2) vanishes. This can be proved for GSp(4) similarly
as for Sp(4) [41], Theorem 8.1 and p. 78ff. The lift of o to GI(2) vanishes for
o = 01 X 09 if 01 ¥ o09. Therefore, for o1 % o thelift of o to GI(2) vanishes
and © (o) is cuspidal. Then every irreducible constituent = of ©, (o) is a weak
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cuspidal lift (in our sense) attached to the automorphic cuspidal representation o
from M. Thisisaconsequenceof Theorem2.4in[70] or formula(*) in[71], p. 417.
In fact formula (*) in [71] computes the degree 4 standard L-series of 7 at almost
all placesv:

L,(0+(0),s) = Ly(01,8)Ly(02, ).

Soudry [97] implied that 7 is not CAP if o = (01, 02) is generic (i.e., if none of
the o, are one-dimensional). Recall that there is at least one irreducible cuspidal
automorphic constituent = of © 4 (o) which has a global Whittaker model. Denote
this constituent

9+ (0’) .
0+ (o) isirreducible and furthermore uniquely defined by o by the generic strong
multiplicity 1 Theorems4.1 and 4.2 stated above.

Theorem 4.3. Suppose o = (01, 02) is a (generic) irreducible cuspidal automor-
phic representation of M (A) with o1 2 o5. Then the global theta lift 1 (o) is
cuspidal and contains a uniqueirreducible generic representation

0+(0)

called the global thetalift. This cuspidal irreducible representation is not CAP, and
isa weak endoscopic lift attached to o. Itslocal components

0 (U)v
have Whittaker models.

The local representations 6 (o), in fact will be shown to depend only on o,
and they will turn out to be uniquely determined by the local theta correspondence
and their property to have alocal Whittaker model. See Lemma4.25(b). Hence, we
write 04 (o), = 04 (o).

4.10.2 The Local Theta Lift

According to the Howe conjecture, there should exist a well-defined local corre-
spondence between irreducible representations

Oy — 9—1— (01))a

where 0, (o, ) denotes the unique irreducible quotient of the local thetalift IT, (o)
considered in [96]. However Howe's conjecture is only proved for dua reductive
pairs when the residue characteristic is different from 2. But we do not consider
an honest dual reductive pair and we furthermore need to include the case of odd
residue characteristic 2. Therefore, we remark that fortunately there are two impor-
tant cases where thelocal thetalift 6, (o, ) islocally defined in a unique way.
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Lemma 4.25. Let o, be an irreducible admissible representation of M =
GSO(2,2),. Then up to isomorphism there is at most one irreducible quotient
m, Of thelocal theta lift © (o, ) if we impose the following restrictions on o, and
7. Either

(@) if o, = Ind(x1, X2) % Ind(x1, x2) isirreducible unramified and the quotient
7, of O(o,) isassumed to be unramified. Then

To 2 X1XT X X2Xi <X
(b) or if o, is generic and the quotient «,, is also assumed to be generic.

Proof. See [71], p. 417ff, and [96], Theorem 3.1. The second part of Lemma4.25
allows usto define alocal theta lift

o, irreducible, generic — 6, (o) irreducible, generic

for all generic o, for which the theta representation I, (o, ) admits an admissible
irreducible generic quotient. This local assignment then obviously commutes with
character twists. It remainsfor us to examine under which conditionsthe local theta
representation I, (o, ) admits an admissible irreducible generic quotient. O

Existence of Generic Quotients. By Theorem 4.3 I, (0, ) admits an admissible
irreducible generic quotient if o, can be realized as thelocal component of a global
generic cuspidal automorphic representation o of M (F'). Up to a local character
twist this is the case for al representations of M (F') in the discrete series (see
the arguments preceding Lemma 4.11). Hence, using the compatibility with local
character twists, this allows us to define the local theta lift .. (o) for al discrete
series representations o, of M,,.

Thelocal thetalift 6, (o) is aso defined for al irreducible induced representa-
tions

Oy = Ind(il,vvilv) X Ind(Xl,v7X2,v)

for unitary characters xi,., X2,0; X1,0, X2,0- Notice unitary principal series of
GSp(4, F,) are irreducible (e.g., [100], Corollary 7.6). The assertion made is a
generalization of the assertion of Lemma 4.25(a) in the spherical case. The argu-
ment for the proof of the latter assertion given in [71], p. 417, can be extended to
hold also in a more general case, where one alows one of the characters to ramify.
Inthis case the map v constructed in [70], p. 418, still properly exists (not just asthe
value of ameromorphic function). By Tate theory the integration over b and ¢ in loc.
cit. remainswell defined in the sense of analytic continuation. In fact, we only have
to assume X2,/ x1,0(a) # 1 to make theintegral in loc. cit. well defined. Without
restriction of generality, this can be assumed unless 1, = X2.0 = Xi,0 = X2.v
holds. This exceptional case is, however, a character twist of the spherical case,
whichis already known. The map v induces a nontrivial intertwining operator

T, : (big Weil representation) ® o, — X1,uX1 4 X X2.0X1.0 < X1,0s
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where we refer to [71], p.417, for details. If the image of T, has a generic quo-
tient, we are done. Since the unitary principal series of G:Sp(4, F,,) areirreducible,
and since representations induced from generic representations contain a generic
constituent, this finishes the argument.

Thereisafurther case of particular importance.

Lemma 4.26. Supposeo, = (pu, pv), Where p,, isanirreducible cuspidal represen-
tation of GI(2, F,,). Then ©, (o, ), and its quotient 1 x p,,, admit a unique generic
irreducible quotient 0 (o)

0.4(00) = Wpi(p.).

Proof. See[106], Lemma8.2 and p. 64. Recall Y inloc. cit. pp.62-63isY’ = D?,
where D,, = M> »(F,). Thespace D,, can beidentified with the quadratic space of a
split quadratic form, realized by the quadratic form det (the determinant on the space
D, of 2 x 2-matrices). The group M = GSO(2,2) actsby (hq, ha) o x = hyzh)
for (h1,he) € M andx € D,,.

It is shown in [106] that the Weil representation on the Schwartz space S(D? x
F*) admitsanontrivial map

¢:8(D? Xqu)HIndg(lﬁpv)@)av, Oy = Po X P,

equivariant with respect to the action of the group G'Sp(4, F) and the group
M(F) = GI(2,F)*/F*, where M(F) acts through the Weil representation on
the left and by the representation o, = p, X p, on the right. The image of ¢
is one of the two irreducible constituents Wp. (p,,) of the induced representation
I ndg(l X p,) [106], Lemma 8.2(2). We know already that exactly one of them —
namely Wp_(p,) by definition—is generic.

We claim that the image of ( is generic; hence, it is the generic constituent
Wp4(py). This was aready expected by Waldspurger (remark after Lemma 8.2
in [106]). The unigqueness statement then follows from Lemma 4.25(b) above.

Proof of the claim. Suppose the image of { is not the generic representation
Wp4(o,). From a result shown in Corollary 4.15 in Sect.4.12, Wp_(o,) isin
theimage of the anisotropic theta lift, also defined in Sect. 4.12. More precisely

97(0—2,1) X 02,1)) = Wp*(o—lv)'

In fact, this statement, proved later, excludes the possibility that 6, (o) isisomor-
phicto Wp_ (o2 ), and therefore proves the claim, since otherwise the restrictions
of 04 (o,) and 6_ (o, ) to the subgroup Sp(4, F,) would have acommon irreducible
component. But by Theorem 9.4 in[41], the (big) anisotropic and isotropic Weil rep-
resentations attached to the dua reductive pairs (O4, Sp(4)) and (O(2,2), Sp(4))
have exactly one common irreducible representation of Sp(4, F,). The proof of
Theorem 9.4 in [41] implies more: This common representation is related to the
trivial representation of SO(4, F,,) under the Howe correspondence. For this notice
that the proof in [41] was obtained by studying Sp(4, F,,)-invariant distributions on
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the tensor product of the big Weil representations. Such distributions factorize over
the Dirac distribution of the point zero in the compact Schrodinger model. The group
SO(4, F,) thereforeactstrivialy on this distribution. This being said, we only have
to exclude the property that the anisotropic Weil representation 6 _ (o, ) with respect
to a cuspidal representation o, = (p,, p,) Under restriction to Sp(4, F,,) contains
the trivia representation of SO(4, F,). This could only happen if p were a spe-
cia representation. But this is excluded since p,, is cuspidal by assumption. This
completesthe proof of the claim and the proof of Lemma4.26. [

4.10.3 The Local L-Packets

For an irreducible admissible representation o, of M (F') we define the local
packet attached to o, to be the set of classes of irreducible admissible represen-
tations 7,, of GSp(4, F) for which n(o,,,m,) # 0 holdsin the expansion x& =
> or, 10w, M) X, - With this definition the local packets are finite (Lemma 4.12
and Corollaries4.9 and 4.10). If o isgeneric and preunitary, then we call this packet
thelocal L-packet.

Remember the previously used notation (introduced after Lemma4.24) to denote
7+ (0,) asany generic irreducible representation 7r; in the local packet, defined by
0., Which occursin the character expansion x (o) = > n(oy, m, )T, Withapositive
coefficient n(o,, m,) > 0.

Theorem 4.4. Let o, belong to the discrete seriesrepresentation of M (F'). Suppose
7, isin the local packet of o,. Suppose =, is generic with the property n(o,, )
> 0. Then

T4(0v) = 04 (0v).

In particular, 7 (o, ) is uniquely defined by these properties.
Hence, by Lemma4.26 we have

Corollary 4.11. For cuspidal representations p,, of GI(2, F,)) and o, = (pu, pv)

T+ (Uv) = Wp-i— (pv)'

Proof of Theorem 4.4. We may assume v is non-Archimedean (for the Archimedean
case, see [4]). Weredize o, = (py, pv) asthe local component of some cuspidal
irreducible automorphic representation of M (A) such that 0o = (0c0,1,000,2)s
where o, ; are holomorphic of weight r; # 7o sufficiently large (see page 100).
Then o is automatically generic, since none of the two local factors o, ; can be
one-dimensional. It is tempered by results obtained by Deligne and Carayol. Fur-
thermore, o1 % o2 globaly. Therefore, the global theta lift 6, (o) isirreducible,
cuspidal, nonvanishing, and generic. It is not a CAP, and a weak lift attached to o
(Theorem 4.3). = = 6, (o) contributes to cohomology (Corollary 4.2); hence, it is
detected by the multiplicity formula (Corollaries 4.2 and 4.4).
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On the other hand consider the local packets attached to the local representations
o Of the global representation o at all other places w # v. For each w there exists
at least one representation ,, = 74 (0, ) in the local packet of o, for which 7, is
generic with n(o,, m,) > 0 (Lemma 4.24). Fix any such local choice so that 7,
isunramified at almost al places and define 7 = ®,,m,,. Temporarily suppose this
representation 7 of GSp(4, A) isautomorphic. Notice o1, o5 are cuspidal. If thisis
the case, m cannot be weakly equival ent to an automorphic Eisenstein representation
since at al unramified places (Lemma4.3) its L-factor is

Lo(X1X7 " X Xoxi ' 9x1,8) = Ly(01, 8) Ly (02, ).

Then for a suitable character twist the left side has poles where the right side does
not have poles. This is a contradiction. Hence, = is cuspidal, but not CAP. Since
T 1SiN the local Archimedean L-packet of o, it isin the discrete series. Hence,
the representation 7 contributes to the cohomology group H{ (see Chap. 1). Since
all local components ,, are chosen to be generic, the representation r is globally
generic (Theorem 4.1). By the generic strong multiplicity 1 theorem (Theorem 4.2)
therefore

0+ (0) = 7i(0).

This proves Theorem 4.4, but of course it remains for us to show that 7, (o) is
automorphic.

For this use the property that 7., is generic. Hence, 7., does not belong to the
holomorphic discrete series. Thus, by Corollary 4.4, the automorphic multiplicity is

m(7r) = m(ﬂoo & 71'fin) = m2(7rfin)~
Hence, by the multiplicity formulaof Corollary 4.4
mo(Tin) = ma(Tpm) — € H n(ow, Ty) > —& = 1.
(e}

This uses the fact that al =, were chosen to satisfy n(oy,,m,) > 0, and it
furthermore uses the fact that the constant < is —1, which amounts to show-
ing m1(7—(0o0) ® [yz00 0+(0w)) = 0 (which comes out easily in Chap.8).
Therefore, 7 is automorphic. This completes the proof of Theorem 4.4. The ar-
gument furthermoreimplies m (74 (o) rin) = 0 by the strong generic multiplicity
1theorem. O

Thisimproves our previous results and gives

Theorem 4.5. For all irreducible unitary discrete series representations o, =
(01,0, 02,,) Of M(F) the non-Archimedean character lift is given by

ng = Xry(00) — X7_(0w)

with irreducible representations = (o,,) and 7_ (o) as follows:
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(8) Suppose o,1 ¥ 0y,2. Then n_(o,) is cuspidal. 74 (o, ) is cuspidal if and
only if o, is cuspidal. If o, is not cuspidal but is in the discrete series, then
oy = (p1,0 @ Xu, SP(Xv)), Where Wpy, =1 and p, = p1,, ® X» # SP(Xv)
isin the discrete series of GI(2, F). In this case the representation = (o) is
§(p1ovt/? ax,v™1/?). Hence, 74 (0,) isin the discrete series of GSp(4, F),
but is not cuspidal.

(b) Supposeoi ., = o02,. Theno;, = p, belongsto the discrete series of Gi(2, F)
and w1 (0v) = Wp(pv).

Furthermore, 7, (o) = 0 (o) has a Whittaker model .2

Proof. Thisimproves Corollaries 4.9 and 4.10 in two ways. First improvement: For
o = (pv, py) and cuspida p,

G _
Xo'v - XWP+(/7U) - XWP*(FU)’

since by Corollary 4.11 Wp_ (p,) must appear in the character expression. The cor-
rect signsare determined by Theorem 4.3 and Corollary 4.11: Wp, (p, ) isageneric
representation, whereas Wp_ (p,) isnot generic (see page 121). This argument car-
ries over to the case o = (p.,,, p») Where p, = Sp(x,) is aspecial representation.
Without restriction of generality we can assume y,, = 1 by a character twist. Then
T_ = Wp_(Sp) istempered elliptic (Lemma4.19) but does not admit a Whittaker
model. Finally T’y = 6, (Sp x Sp) = Wp.(Sp) by Theorem 4.4. Second improve-
ment: 74 (0,) = 04 (0,), which follows from Theorem4.4. O

Theorem 4.6. Let 7, be a discrete series representation of GSp(4, F') over a non-
Archimedean local field of characteristic zero. If m, is not cuspidal, then =, is
generic.

Proof. The representations § (k, f, x) in the notation in [100], p. 42, have Whittaker
models. Furthermore, a discrete series constituent in x; x 2 < x in the regular
case is of the form §(k, f, x) [100], Theorem 8.5. In the nonregular cases (a)—(c)
of the nonunitary principal series, there exists no discrete series congtituent. This
coversall casesthat occur in the principal series. The discrete series representations
contained in representations induced from cuspidal representations of a Levi sub-
group of the Klingen parabolic are generic [88], p. 285 and Theorem 5.1. Finally
Silberger [93] proved that discrete series constituents of representations which are
induced from cuspidal representations of a Levi subgroup of the Siegel parabolic P
aregeneric. [

4.11 The Endoscopic Character Lift

In this section we summarize the facts that have been collected so far.

2 Notice that 7_ (o, ) does not admit a Whittaker model. See Corollary 4.16 and Chap. 5.
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Let F' be ap-adic local field. Let M be the group GI(2) x GI(2) and let G be
GSp(4). Let x denote the involution of M, which switches the two factors. Let P
denote the Siegel parabolic in G. Let Py, denote the parabolic in M, which is the
product of GI(2) in thefirst factor and the group of lower triangular matricesin the
second factor. Themap (z, diag(tz2, t2)) — blockdiag(thdet(x)x ™t tox) identifies
the Levi componentsof Py, and P, and hence relates representations

p(z, diag(tz, t5)) = o1(x)x1(t2)x2(t5)
of the Levi component of Py (F’) with representations
p(blockdiag(X-g~", 9)) = o1(g)x2(N/det(g))

of the Levi group of P(F). With these notations and identifications we construct a
homomorphismr(a) = a“

r =1, : Rz[M(F)] — Rz[G(F)]

between the Grothendieck groups of finitely generated admissible representations
(the endoscopic character lift) with the following properties:

1. It describes the endoscopic lift locally
a(f*) =r(Q)(f), [feCE(a).

2. It commutes with Galois twists (Lemma4.10)

3. It commutes with character twists (Lemma4.8)
rle®@x) =r(0) ® X
4. It commutes with involution x
r(o*) =r(o).
5. It commutes with induction
rord (p) =r9(p),  p€ Rz[GU2,F) x F7]

(p isdefined by p viathe identification of Levi componentsof Py, and P above).

6. It preserves central characters, i.e., the central characters of the irreducible rep-
resentations which occurs nontrivialy in (o) and the central character of o (de-
fined by the central character of o; or o3) coincide.

For the last statement notice that irreducible admissible representations o of G ap-
pear in the form

o= (01702)7
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where o; are irreducible admissible representations of GI(2, F') with equal central
character w,, .

Here and in the following we use the convention to write (o) = r(x.), €tc.
In other words, we do not distinguish between irreducible representations and their
characters.

Recall. The group M generated by M = GSO(2,2) together with the outer au-
tomorphism x is isomorphic to the group GO(2, 2), the group of orthogonal simil-
itudes of a split quadratic form of rank 4. In this disguise, the endoscopic lift r is
related to the local theta correspondence o, «— 6 (o,) between M = GO(2,2)
and G = GSp(4). For 0 = (01, 02) wehave o* = (02,071).

Let us explicitly describe thislocal lift » on the irreducible admissible tempered
representations of M. Therelevant cases are:

1. Description of r in the discrete series case. Suppose o is an irreducible, ad-
missible representation of M (F') which belongs to the discrete series. Under this
assumption there exists a set {m (o), 7— (o)} of two isomorphism classes of irre-
ducible, admissible representations of G(F') attached to o such that

r(o) = ny(o) —7_(0).
Furthermore, the representations 7, (o) have Whittaker models, and:

(I) Either o* = ¢. Then, athough o belongs to the discrete series, both 7 (o) do
not belong to the discrete series. They are tempered elliptic representations of
G(F) (limits of discrete series).

(I1) Or o* % o. Then for o in the discrete series, the representation 7_ (o) is a-
ways cuspidal and 74 (o,,) belongs to the discrete series. Furthermore, 7 (o)
iscuspidal if and only if o iscuspidal.

More precisely, the representations 7+ (o) are described as follows:

la. If o; are both cuspidal and not isomorphic, then 74 (o) are both cuspidal.
1b. Thecasewhere o, = o4 iscuspidal. Inthiscase 71 (o) = Wpi (o). Remem-
ber these representationsare elliptic relativesin the sense of Kazhdan. In partic-
ular, they are not cuspidal. Only Wp_ (o1) hasaWhittaker model. In Sect. 4.12
we will also show
m_(o) =Wp_(o1) =0_(01).

Note that 6_(o1) is an anisotropic theta lift, which in genera is well defined
only up to some additional hypotheses (e.g., Howe conjecture, residue charac-
teristic not equal to 2). But by Corollary 4.17 of the next section it is defined
unconditionally:

r(o) = Wpi(01) = Wp_(o1) = 0 (1) — 0_(01)-

lc. If o1 = p1 ® x isin the discrete series, and 0o = Sp(x) % o1 is a special
representation, then 7, (o) = d(p1*/? a xv~'/2?) isin the discrete series, but
isnot cuspidal, and 7_ (o) is cuspidal
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r((o1,8p(x))) = 8(p1v'/* axv™ %) =7 _(0).

1d. If 0; = Sp(x) are both the same special representation, then m4 (o) =
Wpy(o1) = (T4 —T-)®x with tempered 7' . By the discussion of the nonreg-
ular case (b) (in Sect.4.7) T = R»(4) is the anisotropic thetalift 6_ ((1,1)).
Therefore, T has no Whittaker model. 7', = 6. (o) is the indefinite theta lift
(see Sect. 4.12)

r((Sp(x), Sp(x))) = (T4 — T-) @ x = 0 ((Sp(x), Sp(x))) — 0-((x x))-

This completes the description of the lift r(o) for discrete series representations.
Now consider the tempered case and two further cases, which are important for the
Saito—Kurokawalift. We state the results and then we give the proof:

2. Tempered, but not discrete series. Suppose o = (o1, 02), where oy isirreducible
tempered and o2 = Ind(x1, x2) isinduced from a pair of unitary characters.
Then (o) isrepresented by the class of the irreducible tempered representation

r((o1, Ind(x1,x2))) = o1x; ' <xa-

2'. Suppose both representations o; are irreducible unitary generic. Then r(o) =
74 (o) isirreducible (for o = (01, 02)), except in those cases which were listed
in(1).

Definition 4.5. Suppose ¢ is a preunitary irreducible generic admissible represen-
tation of M (F'). Then the irreducible representations r, which occur nontrivialy in
the linear combination (o) — viewed as a subset of the equivalence classes of irre-
ducible admissible representations of G.Sp(4, F') —will be called thelocal L-packet
attached to o.

Hence, by (1) and (2') these local L-packets have cardinality either 2 or 1.

If o is preunitary but not generic, at least one of the two representations o;
of Gi(2, F) defining o is one-dimensional. In these cases the image packets de-
fined by the support of the lift » do not define “ L-packets,” but rather describe
the “Arthur packets” For the Archimedean analogue see [3], case 1.4.1, with
fu(¥) = r((o1,1)) in the notation of loc. cit. These are relevant for the Saito—
Kurokawalift.

Hence, suppose dim(o2) = 1. A character twist alows us to assume — without
restriction of generality —that oo = 1 isthetrivia representation. Then the centra
character istrivial, and hencew,, = 1:

3. Degenerate case. If o7 is cuspidd (w,, = 1) or of theform o1 = Sp(xo) for
Xo # 1 but x2 = 1, then

r((o1,1)) = Jp(W'/?, 00 K1) 4+ 7_(01)
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is the sum of two irreducible representations. .Jp (v/2, oy X 1) is nontempered,
and 7_ (o) is cuspidal. The second representation 7_ (o) := 7w_((o1,Sp)) is
by definition the one that appearsalso in thelift 7 ((c1, Sp)) = 74 ((01, Sp)) —

T ((01, Sp)).
Furthermore,
r((Sp,1)) = J'+ T-

is a sum of two irreducible representations, where T is the tempered represen-
tation that also appearsin thelift 7((Sp, Sp)). Finaly,

r((al, 1)) = 1 odet<xa
isirreducible nontempered if o1 = I'nd(x1, x2) istempered.
Last but not least:
4. Thetotally degeneratecase. r((1,1)) = J — J’ and the remarkable case 5.

r((x0,1)) =A+B—-C—D

for xo # 1,x3 = 1 with four irreducible representations A4, B, C, D described
in the proof below.

Concerning the proof. By Theorem 4.5 it is enough to consider the assertions made
for cases (2)—(4). We use compatibility of » with induction, which givesthe follow-
ing explicit formulas

r((Ind(3, %2), Ind(x1,%2)) ) = Xxi* % Xaxi " <,

and more generally theinduction formula, which makesthe result given on page 106
more explicit

Lemma 4.27.
r((al,]nd(X1,X2))) = 0‘1X1_1 X1 -

Proof. The Levi componentsof P, and P (see pages 106ff and 136) wereidentified
by the comparison map v

(z, diag(ta, th)) € Py — blockdiag(Ag™", g) = blockdiag(thdet(x)z ™" tox) € P,

where in this formula ¢}, is assumed normalized to be t;, = 1, which identifies
theimage of (z, diag(t2,t5)) in M (F') with aunique representativein GI(2, F') x
GI(2, F). Viathisisomorphism 1) the representation

p(z,diag(ta, t3)) = o1(x)x1(t2)x2(t5)

of the standard Levi group of P, isrelated to the representation
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ﬁ(blockdiag()\g_t, g)) = o1(g)x2(\/det(g))

of the standard Levi group of P. To make this compatible with the notation for
induction from P to G used in Sect. 4.7, we now write blockdiag(\ - g%, g) =
blockdiag(z,-x~%). Hence, g = 7-z~* and A = 7. S0 p mapsblockdiag(x, Tx~t)
o 01(9)s(Vdet(9) = (013 )(@x2(N) = (o1x5")(ra—)xa(r). Using
the contragredient representation, this gives (o1x5")*(2)(wo, X5 “X2)(T) =
(o1x7 M) (x)x1(7). In the symbolic short notation used in Sect.4.7 the lift
7((o1, Ind(x1, x2))) becomestheinduced representation

—1
o1X1 <9X1-

This provestheinduction formula. [

Proof of case (2). By the last lemma and from the previousresultsit remainsfor us
to show that

r(o1, Ind(x1,x2)) = Ulel X1

is irreducible and tempered for al irreducible tempered representations o; of
GI(2, F) and unitary characters x; and is at least irreducible for al unitary o; and
al oo = Ind(x1, x2) in the unitary complementary series.

We distinguish certain cases. First, for special or cuspidal o; and unitary y; the
representation oy ;" <x1 isirreducible tempered by the results obtained by Shahidi
(01 cuspidal) and by Tadic (o, specia): Infact for x? = 1, thelast caseisimplicitly
containedin the discussion of case (a) onpage 127. If x? # 1 only for the nonunitary
charactersy; = v*%/? and y; = xor*'/? therepresentation Sp(x; *)<x1 becomes
reducible. See the second basic reducible case on page 123. We leave the details as
an exercise. Hence, in fact, the representation (o, Ind(x1, x2)) = o1x; " < x1
is still irreducible for Ind(x1, x2) in the unitary complementary series, since then
x1 = xv~*and xo = xv* holdsfor aunitary character y and —) < s < ;.

Second, r(Ind(x1, X2) X Ind(x1, x2)) isirreducible tempered for unitary char-
acters x;i, X., Since the unitary principal series of G are irreducible (Rodier—Tadic).
But the representation remains to be irreducible if either o1 = Ind(X1, x2) Or
oo = Ind(x1,x2)), or both of them belong to the unitary complementary se-
ries. For this notice that for characters x1, x2, X1, X2 such that x1x2 = X1X2
the representation (1 (X1, X2), I(x1,x2)) = §, X {7 <xa isirreducible except
for )21/)22 = p+! <~ )21)22/)(% = p*! (thaI means ]()21,)22) or ](Xl,XQ) is
not irreducible) or Yo/x1 = v*! (or x1/x1 = v*!', which amounts to an inter-
change of x; and x-). The first cases need not be considered. In the latter case
we can assume xz/x1 = v by an interchange of (x1, x2) and (x1, x2). Hence,
(X1,X2) = (?""x2,vx1) by Xx1X2 = X1X2, Whichgives X1 /X2 = v~ *x2/x1. This
cannot happen if the o; belong to the complementary series and/or the tempered
principal series. This provesthe assertions madein case (2). O

Let us turn to the degenerate case r((o1,02)) where o, 1 is the trivia

representation.
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Proof of Case (3). First assume o iscuspidal or o1 = Sp(x0), xo # 1 and without
restriction of generality with central character w,, = 1. Thenr(o) is

r((al,lnd(u_l/Q,ul/Q))) —7((01,Sp)) = (o' /?) a2 — r((o1,Sp))

=(8(o1v"? au2) + Jp(ow 2 avT V) = (8(o1vt 2 auTE) — 1 (1))
= Jp(ov? av V) 4 1_(0y).

Herewe used o1 v'/2 a =12 = §(oyvY/? av=2) + Jp(o1v'/? av=1/2) inthe
Grothendieck group. Jp (o112 < v~1/2) is the nontempered Langlands quotient,
which arises together with the discrete series representation D = §(oyv'/2 av=1/2)
in (o1v1/2) av~1/2. See page 135 for the special representations, and page 119 for
cuspidal ;. Recall that 7_ (01) isacuspidal representation. Hence,

r((Sp(x0),1)) = Jp(Sp(xo0)v*/? < xor™?) + 7_(Sp(x0))-

Next consider the case oy = Sp, where r((Sp,1)) = r((Sp, Ind(v—/2,
v1/2))) = r((Sp, Sp)). r((Sp, Ind(v=/2,v1/2))) = Sp(v'/?) av=1/2 istherep-
resentation denoted L = T, + J' in the discussion of the nonregular case (a) on
page 127. Recall

J = Jp(W'/? SpRv~Y2) = Jp(Sp(v'/?) av=1/?)

isanirreducible nontempered L anglandsquotient. On the other hand, r((Sp, Sp)) =
Ty —T-.Hence, r((Sp,1)) = J' + T-_.

The case of induced representations oy = Ind(x1, X2) for unitary characters x;
remains. Then x1x2 = 1, since w,, = 1. In the Grothendieck group Sp + 1 =
Ind(u71/2,u1/2). Thus, r((]nd()zl,f(g),l)) = )Zlul/2 X )Zgyl/Q qQuTiz
r((Ind(x1,X2),Sp)) by the induction formula. Also 7((Ind(x1,X2),Sp)) =
7((Sp, Ind(x1,X2))) = Sp(X;") < X1, again by the induction formula. In fact
Ind(x1,X2), when considered as an element of the Grothendieck group, does not
depend on the choice of the Borel group. x1v/2 x xov!/2 av=1/2 = 1v'/2 x
1~ Y/24ax4 (onthelevel of Grothendieck groups) hastwo irreducible constituents.
Oneis Sp(x1)<x2. Theotheris x; odet <2, which isnontempered. See page 134.
Altogether this shows that r((Ind(y1,Y2),1)) = X1 o det < X2 is irreducible
nontempered. [

Proof of cases (4) and (5). To compute r((1,1)) consider r((Ind(v'/?,v=1/%),
Ind(v=1/2,11/2))). By theinduction formulathisisy x 1av~1/2 = 1 x yarv=1/2
in the Grothendieck group. According to the discussion of the nonregular case (b) in
Sect. 4.7 (see page 128), thisis J + J' + T\, + T. Sincer((Sp, Sp)) = T — T,
thisimplies2-r((Sp,1)) +7((1,1)) = J+J'+2T_. Subtracting 2 - r((Sp, 1)) =
2J' +2T_, thisgivesr((1,1)) = J — J'.

Now thefinal case xo # 1, x2 = 1

T((Xo, 1)) = r((]nd(XOV_1/27 X0V1/2)7 1)) - T((Sp(XQ), 1))
= 7((1, Ind(xov~'/%, x0v"/?))) = r((Sp(x0), 1))-
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By theinduction formular((l, Ind(xor~'/?, Xoyl/Q))) = yov/?odetayor—1/2.
It is a quotient of yor X xo < xor~'/? (second basic case on page 123 for y =
/2y, regular case with four irreducible constituents) and

1/2 1/2

0— Sp(V1/2X0)<1X0V71/2 — UxoXXodXoV /7 — (V1/2X00d6t)<1X0V7 — 0.

Therefore, r((XO, 1)) = A+ B— Jp(Sp(xo)v'/? axor='?) —7_(Sp(xo)) using
the earlier discussion of case (3). The first two terms denote the two irreducible
constituents A, B of xov'/2 o det <« xor~/2. O

Final Remark. Thelocal description of the endoscopic character lift carries over
to arbitrary local fields of characteristic zero. See Sect. 5.1.

4.12 The Anisotropic Endoscopic Theta Lift

Consider the inner form M, of M, which is characterized by
M(F) = D* x D*/{(z,™") | = € F*} = GO(4,q)(F),
where D isaquaternion skew field over the local field £, and where
q=Normp/p:D — F
isthe norm form vv = ¢(v). The group M. (F) actson D by
(d1,dz) - v = dyvda, di,ds € D*,v € D.

Thekernel SO of themap M. (F) — F*,whichmaps(di, dz) to Normp,p(didz),
is compact. Irreducible admissible representations of M (F') are of the form
F(dy,ds) = 5(d1) ® d2(d2), where &, areirreducible admissible representations of
D*, whose central characters coincide. We write 5 = (51, 62).

Thebilinear form 2- B(v, w) = ¢(v+w) —q(v) —q(w) is2- B(v, w) = vw+ww;
hence, B(v,w) = jtrp,r(vw) for the reduced trace trp . Extend the bilinear
form B from D to the form B & B on D?. Fix some nontrivial additive character
1 of F. Every nontrivial additive character ¢(z) is of theform ¢, (z) = 1 (tz) for
somet € F*. Let S(D) and S(D?) denote the space of Schwartz—Bruhat functions
on the vector spaces D and D?, respectively. M..(F') naturaly acts on S(D) and
S(D?), and hence also on its subgroup SO. For X,Y € D? and symmetric 2 x 2-
matrices with coefficientsin F' put

o =t (1 (BB X = o

Y = (y1,92).



4.12 The Anisotropic Endoscopic Theta Lift 159

The Weil Representation «. This representation of G'Sp(4, F) is defined on
the Schwartz space S(D? x F*), and is given for generators of the group. Since
the norm form ¢ of D represents every ¢t € F™*, the Weil constant e(q, ;) =
[ i(q(z))dz/| [ +(q(x))dz| does not depend on ¢ (the integral is the limit of in-
tegrals over p.", since ¢ (g(x)) isnot in L'). Hence, the general formulas of the
literature are simplified considerably in this case. They are

(7)o = wi@rx. ) e,

where X = (171,1’2) S D?. For X oA = (xlan + Toa91,x1012 + I’QCLQQ) and
a a

A= 11 412
az21 @22

( (‘3 Ao_t> V(X ) = |det(A)2D(X o A, 1).

Then
0 F N
”((E o>>‘b<X> 1) = ealg, ) (X, 1),
with the Fourier transform defined by

B(X,t) = /D O(Y, )y <2Q(E, X, Y))det.

Herees(g, 1+) denotesthe Weil constant, and dY7,, denotesthe self-dual Haar mea-
sure on D with respect to this Fourier transform. Finally,

E 0 _
n(<0 ,\E) O(X,t) = (X, tA7H).
The representation 7 is a preunitary |eft representation on S(D? x F*), and defines
aunitary representation on the Hilbert space L?(D? x F*). The Weil representation
commutes with the unitary right action of the group M. (F') defined by

7((dy,d2))®(X,t) = |q(dids)|* - ®(d1 X da, q(d1ds) ™ t).

Notice an element A € F™* can be viewed as an element of the center {(\, 1)} of
M. (F) or aternatively asan element diag(AE, AE) in the center of GSp(4, F). In
both sensesit actsby ®( X, t) — |A\[*®(AX,t/A\?). For theisotropic case, see[78].

Central Characters. For unitary charactersw of F* one defines a surjective pro-
jection map
S(D?* x F*) — S(D* x F*,w)
by
O(X,t)— [ A OOAX, A" 2)w(N) Lo\

F*
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Notice that every equivariant map from S(D? x F*) to a vector space, on which
the center of G(F") or M. (F') acts by w, factorizes over this projection map. Hence,
thereis an induced action of G(F) x M.(F) on the space S(D? x F*,w), which
makes the projection map equivariant with respect to G(F') x M.(F). The repre-
sentation thus obtained is a w-representation, i.e., the center of G(F) acts by the
character w.

Let G and M? denote the subgroupsof G(F') and M, (F'), respectively, of finite
index, defined by all elements whose similitude factor respectively whose norm is
in (F*)2. Let Sy, (D? x F*,w) bethe subspaceof S(D? x F*,w) of al functions
whose support with respect to the second variable ¢t € F* is contained in the coset
to(F*)? C F*. By choosing representatives to of F*/(F*)?, we obtain a decom-
position

SD*xFrw)= P  S(D* x F*,w),
to€ F* /(F*)2

where the subspaces S, (D? x F*,w) are stable under the action of the subgroup
GY x M?. Let wy betherestriction of the character w to the subgroup {+1} C F*.
Then, by specializing the value of ¢, we obtain identifications

evy, Sy (D? x F*,w) = S(D?, wy),

(X, 1) — (X, to).
Using thisisomorphisms, the action of G° x M? transportsto an action on the space
S(D?) denoted ;. Hence, asaGY x MY module,

SD*xFrw)= P (S(D?),m).

to€F* /(F*)2

Lemma 4.28. The Weil representation = of GSp(4, F) on S(D? x F*,w) isadmis-
sible. Itsrestriction to the subgroup Sp(4, F') is preunitary.

Proof. For both statements it is enough to consider the action of the subgroup
Sp(4, F). One is thus reduced to the finitely many representations S(D?), m, ),
for which the claim is easy to verify. O

The Weil Representation 7. Similarly one defines a unitary Weil representation
7 of thegroup GI(2, F') on S(D x F™*) by theformulas

#()7))2000) = el B(e. ) - 2t

ﬁ((g a(_)1>)<1>(x,t) = [a[2®(za, 1),

#(( )2t =210 v0b (o)
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where now 1 (g, 1) = —1 for the standard additive character ¢ = ), of F, and
where dy,,, denotes the self-dual Haar measure on D for Fourier transform with

respect to ¢,

q)(x7t) = /D cb(y’t)wt(2 : B(:c,y))dywt.
Again
ﬁ((é g) O(x,t) = d(a, A1),

This defines a unitary left representation of G1(2, F'). It commutes with the unitary
right action of the group M..(F) on S(D x F*) defined by

7~T((d1, dz))(p(fﬂ, t) = ‘q(dldz)‘q)(dll’dg, q(dldz)ilt).

Similarly, as above one can restrict oneself to a subgroup of elements whose de-
terminant or norm is contained in (£*)? and describe the resulting representations
within S(D).

4.12.1 The Global Situation

Now we switch the notation. Let F' be a number field with adele ring A and D a
global quaternion algebra over F'. There are global analogues = and 7 of the local
Weil representations defined above on the global Schwartz spaces S(D3 x A*) and
S(Da x A*), respectively. The theta distribution

9 S(Dy x A*) — C, (i=1,2)

do= Y B(X1)

(X, t)EDix F*

defines functions
ﬂ@(m,g) = ﬁﬂ(m,g)@ and ﬁﬁ(m,g)¢> (m>g) € MC(A) X G(A)

on M.(A)/M.(F) x G(F) \ G(A) of moderate growth for G = GSp(4) and
Gl(2), respectively. For an irreducible subspace 7 of the space of cusp forms on
M.(F)\ M.(A) thethetarepresentation © _ (1) is defined to bethe G(A )-invariant
space of all automorphicformson GSp(4, F)\ GSp(4, A) spanned by the functions

/ S (m x g)f (m)dm,
J M. (F)\M.(A)

®inS(D3 x A*), and where f runsover al functionsin the representation space of
7. Let w denote the central character of 7. Suppose the representation space O _ (1)
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is contained in the space of cusp forms. Let 7(7) be some irreducible constituent
of it. By evaluation with & = &,®? for fixed ¥ outside p one obtains local maps
Yo : S(D? x F*) — m, a p. They factorize over the projection map

Yop
S(D*x F*) " = mp

-

S(D? x F*,w,)

4.12.2 The Anisotropic Theta Lift (Local Theory)

Let F' belocal again. Irreducibleleft representations & of thegroup M..(F') areof the
form & = (61,d2) for irreducible representations 61, 62 of the group D*, whose
central characters, denoted w, coincide. Since D* is compact modulo the center,
the irreducible representations &;, and hence aso &, are finite-dimensional. Let 5*
denote the contragredient representation. The Weil representation 7 defines a right
actionof M. (F). Fortheleftaction7;(h) = 7(h~!), let W bethe maximal quotient
space of S(D x F*), onwhich M. (F) actsfrom left via7; by the irreducible dual
representation 5*. Then W isaquotient of S(D x F*,w) for the central character
w of ;. Since the action 7 of GI(2, F) commutes with the action of M.(F), W
is a module under GI(2, F). In fact it is isomorphic to the following GI(2, F)-
submodule of the tensor product

S(Dx F*,5)={®eS(DxF,w)@Vs|7(h)®=ac(h)®, Vh € M.(F)}.
In other words, the functionsin this space satisfy
6-(d1a d2)¢(x7t) = |Q(d17d2)‘ : q)(dldeat/Q(dldQ))

Infact, M. (F) iscompact modulo the center, and W isthe maximal ¢*-quotient of
S(D x F*,w), where the center acts by a scalar. So the last claim is a consequence
of the theorem of Peter and Weyl and Schur’s lemma.

Similarly, one defines GSp(4, F)-modules S(D? x F*, ).

Lemma 4.29. The GI(2, F')-representation space S(D x F*,5) iszero unless g =
(61, 02) with &1 = &,.

Proof. 7 (M. (F)) commuteswith the natural action of the center F* on S(D x F*).
If &(x,t) € S(D x F*,5) isnot zero, then there exists a quasicharacter x of F*
such that for apreimage ' of ® in S(D x F*) ® V5 we have

P, (z) = /EF* / ' (za,t272)|2Pw(2) " x(t) " dotd® 2 # 0.
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Then q)X € S(D) and (I)X(d1$d2) = (X|.|_1)(q(d1d2))5'(d1,dg)q)x(fﬂ). For
(d2)™ := (d2)~! = da/q(d>) without restriction of generality we can assume

&3 (d2) = 2(dy)

to be defined on the same space. Then @, (dyzd; ') = (x|.|71)(q(d1)/q(ds)) -
51(d1) K a3 (d2) @, (x). The exact sequence0 — S(D*) — S(D) — C — 0 and
the Peter—Wey! theorem for the compact group D*/ F* and the nonvanishing of ®,,
forcesg; = g9 asin [41], Theorem 9.1a. [

The situation for the Weil representation of the group GSp(4, F') is different.

Lemma 4.30. For all irreducible unitary representations & the representation of
GSp(4,F)on S(D? x F*, &) isnontrivial.

Proof. Followsfrom [41], Theorem 9.1b, and [105]. O

Definition 4.6. Let ©_ () denote the admissible quotient representation (S(D? x
F*,5),n(5)) of the Weil representation m of GSp(4, F) defined on S(D? x F*).

4.12.3 The Jacquet-Langlands Lift

Jacquet and Langlands defined a lift which assigns to an irreducible representation
p of the multiplicative group D* of a quaternion algebra over the local field F' an
irreduciblerepresentation p = JL(p) of GI(2, F') inthediscrete series. Thisdefines
a bijection between the classes of irreducible representations of D* and the classes
of admissible irreducible representations of GI(2, F) in the discrete series.

Thelift JL(p) is defined as follows. Let w be the central character of /. Let D!
be the subgroup of D* of elements of norm 1. Define arepresentation p of Gi(2, F)
(see [42], Propositions 1.3 and 1.5 for K a quaternion algebra) on the space of
functions ®(y) in

S(D,p)={® € S(D)®V, | ®(zh) = p(h) "' ®(x), h € D'}

by
(o 1))20) = v (B 2) 2t

forT € F,a € F*, wheree;(¢,v) = —1 for our fixed standard additive character
1y of F, and where dy,, is the self-dual Haar measure on D for Fourier transform
with respect to ¢
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B(y) = /D ()2 B(z,y))dzy.

Finally, for an arbitrary z, € D'\ D* with norm g(z») = A
A0 .
'0((0 1) O(y) = lg(xn)| - plzr)P(yxr).

Then p( (8‘ 2\) D(y) = w(A\)P(y). According to [42], Theorem 4.2(ii), the repre-

sentation p isisotypic, i.e., isomorphicto deg(p) copies of theirreducible represen-
tation JL(p).

4.12.4 The Intertwining Map b
Let & = (51, 052) be an irreducible representation of M.(F)on Vs = Vi, ® Vs,.
Let V. denotethe dual space of V5, fori = 1,2. Then we define amap
b: Vi ®@SDxF*5) — S(D,é2)
by
v1 @ O(y, t) = vi (D(y, 1)).

bis well defined. For h € D! wehave h™ = h and ¢(h) = 1 by definition. Hence,

b © ®)(yh) = vi (®(yh, 1)) = vi (Jg(h~ ) @(yh ", q(h)))

= o} (7(1L,h )y, 1)) = vi (52(0"1)(y,1)) = F2(h™ )i (@(y, 1))

Thisimpliesb(vi ® @) € S(D, 52).

Equivariance. b is equivariant with respect to the representations trivy; @ of
Gl(2,F)onV; @S(Dx F*,51 x62) and p = JL(&2) ontheimage space. Sinceb
isdefined by the specialization ¢ = 1, thisassertion isclear for the action of the sub-
group SI(2, F) by adirect comparison of the generators of Si(2, F'). Equivariance
for the elements diag(A, 1) follows from

b(vi ® 7(diag(A,1))2(y, t)) = vi(w(N)D(y, A))
and

p(diag(A, 1))b(vi @ @(y,1)) = [Aoa(z2)o1 (R(yaa, 1)), gqza) = A
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= |AG2(zx)vr (P(yza, Aq(r))
= 02(2) v (52(22)D(y, A))
Ga(@ama)vr (D(y, A))
=01 (w(A) (Y, A)).

The Kirillov Model. Assume 6 = (61,d9) for 61 & &2 (Lemma 4.29). Then
without restriction of generality Vi, = C¢ and 9(d2) = &1(d3 )~ (both acting
on C%). Thisidentifies V5 with the space of matrices M, 4(C) so that the action is
defined by

5(dy, d2)X = 61(dy) X o1 (da), X € Vi = My q(C).
For ®(z,t) € S(D x F*,5) andy # 0 then
a(y)®(1,t) = o(y, 1)@(1,¢) = [q(y)[P(y, t/a(y)),

o(1,t)5(y) = o(1,y)@(1,1) = [a(y)|®(y, t/q(y))-
Hence,
G1(d)®(1,t) = ®(1,t)51(d)

foral d € D*. Since g isirreducible, thisimplies
O(1,t) = p(1,t) -id,  o(1,t) € C.
Hence, forall y # 0
D(y,t) = »(1,tq(y))laly)| " - 51(y) € Ma,a(C).

Notice dim(d2) > 1 implies ®(0,¢) = 0. Hence, the last formulaimmediately
implies

Lemma 4.31. For d = dim(oz) > 1 and & = (J2,d2), acting on M, 4(C) as
above, the map ®(z, t) — (t) = ®(1, ¢) defines an isomorphism

S(D x F*.5) = {<I><x,t> = lq(@)| 51 () (ta(x)) \ oc S<F*>} ~ S(F),

in the sense that ®(0,¢) = 0. For dim(&2) = 1 theright side has codimension 1 in
S(D x F*,5).
bis injective. Let ej beabasisof V' and suppose

d d

0=b(3" ¢t @ ®i(x.)) = la(@)| " Y pilta(a))e; (61(x)) € €

i=1 i=1
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For d = 1 then obvioudy ®(z,t) = 0. Ford > 1 weputz = 1, then >, efyp;
(t) = 0. Hence, ¢;(t) = 0 for al 4, and therefore ®;(z, ¢) = 0 by the last lemma.
Hence, b isinjective.

By Theorem 4.2(ii) in [42], the representation p isisomorphicto deg(p) - JL(p),
where JL(p) istheirreducible Jacquet—Langlands lift of 5. Hence, the representa-
tion (7, S(D x F*,5)) for & = (52, d2) isirreducible and isomorphic to JL(52).
Furthermore,

Corollary 4.12. b is an isomorphism.

Lemma 4.32. Suppose s = (51, d2) satisfies 51 = &5 for irreducible 2. Then the
representation 7(¢) of GI(2, F') on S(D x F*, ) isirreducible and isomorphic to
the Jacquet-Langlandslift o = JL(52).

4.12.5 The Q-Jacquet Module of the Anisotropic Weil
Representation ©_ (o)

The Weil representations = of GSp(4, F) and 7 of GI(2, F'), defined above, are
related as follows. For the Klingen parabolic subgroup @ of GSp(4, F') the repre-
sentation 7, considered as a representation of the Levi group, is isomorphic to the
normalized Jacquet module of 7 with respect to the parabolic Q up to a character
twist

3, n(Q) = 7w

The subgroup N C Q(F') defined by all matrices

1000

0107
"m=loo10| TEF

0001
is the center of the unipotent radical of Q. For ® € S(D? x F*)
(71'(71(7’)) - 1)@($1,$2,t) = <’(/Jt(TB(CC2,.’EQ)) - 1)®(x1,x2,t).

Since ¢ (7B(0,0)) = 1,themap p : S(D? x F*) — S(D x F*) defined by
p: (a1, z2,t) — P(x1,0,t) factorizes over a quotient map

p: S(D*x F*)/(W(N) - 1)S(D2 X F*) =5 S(D x F*)
such that

Claim 4.4. The induced map p is an isomorphism.
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Proof. Any Schwartz—Bruhat function with ®(z1,0,t) = 0 is afinite linear com-
bination of products ¢; (1, t)p2(z2) With ¢ € S(D x F*) and ¢ € S(D) and
¢2(0) = 0. So one is reduced to showing that ¢2(0) = 0 implies that there ex-
ists ¢3(I2,t) € S(D X F*) and 7 € F* such that ¢2(I2) = (wt(TB(IQ’IQ)) —
1)¢s(x2,t) for al ¢ in the support of Supp(¢;). Since this support condition re-
stricts ¢ to be bounded || > |¢o/, this can easily be achieved by choosing = with | 7|
sufficiently large, so ¢ (tTq(z2)) = 1 implieszo € V for some fixed open subset
V of the point 0, on which ¢, vanishes. Define ¢3(z2, t) to be zero on V and to be
b2 (x2)/ (W (TB(x2,x2)) — 1) On the complement.

Notice that
p € Homgp) (55”2 ® S(D? x F*),S(D x F*) ® u)

isQ(F)-equivariant. For n € Q(F)

a0f x
| xax x
n= y00 ’
000 Aot

we get after a slightly lengthy computation, for which one has to express the em-
bedded involution in the Weyl group of @ as a product of elementary matrices in
GSp(4, F), theformula

(7)o =P -ﬁ((: g))@(x, 0,1).

The unipotent radical of Q(F') actstrivially on theright side. Thisimplies
S(D x F*)= S(D?* x F*)/(n(N) — 1) = S(D? x F*)/(r(Rad(Q)) — 1).

sincedyj (1) = |a|?|A|"" and A = ad — By, this computesthe normalized Jacquet
module of 7 with respectto Q. O

Lemma 4.33. p induces a Q(F)-equivariant isomorphism o, "/* @ 7(Q) = 1K
(T @v).

Concerning the Notation. On theright side of the isomorphismin the last lemma
we used the notation given on page 120. | n other wordsthe standard L evi component
of @ isidentified with thegroup F* x GI(2, F’) using the coordinatesa and «, 3, 7, ¢
of n from above. In this sense, the representation istrivial on £'* and isomorphic to
7 ® v asarepresentation of the second factor GI(2, F').

Furthermore, p is M.(F)-equivariant for trivial reasons, up to the factor
|¢(d1d2)]. Hence,
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Lemma4.34. p: (5(51/2@7((@) ~ 7evisM.(F)-equivariant, where M, (F') acts
on 551/ * @ 7(Q) by the representation induced from =, and by the action induced
from 7 @ v asaright moduleand 7; ® »—! asa left module.

For agiven irreducible representation  of M.(F) we already defined the maxi-
mal quotient representation © _ (&) of S(D? x F*, ), on which M.(F) actsfrom
the left by &*. Therefore, by last two lemmas d,,'/*6_(5)(Q) = 1K S(D x
F*,5 @ v~1) isthe maximal quotient of S(D x F*, 7) onwhich 7 ® v actsby &*

7 > 0_(5) = S(D? x F*, )
V ¥
51Q/27T(Q) >0_(5)(Q)
1X(7F@v) >JLsov ) ev

Using JL(5 ® v~ 1) ® v = JL(&) (the Jacquet—L anglands correspondence com-
mutes with character twists), we obtain from Lemmas 4.29 and 4.32

Corollary 4.13. For an irreducible representation & = (51, 62) of M.(F') the nor-
malized Jacquet moduleéc_?l/Q@, (6)(Q) vanishesfor 5; 2 5, and satisfies

557 ©0_(5)(Q) = 1R JL(5)

for o1 = 5.

Therefore, p definesanontrivial intertwining adjunction map
p(5) : (S(D2 x F*,&),w(&)) 5 Indg(1 X (S(D x F*,&)),fr((f))
by the adjunction formula (e.g., [93], Theorem 2.4.3)

Homg((S(D? x F*),n(5)), Ind$()) = Homq (55" *n(Q), 7).

4.12.6 Whittaker Models

We claim that (S(D? x F*), ) does not admit a nontrivial Whittaker functional.
Let vy, 1o benontrivial additive charactersand suppose L isaWhittaker functional,
i.e.,

L:S(D?*x F*) — C, L(ﬂ(n(x,y,u,v,t)(b) = 1 ()2 (y) L (D)
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foral ® e S(D2 x F*) andall

10x u

lov 7
n(eywvt) = | (o7, | €QP)

000 1

intheunipotentradical U (F') of the Borel subgroup. The commutator group consists
of the matriceswithz = y = 0.

Since L(w(n(r))®) = L(®) foral 7 € F, thefunctional L factorizesL = Lop
over afunctional L : S(D x F*) — C. Abbreviatep(®) = ® € S(D x F*). Then
by the U (F")-equivariance of L and the Q(F')-equivariance of p

Pa(y) - L(®) = a(y) - L(®) = L(m(n(0, y, %, %, %)®) = L(®P)
foral y € F. Therefore, L(®) = 0 for al ®; hence, L = 0.

Lemma 4.35. Thespaces© _(5) = S(D? x F*, &) do not admit Whittaker models.

Proof. If one of these spaces admitted a nontrivial Whittaker functional, then by
composition with S(D? x F*) — S(D? x F* &) S(D? x F*) would also admit
anontrivial Whittaker functional, contradicting the computation above. This proves
thelemma. O

4.12.7 The Siegel Parabolic

The normalized Jacquet module of the Weil representation (S(D? x F*),n) for
the Siegel parabolic P in GSp(4) is isomorphic to the representation of the Levi
component GI(2, F) x GI(1, F) of P

5;1/2 @n(P) = <u1/20det) X <u3/2 ®S(F*)) )

in the notation given on page 119.

Proof. Q(T, X, X)) = 0 for al symmetric 2 x 2-matrices T implies X = 0. There-
fore,

S(D? x F*)/(W(N) - 1) =~ S(F¥),

induced by

D(z1,22,1) — ©(0,0,1) € S(F),
where N denotesthe unipotent radical of P. Theargumentis similar to the one used
in the case of the Klingen parabolic. [

Since blockdiag(A, NA~*) has modulus 6p = |det(A)/A|*/? and induces an ac-
tion on ®(0,0,¢) in S(F*) defined by ®(0,0,t) — |det(A)|?®(0,0,t/)), we
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get ®(0,0,t) — |det(A)[2|\]>/2 - ®(0,0,t/\) for the action on the normalized
Jacquet module S(F™).

By the adjunction formula this induces a nontrivial adjunction map from
(S(D? x F*), ) to theinduced representation Ind%(v'/? o det ) (13/? @ S(F*)).
In short notation

(S(D? x F*),7) — v?odet < (1/3/2 ® S(F")).

There are analogous maps for the quotient representationson ©_ (5) = S(D? x
F* 5).

Corollary 4.14. For irreducible representations 51 2 2 and ¢ = (1, 52) the
admissible representation 7(5) of GSp(4, F) on ©_(5) = S(D? x F*,5) isa
cuspidal representation.

Proof. For all parabolic subgroups P the Jacquet module S(D? x F*,5)(P) isa
quotient of the Jacquet module for the Klingen parabolic group, as the discussion
above shows. Under the assumption made for &, the Jacquet module with respect
to the Klingen parabolic vanishes (Corollary 4.13). Hence, the Jacquet module with
respect to all standard parabolic subgroupsistrivial. This provesthe claim. [

Corollary 4.15. Suppose 51 = 55 isirreducible and dim(52) > 1. Then the image
of the adjunctionmap p(5) : ©_(6) — 1 x JL(52) is

Image(p(5)) = Wp—_(o) for o = JL(52).

The kernel of the map p(&) is an admissible cuspidal w-representation, i.e., a cusp-
idal representation on which the center acts by the central character w of &.

Proof. Under the assumptions made, & cannot be a quotient representation of
5o P em(P) = <u1/20det) X <u3/2®S(F*)); hence, ©_(5)(P) = 0. Therefore,
the kernel of the adjunction map for the )-Jacquet module is a cuspidal representa-
tion. On the other hand, the image of

p(3) : S(D? x F*,5) — Indg\p) (1 X S(D x F*,z;)) =1 x JL()
isasubrepresentation of 1 x JL(52) (Lemma4.32) suchthat JL(52) iscuspida by
our assumptions, and which decomposes

1x JL(52) = Wpy(JL(52)) & Wp_ (JL(52))

into the direct sum of two irreducible representations (Lemma 4.19). Since the im-
age of p(5) does not admit a Whittaker model (Lemma 4.35) and Wp_ (&) does
admit aWhittaker model (Theorem 4.4 and Corollary 4.11), theimage of p(&) must
beWp_(o) whereo = JL(52). O
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4.12.8 The Anisotropic Theta Lift _ (o) (Global Theory)

Again consider aquaternion algebra D over some totally real number field F'. Sup-
pose Sy is afinite number of placesincluding al Archimedean places. Suppose D
ramifiesat all placesv in Sy. The global group M. is anisotropic modul o the center
over the global field F' such that M.(F) = (D* x D*)/F*. The same holds for ll
local fields at places v € Sy.

Suppose we have admissible irreducible representations

Oy = 5—1,1) X 62,1)’ (U € SO)

of M.(F,) for all placesv in Sy. Assume there exists a global idele class character
w such that w, isthe central character of 5; , and &5, at all placesv € Sy. Let us
make the following additional assumptions:

Assumption 1. There are places v',v"” € Sy such that dim(G1,) > 1 and
dim(Gg,pm) > 1.

Assumption 2. For some place v’ € Sy we have 5, 1 % Gy 2.
Since M..(F,) is anisotropic modulo the center for v € Sy, the unitary represen-
tation of M.(F,) on S(D? x F*,w,) iscompletely reducible:

S(DEx Fy,w)= @ S(DIxF;6,), veS.

w(F2,v)=Wy

The functions ®,, with compact support are dense in the Schwartz space at the
Archimedean places.
Suppose we have functions

®, #0€ S(D?*x Fr,5,) (VoS

such that ¢, € R,, where R, denotes some fixed admissible subrepresentation of
S(D? x Fr,5,). We can view @, aselementsin S(D? x F*,w,). Chooselifts

d, € S(D2 x F) (veSy),

under the central projection S(D? x F) — S(D? x F}) and some sufficiently
close approximations @/ so that @/ are functions with compact support also for
al Archimedean v € Sp. There exist points (X,,t,) € D? x F; such that
P! (X,,t,) # 0. Approximate these finitely many local points by a global point
(X,t) € D* x F* such that

(X1 £0 (Yo e S).

We may assume X # 0. Then choose afunction [], .o @/, at the remaining places
not in Sy with a sufficiently small support containing the global point (X, ¢) such
that " =[], @/, hasthe property
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supp(®) N (D? x F*) = {(X,1)}.

Then
Jor(1,1) = ®'(X,t) # 0.

In particular, the theta distributionis
’19@/ (m, 1) # 0

as afunction of the variablem € M. (A)/M.(F). Thenit is easy to see that there
also exists a choice of [, g, ®,, such that 95 (m, 1) # 0. Hence, by assumption
(1) there exists a cuspidal automorphic representation & = &1 x &2 of M.(A) of
dim(&;) # 1 and afunction f = fs, f°° in the representation space of & such that

Ls(®)(g) = /M ey, Yol Dm0

The corresponding thetalift mapsto the space of cusp formsof G/(A\) by assumption
(2). It defines a subspace ©_ (&) of the space of cusp forms of GSp(4, Ar). We
can therefore use orthogonal projection pr, : ©_(5) — = to (any) irreducible
automorphic quotient 7 of the completely reducible representation space ©_ ().
The composed map

preoLy:S(D*(A) x A*) — 7

factorizes over amap
prroLy:S(D} x Ap,w) — T,

where w denotes the central character of 7 (or of &). The restriction of this map
prr o Ly todementsin S(D} x Fy,6,) @ [[,,, Puw € S(DX x Af,w) defines
for asuitable choiceof [ [, ,, &, anontrivial intertwining map

R, — 7.

In particular, 7, isaquotient of R,.
Sincewe areinterested herein the non-Archimedean placesv for thecase F' = Q,
assume for the rest of this section.

Assumption 3. F' = Q andv # oo anddim(G1,00) = 1 and dim(&a,00) =k—2> 1.

Assumptions (1)—3) together imply the following. By assumption (3) the
cuspidal representation 7 constructed above contributes to cohomology. By
Theorem 2.4(1) in[70], itisaweak lift of 0 = 01 x 02, Whereo; = JL(5;) arecus-
pidal (holomorphic) automorphic representations of G(2, F') obtained from & by
the global Jacquet-Langlands lift. Since dim(&) # 1, the Ramanujan conjectures
holds for the representations o; by the theorem of Deligne. Hence, Theorem 2.4(1)
in [70] asoimpliesthat 7 is not a CAP representation.
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Now use Remark 4.4 in Sect.4.3 (or Lemma 5.6 in Chap.5, which follows
from the Hasse-Brauer—Noether theorem). It implies mq(7) # ma(w). Hence,
T = ®,m, 1S “detected” by the multiplicity formula: n(o,,m,) # 0 holds for all
places v. Therefore, 7, is isomorphic to either =, (o, ) or 7_(o,). Since 7, does
not have a Whittaker model

Ty 2 m_(0y).

Definition 4.7. We have now defined a unique irreducible quotient representation
m, Of the anisotropic thetalift ©_ (5, ). We call this representation _(5,,), and we
asowritefor o, = JL(5,)

Ty = 0_(0y).

With this notation we obtain

Corollary 4.16. Assume that o, is an irreducible discrete series representation of
M (F,) at a non-Archimedean place. Then

r(oy) =04 (o) —0_(0y).
Furthermore, 6_ (o, ) = m_(0,,) does not have a Whittaker model.
The Archimedean case of thisiswell known.

Corollary 4.17. Suppose dim(d,) > 1 0of &1, ¥ J2,. Then under the assump-
tions of Corollary 4.16, the Weil representation on ©_(5,) = S(D2 x F*,5,) is
isomorphic to a finite multiple of the cuspidal irreducible representation 7_ (o).

Proof of Corollary 4.17. Either 41, % J2.,. Then ©_(5,) is cuspida
(Lemma 4.14). In the category of smooth w,-representations the cuspidal repre-
sentations are projective. Since © _(4,,) is cuspidal admissible, and since the center
acts by the character w,, this representation is completely reducible. Hence, ev-
ery irreducible summand R, € ©_(5,) must be isomorphic to 7_(o,) by the
arguments preceding Corollary 4.16.

Or G,,1 = d2,,. Then there exists an exact sequence

0—-K—0_(5,) = Wp_(o,) =0

with w,,-cuspidal kernel (Corollary 4.15). Hence, again K is completely reducible
and every irreducible summand R, € K C ©_(d,) must be isomorphic to
m_(oy) by the arguments above. On the other hand, 7_(o,) = Wp_(o,) by The-
orem 4.5. But Wp_(o,) is not cuspidal. Hence, K = 0 and ©_(5,) = 0_(o,) is
irreducible. O

Remark 4.17. For the omitted case dima, = 1 and 51, = &2, the representation
m_(0,) isnot cuspidal. Neverthel ess an anal ogousresult was obtained by Kudlaand
Rallis (see Sect. 4.12, page 130).



Chapter 5
Local and Global Endoscopy for GSp(4)

In this chapter we refine the global description of the endoscopic lift obtained in
Corollary 4.2. The main result obtained in this chapter is Theorem 5.2, which is a
specia case of aglobal multiplicity formulaconjectured by Arthur. We consider the
symplecticgroup G Sp(4) over an arbitrary totally real number field F. Inthe special
case F' = Q and for irreducible automorphic representations = with 7, in the
discrete seriesthe proof of thistheoremisgivenin Sects. 5.2 and 5.3. In Sect. 5.1 we
explain how the local endoscopic character lift is constructed for arbitrary local base
fields of characteristic zero. In Sects. 5.4 and 5.5 we explain how the Arthur—Sel berg
trace formula can be used to extend the results obtained in Sects. 5.2 and 5.3 to the
case of arbitrary totally real number fields and arbitrary irreducible automorphic not
necessarily cohomological representations 7. The proof of Theorem 5.2 is based on
two ingredients:. the principle of exchange and the key formula (stated in Sect. 5.3).
The latter can be directly deduced from weak versions of the trace formula (see
Chap. 4, Corollary 4.2, or Sect.5.5). It deals with simultaneous changes of global
representations at two places. The principle of exchange, on the other hand, deals
with an exchange of the representation at one place exclusively, and its proof boils
down to a special case of the Hasse-Brauer—Noether theorem (Lemmab5.4). Thisis
based on an explicit theta lift. At this point we use [56], which unfortunately forces
us to make the restrictive assumption that F' is a totally real number field. Since
we apply results obtained in [56] in a rather specific case, it is very likely that this
restriction on F' can be removed.

5.1 The Local Endoscopic Lift

In this section we extend the results obtained in Chap. 4 to the case of arbitrary local
fields I, of characteristic zero. We restrict ourselvesto the non-Archimedean case.
For the Archimedean case see [90, 91].

Let Rz[G,] and Ryz[M,] denote the Grothendieck group of finitely gener-
ated, admissible representations of G, and M, respectively. For a finite sum
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a =Y n; m,; € Rz(G,) with integer coefficients n; and irreducible, admissible
representations, ;, and alocally constant function f,, with compact support on G,,,
put a( fy,) = > ;- tr my,i(f,). Similarly for the group M,,. Irreducible admissible
representations o, of M, areconsidered asapair (o1, 02, ) Of irreduciblerepresen-
tations of GI(2, F,) with equal central charactersw., = wa,. Thiscommon central
character w,, will be called the central character of o,. For a quasicharacter .,
the character twist for G, is defined via the similitude homomorphisms G, — F
(Lemma4.8), and similarly o, ® x» = (01,0 ® Xv, 02,0 ® Xuv). Recal 0 — o* was
defined by (01 4, 02,0)* := (02,0, 01,0)-

Theorem 5.1 (Nonarchimedean Lift). There exists a unique homomorphism
r= TJ?/IZ : Rz[M,] — Rz[G,]

between the Grothendieck groups with the following properties:
(i) Thelift r isendoscopic: For « € Rz[M,]

a(f;™) = r(@)(fo)

holds for locally constant functions £,,, fM+ with compact support on G,,, and
M,, respectively, and matching orbital integrals.
(i) Thelift r preservesthe central character, and commutes with character twists

r(oy @ xv) = 7(00) @ Xo-

(iii) Thelift » commutes with parabolic induction
o T%C;U (pv) = Tg: (Pv),
where p, isin Rz[Gl(2, F,) x F}], and where Py, is a maximal proper
parabolic of M, and P, isthe Segel parabolic of G,. Smilarly for induction
from the Borel groups By, , B, of M, and G,, we have

ro T%CIU (pv) = Tg: (pv)-

(iv) r(c*) = r(o).

(V) » commutes with Galois twists
r(ol) = r(ow)7, T € Aut(C/Q).
In addition the refined properties of Sect. 4.11 hold.

Concerning the proof. The above-mentioned properties of the endoscopic lift have
aready been shown for p-adic fields QQ,,. To extend this to the case of ageneral non-
Archimedean local field F;, of characteristic zero, again one reducesthe case to that
of of irreducible representations o, in the discrete series by local arguments. For
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the global arguments we now replace the topological trace formula by the Arthur—
Selberg trace formula. Choose atotally real number field £ of degree at least 2 over
Q with completion F), at the non-Archimedean place v. Suppose one can find a
global cuspidal automorphic representation o 22 o* extending the given discrete se-
ries o,,, where o can be chosen to be cuspidal at some additional non-Archimedean
place w # wv, belonging to the discrete series at all Archimedean places. Now
one stabilizes the Arthur trace formula for the group GSp(4, Ar), using the fun-
damental lemma for GSp(4) (see Chaps. 6-8). For this it is enough to consider a
simple version of the trace formula with a test function of the form f = [[,, fu.,
where f,, isadifference of pseudocoefficients of the discrete series representations
T4+ (000), T— (00 ) @ al Archimedean places of F. Furthermore, we may assume
fuw to beamatrix coefficient of a cuspidal representation 7_ (o,,) a some auxiliary
place w, say, where F,, = Q,, splitsand where o, is cuspidal. Then Arthur’s trace
formula can be stabilized with arguments analogous to those in Chap. 4 starting
from [6], Corollaries 7.2 and 7.4. For the details and further technical assumptions,
we refer to Sect. 5.5. Once the Arthur trace formulahas been stabilized, one can de-
duce from it the following statement: The endoscopic lift r(o,,) of the character of
adiscrete series representation o, of M (F,,), apriori only defined as a distribution
satisfying properties (i) and (iii) from above, can be expressed as a finite integral
linear combination r(o,) € Rz[G,] of characters of irreducible, admissible rep-
resentations of G(F,). The construction of this “integral” lift is the crucia step
(generalizing Lemma 4.11 or its Corollary 4.5), and it will be explained in more
detail later. Once this is known, al properties of the lift are deduced completely
analogously to the p-adic case. So, for the proof of the theorem, it remainsfor usto
construct theintegral lift, since up to acharacter twist o, can be embedded globally.
See the comment on page 182. [

5.1.1 The Integral Character Lift

We want to show the existence of the integral character lift for irreducible, admis-
sible representations o, of M,,. It is enough to assume o, isin the discrete series.
The endoscopic transfer of distributions applied to the character of o, defines dis-
tributions on GG,,, which will be called character lifts of the characters o,,. We have
to show that the character lift isalinear combination of the characters of irreducible
representations

r(o,) = Z n(0y, Ty) * Ty-
This uniquely determines the transfer coefficients n(c,, 7, ), once they are known
to exist, by linear independence of characters (see [76], Proposition 13.8.1). So it

remains for us to show the existence of such an expansion, and integrality of the
coefficients.
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Archimedean Case. According to Shelstad [90,91] this holdsin the Archimedean
case such that, furthermore, the Archimedean transfer coefficients n(o, 7o) be-
longto {£1, 0}, and only finitely many are nonzero [91], Theorem 4.1.1(i).

Non-Archimedean Case. To obtain a corresponding local character lift for an ar-
bitrary local field of characteristic zero, we copy the arguments used so far. We have
to replace the global arguments. Since these arguments involve several steps, we
first summarize for the convenience of the reader the different steps involved in the
proof of the p-adic case. Afterwardswe discuss how this carries over to anon-p-adic
local field.

5.1.2 Steps (0)—(xi) of the Proof (in the p-Adic Case)

(A) Global Inputs. The stabilization of the global trace formulain Chaps. 3 and 4
was the source for the desired weak character identitiesr(o,) = > n(oy, ) - 7o,
with coefficientsn (o, 7,) in C. A priori these sumsare not finite, but arelocaly fi-
nite and hence absolutely convergent (see Sect. 4.6 [76]). The coefficients n(o, 7,)
are directly related to global multiplicities m(7) of automorphic representations 7.
In fact, the basic result was the identity (Corollary 4.2)

© s nl(onm) = mx¥ @ mp) —m(rl @),

for aglobal weak endoscopic automorphiclift 7y = ®,..m, Of aglobal irreducible
cuspidal automorphic representation o = ®y2000y, for which ¢* 2 ¢ holds,
where m(7) denote the multiplicity of 7 in the discrete spectrum, and 22, 7!V
denote the irreducible Archimedean representations defined by the Archimedean
character lift (o) = ¥ — w2 defined by Shelstad [91].

Claim 5.1. Formula (0) implies for the local component o, of o

(i) r(o,) isan absolutely convergent sum

r(oy) = n(oy) - Ze(av,ﬂv) - Ty

o

for certain n(o,) € C* such that the following hold:

(i) (integraity) e(o,,m,) € Z and (o, m,) = 1 for m, = 71 (0,) (as defined
below).

(iii) (product formula) [, n(c,) = 1.

(iv) (Shelstad) n(o) = 1.

Proof of the Claim. Theorem 4.3 provides the existence of a globally generic cus-
pida representation 7. = w4 (o) such that (74), = w4 (o,) for dl v, and
m(ry) = 1. Being generic implies (71 )oe = 74 (00) = 7Y (0s). Since
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m(ry) = m(r¥ @ (74)¢) = 1, the principle of exchange (see Lemmas 5.4 and
5.5) impliesm(r% ® (7)) = 0. Hence, [, n(ow, 74 (0w)) = 1 by formula
(0). For
n(oy) :=n(ov, 74+(0v))

we get n(ox) = 1 from [91], Theorem 4.1.1(i), and hence (iv). (iv) together
with the product formula just obtained gives (iii). Assertion (i), on the other
hand, is a consequence of the global stabilized trace formula. For (o, 7,) =
n(oy, m)/n(oy, 74 (0y)) obviousy e(o,,m,) = 1 for m, = 74 (0,), by defini-
tion. So for (ii) only (o, m,) € Z has to be shown. From [91] we can assume v
isnon-Archimedean. Put 7¢ = T, ®uw£v,00 T4 (0w) 8N (T4) f = Qoo T4 (0w)-
By (iii) and (iv) we have [, .., n(ow, 7+ (0w)) = 1; hence,

e(oy,my) = (o0, ) H n(ow, 7+ (o0w)) =

wH#oo

n(oy, Ty)

n(oy, 74 (0,

) H (0w, T4 (0w)) = H (O, Ty ).

woco w00

Together with formula (0) applied for the representation 7 ¢, instead of 7 ¢, this gives
e(o, 1) = m(ny @ Ty) —m(nl @ 7y),

and hence (ii), since theright sideis an integer. Thisprovestheclam. [

(B) Local Inputs. A purely local investigation of the character lift, using compati-

bility with parabolic induction, gives (Lemmas4.12 and 4.27):

(v) n(o,) =1 for generic o, not in the discrete series.

For the elliptic scalar product < 7,,w, >. ontheelliptic regular locus of G, write
70|12 =< 1y, 75 >e. Then (seein particular Sect. 4.5 and Lemma 4.14) we have

(vi) (Weyl integrationformula)  ||r(c,)||? = A, - [|ou]|? = A,
for irreducible o, in the discrete series of M, where A, = 2 or 4 depending on

whether ¢} 2 o, Or 0} = 0.

Furthermore (Sects. 4.6, 4.9, Lemma 4.20, and Corollary 4.8), for o, in the dis-
crete series the classification of irreducible, admissible representations of G, im-
plies that there exists a second irreducible representation 7_ (o) such that:

(vii) Zm e(oy, m4(0y)) -7y = L(0oy) + R(0oy) for L(oy) = 74 (0y) — 71— (0y)
and
(viii) || L(cw)||? = A, and < L(oy), R(0y,) >=0

with the same coefficients A, = 2, 4 as above.
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Combining (A) and (B). For thefinite set S of places, where the (suitable chosen
global cuspidal irreducible) representation o 22 o* belongs locally to the discrete
series, statements (vi) and (vii) aboveimply

[Tz = T nen)®- TT 1D elow mi(o0) - mll2 <1 - T IZ(0w)II2,
veS veS veES Ty veS

since [],cq n(ov)? = 1 by (iii)«v). Theinequality obtained isin fact an equality,
sincetheleftandtheright sidesareequal to ] |, . 4 A, by (vi) and (viii), respectively.
That an equality holdsforces | R(a,)||? = 0 from (vii) and (viii). Therefore,

(ix) >, elow,m) 7 = mi(00) — 7—(00)

for o, in the discrete series (for o) and ||r(0,)||? = || - e(0y, 7 )m0||?. Hence,
[7(0u)[IZ = (o) ? - | Xoe(ow, mo)m |2 implies A, = [n(0,)[? - Ay, OF
0 In(on)] = 1.

On the other hand, the local non-Archimedean theory of Whittaker modelsimplies
(xi) n(o,) isapositive real number,

since m_(o,) does not have local Whittaker models (Lemmas 4.35 and 5.6 and
Corallary 4.16). This implies n(o,) = 1; hence, we obtain from (x) and (xi) the
final formula

r(oy) = mi(0v) —m—(00)

for all o, in the discrete series realized in a global representation o. Since up to a
character twist every irreducible representation o, in the discrete series of M, can
be realized as the local component of a global cuspidal irreducible representation
o of M(Ap), which follows from the existence of strong pseudocoefficients for
Gl(2, F,), this completes the proof for o, in the discrete series. The general caseis
reduced to this case by purely local methods (asin Sects. 4.5-4.11).

How this Generalizes. To see how this carries over to the case of an arbitrary non-
Archimedean local field of characteristic zero, observe that all the arguments above
were of general nature, and hence carry over to a non-Archimedean field of charac-
teristic zero immediately, except that the trace identity (0) needs some equivalent in
the general case, which now will be provided by the strong multiplicity 1 theorem
for M (Ap) (or GI(2, Ar)) and aversion of the Arthur trace formula(Lemma5.8in
Sect. 5.5). Formula (0) then again implies (i)—(iv), from which one deduces (v)—(xi)
as above. Finally (0)—(xi) imply all properties of the local endoscopic character lift
r(o,) asinthe p-adic case. Thisincludes the statements of Theorem 5.1.

Concerning the Proof of Formula (0). To be accurate, one has to use an avatar
of Lemma 5.8 for two reasons. On one hand, in the formulation and proof of
Lemma 5.8, the existence and properties of the local character lift will already be
used in special cases. Secondly, using an avatar getsrid of twisting by multipliersin
the proof of Lemmab.8. By examining the different stepsin the proof of Lemmab.8,
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one sees that formula (0) can be proved by making slight changes in the argument.
First, it is enough to use the existence of the local character lift only in situations
where the formulais already known, say, for the Archimedean places[91] and for
places where the number field £ splits, i.e., where F,, = Q,, isap-adic field. Sec-
ond, for the proof of (0) multipliers are not needed, since in this case it suffices to
use astrongly simplified version of the trace formulaof Deligne-Kazhdan type. We
sketch the main steps of the argument which gives formula (0) at the end of the
proof of Lemma 5.8 in Sect.5.5. For the moment the reader is advised to skip this
proof at first, since argumentsfrom Sects. 5.2-5.4 arealso used. [

This being said, we return to the representations 7 (o) defining the loca
L-packets. They can be further described in terms of the genera classification
of irreducible admissible representations of GSp(4, F,,) asin Sect. 4.11. But they
can also be described in terms of athetalift (Weil representation) in Sect. 4.12.

5.1.3 Complements on the Local Theta Lift

Extended Jacquet-Langlands Correspondence. Let D, be the nonsplit quater-
nion algebra over F,, and M, = (D} x D¥)/F;. The quotient is defined by the
embeddingt — (¢,¢t=1) of F* in D} x D;.

The Jacquet—L anglands lift describes the irreducible discrete series representations
of the group Gi(2, F3,) in terms of the irreducible representations of the multiplica-
tive group D; of the quaternion algebra. We can use this to define an extended lift,
denoted .J L, from the irreducible admissible representations of the group M, to the
irreducible, admissible, discrete series representations of the group M,,. In fact the
description of M, and that of M, asaquotient of two copies of D} and GI(2, F,),
respectively, allows us to extend the Jacquet—L anglandslift ./ L in the obvious way.
By this the irreducible, admissible discrete series representations o, of M, corre-
spond uniquely to irreducible, admissible representations &, of M, and vice versa
viathe correspondence o, = JL(5,).

Quaternary Theta Lifts. M, can be considered as the group of special orthogonal
similitudes G:SO(V) of asplit quaternary quadratic form over F,. Similarly M, can
be considered as the group of specia orthogonal similitudes GSO(V') of the qua-
ternary anisotropic quadratic form over F;,. This defines the theta correspondence
for the groups GO(V') and GSp(4) asin Chap. 4 for arbitrary number fields F'. It
relates representationso¢** and 7, of GO(V') and GSp(4) if 0¢** @ m, isaquotient
of the big theta representation « defined in [104], Sect. 4, or in Chap. 4. Although
the big theta representation in [104] is defined in a dlightly different way, we will
use results obtained in [104] whenever they carry over: The groups GSO(V) are
subgroups of index 2 in GO(V'), so in generd irreducible admissible representa-
tions o, of GSO(V') cannot be extended uniquely to irreducible representations of
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the group GO(V). If o, = o, there exist possibly two nonisomorphic extensions

v

o&** of the representation o, to GO(V'). One can consider the representations on

v

GSp(4, F,) attached to o5 by the theta correspondence.

Notice there is a subtlety present in the definition of the theta correspondence: Ei-
ther one deals with it on the level of representations of the groups O(V'), Sp(2n)
or one deals with it on the extended level of the groups GO(V'), GSp(2n). Both
points of view are of relevance. The representations obtained from the thetalift for
GSp(4, F,), say, with a fixed central character of the center Z, of GSp(4, F.,),
can be obtained — via compact induction from Sp(4, F,) x Z, C GSp(4, F,)
— from the Sp(4, F,,)) representations obtained from the (O(V'), Sp(2n)) corre-
spondence [104], p. 470. This often allows us to decide whether o<t has a lift to
GSp(4, F,) [104], Proposition 4.11. Inversely, therestriction from G = GO(V') to
O(V) ismultiplicity free. For this see [41], Lemma 7.2, and the remarks after it on
p. 94 for the split and the anisotropic quaternary spaces V.

The Definite Theta Lift. Using the last remarks, the statements, Theorem 9.1, and
the results obtained in [41], Sect. 10, carry over from Sp(4) to GSp(4). Hence,
the local theta correspondencefor GSp(4, F,) and GO(V') is always nontrivial for
anisotropic V. In other words, to every irreducible representation ,, of M, thetheta
lift ©(5,) is nonzero for the theta correspondence with respect to some extension
of &, from M, = GSO(V) to GO(V). Let £6(5,,) denote the set of isomorphism
classes of irreducible admissible representations, of G, = GSp(4, F,,), for which
G, X 7, iIsaquotient of the big Weil representation of the pair GO(V') x G,,.

Lemma 5.1 (Density Lemma). (i) £6(6,) = {7_(0,)}, and for 5, 2 &} or
dim(d,) > 1 thisisa cuspidal representation.

(i) Furthermore, given a finite set .S of places w of a number field £ and given
unitary representations &, of the discrete series of M,, and irreducible repre-
sentations 7, of G, in £6(5,,) for all w € S, suppose the central characters
w, of &, are the components of a grdssen character w of F'. Then there exists a
corresponding automorphicirreducible cuspidal representation of M (A ) and
a nontrivial irreducible cuspidal automorphic theta lift = of o, which realizes
the given local representations r,,, for all placesin S.

Proof. See Corollary 4.17 for (i). For (ii) see page 171, noticing the following [

Comment on Global Embeddings. One can enlarge S by a place w, and choose
some &, ¥ &, with central character w,, to obtain the situation described in
Chap. 4, page 171. From the existence of very strong pseudocoefficientsfor G1(2),
one can find a globa cuspidal o with central character w realizing o, for v €
Su{w}.

Concerning the Central Character. Let [ be the order of the group of roots of
unity in F'. If we choose the place w outside S of residue characteristic larger



5.1 TheLoca Endoscopic Lift 183

than [, we can always extend given unitary central charactersw,,, v € S to agréssen
character w of F**, which is unramified outside {w} U S and induces the given lo-
cal character up to an unramified character twist w, = @,|.|i. For this, at one
place v € S we can prescribe w, = @,. [We leave this as an exercise for the
reader with the following hints: Use [102], p. 342ff. Notice that extending condi-
tion (A) of [102] can be solved by choosing a suitable character @,, : of, — C*,
which is trivial on 1 + p,,. Then the remaining extension of condition (B) of
[102] for the parameters ¢, can be solved. This defines an extension w on the sub-
group ([T, cruyus o T1, cise 03)/(F5) Of (A)/F*) x R*. Since C* is divisible,
and hence injective, there is no obstruction to extending w from this subgroup to
AL /F*. Notice there are only finitely many such extensionsto a character unrami-

fied outside w and S and tame at w, since the S-ideal class group isfinite].

Indefinite Theta Lift. If o, isanirreducibleadmissible representation of the group
M, and V isthe split quaternary quadratic space, one can define a corresponding
set £604 (o,). It consists of the classes of irreducible admissible representations 7,
of G,, for which o, x 7, is a quotient of the big Weil representation of the pair
GO(V) x G,. From [96], proof of Theorem 3.1 on p. 366, there is at most one
generic class of representationsin £6 4 (o,,). Otherwise one could easily show that
the space of functionals of [96], p. 366, would have dimension 2 or more, which
would give a contradiction. A representative of this generic class will be denoted
0+ (oy) if it exists. A generic 0, (0,) exists in €64 (oy) if o, isin the discrete
series of M, (see Lemma 4.25). Hence, £0 . (o,,) is nonempty in this case. This
argument also gives 0 (0,) = 4 (o,) for discrete series representations o, of M,
(asin Theorem 4.4).

Definite vs. Indefinite Theta Lift. For o, inthe discrete series of M, there exists
aunique ,, for which for o, = JL(&,). Then we have defined 0., (o) (indefinite
thetalift) and we define 6 _ (o, ) to bethe anisotropic thetalift 6_ (5, ) attached to &,.

(C]

Oy | > 04 (o) unique generic classin £O (o)
A

JL
Gy | © = 0_(0y) defining £0_(0,) := {0_(0,)}

Proposition 5.1. For irreducible, admissible representations o, in the discrete se-
ries of M, the set £©_(o,) has cardinality 1. Furthermore, there is a unique
generic representation in £0 4 (o,,), and the endoscopic lift is given by these Wil
representations
r(oy) = 01(0y) — 0_(0y).

Proof. The proof for arbitrary F), remainsthe same asthat for Corollary 4.16. How-
ever, recall that the proof of Corollary 4.16 depended on Lemma 5.6, which is
proved later in this chapter. [
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Remark 5.1. £04(o,) presumably has cardinality 1, although we have not been
able to show this. Notice since we want to include places of residue characteristic 2,
and since we consider the thetallift for the groups of similitudes, the result obtained
by Waldspurger for the Howe duality cannot be directly applied in this situation. To
overcomethis—for the global applicationslater —we introduce the subset

£09"(5,) C EO04(0y)

of “globally relevant” representations. It consists of all classes of representations
my in £EO4(0,) for which there exists a global irreducible cuspidal automorphic
representation o % o* (or § 2 *), for which 7, is the local component of a
weak lift 7 attached to o. The notion of weak lift will be explained in Sect. 5.2. The
density lemma, stated above, implies

£09 (5,) = EO_(a,),

in the analogous sense. Later, in Corollary 5.1, with proof in Sect. 5.3, and more
generally for F' £ Q in Sect.5.4, it is shown that for discrete series representa
tions o, z

£0%" (0v) = {0+(00)}-

S0 69" (a7,,) has cardinality 1.

5.2 The Global Situation

General Assumptions. Let F' be a number field, and A r itsring of adeles. Since
we apply the findings of [56] (in the argument preceding Lemma 5.3) we assume
F to be totally real. This restriction will not be needed otherwise (and thereforeis
most likely unnecessary). Let G = GSp(4) andlet M = GI(2) x Gi(2)/G3, beits
proper elliptic endoscopic group. Let 7 = ®,m, be anirreducible, unitary cuspidal
automorphic representation of the group G (A ). Recall an irreducible automorphic
cuspidal representation 7 is a cuspidal representation associated with a parabolic
subgroup (CAP representation) if it is weakly eguivalent to an automorphic repre-
sentation associated with an Eisenstein series. Two irreducible automorphic repre-
sentations are called weakly equivalent if their local components are isomorphic at
almost all places. In the following we assume 7 is not a CAP representation. Then,
by the Langlandstheory of Eisenstein series, 7w only contributesto the cuspidal part
of the discrete spectrum
Mecusp (ﬂ) = mdisc(ﬂ_)-

Definition 5.1. Anirreducible, unitary cuspidal automorphic representation 7 of the

group G(Ar) is caled a weak endoscopic lift (from M (Af)) if there exist two
automorphic representations
g1, 02
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of G1(2, A r) suchthat o; areeither induced fromapair of global grossen characters
or are irreducible cuspidal such that the representations o; have the same central
character w,, = w,,, and such that the spinor L-seriesof 7 satisfies

Lv(ﬂ-va S) = Lv(Ul,va S) ' Lv(UQ,va S)

for amost all places v of F'. We also call = aweak lift of the irreducible automor-
phic representation ¢ = (01, 02) of M(Ap) and GI(2,Ar) x GI(2,Ap) in this
situation.

Suppose 7 is a weak endoscopic cuspidal lift as in the definition above, which is
not CAP. Let o be the corresponding automorphic representation of Gi(2, Ar) x
Gl(2,AF). Theno = (01, 02) hasto be acuspidal representation. Otherwise either
o1 Or 09, Say, o1, has L-factors of the form L, (01,s) = L,(A\, 8)Ly(A " w,,, 5)
for an idele class character A for v ¢ S. Put 7 = 0o ® AL Then L¥(7,s) =
L3\, 8)L(Aw,, s)LS (T @ A, 5). If 75 = v° x p® (localy induced from the
unramified characters v,,, 11,,), then this is the L-series with the local parameters
Avs Aoy Ay by, AyUyp iy OF from [97], p. 85, the L-series of the induced representa-
tion ¥ x p a X% of GSp(4, A%) in the short notation used in Chap. 3, page 121,
and induced from a Borel subgroup. Since v° x p¥ a A% = 7% < A% (induction in
steps), we see that (7, s) would be the partial L-series of the automorphic form
7 X X of the Levi component of the Siegel parabolic subgroup. Hence, the weak
lift would be associated with an automorphic Eisenstein representation, which is
weakly equivalent to 7. Hence, 7 is CAP of Saito—Kurokawatype. Thisimplies

m not CAP = o cuspidal.

Notice that o is not uniquely defined by . If 7 isawesk lift of o = (01, 02), then
itisalsoaweak lift of o* = (02, 01). These are the only possibilities.

Proposition 5.2. Suppose 7 is an irreducible cuspidal automorphic representation
of the group G(A ), which is not a CAP representation. If 7 is a weak endoscopic
lift of the representations o and & of M (A ), then & isisomorphic to either o or
o* and o iscuspidal.

Proof. Write o = (01,02) and & = (03,04). Then o, 5; hence, 01, 02,03,04 are
cuspidal representations, as explained above. Then for a cuspidal representation p
of GI(2, A) there exists a finite set S of places of F' outside of which we have an
equality of partial L-series

LS(Jl X p,S) : LS(JQ X p,S) = LS(JE': X p,S) : LS(04 X p,S)-

Since the o; are cuspidal, there exist complex numbers s; for which |.|% & o;
becomes unitary. By a suitable (re)indexing, we may suppose Re(s1) =
max;(Re(s;)). For the contragredient p of o, the function L°(s; x p,s) has a
smplepoleat s = 1, and L°(o x p,s) does not vanish at s = 1 by statements
(2.2) and (2.3) in [8], p.200. Furthermore, if o, is neither isomorphic to o3 nor
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isomorphic to o4, the right side is holomorphic at s = 1. This gives a contradic-
tion. So, possibly by switching o3 and o4, We may assume o; = o3. But then
L%(09,5) = L%(04,5), and the strong multiplicity 1 theorem for GI(2) implies
o9 2oy, O

Definition 5.2. Let 7 be an irreducible (unitary) cuspidal automorphic representa-
tion of the group G(A ), which is not a CAP representation. Let = be a weak
endoscopic lift. Suppose o is a corresponding cuspidal automorphic representation
of M(Ar). Then the set of equivalence classes of irreducible, automorphic rep-
resentations 7’ of G(A ), which are weakly equivalent to , is called the global
L-packet of .

Since this global L-packet consists of all the weak endoscopic lifts attached to the
given cuspidal representation o, it will also be called the global L-packet attached
to o. Since  was assumed not to be CAR, all representationsin the global L-packet
are cuspidal.

Theorem 5.2 (Main Theorem). Suppose = is an irreducible, cuspidal automor-
phic representation of GSp(4, A r), and suppose 7 is not CAP. Suppose the global
L-packet attached to the cuspidal irreducible automorphic representation o of
Gl(2,Ar)? /A% isnonempty and contains 7 as a weak endoscopic lift. Then:

1. 01 and o5 are not isomorphic as representations of G1(2, A ) for o = (01, 032).

2. The restriction of = to Sp(4, A r) is obtained as a Weil representation from the
orthogonal group attached to a quaternary quadratic form of a square discrimi-
nant.

3. All local representations 7, of m = ®'m,, belong to the local L-packets attached
to o,,. Hence,

Ty € {my(00), - (04)}

if o, belongsto the discrete series, and 7, = 7 (0, ) otherwise.
4. The multiplicity of any irreducible representation 7’ = @, weakly equivalent

toris )
m(r') = 5 (14 (~1))),
where e(7’) denotes the (finite) number of representations «/, which do not have
alocal Whittaker model.
5. Let d(o) be the number of local components o, of o in the discrete series. The
global L-packet attached to o contains a single representation if d(c) < 2 and

contains 24(?)~1 representations, each occurring with multiplicity 1 otherwise.

In Addition. For any cuspidal irreducible automorphic representation o =
(01,092) with o1 % o5 the global L-packet attached to o is nonempty.

Remark 5.2. For CAP representations a result anal ogousto statement (5) of the last
theorem is Theorem 2.6 in [69].

Proof. The proof of the main theorem has several steps, and it is carried out in the
remaining sections of this chapter. We deal separately with the case where 7, be-
longs to the discrete series and F' is the field of rational numbers. This situation is
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easier to begin with since we can directly refer to the multiplicity formulaof Corol-
lary 4.2 in Chap. 4. For the general case we have to use the Arthur trace formulato
prove an analogous multiplicity formula, and some of the arguments therefore be-
come more complicated. See Sects. 5.4 and 5.5 for this. Although the argumentsare
primarily global, they simultaneously provide us with the necessary loca informa-
tion, e.g., on local Whittaker models. The relevant local information will be derived
in the subsequent Lemmas 5.4-5.6. By some kind of bootstrap, we then improve
this to complete the proof for general representations 7., and for general (totally
real) number fields F' in Sects.5.4and 5.5. [

We start with the proof of statements (1) and (2) of the main theorem.

Lemma 5.2 (Global Endoscopic = Theta Lift). Suppose = is an irreducible cusp-
idal automorphic representation of G.Sp(4, A r), which is a weak lift in the global
L-packet attached to an irreducible automorphic representation o = (o1, 02) of
M(Ag).

(A) Suppose 7 is not CAP. Then:

1. o iscuspidal and
o1 %0y for o= (01,02).

2. Furthermore, all irreducible constituents of the restriction of = to Sp(4, A r)
are contained in the image of theta lifts of the form © : Ac,o,(H(Afp)) —
A(Sp(4, Ar)), where H are orthogonal groups of similitudes over F', which are
inner forms of GI(2, F)?/F*. Hence, H(F) = D* x D*/{(z,z~ )|z € F*},
where D* is either the multiplicative group of a quaternion algebra over F' or
Gl(2,F).

3. For eachlocal component 7, of 7 there exists a quadratic character y,, such that
Ty ® 4y, 1S CONtained in

QY (0,) UEG! (a,).

(B) Conversely, suppose o is cuspidal and o1 % o2. Then the weak lift = of o is
not CAP.

Concerning the notation. A will denote packets of irreducible automorphic repre-
sentations.

Proof. Concerning (A) it is enough to prove the global statements (1) and (2). The
local statement (3) then follows by Frobeniusreciprocity [104], Proposition 4.12(c),
using compact induction. So let us prove (A)(1) and (2). Let w = w, denote
the central character of the irreducible representation = of GSp(4, A r). The stan-
dard L-function of = corresponds to the four-dimensional standard representation
st of the L-group G of G. The aternating square of the standard representation
is a six-dimensional representation /\2(5t) of the L-group *G'. The corresponding
L-seriesof 7 outsideafinite set S of ramified placesisaproduct ¢S (m, \*(st), s) =
L3 (w, 5)-¢%(m,w, s) of the Dirichlet L-series L(w, s) for the character w and atwist
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of the degree 5 standard L-series ((r,w, s) of the restriction of 7 to Sp(4, Ar).
Here, by abuse of notation, we again let = denote any of the irreducible constituents
of itsrestriction to Sp(4, Ar). Thenin fact, the degree 5 L-series ((, w, s) isthe
standard L-series attached to the representation 7 x w of Sp(4, Ar) x GI(1, Ap),
at least if we consider partial L-series at almost all unramified places. Since 7 isa
weak lift, we get from this

The Partial L-series. |f we omit asuitable chosen finite set of places S depending
on ¢ and 7, then

¢3(r, /\(st),s) = L%(wo,,8) - L (Wey, 8) - Lo (01 @ 09, 5).

Hence, from w,, = w,,

L (wrw)!, )¢5 (mwaw) )t s) = (F(s)? - L (01 @ 02 ® ), )
= (%(s)* L®(01 ® 03, 3)

for the contragredient representation o5 of oo. For cuspida o; the L-series
L® (01 ® 09, s) doesnot vanish at s = 1. By acharacter twist the o; become unitary.
A twist of the cuspidal representations o; becomes unitary if and only if their cen-
tral character w,, becomes unitary. Since this is a common character, one can take
the same character twist in both cases. So without restriction of generality, we can
assume that o1 and oo are both unitary. Notice the representations have the same
central character. If wyy # w,,, thisimpliesthat ¢ (r, wrw,,, s) hasapoleof order
2at s = 2. Thisisimpossible, aswill be explained below. Therefore,

Wr = Wey

holds. Then the partial degree 5 standard L-function (¥ (r, s) = ((7,1,s) of 7
isgiven by the formula

Fms) = ¢¥(s) L1 @02 @wy),5) = (%(s) - L (01 ® 02 8).

Then L°(0; ® 02,1) # 0 holdsat s = 1 for cuspidal unitary representations ;.
Hence,
ordszlgs(ﬂ,s) > 1.

For o1 = o4 the pole order would be 2 or more. Hence, the first assertion of
Lemma5.2 comes from the next result obtained by Soudry.

Review of a Result Obtained by Soudry.
¢%(m, x, s) hasat most asimple pole at s = 1 for unitary cuspidal .

In fact, this is proved in [97] for a special character x = xr. Indeed, this is the
most difficult case. For other characters one can use the same approach. Then again
as in [97], the order of the pole a s = 1 can be estimated by the pole order of
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an Eisenstein series. Up to a factor L5 (2, 2s)L°(x,s + 1), which is irrelevant
a s = 1, the L-series (¥ (7, xrX, s) is (except for an unimportant function A(s)
with A(1) # 0,00) an integral f(p(g)@%w(g, 1)E(fs;9)dg by (2.2) and (2.5)
in [97]. The poles of E(fs.y;g), therefore, give an upper bound for the poles of
¢S (m, xx1, s). From [97], Theorem 2.4, the poles of these Eisenstein seriesare con-
tained inthepolesof L(x?,2s)L(x, s+1), L(x?,2s)L(x, s), L(x?, 2s—1)L(x, s),
L(x?,2s — 1)L(x, s — 1) counted with multiplicity. Thereisno poleat s = 1 for
x? # 1 and at most asimple polefor y # 1. Thedifficult caseis y = 1. Inthiscase
there is no pole according to [97], Theorems 3.1 and 4.4(b). Therefore, the claim
follows.

Now Apply Kudla—Rallis—Soudry Theorem 7.1 [56]. Thisisnow the point where
we have to restrict ourselves to the case of totally real number fields. This assump-
tion regarding the number field ismade in [56]. Under this assumption the existence
of apolefor the partial degree5 L-series (7, s) a s = 1 impliesthat = —or more
precisely any irreducible constituent of 7 as a representation of Sp(4, Ar) —isa
constituent of a suitable thetalift

O(AO(V', AFR))
attached to a quadratic space V' of discriminant 1 over F:
AV = A(Vp) - A(Vpr) = 1.

This formula for the discriminants follows from xrxr = 1 = (. ,A(Vy)) -
(.,A(Vp)) using Theorem 7.1(ii) in [56] if x7 # 1 or Theorem 7.1(i) if x = 1.

Remark 5.3. The assumption F' is totally real is most likely unnecessary since it
is needed only for the case of split discriminant. In fact, looking at the integral
representationin [97], formula(2.2), it would suffice to show that the residues of the
nonholomorphic Siegel Eisenstein series E(fs; g) a s = 1 ([97], 2(b)) are binary
thetaseries. A partia resultin thisdirection—namely, thelocal case of this statement
—isLemma3.3in[97].

Structure of V/. Thequaternary quadratic F'-spaces V"’ of discriminant A(V’) = 1
are classified by their loca Hasse invariants, or in this case aternatively by the
structure of their orthogonal groups of similitudes

GSO(V')(F) = D* x D*/F*.

Here D is the corresponding quaternion algebraor Gi(2, F'), having invariants de-
termined by the signs of the local Hasse invariants of /. This proves part (A) of
Lemmab.2, and it also proves statements (1) and (2) of the main theorem.

For the converse part (B) of Lemma 5.2 we may assume o has unitary cen-
tral character. Notice L°(w,s) = L%(o1,5)L%(09,5) and (5(m @ x,s) =
L3(x,8)L° (01 ® 09 ® X, s) outside a suitable finite set S. The known CAP
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criteriafor 7 in terms of poles of these L-series (Soudry and Piatetski-Shapiro) ex-
cludethe possihility that 7 is CAPfor cuspidal o, since the known analytic behavior
of L-seriesof cuspidal formsfor Gi(2) or Gi(2) x Gl(2) excludesthe existence of
polesat s = 3/2 for the degree 4 L-seriesand poles at s = 2 for degree 5 L-series
(for unitary central characters and unitary x). This proves part (B), and completes
the proof of Lemma5.2. [

Lemma 5.3. We have

Jeoi(0n) N[ JEO (o) =0,

Ov Ov

where the unionis over all generic irreducible admissible representations o, of M,
on the left, and over all generic irreducible admissible discrete series representa-
tions o, of M, ontheright. In other words, the two theta lifts attached to M, (split
case) and M, (anisotropic case) have no irreducible representation of G'Sp(4, F,,)
in common. The same statement also holds globally or after restriction to the sub-
group Sp(4, Fy,).

Proof. It is enough to consider the restrictionsto Sp(4, F,,). Here we refer to Howe
and Piatetski-Shapiro [41], Theorem 9.4, where it is shown that thereis at most one
representation in common. In the proof of Lemma 4.26 we saw that the common
representation corresponds to a one-dimensional representation o,,. However, this
is not a generic representation, and therefore it is excluded in the statement above.
ThisprovesLemmab5.3. O

Lemma 5.4 (Principle of Exchange). Suppose the cuspidal irreducible automor-
phic representation 7 = ®m, of GSp(4, Ar) isa weak endoscopic lift, but is not
CAP. Let o denote the corresponding cuspidal representation of M (A g):

1. Fix someplacevy. Then,, isin £69'" (o, @ 11, ) for some quadratic character
1y and some e € {+£}. Suppose 7, % m,, isan irreducible representation of
GSp(4, F,,) and consider

ro_
T = Ty, ® ®7r”'
v#vo

Make the assumption: 7}, & £04" (o, ® w,,,) for all quadratic characters /.
Under this assumption 7’ has global multiplicity

Mmaise(m) = 0.

2. If d(o) < 2 (d(o) isdefined in Theorem 5.2(5), then m, = 04 (0, ® ) for al v
and certain local quadratic characters i, In particular, , is generic.

Proof. Suppose that to the contrary m(x’) > 1 holds. Then 7’ is in the global
L-packet of 7, and henceit isaweak endoscopic lift attached to the sameirreducible
representation o of M (A) as «. According to Lemma 5.2 all constituents of «’
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and , after restriction to the group Sp(4, Ar), are in the image of some theta
lifts ©. These theta correspondences|ift automorphic formsfrom orthogonal groups
arising from global simple algebras of rank 4 to automorphic formson GSp(4). In
our case let D and D’ be the corresponding algebras, respectively. From the known
local properties of the thetalift it follows that

D,=D,  (vv#w),
since by Lemma 5.3 we would otherwise get a contradiction to the fact that
Ty, 2 (Vv # vp).
But then D,,, = D, , as a consequence of the theorem of Hasse-Brauer—Noether.
D,, = D, implies that the constituents of both m, and , (after restriction to
Sp(4, F,)) either both belong or both do not belong to thelocal thetalift €09 (o).
Since this contradicts the assumptions, the proof of the first part of Lemma 5.4 is
complete.

The second part is shown similarly. Now D splits globally. Then [41], Theorem
5.7b or 8.1b, implies that the restriction of 7, to Sp(4, F,) is generic. By compact
induction also m, ® ., and hence ,, is generic. Thisimplies 7, = 04 (0, ® p,,) =
0+ (0,) ® p, for some quadratic character. This provespart (2) of thelemma. O

The principle of exchange can be applied for an Archimedean place in the sit-
uation of Lemma 5.5, since in this case the assumption made in Lemma 5.4(1)
is satisfied. In fact, assume F,,, = R and let 7,, and m; be representations in
the local Archimedean L-packet {7V 7} = {7, (0s),7_(0x)} attached to a
discrete series representation o, of M,.. By Lemma5.5 7" ¢ £0(0.) and
7H € £0 (00 @ pioo); hence, 7 ¢ £0 4 (050 ® o) for al po, by Lemmab.3,
Hence, the principle of exchange can be applied.

Lemma55. Let F, = Rand 7, = ¥ and 7, = 7, then the constituents of
m,, restricted to Sp(4, R) have Whittaker models, whereas the constituents of
restricted to Sp(4, R) do not have a Whittaker model. Furthermore, 7"V © pu, =
W @ p, =2 7 for all quadratic characters yio., and also 7'V € £0 4 (000 ®
too) @Nd 71 € £O_ (04 ® oo) for all quadratic characters ..

Proof. Well known. O

5.3 The Multiplicity Formula

Themain results obtained in this section are the following: the local—global principle
(Lemmab5.6) and the key formula. Under the assumption F' = Q and the assumption
that in the global L-packet of the representation 7 a representation exists for which
the Archimedean component 7., belongs to the discrete series, Lemma 5.6 and the
key formulaare provenin this section. This of course sufficesfor the applicationsin
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Chap. 2. The proof of Lemma 5.6 and key formulafor general totally real number
fieldsand arbitrary cusp forms« iscontainedin Sects. 5.4 and 5.5. In this section we
also show that the local—global principle (Lemma 5.6) and the key formula imply
for arbitrary F' and 7 certain corollaries (Corollaries 5.1-5.5), from which the main
Theorem 5.2 follows.

Let w beacuspidal irreducible weak endoscopic lift attached to someirreducible
cuspidal representation o of M (A r). Writem = 7o, ® 77, Where m, denotes the
tensor product over all Archimedean components. Assume 7 isnot CAP. Then o is
cuspidal and o 2 o* (Lemma5.2(1)). For irreducible automorphic representations
of the group G1(2, A r) cuspidal implies generic. So the sameis true for the group
M(Ap).

So Lemma5.6 proves assertion (3) of the main theorem.

Lemma 5.6 (Local-Global Principle). Let 7 be a weak endoscopic lift contained
in the global L-packet attached to some generic, irreducible cuspidal automorphic
representation o of M (A). Suppose 7 is cuspidal but not CAP. Then for all places
v of F the local components 7, of 7 belong to the local L-packets {74 (o,)} and

{m4(0y)} Of 0y

Proof of Lemma 5.6 for F' = Q and 7, in the discrete series (for the genera case
see Sects. 5.4 and 5.5). By assumption 7, is contained in somelocal Archimedean
L-packet {7"', 7} attached to a discrete series representation of M.,. From the
topological trace formulawe have the

Weak Multiplicity Formula (Corollary 4.2). For F' = Q and 7¢ as above
m(niy @ mp) —m(nie @ mp) = n(my),

where n(7y) is zero if there exists a non-Archimedean place v for which 7, is not
contained in thelocal L-packet of o, and where n(r ) isequal to (—1)°("s) other-
wise. Heree(7 ;) denotesthe number of non-Archimedean places v for which ,, =
m_(oy) holds. Sincee(ny) < d(o), thisnumber isfinite. Some comments: The mul-
tiplicity m() isthe multiplicity of 7 in the discrete spectrum of G(Aq) or equiva-
lently the multiplicity in the cuspidal spectrum since 7 is not CAP. We remark that
the multiplicity formula above is a reformulation of Corollary 4.2. In fact we used
Corollary 4.4 to identify the multiplicities mi (7s), ma () used in Corollary 4.2
with the multiplicities mq (7)) = m(rZ @ 7y) and ma(ns) = m(nrll @ 7). We
also used the property that the normalizing sign e from Corollary 4.2ise = —1
(Lemma8.4). Also recall that in Corollary 4.2 the value n(ms) = [, n(m) is
defined in terms of the multiplicities n(m,) of , in the local character expansion
r(o(oy)) = Y. n(my,) - m, for the local endoscopic lift r : Rz(M,) — Rz(G,).
The expression for n(r) in the form stated above follows from the structure of
the local L-packets of the local endoscopic lift (o, ) of a generic representation
o, Of M,. This was described in Sect.4.11 and aso in Sect.5.1 of this chapter
in the non-Archimedean case and in Lemma 5.5 in the Archimedean case. The
L-packets consist of two representations 7. (o, ), 7— (0,,) if o, belongsto the dis-
crete series, and of one representation 7 (o,,) if o, does not belong to the discrete
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series. Among these only the representations«_ (o,,) do not have Whittaker models.
Hence, n(w,) = 0 unless «, isin theloca L-packet of o,,. Furthermore, n(m,) is
+1 or —1 otherwise, and the sign depends on the existence of a Whittaker model.

If m, isnot inthelocal L-packet of o, then v is non-Archimedean and the weak
multiplicity formulaimplies m(r¥¥ ® n¢) = m(rZ @ 7). But then m(r) > 0
and m(n’) > 0form = 7l¥ @ mp and ' = 7L ® 7. But this contradicts the
principle of exchange. By Lemma 5.5 the assumptions of Lemma 5.4 are satisfied
for the place vg = oco. Hence, Lemma 5.6 follows under the assumptions F' = Q
and 7, isin the discrete series.

Now let us return to the general case. In fact, suppose that Lemma 5.6 holds as-
suming the results obtained in Sects. 5.4 and 5.5. From Lemma 5.6 we now deduce
the next three corollaries. First recall from Sect. 5.1 the global (GSp(4), GO(V))-
theta correspondence: For discrete series representations o, we constructed aglobal
irreducible automorphic cuspidal representation o of M (A ) and a nonvanishing
global thetalift = of o with local components r,, such that =, € £0_(0,,) which
do not have local Whittaker models. Hence, 7, % 7 (0,) since 74 (o) has Whit-
taker models. This implies =, = 7_(0,) (Lemma 5.6). In particular, 7_ (o) is
in £6_(0,) and does not have local Whittaker models. Since we also know that
w4 (0y) = 04 (0,) isgeneric, we obtain from Lemma5.6 O

Corollary 5.1 (Local Endoscopic Lift=Theta Lift). Under the assumptions of
Lemma 5.6 the representations 74 (o,,) of the local L-packet attached to a discrete
series representation o, of M, are the two Weil representations 6 (o, ):

(@) 0% (0,) = {mi(0,)} = {64(0,)} for split D.
(b) ©_(0y) = {7_(0y)} ={0_(0y)} for nonsplit D.

In particular, 74 (o, ) has alocal Whittaker model, whereas «_ (o,,) does not have
local Whittaker models.

Notice Lemma5.6 and its Corollary 5.1 imply Proposition 5.1.

Corollary 5.2 (Whittaker Models). Suppose the assumptions of Lemma 5.6 are
satisfied. Let v be a place where o, belongs to the discrete series. Then 7 (0,,) €
©.4(o,) has local Whittaker models, whereas 7_(c,) ® p, ¢ ©,(c) for all
(quadratic) characters p,,, and these representations are cuspidal and do not have
local Whittaker models.

Proof. Follows from Corollary 5.2 and Lemmas4.17 and 5.3. [

Corollary 5.3 (Refined Principle of Exchange). Suppose the assumptions of
Lemma 5.6 are satisfied. For the weak automorphic lift = = ®,m, of ¢ put
' = T Ry, Ty fOr an irreducible admissible representation =/, of G,. Then
for ! % m,

m(r') = 0.
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Proof. Suppose m(=’) > 0 and 7!, % ,. Then both 7 and 7’ are weak automorphic
endoscopic lifts of 0. Hence, m,, 7, € {n4(0y),7—(0,)} by Lemma 5.6. Since
they are not isomorphic, we can apply the principle of exchange (Lemma 5.4),
because Corollaries 5.1 and 5.2 imply that all the assumptions of Lemma 5.4 are
now satisfied. Hence, m(n’) = 0 (Lemma 5.4), which completes the proof of
Corollary 5.3. OO

Proof of the Remaining Assertions (4) and (5) of the Main Theorem. Suppose 7 is
an automorphic representation of G(A ) asin the main theorem. 7 isirreducible,
cuspidal automorphic but not CAP, and 7 isaweak lift attached to some irreducible
automorphic representation o of M (A ). Then, asalready shown, o iscuspidal and
itslocal components o, are generic. [

Conversely for an irreducible cuspidal automorphic representation o = (01, 02) of
M (A) consider the global L-packet of all weak endoscopic lifts attached to it.
Since we are mainly interested in cuspidal automorphic representations, assume

g1 %(72

because otherwise the global L-packet attached to o does not contain a cuspidal
representation (Lemmab.2). Seealso Corollary 5.5. Infact, recall from Theorem 4.3

The Base Point of the L-packet. From a result obtained by Soudry this global
L-packet is nonempty and contains the representation 7. (¢) = [[, 7+(0,) asa
cuspidal automor phic representation with multiplicity m(wy (o)) = 1.

In fact the situation in Theorem 4.3 is dlightly more restrictive. So for the conve-
nience of the reader we sketch the argument.

Sketch of Proof. 7 (¢) isthethetalift £ (o) (for the split case). By the assump-
tions regarding o this theta lift does not vanish, and it is cuspidal since o1 2 os.
Hence, m(m4 (o)) > 0. Then from aresult obtained by Soudry

m(my(0)) =1,

since every cuspidal representation which is isomorphic to 7 (o) has a global
Whittaker model. This follows from another result obtained by Soudry, namely,
since by construction (o) is localy generic at al places v, it is enough to show
the nonvanishing of ¢° (7, (o), s) a Re(s) = 1 (if w is normalized to be unitary).
But this nonvanishing followsimmediately from the computationsmadein the proof
of Lemma 5.2, since under our assumptions the L-series L¥(o; x 64, s) does not
vanish on theline Re(s) = 1. This completes the proof of the claim. O

Corollary 5.1 now implies that for every representation = in the global L-packet
there exists afinite set of places S of F' where 7, does not have a Whittaker model
and such that
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T = ®7‘(‘_(0‘U) ® ®7r+(av).
veS v¢S
Lete(w) = #5S be cardinality of this uniquely defined set

S = S(m).
Thisisasubset of the finite set of places, where o, belongs to the discrete series.

Corollary 5.4. Suppose the assumptions of Lemma 5.6 are satisfied. Also suppose
the key formula (stated below) holds. Then for any 7 in the global L-packet of a
cuspidal irreducible representation o with o % ¢* the multiplicity mcysp(m) =
Maisc(T) 1S

1
LA+ (D) e(m) = #S().

In Other Words: m(r) = 1 for even e(r), and m(w) = 0 otherwise.

m(r) =

Proof. Asin the proof of Lemma5.4(2) thisistruefor e(7) < 2. Sowe may assume
e(m) > 2. Pick two placesv; # vo which contributeto e(w). O

If some Archimedean =, belongs to the discrete series we assume v; to be
Archimedean. More generaly, let S be the set of places v where 7, is in the
discrete series. Then we may assume v to be some fixed place of .S. Now consider
the representation =’ of G(A ), which is obtained from 7 by replacing the two
local representations r,,, and 7., within their local L-packets. Since =, isin the
discrete seriesfor v = vy, vo, the local L-packets both have cardinality 2 at v; and
at vo. With this notation we formulate the

Key Formula. Let 7 be aweak endoscopiclift of a cuspidal automor phic represen-
tation o with o* % o. Suppose w isnot a CAP representation and supposee(m) > 2.
Let ' be defined as above by replacements at two places vy, va, where 7 belongsto
the discrete series. Then m(7) + m(n’) > 0 impliesthat e(7) is even, and implies

m(r) +m(r’) = 2.

Continuation of the Proof of Corollary 5.4. It is clear that with this key formula
we can prove Corollary 5.4 by induction on e(r), by reduction to the known cases
e(m) = 0,1, since every set S” of even cardindity of the set of places where o,
belongsto the discrete series can be obtained by afinite number of exchangesat two
places of this set. It is of no harm to assume, in addition, that at one of the places,
say, v; (for FF = Q, e.g., the Archimedean place, if 7., belongs to the discrete
series), 0y, remainsunchanged. Thisimpliesm(n’) = 1 or m(n’) = 0 by induction,
depending on whether e(7") is even or odd. This proves Corollary 5.4. O

Proof of the Key Formula. We now proveit for F' = QQ and 7, in the discrete series.
The general caseisdonein Sect. 5.4. Put m = 7., (04, ) ® e, (0, ) @ 791772, Then
by the weak multiplicity formula, applied twice,
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(m(ﬂfz (01)2) ® Tey (01)1) ® ﬂ-vlmz) - m(ﬂfz (UUQ) ® T—gq (le) ® W1)17U2)>

7(771(71’,52 (0—”2) ® Tey (gv1) ® 7rv1,v2) - m(7r752 (Jvz) ® T—ey (Jv1) Y ﬂvl?vg))
— (_1)e(ﬂ) _ (_1)6(71')i1 — 9. (_1)e(ﬂ) — 9. (_1)6(70.

By the principle of exchange, two of these multiplicities always vanish. If
m(Tyve) > 0 0F m(m) > 0, then m(m_.,(0y,) ® 7, (0y,) ® TVV2) =
M(Tey (Opy ) @ T—g, (00, ) @ T1¥2) = 0 vanishes (Corollary 5.3). Hence,

m(ﬂ—EQ (Uvz) Qe (le) ®7Tv1,v2) er(?Tsz (Uvz) RT—ey (le) X ﬂ—vhvg) =2 (71)e<7r)'

Theleft sideis nonnegative by assumption, so e(7) iseven and m.(7) + m(meo,v) =
2. This proves the key formula, and hence Corollary 5.4 and the main theorem (in
the special case). [

Corollary 5.5. Suppose that o is a (generic) irreducible cuspidal representation of
M(Ap) = GI(2,AFr) x GI(2,AFp)/A}. Suppose ¢ = JL(5) is the Jacquet—
Langlands lift of an irreducible representation & of some inner form D*(A) x
D*(A)/A* of M(A), where D is a quaternion algebra. Then the corresponding
theta lift © p(5) does not vanish.

Remark 5.4. The corresponding statement for D* = Gi(2) is easier and follows
from the existence of Whittaker models. See [41] or Chap. 4. See also the discussion
preceding Corollary 5.4.

Proof of Corollary 5.5. Suppose 01 = 05. Consider the theta lift ©p(0) and its
zero Fourier coefficient with respect to the maximal parabolic (), which is not the
Siegel parabolic. Inthe classical theory of Siegel modular formsthis correspondsto
consideringthe Siegel ¢-operator. Asarepresentation of the G1(2, A r)-factor of the
Levi component, this Fourier coefficient essentially defines the Jacquet—L anglands
lift attached to the automorphic representation 61 = &2 of D*(Ap) (for details
we refer to [41] and Chap. 4, Corollary 4.13). Since the Jacquet-Langlands lift is
always nontrivial, thisimpliesthat the thetalift © p (o) isnot trivial. In particular, it
is not cuspidal under the assumption oy = o5.

To prove the first assertion we can now assume o1 % o,. We will then show
that the theta lift © p(o) does not vanish. Let S be the set of nonsplit places of
the quaternion algebra D. As the cardinality of S is even, the multiplicity of the
representation m = [[,c g 7—(0w) ® [[,¢5 7+ (0v) is 1 by Corollary 5.4. Hence, in
particular, it is not zero, and = is therefore a cuspidal automorphic representation.
As 7 is a weak endoscopic lift by definition, Proposition 5.1 implies that 7 is a
theta lift. The set S of places where 7, does not have a Whittaker model is the
set of nonsplit places of the corresponding algebra by Corollary 5.1. Hence, this
agebrais D. But then by Proposition 5.2 7 isathetalift of type© p (o) or O p(c™).
But ©p (o) = Op(c*) since the theta lift was originally defined by passing from
M = GSO(4) to GO(4) (werefer to the remarks at the end of Sect. 5.1). Hencethe
claim follows. This proves Corollary 5.5. O
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5.4 Local and Global Trace Identities

We say a locally constant function f,, on G, with compact support on G, satis-
fies the condition (RS), if its support is contained in the locus of regular points.
A semisimple element of G, is called dliptic if it is an element of an elliptic
Cartan subgroup. The set of regular elliptic pointsis openin G,. For locally con-
stant functions f, on G, with compact support we say condition (ES) holds if
the support is contained in the regular elliptic locus. Condition (ES) implies that
all the orbital integrals O%v (fv) of f, vanish for G,-regular nonelliptic elements
Yo € Gv = GSp(4>Fv)

05;’ (fv) =0 for~, regular and not elliptic.

Hence, f, € A(G,) in the sense of [44]. And f, € A(G,) implies that f, is
cuspidal in the sense of [6], p.538. By definition, this means (f,);, = 0 for ll
Levi subgroups M, # G, of G,, or equivalently by the adjunction formula for
induced representations

tr my(fy) =0, fordlm, = Indgj(av).

Here 7, runsover all induced representations of tempered representations o, of M,
for proper parabolic subgroups P, = M, N, . See[5], p. 328.

We say condition (x), holdsfor f, if the stable orbital SO% (fv) of f, vanishes
for al regular semisimple~, € G,

(%) SOS» (fs) =0 (for all , regular semismple).

Since unstable tori of the group G, = GSp(4, F,,) are elliptic, the orbital integrals
and stable orbital coincide for regular points outside the elliptic locus. Hence, con-
dition (x),, implies O%v (f») = 0 for al regular nonelliptic ;.

Let G, C G, denotethe subgroup of elements whose value under the similitude
character isasquarein (F,)*. Thentr (m, ® p,)(fo) = tr m,(f,) for al quadratic
characters i, if supp(f,) C G, .Note G, = Z,-Sp(4, F,),and G, isopenin G,.
Every element in G, which is stably conjugate to an element of G, is contained
inG,.

Remark 5.5. We later use the following auxiliary result, which is related to
Proposition 5.3. For F,, = R there exists some o, in the discrete series and
some K -finite infinitely differentiable function f,, with compact support satisfying
(*)y and tr m_(oy,)(f») > 0. Thisis constructed by smooth truncation of a func-
tion fr_ (s,) = fri(e,) Where fr, (o,) ae pseudocoefficients. We leave this as an
exercise. Seeaso [9]1], (4.7.1).

Lemma 5.7 (Stability). For o, in the discrete series of M, the character T' of
m4(0y) @ 7—(0,) isa stable distribution. In other words, for any locally constant
function f, on G,, condition (x), impliesT'(f,) = 0.
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Proof of Lemmma 5.7. In the Archimedean case this follows from [90], Lemma 5.2.
In the non-Archimedean case one can argue as in [76], Proposition 12.5.3 and
Corollary 12.5, to show that the stability of a distribution 7" is equivalent to the
statement < 7', r(p,,) >.= 0 for all discrete series representations p,, of M,,. Since
for T = tr ny(0y,) + tr m_(o,) thelatter means < 7y (0,) + 7—(04), 74 (py) —
m_(py) >e = 0, thisfollows from the scalar product formulas proved in Chap. 4,
Lemma 4.22. There are two cases that have to be distinguished. Either o, 2 o .
Then we can apply the orthogonality relations, since both 7 (o, ) belong to the dis-
crete series, and since furthermore 7. (0,) = 7./ (p,) implieso, = p, ande = ¢'.
Oro, 2ok . Then< m.(0y), 7 (py) >e = 1for o, = p, andiszero otherwise as
shown in Chap. 4. So this givesthe proof. [

Remark 5.6. The same argument proves stability for the traces T = ¢r «, of dis-
crete series representations =, of G, for which 7, is not isomorphic to one of the
representations 7 (o,), o, in the discrete series.

Lemma 5.7 implies the existence of auxiliary functions f, € A(G,) asfollows

Proposition 5.3 (Instability). For o, in the discrete series of M,, there exists a
locally constant function f,, with condition (ES) and support in G, such that (x),
holdsand such that ¢r 7_ (o) > 0.

Proof of Proposition 5.3. We can assume v is non-Archimedean. Recdl f, €
A(G,), andthisimpliesT'(f,) = 0for T = tr 4. (0,) +tr 7— (0, ) by Lemmab.7.
Therefore, tr m_(o,)(f,) > 0 and tr r(o,)(f,) < 0 are equivalent statements.
Hence, it is enough to show ¢r o, (f}*) < 0 for a matching function fM+. The
character of o, does not vanish in any neighborhood of the identity element for
at least one elliptic torus 7, in M,,. Such a T,, defines two conjugacy classes of
tori in G, which are stable conjugate, together with admissible isomorphisms be-
tween T, and these tori. Since regular points are smooth points of the conjuga-
tion map, one can easily construct matching functions f,, and £ with support in
these tori sufficiently near to the identity such that (x),, holds for f,,, but such that
tr o, (fMv) < 0. Thisis done by the implicit function theorem. Simply consider
bump functions f,, with small support near ~, € T, such that SO% (fy) =0and
such that O (f,) = SOM(f}M*) # 0 for a corresponding bump function with
sufficiently small support near ~,.. Then the support of f, isin G,,, and f, satisfies
(ES). Furthermore, ¢tr (f,) < 0and f, € A(G,). Thisprovestheclaim. O

We now prove the following results.
Proposition 5.4. For irreducible o, in the discrete series €0 _(0,) = {n_(0,)}.

Proposition 5.5. Suppose o, isirreducible and generic. Then 7, € S@ilr(crv) im
pliesm, = 6, (0,).

In some cases these statements are known already, for instance, in the Archimedean
case. For p-adic fields (completions of Q), Proposition 5.3 follows from the density
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lemma (Chap. 4, Sect.5.1) and Lemma 5.6 in Sect. 5.3. Still another case: If o, is
cuspidal hon-Archimedean such that o, = o7, then £0, (0,) = {74 (0,)} (See
Chap. 4 and [106], p. 64, lines 10-15, and p.55), which is stronger than Proposi-
tion 5.5. The distribution 7" of Lemma 5.7 is stablein this case for atrivia reason.
Namely 7 (o,) and 7_(o,,) are the two constituents of an induced representation
caled 1 x o, (Lemma4.19). Since the orbital integral of any f, € A(G,) hasel-
liptic support, thisimpliesT'( f,) = 0 since the trace of the induced representation
1 x o, vanishes on theregular elliptic locus. In particular, we obtain

Auxiliary functions. For non-Archimedean p-adic local fields F,, and given an
irreducible cuspidal representation o, with o, = ¢, there exist functions f, €
A(G,) with support in the regular elliptic point of G, such that tr T (fu) > 0
holdsfor al m, € £6_ (0, ® ), py quadratic.

Proof of Proposition 5.4. The Archimedean case iswell known, so assume v isnon-
Archimedean.

Suppose for some o, in the discrete series of M, the assertion of Proposition 5.4 is
fase. Then thereisam, € £©_(0,) not isomorphic to w_ (o, ). Choose a global
field F' for the given local field F’, such that the central character of o, isinduced
from a grossen character w of F'. For reasons to become clear soon, we write v for
the place v from now on.

We choose additional auxiliary non-Archimedean places v, v’, for which F/Q is
split. Choose o, o, at these auxiliary placesin thediscrete seriessuch that o, = o7,
and o, = ¢}, with central characters w, w,, respectively. Then we fix auxiliary
functions f, € A(G,) and f,, € A(G,) with condition (ES) and support in G,
and G, respectively, as constructed above (Proposition 5.3).

By the density lemma formulated in Sect. 5.1 and the appropriate choice of cen-
tral characters, we find a global cuspidal automorphic representation o of M (A r)
such that o % o* realizes the given discrete series representations o, o/, and o,
at the places v, v/, and v”. Consider the set C' of classes of irreducible cuspidal
automorphic representation 7’ in the global L-packet of o, which specialize to the
given representations 7_ (o, ), 7— (0, ), and m,~ at the places v, v',and v”. Such a
7" isnever C AP, and by the density lemma we can assume C' is nonempty.

We now apply Lemma 5.8 from Sect. 5.5 for the auxiliary functions f,, f,» cho-
sen above. Hence, conditions (i), (iv), (v), and (vi) of Lemma 5.8 hold for w = v.
For our choice of 7 (i) and (iii) are also satisfied. Furthermore, f,,» may be arbi-
trary. Then all assumptions for Lemma 5.8 are satisfied. We get — since f, is now
arbitrary —

S )t (£ trwl(fu) = 0.

ﬂ./’(ﬂ-/)v,v/ —qv,v’

Theright side vanishes, since 7,,» % 74 (0, @ thelocal place v”, where we orig-
inaly started from. Furthermore, as we know, the summation is over theta lifts.
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Hence, every 7, is in £01(0,) up to a quadratic character twist (Lemma 5.2,
part 1), and similarly for .

Since the places v,v’ are split in F, they are p-adic. Hence £©_(0,) =
{n_(o,)} from Sect.5.3, and similarly £0_(o,/) = {7_(0,/)}. From our choice
of f,, for (Proposition 5.4), therefore,

tr ﬂ-;(fv) “tr ﬂ-;’(f’vl) >0

holdsfor all relevant 7’ in the sum, unlesseither 7, € £0 4 (0,) or T,y € EO 4 (o)
holds up to quadratic character twists. But then the principle of exchangeat v or v/,
respectively (Lemma 5.4), implies that 7, and 7, must be both in the plus space.
From the assumption o, = o} and o, = ¢',, weknow from [106] that £O 4 (o,,) =
{04(0v)} and €6 (o) = {01 (0w )}. Hence, tr m,(f,) = tr m, @ p,(fo) =
tr i (oy)(fv) = —tr m—(0y)(f»), and similarly at the place v’. Since the signs of
v and v’ cancel, again

trml (fo) - trw, (fur) > 0.

In other words, thisterm is positivefor all relevant =’ appearing in the trace formula
stated above. Furthermore, m(7’) > 0 and m(xw) > 1. Since the total sum of the
terms ¢tr «l,(f,) - tr w.,(fv) iS zero, this gives a contradiction and completes the
proof of Proposition5.4. [

Proof of Proposition 5.5. Fix a global cuspidal representation o % o* of M (Ar)
for some number field F'. Anirreducible cuspidal automorphic representation 7 in
theglobal L-packet of o will be called strange if for some placeit is strangelocally,
ie,if r, € €@ﬂr(av) for m, 2 w4 (0,). Notice such av is never Archimedean,
sincein this case the thetalift is understood well enough. We therefore have to show
that strange representations 7 cannot arise at non-Archimedean places.

For any 7’ in the global L-packet attached to o let S = S(#’) be the set of placesv
wherer! € £0_(0,) holds up to some quadratic character twist. If strange 7 exist
in this L-packet, we choose 7 to be minimal with respect to the cardinality of S()
among all the strange 7 in this L-packet. For this 7 there exists a non-Archimedean
place v”” where 7, is strange locally.

We claim the cardinality of S(r) is2 or more. Otherwise the underlying quater-
nionalgebraD = D(r) would be split and S = () (second assertion of Lemma5.4).
In this situation the corresponding theta lift is locally and also globally generic ac-
cording to results obtained by Howe and Piatetski-Shapiro [41] and also by Soudry.
But thisimplies 7, = 6 (o,) for al v, which contradicts the strangeness assump-
tion. For this recall from [96] and Sect. 5.1 that there is at most one class of irre-
ducible generic representation in O (o). It followsthat #5(m) > 2.

Fix two different places v, v’ in S = S(w). Choose f., f,» to be cuspida with
supp(fv) c év and SUpp(fv’) c év’ suchthat f,,, f,, satisfy (*)v ad (*)v’a respec-
tively. Furthermore, suppose tr m, (f,) > 0 and tr m, (f,) > 0 (Proposition 5.3).

Furthermore, choose an auxiliary non-Archimedean place w # v,v’,v” of
residue characteristic different from 2, where o, and ., = 7 (0,,) areunramified.
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In particular, w ¢ S(). Choose f,, with regular support contained in G, such that
tr my(ow)(fw) > 0. For example, take a bump function with support in the max-
imal split torus concentrated at a regular point near the origin, where the character
of the unramified representation 7 (o, ) isnontrivial. Then, in particular, condition
(RS) holds.

With these data fixed we apply Lemma 5.8 from Sect. 5.5. This gives

> m(’) -ty (fo) - tr wy (fur) - tr w0y, (fuw) = 0

ﬂ/‘(ﬂ./)v‘v"zu:ﬂv,v"zu

Theright side vanishes since m,» % w4 (o, ) a the place v" where w, islocally
strange.

The minimality of = and Propositions 5.3 and 5.4 imply «], € £0_(0y,)
(up to quadratic character twists) for al «’ which contribute to the trace for-
mula above, i.e., those 7/ which are isomorphic to = outside v, v'. The same as-
sertion is true at the place v'. Hence, tr «(f,) = tr m_(f,) > 0 and aso
for the place v’, by our choice of test functions. It remains for us to consider
the auxiliary place w. Here n/, ® p,, € €07 (o,,) holds up to some quadratic
character 1,,. The unramified Sp—O Howe correspondence matches unramified
representations with unramified representations. Hence, the restriction of =/, to
Sp(4, F,,) contains an unramified representation since o, was unramified by as-
sumption. Hence, up to a quadratic character twist both ,, and 7/, are constituents
of Ind%, Sp(4,F )( /) for the same irreducible unramified representation 7/, of

G.. Thisimplies T, = Xw ® Ty, for some quadratic character ., [104], p. 480,
line 5. Therefore, tr w},(fw) = tr mw(0w) > 0 holds independently of =/, because
the support f,, is contained in G,,. This gives a contradiction, since in the trace
formula above all these nonnegative terms should sum to zero with at least one of
them being positive (for 7 itself). Hence, there are no strange representations « in
the global L-packet of o. Proposition 5.5 isproven. [

To complete the proof of Theorem 5.2 and also to obtain all the results stated in
Sects. 5.2 and 5.3 in full generdlity, it remains to prove the key formula and the
local—global principle (Lemma 5.6) stated in Sect.5.3. The essential part of the
local—global principle is stated in Propositions 5.4 and 5.5. What remains to ob-
tain Lemma 5.6 will be shown below together with the key formula (as stated in
Sect. 5.3). So once more we exploit the trace formula.

Proof. Let ¢ 2 ¢* beacuspidal irreducible automorphic representation of M (A ).
Then any = in the global L-packet attached to o is not CAP. Fix © and suppose
e(m) > 2. Choose two places {v, v’} in S(7) and consider Lemma5.8 in Sect. 5.5
in the special case where the assumptions (x), and (x),, hold simultaneously. In
particular the functions f,,, f,» are cuspidal. We choose f, and f,. so that a; # 0
and o/, # 0, respectively, and condition (ES) holds in addition with supports in
G, and G,/, respectively. This is possble by Proposition 5.3. Lemma 5.7 im-
pliesa_ = —ay # 0 anda’ = o/, # 0, where we used the abbreviations
ay = tr 7' (o,)(fy) and @y = tr 7. (0y)(fu). TO satisfy assumption (vi)
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in Sect. 5.5, if both v and v’ are Archimedean, we also choose some additional non-
Archimedean place w and some function f,, asin the proof of Proposition 5.5.

The semilocal traceidentity of Lemmab5.8in this caseissimplified considerably.
This means that in the sum 3" agise (7, 7/, w7 @) - tr 7wl (f,) - tr 7, (for) -
tra!, (fw) only those representations =" contribute whose local components are in
thelocal L-packet of o at least up to a quadratic character twist. In particular, 7, is
unramified up to aquadratic character twist. In fact all thisfollows from the last two
propositions, and the arguments used for their proof. By the support conditions of
fuvs for,@nd fo,, quadratic character twists do not have an effect on the trace. There-
fore, the contribution ¢r 7/, (f) = tr 74+ (fw) # 0 isindependent of 7’ and can
be canceled from both sides of the semilocal identity. Similarly, the nonvanishing
termsa, = —a_ # 0anda/, = —a’ # 0 areindependent of 7’. Canceling these
termsthereforegives M, , + M, + M_, + M__ = 2(—1)*("),

Here M. . is the sum over all multiplicities m(=’) over all «’ such that 7’ ®
Ly oy = T (0 )T (av)w””' for some local quadratic characters fi,, ji., and
ftw. Since the right side 2(—1)¢(™) equals the left side, which is zero or more, we
get 2|e(). Furthermore, by the principle of exchange, the condition M, , > 0 (note
m44+ > 0 by assumption) impliesM_, = M;_ = 0.Hence, My, + M__ =2
and e(r) is even. This amost completes the proof of the key formula. In fact we
know M (7") = 1 from Lemma 5.4 part 2, if the cardinality of S(=’) is0,1. So
by induction on this cardinality, the argument surrounding the statement of the key
formulain Sect.5.3 proves M, = M__ = 1. It only remains for us to show
m(r’) = 0 unless 7, and 7, arein thelocal L-packet of o, and o, respectively.
For m, € uy, ® ©4(0,) this follows with the same argument used in the proof of
Proposition 5.5. In particular, we always get 7, = 7 (0,,) a theauxiliary place w.
(This could a'so be seen by moving this place around, i.e., changing to some other
place where o, is unramified and where «’ = m,,(0,,) holds.) So by the symmetry
of v, v’ it only remainsto show m(n’) = 0 whenever !, = 1, ® 7_(o,) holdsfor
some quadratic character 1, but 7/, % 7_(o,) . Assumethiswere not true. To obtain
acontradiction, again apply thetraceformulawith f,, f,, asabove, but now with f,
satisfying only condition (ES) but being arbitrary otherwise. Still the assumptions
of Lemma 5.8 in Sect. 5.5 are satisfied. From this we aobtain a contradiction, pro-
vided the characters y; and 2 of p, ® 7_(o,) and 7_ (o, ) are linear-independent
on the regular eliptic locus of G, (the support of f,). Notice the first character,
X1, appears on the left side of the trace identity, whereas the other character, xo,
appears on the endoscopic left side of the assertion in Lemma 5.8. So it remains
for us to show that linear independence holds on the elliptic locus. For o, 2 o
both representations are cuspidal and the claimed linear independence follows from
the orthogonality relations for cuspidal characters with respect to the elliptic scalar
product. If o, = ¢, both representations do not belong to the discrete series. But
in this case the distribution 7" of Lemma 5.7 vanishes on the regular elliptic locus.
Hence, —2x1 = r(u, ® 0,,) and —2x2 = r(o,,) holds on the regular eliptic locus,
so the linear independence of x1, x2 on the elliptic locus follows from the corre-
sponding linear independence of 1, ® o, and o,,. Since these representationsarein
the discrete series, and since they are not isomorphic by our assumptions, they are
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linear-independent on the regular elliptic locus of M,. This contradiction implies
that any 7' in the global L-packet with m(7") > 0 hasitsloca components 7 in
the local L-packet attached to o, for al places v of F'. In other words, the local—
global principle holds. This, together with the multiplicity result obtained above,
impliesthe key formula. (O

Remark 5.7. If we relax the assumptions on o = (o1, 02) in definition 5.1, we
can similarly consider the case where o is one-dimensional. If o5 isin the discrete
series, this is the situation considered in [3]. With the results on L-series shown
in [69] (instead of the results obtained by Soudry used in the non-CAP case), the
coefficients aq;s. can be worked out directly, and the arguments from above should
extend to give a characterization of the CAP representation in terms of the local
Arthur packets. Thisindeed would give arefined description of the Saito—Kurokawa
lift in term of local Arthur packets.

5.5 Appendix on Arthur’s Trace Formula

In this appendix we apply the Arthur trace formula. We deduce from it certain lo-
cal character identities, whose coefficients contain global information. We therefore
refer to them as semilocal character relations. This semilocal character identities
are useful for several reasons. Firgt, they are the starting point for the proof of the
local character identities of the endoscopic lift » in Sect.5.1. Next, we used them
in Sect. 5.4 to show local statements like the stability lemma. Finaly, they provide
global information, oncethe local conceptsarewell understood. For thisreason, and
to be flexible enough for al these applications, we formulate a number of technical
conditions. Under these conditions we prove the semilocal character identities in
Lemma5.8.
Make the following assumptions (i)—(vi):

(i) Let o be an irreducible automorphic representation of M (A ) with o, o, in
the discrete seriesfor at least two different places v, v'.

(if) Supposethat o iscuspidal and o % o*. Then the global L-packet of o contains
cuspidal representations. These are not CAP representations, since otherwise
there would exist polesfor partial degree4 or 5 L-functions of 7, which contra-
dict the cuspidality of . See Sect.5.2.

Choose signs e, &’ € {+}. Consider the representations 7 = 7.(0,) ® 7o/ (00) @
v and ' = 7_.(0,) @ T_o (o) @ 7" intheglobal L-packet of the weak lift
of o. Wewriter = 4, 7’ = m__ inthefollowing. Let m = my4 = m(7) and
m’ = m__ = m(xn’) denote their multiplicity in the discrete spectrum of G(A ).
Assume:

(lll) moy 4+ +m__ > 0

From (iii) it follows that either 7 or 7’ is an automorphic representation. By switch-
ing e, ¢’ into their negatives, we can assume without loss of generality m(w) > 0.
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Then the restriction of = to Sp(4, A r) isathetalift and is cuspidal (Lemma5.2). It
isnot CAP by assumption (i). So 7 and 7" only contribute to the cuspidal spectrum.
Every automorphic representation in the discrete spectrum isomorphicto 7 or 7’ be-
longsto the cuspidal spectrum. Thisfollows from Langlands results on spectral de-
composition and the fact that 7 isnot C AP. Therefore, put m = m4 4+ = Meysp ()
andm/ = m__ = Mmeysp(n').

Now the essential conditions:

(iv) Let f,, f,r belocally compact functionswith compact support on G, and G-,
respectively, which are in the Hecke algebra in the sense of [6]. Assume that
both functions have vanishing orbital integrals at regular nonelliptic semisim-
ple elements. In particular, they are cuspidal.

(v) Assumethat either condition (), or condition (x),, holds.

Furthermore, suppose:

(vi) Condition (RS) holds for the test function f,, at least at one auxiliary non-
Archimedean place w, and the case w € {v, v’} isnot excluded.

Lemma 5.8. Suppose assumptions (i)—(vi) hold. Then

!
S aaise(mym mwlym ) - tr 7 (fu) - tr e (fur) - tr 7 (fu)
,n./

iseither zeroif for aplacev” # v, v’, w theclassof m,» satisfiesm, & {7+ (ow)},
or equal to

LD s —a ) —al) T ()

otherwise. Here T = tr n,(0,,) — tr n_(oy) if oy, isin the discrete series and

T = tr 74 (o) Otherwise.

Concerning the Notation. In these formulas the summation >~ is over all classes
of global representations 7’ in the global L-packet of o for which (7/)vv" v =
7o @ holds. Here ay and a/, are abbreviations for ax = tr . _(0,)(f,) and
aly = trw'y_ (ou)(fur), respectively. The coefficients a... are zero unless the cor-
responding multiplicities m... of theweak lifts . (o, ). (04 )WW" in the discrete
spectrum are nonzero. In fact they are equal to the multiplicities of these represen-
tations. This follows from [6] (see the references given below) and the Langlands
theory of spectral decomposition, since by assumption (ii) all these representations
arenot CAP, as explained above. Infact a ;. := a§,,.(7) = meusp(7) forany min
the weak lift of o, which is in the discrete spectrum and is similar for al 7’ in the
global L-packet of o.

Proof. For simplicity we suppose for the proof m(m) > 0, as above.

We apply the results obtained by Arthur [6] concerning the trace formula for
G(AF). Choose any test functions f, for the places A\ # v,v’,w and put f =
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1, fx. By assumption f, and f;, are cuspidal. So the orbital integrals of these two
functions vanish outside the regular elliptic locus and these functions are cuspidal
in the sense of [6], p.538. Since f is cuspidal at the two different places v, v/, the
Arthur trace formulais ssmplified. The spectral side is a sum over the traces of the
discrete spectrum suitably ordered using the Archimedean infinitesimal characters
(6], Theorem 7.1 and Corollary 7.2) using the notation from [6]

Z aglsc(ﬂ-/) : ]G(f)

Notice I (7', f) = tr «'(f) inthe notationin [5], p. 325. The coefficients a§,,.(7")
are complex numbers, and by grouping together the linear combinationsof weighted
characters defined in [6], formula (4.3), we have

S0 WS Y det(s— DIt or (Moo 0)0pa,(5.0.5)):
MoCLoCGo s to
Here pg, + isaninduced representation, induced from the part Lﬁisc’t(Lo(F)A Lo,o0
\Lo(Ap)) of thediscrete spectrum of the Levi subgroup L. If 7" iscuspidal but not
CAP, only Ly = Gy contributesto the coefficient a4 (7) and the sum becomesthe
traceof fon L% . ,(Lo(F)ALy o\ Lo(Ar)). HENCE, adisc(T) = Meusp() holds
in this case. In general, of course, ag;s.(m) = 0 unless mg;sc(7') # 0.

Concerning the geometric side of this trace formula, we obtain from [6],
Corollary 7.2,

Z aG(Sv’Y)IG(%f)'

ve(G(F))a,s

Here I (v, f) is the global orbital integral O (f) = [T, OS* (f.) of f (see €],
p. 325). Moreover, by our assumption (vi) regarding f,,, the orbital integral at w
vanishes unless +,, is regular semisimple. This implies v is regular semisimple.
Moreover, by our assumption (iv) regarding f,, f./, the geometric side only involves
regular eliptic terms (as in [6], Corollary 7.4). But in this case one can express
a%(S,~) explicitly. Asin [6], Corollary 7.4, one obtains the simpler expression for
the geometric side

> ollG(R ) Acx \GlAe ) [ faya)de.

YE(G(F)er) G(Ar,)\G(AF)

Here G(F,v) = Zent(y,G°)(F). Inour case G = G°. Furthermore, in our case
Gger 1sSimply connected.

Stabilization of the elliptic terms of the geometric side asin [53], using the fun-
damental lemma proved in Chaps. 6-9, gives for the geometric side of the Arthur
trace formula a rearrangement in terms of stable orbital integrals for G and stable
orbital integrals for the endoscopic group M



206 5 Loca and Global Endoscopy for GSp(4)
1
Z gise(m') - tr 7' (f) = ST (f) + 4STM’**(fM).

The xx-condition on central terms in [53] can be ignored by the regular support
condition (vi) a the places w. Moreover, the global stable orbital STE**(f) =
ST (f) = 0 vanishes by the local assumption (x), or (), of assumption (v)

1 STM’**(f]W).

1
STG’**(f) + 4ST]W,**(f]W) _ A

Since M isquasisplit, the terms omitted in ST**( f*) are again the central terms
of the stable (semisimple) trace ST (fM) or preferably of a suitable stable trace
on the z-extension M = GI(2) x GI(2). One of the functions f,, f./, f., satisfies
condition (RS). Without restriction of generality, suppose it is f,/. Then thereis a
matching function £/ with regular support by the implicit function theorem using
the smoothness of the regular locus of an élliptic torus. Furthermore, we can assume
that for the two places v, v’ the corresponding functions £, £ have vanishing
orbital integralsfor regular nonelliptic elements. Then

ST]\I,**(f]\I) — STM(f]\I)

The z-extension M of M does not have nontrivial endoscopy. The strong cuspidal
condition (iv) is inherited by £, aswell as condition (vi). So again the geometric
side of Arthur’'s trace formula for f™ is simple, and in particular only involves
elliptic regular terms. Hence, stabilization gives

1 1

Mk g MY _ M oM
If we compare the geometric terms ™ (f M) with the spectral side, the simpleform

of the Arthur trace formulanow applied for M yields the character expansion

1T]u f]u = 42 Adisc ® Jv Ht’f"l" Gv fv

4

for the geometric side. The right side is a sum with o running over the discrete
spectrum of M (Ap), suitably ordered. To obtain this formula we used the local
character identities tr o, (fM*) = r(c.)(f,). By the multiplicity 1 theorem for
GI1(2) and M and thespectral theory for G1(2), we get aq;s.(0) = 1 for al cuspidal
representationso = ®’,0,. See[29,42].

Notice the expansion for ;7% (f) above is a character expansion in terms of
representations of G(A ). It involves only representations = which are weak lifts
coming from M. All local components, that appear areinthelocal L-packet of an
underlying global representation o in the discrete spectrum of M (A r). Comparing
this character expansion with the one obtained from the trace formulafor G(A )
givesthe
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Formula (Charldent).

> taise(w) - tr 7' (f) = i.z agise(0) - ] trr(ow)(f)-

A fixed representation 7V*"* of G(A’g”l’“’) belongs to the global L-packet of a
fixed pair o, 0" of representations of M (A ). This follows from Proposition 5.2
and the strong multiplicity 1 theorem for M. So the last character identity should
imply — so to say from the linear independence of characters of G (A;’”l’w) and by
separating the component 7¢-*" — the following semilocal identity: The term

!
S aise (R ) -t 7 (fu) - tr 7 (fur) - b7 7 (fu)

isequal to
= U Paginelo) - (0 —a) - (a —al) - T ()

if all local componentsof %-*" arein thelocal L-packets, and it is zero otherwise.

Since o and o* were supposed to be not isomorphic, and since both ¢ and o*
contribute (Proposition 5.2), we got the factor ; instead of the factor 41; from the
sum over the o on theright side. In the sum the representationsvary over all =’ with
72" fixed up to isomorphism.

Sincethe Arthur trace formulais not known to converge absol utely, an easy argu-
ment which implies the linear independence of charactersin the sense aboveis not
known at present. However, assumptions (vi) or (vi) put us into a situation where
the above semilocal identity can nevertheless be extracted from the global trace
formula.

To extract the semilocal identity stated above from the global Arthur trace for-
mulain this case one uses multipliers at the Archimedean places.

Multipliers. Let foo € C(Gx,Ko) be a K-finite test function at the
Archimedean places. A W-invariant distribution o with compact support on the
Lie algebra of the standard Cartan subgroup h'! is caled a multiplier. In our
cases h! is the Lie algebra of a maximal split torus; for the general case see [6],
Sect. 6. Typical examples are elements in the center of the universal enveloping
algebra or W-invariant smooth functions with compact support. Multipliers o act
on C°(Geo, Koo) in @ natura way as shown by Arthur. Let foo — (foo)a de-
note this action. For an irreducible admissible unitary representation 7., of G,
let v, denote its infinitesimal character viewed as a W-orbit in k!. Let ¢, denote
the length of its imaginary part with respect to a suitable norm on ! [6]. Then
Too(foo)a)) = @&(vr)Too(foo) fOr the Fourier transform & of the distribution «.
Indeed this formula uniquely characterizes the action.
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Notice (foo)a IS cuspidal if fo, is cuspida. This is true since cuspidaity is
characterized by the vanishing of the traces tr n.,(f-) for al representations
T Which are properly induced from irreducible tempered representations. Since
tr Too ((foo)a)) = @(vr)tr moo (foo ), this property is preserved.

Furthermore, the condition (). is preserved by the action of multipliers.
See [97] and [6], Definition 1.2.1. Without restriction of generality F,, = R. Then
()0 isequivalentto T'(f) = O for al charactersT = tr m., of discrete seriesrepre-
sentations of G, notisomorphicto 7y (o), andforal T' = tr ny (oy,) +tr 7_(oy)
attached to discrete series representations o, of M, and all characters T of repre-
sentations properly induced from tempered representations. Thisfollows from [90],
Lemma5.3. Furthermore, for an irreducible unitary representation o, the infinites-
imal character v, determinesthe infinitesimal character 4. of the representations
74+ (0s0). INdeed

vy =v_ =¢(Vo..)

for asuitable “linear” map &, up to some shift. Thisfollows from the description of
the endoscopic lift in terms of the theta correspondence or from [91], Lemma4.2.1.
The precise nature of the map ¢ is of no importance here. For v, = £(v,,) this
implies for the Archimedean places v

T((fo)a) = &(&(w)) - T(fo) = a(Vv) “T(fv)

fora =aok.

Multipliers act on the global K-finite test function f = T[], f, in C2°(Gs %
G((Ar)ys)) viatheir action on the Archimedean component f.. Hence, the non-
Archimedean condition (vi) is preserved by the action of multipliersfor trivia rea-
sons.

The infinitesimal character v = v, of a unitary irreducible admissible repre-
sentation 7., defines a W-orbit. Given v, a smooth multiplier « is constructed on
p. 182ff of [8] such that for o, = a * ... x a (m-fold convolution) the following
holds:

LM — oo Z agise(m') - tr ' (fa,) = Z agise(m’) - tr 7' (f).

’ ’ —
T T, Vo=V

Recall the left side is the spectral side of the Arthur trace formulain a smple form
(for our purposes f is supposed to satisfy the assumption of the trace hypothesis;
under the second assumption of condition (vi) this assumption is stable under the
action of multipliers). Thissum isnot necessarily absolutely convergent, so summa-
tion is with respect to a suitable ordering using the parameter ¢,.,. The sum on the
right is absolutely convergent owing to the admissibility statement [6], Lemma4.1.
Hence, linear independence of the characters involved holds in the sense of [42],
Lemma 16.1.1. We recall that for the above limit formula it suffices to know that
a(v) = 1and |a(vy )| < 1 unlessthe W-orbits of .. and v coincide.

A similar separation of theinfinitesimal character can be obtained for the spectral
side of the simple trace formulafor the endoscopic group. In fact, one can do better.
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For an irreducible unitary representation o, the infinitesimal character v,,_ deter-
mines the infinitessimal character v, of the representations 7+ (0 ), as explained
above vy = v_ = (v, ) for asuitable “linear” map &. For v, = £(v,,) this
implies for the Archimedean places v

trr(ov((fo)a) = a(E(ve)) trr(ov)(fo) =a(E (1)) tr ou((fo) ") =tr ou((fo)a)

for & = a o &. If weidentify the domains of the functions « and &, as we may do,
we can symbolicaly write

((£)a)™ = (£27),..

In other words, the action of multipliers commutes with the endoscopic matching
condition. Since the Weyl group of M, is a subgroup of the Weyl group of G,,, the
smooth multiplier « for G,, can therefore be considered as a smooth (x-invariant)
multiplier for M,,. This being said, we can consider the formulas (Charldent) from
above for the various test functions f,,, . From the spectral limit formulas both for
G and for M we obtain for m — oo

Z adisc(ﬂ").t’l"ﬂ'/(f) — le Z adisc(a)'H tTUU((fU)AI”)

v =£(v) o, Vo=V

— i Z adisc(g)'l;[ trr(ow)(fo)-

o, Vo=V

From this formula[6], Lemma4.1, and [42], Lemma 16.1.1, the semilocal identity
follows. This completesthe proof of Lemma5.8. [

Proof of formula (0). See page 180. We now explain how to obtain formula (0) in
the non-p-adic case as a complement of the proof of Lemma 5.8. For this choose
v,v" asin Lemma 5.8 to be Archimedean for a suitable chosen auxiliary number
field F', and a suitably chosen auxiliary global irreducible cuspidal automorphic
representation o % o* of M (A ), and we choose w to be some auxiliary “harm-
less’ place, where the global representation o is unramified and for which the norm
of w is sufficiently large. Furthermore, we choose F' and o so that for some addi-
tional auxiliary non-Archimedean place w’, where F//Q splits with residue char-
acteristic different from 2, o, 2 o, holds and is cuspidal. Then 7 (o, ) are
cuspidal and up to character twists the only representations in £0 (o) (see
Proposition 5.1 for the notation). Indeed, the statement on the theta lift uses Wald-
spurger’sproof of the Howe duality for the dual pair Sp(4) x O(4), whereasthe cus-
pidality statement uses what we already considered the case of loca fields, which
are completions of Q, in Theorem 4.5. For the Archimedean places we choose f,
to be some fixed auxiliary cuspidal function in the Hecke algebra satisfying (),
such that a— = —aq = tr m_(o,)(fy) > 0 (notation as in Sect.5.4). At the
Archimedean place v we choose two functions f,, such that tr w1 (o )(fy) = 0
and tr m_ (o, )(f,r) = 1 or vice versa. At the place w’ we choose a function f,,
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in the Hecke algebra whose traces separate the finitely many cuspidal represen-
tations of GG, which appear in the packets £0(o,,) of the theta lift twisted by
guadratic characters. For this we can assume f,,» to be alinear combination of ma-
trix coefficients of these finitely many cuspidal representations. Finaly f,, is cho-
sen with regular support in a maximal split torus of G,,. With these choices the
global trace formulais considerably simplified, as observed by Deligne-Kazhdan,
by Arthur and by Henniart. In particular, on the spectral side only the cuspidal auto-
morphic spectrum contributes, owing to the cuspidal matrix coefficients f,,, at the
non-Archimedean place w’. This makes the use of multipliers, which were neces-
sary in the more complicated situation of Lemmab.8, superfluous. Secondly, the f,,/
chosen completely suffice for the detection of all local constituents of globa endo-
scopic lifts at the place w’. Thisis due to Lemma 5.2. The next observation is that
“moving” the unramified auxiliary place w to become “sufficiently large” alows
us to get rid of the influence of f,, in the trace formula. This follows from well-
known finiteness results (i.e., apply the sametrick asin the proof of Lemma5.6 and
of the key formula at the end of Sect.5.4). Furthermore, similarly as for the place
w’, Lemmas 5.2-5.5in Sect. 5.2 control the Archimedean constituents of the global
endoscopic lift. So the f,, chosen again completely detect all local constituents of
global endoscopic lifts at the place v’ (Lemmas 5.2 and 5.5 in Sect. 5.2). With these
choices made, we can now follow the argumentsin the proof of Lemma5.8 mutatis
mutandisto obtain

Zm tTﬂ'(fv)— a+—a Hnaw, o)

wH#v

wheren’ = 7, ® (7')" runsover all global cuspidal representations, which are weak
endoscopic lifts (in the sense of Sect. 5.2) of our fixed auxiliary global automorphic
representation o with fixed (7’)¥ outside v. Since 7, € {n+ (0 )} by Lemma5.5,
we then obtain ¢tr 7'(f,) = ax = +a4. Cancelingay = —a_ # 0 from the for-
mula leaves us with a formula which is the precise analogue of formula (0) with
the unique Archimedean place oo of ' = Q now replaced by the fixed chosen
Archimedean place v of the number field F'. To make a comparison with the situa-
tion above we change the notation, and let v denote oo from now on. Then for any
local non-Archimedean local field F), of characteristic zero and any irreducible ad-
missible representation o, of M, in the discrete serieswe may have chosen ' and o
such that they extend F’, and o,, (maybe up to alocal twist by acharacter). With this
additional choice made, the analogue of formula (0) has now been established. [



Chapter 6
A Special Case of the Fundamental Lemma |

6.1 Introduction

In the following we prove the endoscopic fundamental lemma essentially used in
Chap. 3 for the group of symplectic similitudes

G(F) = GSp(4, F),

i.e., thegroup of all 4 x 4-matrices g satisfying

(o ez W) r=()

with coefficients in a non-Archimedean local field F' of residue characteristic dif-
ferent from 2. Let K denote the maximal compact subgroup of G/(F) defined by the
matrices g with coefficientsin the ring of integersopr C F.

In [36] the existence of matching functions (f, f) for endoscopic orbital inte-
gralsis shown for the group GSp(4, F) and its unique endoscopic group M. How-
ever, the proof in [36] only gives the existence of matching functions. It does not
explicitly describe the correspondence between the functions that have matching
orbital integrals. However, it is this additional information which is relevant for
many applications. In particular, it is important to know this correspondence for
all functions f in the K-spherical Hecke algebra of al K-bi-invariant functions
with compact support on G(F'). The fundamental lemma asserts that there exists a
specific ring homomorphism b between the spherical Hecke algebras of the groups
G(F) and M(F) for which the pairs (f, f™) = (f,b(f)) define matching func-
tions (if the transfer factors and measures are suitably normalized). Using the trace
formula, one can reduce this assertion to the case of one particular function in the
spherical Hecke algebra, the unit element f = 1. In this special case, of course,
M =b(1x) = 1g,,. Thereduction of the fundamental lemma to this special case
can befound in [35] and also in Chap. 9. So it is enough to provethat f = 1, and
M = 1g,, arefunctionswith matching orbital integrals.

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 211
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 6,
(© Springer-Verlag Berlin Heidelberg 2009



212 6 A Specia Case of the Fundamental Lemmal |

As already mentioned, there exists only one proper €lliptic endoscopic group M.
This endoscopic group is isomorphic to the quotient of the group G1(2)? divided
by G,,.. See page 54 for details. The endoscopic matching condition is roughly the
following. Consider a maximal F-torusT = Ty, of M and an admissible embed-
ding of T"into GG. Then one has to show arelation between the stable orbital integral
SOM(1k,,) of 1,, for al sufficiently regular elementst € T),(F), and a certain
linear combination of orbital integrals O% (1)

SOiM(lKM) = ZA(ﬁ/’t)Os(lK%
,r]/

wherethe sum isover all elementsy)’ stably related to ¢ by anorm mapping. For the
rather complicated details of these notionsand, in particular, for the definition of the
transfer factors A (', t) in the general case we refer to [60]. In the present situation
all thiswill become quite simple and explicit. In fact, the transfer factor satisfies

A t) = w(n',n) - Aln,t)

for some fixed n, where x(n’,n) = 1 if n’ is conjugate to n under G(F') and
k(n',n) = —1if ' isnot conjugate to n under G(F).
In Sect. 4.5 we used the notation

A(nvt) = AIV(TLt) '7(77775)7

where Ay (n,t) isasimple volume factor defined in [60].

There are four types of maximal F-tori Ty, in the group M. In the list on
page 94 these are the tori of types (4)—(7). Among these, the tori are contained
in an F-rational parabolic subgroup of M in cases (6) and (7) where the matching
condition is very easy to verify by parabolic descent. We |leave these two cases as
an exercise. What remains are the two essential cases (4) and (5). Here the torus
T is uniquely characterized in M, up to conjugation by M (F'), by the property
Tu(F) = (LT x L3)/F*, where Ly and Lo are quadratic field extensions of F'.
For L1 = L thisgivesédlliptic case |, and for L1 2 Lo this giveselliptic case Il.
Although both cases are similar, several things have to be distinguished. Therefore,
to avoid confusion, we treat them separately: ellipticcase | for L = L; = Lo inthis
chapter; elliptic case Il in the next chapter.

It will finally turn out for suitable choices to be given in detail in the following,
in particular for a suitable choice of 7, that thereexist Dy € F* and Ay € F* such
that L = F(v/Dy) and ET = F(y/Ay) are algebrasover F' for which we can view
n as defining an element z € (E* ®p L)* such that

1 nonelliptic Ty,
T(n,t) = § xp/r((@ —27) (2" — 277)) elliptic cases I,
X1/ (Ao(z — 27)(z™ —277)) elliptic cases II.
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Here x 1,/ denotes the quadratic character attached to the extension L/ F" by class
field theory. In the elliptic cases L/ F' is a quadratic field extension of F* with auto-
morphismo. ET /F isafield extensionin eliptic case |1 with automorphism 7, and
splits as an F-algebra B+ = F2 in elliptic case |. In fact, these formulas are com-
patiblein astrong sense. In particular, the local factors satisfy a product formulafor
global data (global property). Thiswill be shown in Sect. 7.15.

Conventions. For thelocal field F' let o bethe ring of integersand ¢ be the num-
ber of elements in the residue field of F'. Let L be a quadratic extension field of
F. Let mp and 7, denote prime elements of F' and L, respectively. We assume
|7r| = ¢t and ord(mwr) = 1. If L/F isramified, we may assume 7, to be chosen
such that w% = —7r € F* sincetheresidue characteristic is different from 2.

6.2 The Torus T'
Inthissection F'isalocal field of residue characteristic not equal to 2. Consider the
subgroup H(F') C GSp(4, F) of all matrices

a0pB0

A 0a 0p _(ap ’_ o f
(5,57 = v~ 0060 |’ S_<75>’ S_('y’(;’)

0~ 0
for s,s € GI(2,F). H(F) is isomorphic to the subgroup (Gi(2,F)?)° of
Gl(2, F)? of all elements (s, s’) for which det(s) = det(s'):

H(F) = (Gl(2,F)?)°.

The exponent 0 indicates the determinant condition, or later a similar norm
condition.

The Torus T. For afixed quadratic field extension L/ F' consider the algebraic F-
torusT' C Resy,/p(Gm) % Resy ) p(Gyy,) determined by

T(F)=(L* x L*)" = {(z,2) € L* x L*|Norm(z /') = 1}.

Let o C T'(F) denote the subgroup of ¢t = (z,2') € T(F) suchthat z,2’ € o}
are unitsin thering of integersoy, of L.

Standard Embeddings. Fix D = Dq such that L = F(v/D). For D’ € F
such that L = F(v/D) = F(v/D'), we have vVD/v/D' = o for some a =
a(v/'D,\/D') € F*. For smplicity now assume D, D’ to beintegral. Such achoice
of (v/D,+/D') defines an F-rational embedding of 7" into H, called a standard
embedding, asfollows. For ¢t = (x,2") inT'(F') write

r=a+bVD €L, ¥ =d +VVD € L.
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The embedding will be defined by mapping ¢ to the pair n = (s,s’) € H(F) C
G(F), where

b , , ’ 7%
s=omo=(3 ) d=emr=(5 V).

Here we use the notation (s, s’) for elements of H(F') introduced above. Notice
that ¢_ /() = ¢,/ (x7) definitely depends on the choice of the square root. o
denotes the generator of the Galois group of the field extension L/F. The image
definesamaximal F-torus T of H and G.

Since any two F'-embeddings Resy,/p(G,,) — GI(2) are conjugate by an ele-
ment in GI(2, F'), the first assertion of the following lemmais an immediate conse-
quence.

Lemma 6.1. Any F-rational embedding of T"into H or G isconjugateunder H (F')
or under G(F), respectively, to a standard embedding with fixed v/ D. A second such
standard embedding

Db , ! Doy
sun@=(5 ) eumitr= (% O

is conjugate to the given one under H(F') or under G(F), respectively, as an
embedding of 7" into H or into G, respectively, if and only if the quotient § =
a(v'D,vD")/a(vV/D,v/D') isin Norm(L*).

Proof. Since embeddings of maximal F'-tori 7" into a reductive group G, up to con-
jugation by G(F), are parameterized by ker(H'(F,T) — H'(F,Q)), the second
assertion isan immediate consequenceof H!(F, T) = F'*/Norm(L*) (Hilbert 90)
and H'(F,H) = H'(F,G) = 1. Since F*/Norm(L*) = 7/27, Lemma 6.1
shows that up to conjugation by G(F") there exist exactly two different embeddings
of T into G. It is an easy exercise to show that 6 gives the relevant parameter in
F*/Norm(L*). O

That the standard embeddings defined above are admissible embeddingsin the sense
of [60] is shown in Chap. 8.

Example6.1. Let 1,/ denotethe quadratic character of F* suchthat ker(x/r) =
Norm(L*). Supposex,/r(—1) = —1. Thena(vD, VD) /a(v'D,—VD') = —1
isnot in Norm(L*). Hence, the standard embeddings defined by (v/D,+/D’) and
(vV'D,—+/D"), respectively, are not G( F')-conjugate as embeddings, although these
two different standard embeddings define the same image torus in G. In fact this
change of embedding amountsto achange (z, ') — (z, 2’7 ) for the automorphism
ocof L/F.
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6.2.1 Orbital Integrals

Assume F isalocal field with residue characteristic different from 2. For n € G(F)
let G,, bethe centralizer of  in G. For the orbital integral

0% (1) = / 1k (9~ 'ng)dg/dgy
G (F\G(F)

of the unit element 1, of the Hecke algebra (equivalent to a characteristic function
of the group K of unimodular symplectic similitudes) for the group G = GSp(4)
define the «-orbital integral by

O5(1x) = 07 (1x) = OF (k) ,
where
0 = (byp, (55)’%.\/]36 (")), n=(¢yp, (x)’(b\/Dé ('),

andwhere § € F* issuchthat F* = Norm(L*) U0 - Norm(L*). We normalize
measures such that vole (K) = 1 and weassume (v/Do, /D) isfixed. We also as-
sumeregularityintheforma # 2% andz’ # (2/)? anda’ # x, 27, where o denotes
the nontrivial automorphismof L/ F'. Assuming this, we get G,, = Tz = T.We nor-
malize the measure on T such that volr(or) = 1 for o as defined earlier.

Further Assumptions. We choose Dy, Dj, to be normalized of minimal order 0
or 1. Notice this does not mean D’ = D{0? has the same property. In fact, in the
unramified case we have to choose ¢ such that ord(0) = 1.

6.3 The Endoscopic Group M

For the convenience of the reader we now describe the endoscopic group M and its
L-embedding. In fact, we will also introduce some explicit isomorphism between
tori, which will be essential for the computations made in the following.

Toriin M. ThetorusT = T}, (elliptic casel) isthe pullback of the maps Norm :
Resp p(Gm) x Resp p(Gy) — Gy, x Gy, and the diagonal embedding G, —
G, x G,,

T >R€SL/F(Gm)2

Norm
v diag v

G ~ G2,
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The dual group 7" is the pushout of the diagonal map diag : C* x C* — (C*)? x
(€*)? and the multiplication map m : C* x C* — C*

T< (C*)2 % (C*)Q
A

C* < (C*)2

m

Thus, 7' = (€)% x (C*)2/{(t,t,t~*,¢t~1)}. The generator o of Gal(L/F) actsby
permuting the first and second and third and fourth components, respectively. The
map

(217 22,23, Z4)/(t7tat71at71) = (Z1Z4a ZQ/Zla 23/254)

induces an isomorphism 7' = (C*)3. By transport of structure ¢ now acts on
(C*)° by
o(x,v,p) = (xvp, vt ph).

This definesthe L-group =7 as the semidirect product of 7' and the Weil group W
with the action of W factorizing over the quotient map Wr — Gal(L/F).

L-embeddings. We define an embedding of L-groups
Y ET — EGSp(4, F) = GSp(4,C) x W

by qﬁ(%% :U’) = diag(x,:cy, Tpv, SUM) for (‘T’V7 /’L) € Ta and

1/)(1><0):i-<0E§)><a.

Notice the action of W factorizesover I' = Gal(L/F). A better, but more techni-
cal choice of ¢ isgivenin Chap. 8. We identify 7" with its image under . Then the
center Z(G) of G isthe group of al (z,v, ) = (z,1,1) in T and the fixed group
" is
" = Z2(G)U Z(G)k
forx = (1,—1,—1). The centralizer of
s =(k) = diag(1,—1,1,-1)

defines the group

MMO{

O *x O *
* O % O
O * O *
* O *x O

C GSp(4,0) }
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We consider M = M x Wy as a subgroup of “G:Sp(4, F). The inclusion map
LM — LG will be denoted ¢. The morphism + factorizes through the embedding ¢

YT — M — FGSp(4, F).
L M isthe L-group of the reductive group M = G1(2)?/G,,,, where
M(F)=GIl(2,F) x G2, F)/{(t,t,t ", t7") [t € F*}.
Infact € : “M — G defines up to equivalence the unique elliptic endoscopic
datum (M, LM, ¢, s) of G which is not equivalent to (G, ©G,id, 1) in the sense of
Langlands and Shelstad.

Admissible Embeddings. The choice of some regular representation of L* —
Gl(2, F') defines an embedding T, — M and

Tu(F) = (L* x L*)/F* — M(F) = (GI(2, F)?)/F*.
Define isomorphisms

p:(L* x L*)/F* = L* x (L*/JF*) = L* x NY(L) = (L* x L*)* 2 T(F)
= Ta(F) C GSp(4, F),

by the maps

(t1,t2)/(t71,t) = (tita, to mod t) v (tita, 15 /t2) — (tita, t1ta(tS/t2))
= (o (tita), ¢/ (t1t3)).

The composite map defines an admissible embedding (see Chap. 8) of the torus T,
into GSp(4, F)

Tni(F) = (L* % LY)/F* — T(F) = Ta(F) C GSp(4, F),

t=(t1,t2) mod (t™", 1) = 1 = (¢/p (@), byp (2)),

wherex = t1t; and 2’ = t1(¢2)7. We often identify T with itsimage T¢.
Notice, the induced map

p:L*x L* — (L* x L*)/F* — T(F)

does not necessarily map o} x o} onto or, aswewill seein the next section.
We now describe our choice of the admissible embedding T, — T¢. We con-
sidered the following chain of embeddings:

M =GI(2,F)?)F* « Ty(F) = (L*)?/F* S E°CE=LoL,

where E = L @ L, and where E° C E denotes the elements, whose componentsin
the two summands of E have equal norm. Furthermore,
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0 *v/po 0
EY YU GU2, Fa F) S To(F) C H(F) C GSp(4, F).
The maps from left to right are as follows. The first embedding is induced from
(L*)? — GI(2, F)? viathe regular representation, which identifies GI(2, F') and
GI(L/F). This map is unique up to conjugation. The map « with image in E° is
defined by
vt ta)) ~ —  (x,2") = (tita, 1115).

Themap ¢/, is

, , b l y
e o= (5 P) (6 PY),

with coefficients a,b,a’,t’ € F determined by t1to = a + by/Dy and 1t =
a' + b'\/Dy in L = F(y/Dy). Finaly, we have the isomorphism ¢ onto H(F),
which maps (s, s’) to the symplectic similitude matrix

a 0 Dgb 0
o 0 a 0 Dob/
15 0 a 0
0o v 0 a

ThetorusTg in GSp(4, F') isthe image of the torus 7', in M under ¢ o ¢ /p oL
TG = (;5 ] ¢\/Do o] L(T]\{).

Keepinmind E = L& L 5 (z,2). On E the field automorphism o acts on each
summand. Thefixed algebrais E+ = F' @ F, which contains F' diagonally. Flipping
both summands defines another automorphism r : £ — E, whose fixed algebrais
the quadratic extension field L = F'(v/D) of F, diagonally embedded into E. The
fixed subalgebra L’ under o o 7 isisomorphic to thefield L.

The Factor Ay. For comparison with [60] we record the following formulas for
De(n) =1, le(n) — 1/*/2 (product over al roots):

Da(n) =1 =o' /x|[l —2/x7|]1 — '/ (2")7]]1 = z/(2")7]

since 7 is conjugate to the diagonal matrix diag(xz,z’, 27, (x')?) over F. Also no-
tice |z| = |2/|. Similarly,

Dy (tr,ta) = L= 1 /1|1 — t2 /13| = [1 — =/ (2)7|[1 — =/,

since (t1,t2) is conjugate to diag(t1,t9),diag(ts,tg). This shows A;y =
De(n)/Da(ty, te) = [(x—ax%) (2’ —(2')7)]/|xa’|. Since (x —z7) (' — (2')?) isin-
variant under o, it is contained in F. Furthermore, |z2’|=|z? fg’ |=|z|? € ¢ C Q*.
Hence,

Lemma 6.2. Di(n)/Das(t1,t2) has Q-rational values.
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6.4 Orbital Integrals for M

Since Mye.,- isnot simply connected, it is convenient to use the z-extension
p: M =GIl(2)? — M

and to consider orbital integrals for M; instead of stable orbital integrals for M.
See [49], Lemma 3.1. The preimage Ty, of Ty in My = GI(2)? satisfies
Tan, = (M), +,) by our regularity assumption. Furthermore, Ty, (F) = (L*)?.
Put Ky, = GI(2,0r)? and normalize measures such that volys, (Ku,) =
volre,, (K, ) = 1. We normalize measures on Ty, by volr,, (o} x o}) = 1.

Lemma 6.3. e have exact sequences
0= F* — L*x L* 2 T(F) =0
and _
0— 0f — 0 x0f L5 0p —Q —0,
where Q = Z/ (e, /) for the ramificationindex ey, /.

Proof. Postponed to the beginning of Sect. 6.6. [

Remark 6.1. Theimage K, of K, in M (F') isnot amaxima compact subgroup
of M(F) in genera. If L/F isramified, choose 7, such that 7% € F*. Then the
image of (t1,t2) = (7,7, ") in Ty (F) isnot contained in K 7, but generates to-
gether with K, acompact group of M (F). Furthermore, j(rr,, 7. ') = (—7p, 7r)
and p(o} x o} ) generate or.

From [49], Lemma 3.1, the stable orbital integral SOf‘tfhtz)(lK) is

SOéZ,tz)(lKM) =cC- / lKM (g_l(tl’tQ)g)dg/dt.
Tr (F)\M(F)
Measures are normalized such that voly(Kp) = 1 and on Ty, such that

volr,, (or) = 1, by transport of structure. In that case, ¢ = 1. For a change of
measure on Ty, such that volr,, (5(o}, x 0% )) = 1, we have to make an adjustment
by c=#Q =er,/p.

We can expressthisin the form

SOﬁflytz)(lKhj) = 6L/F / 1K1\11*F* (gil(t17t2)g)dg/dlv
Ty (F)\M1(F)

with measureson M, chosen asabove. On M, we should work with the unit element
of the Hecke algebra of K/, -bi-invariant functions f on A, with the property
f(zg) = f(g)foral z € Kern(p)(F) = F*. Observe 1, (g~ (t1,t2)g) # 0
holds if and only if there existsa z € Kern(p) such that (¢1,t2) = 2(¢},t5) and



220 6 A Specia Case of the Fundamental Lemmal |

Licy, (971 (7, t5)g) # 0 holds. Thisis clear because Kern(p)/(Kern(p) N K, )
isinjected into X, (M¢?). We call such (#;,t,) adjusted. The last observation has
the consequence that for adjusted pairs (¢1, t2) we have

Gl(2,F Gl(2,F
O (kca ) = O (Lieyr ) = 05 (1) - O AP (1)

Since the element = 5(t1,t2) and the orbital integral O/}, (1x,,, #-) do not

change under the replacement (¢1,t2) — z(¢1,t2), we can restrlct ourselves to ad-
justed pairs (1, t2) in the proof of Theorem 6.1.

In particular, to compute Oy, (1x,,, .+), We may now use the well-known
formulas.

Lemma 6.4.

3 1 qlAo|Y/? ol
[ e =) (-t )
L*\GI(2,F) q— q—
in the case of ramified extensions L/ F' and

2 ALY (g + 1
+‘ ol /*(q )

01 (1 [t —t7|7")

/ Lielg ™ ag)dg /dl = 1; (1) - (~
L*\GI(2,F)

in the case of unramified extensions L/F. Here K = Gl(2,0r). Measures on
Gl(2, F') and L* are normalized such that vol - (07 ) = 1 and vol g2, 7y (K) = 1.

Theorem 6.1. Let x = t1t2 and o’ = ¢1t$ be regular in the sense that = # 2°
and 2’ # x,27,(2")7. Putn = (¢/p,(x), b p,(*") € Te(F) with “image’
(t1,t2) € Th(F) under p~!. Assume the residue characteristic of F is different
from 2. Then

A(n, (tr,t2)) - O;(IK) = SO?{II,tg)(lK)?
for the transfer factor
A, (tr,t2)) = |z’ | 71 - (xpypl - ) ((x = 27) (2" = (2')7)),
where x 1,/ isthe quadratic character of /' attached to the field extension L/ F'.

Proof. Sections 6.5-6.13. O

Since x 1,/ isaquadratic character, Lemma6.2 implies

Corollary 6.1. The transfer factor A(#, (¢1,t2)) has Q-rational values, and satis-
fies

A(An, (A1, t2)) = A(n, (t1,t2))
forall A € F*.
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Lemma 6.5. For the involution (t1,t2)* = (t2,t1) we have A(n,t*) =
xr/r(=1) A0, ).

Proof. The change from ¢ to t* replaces (x, 2’) by (z, 2/7).
Of course (z, 2'7) is G(F)-conjugateto (z, 2’) if and only if x 1,/ p(—1)=1. O

6.5 Reduction to H

An essential ingredient of the whole computation is Schroder’s representatives [81]
for the double cosets H(F') \ G(F')/K. A generalization of this double coset de-
composition to symplectic groups of arbitrary genusg > 2 iscontained in Chap. 12,
Theorem 12.1. Together with the measures considered in Sect. 6.16, this double
coset decomposition leads to an expression as an infinite (actually then finite) sum

la(giKg; ") =~ volg(K)
0% (1x) = vora i) OH(1) = OH (1),
v (1) Z volH(HﬂgiKgi_l) n () ; volp (K;) " (Lxc)

9gi
where K; = Ky = K N H(F) fori = 0, and where K; = H(F) N g;Kg; ' for
i1>1is
K, = {(hl, hs) € Kgr C GI(2,05)2 ’ hy = hS mod why, det(hy) = det(hQ)},

i.e., one of the groups denoted H, on page 349ff. Observe the abbreviation

o W6 )

This notion is compatible with the notation for the Galois action of o € Gal(L/F)
in the sense that h +— h? induces the automorphism o on ¢ 4/ (L*). Finaly,

0, (1k,) = / g, (h~'nh)dh/dt.
To(F)\H(F)

Integration isover al elementsin h € H(F)
h = (hl, hg), det(h1) = det(hg), h; € GZ(Q,F)

We use measures on G and H such that the volumes of the compact subgroups
volg(K) =1andvol(Kg) = 1 are 1. Thismeans

volg(K) /voly (K;) = [Ko : K;].

Remember, measureson G, = T' were normalized by vol(or) = 1.
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6.6 Preliminary Considerations for (x, ")

Fix some (z,2') € T(F). The coordinatesa,b and a’,b’ of x = a + b\/D, and
2’ = a’ + V'/D}y depend on the choice of the parameters /D, and +/D}. From
now on we fix the notation such that these coordinates will be reserved for some
fixed choice of normalized /Dy and /Dy

Proof of Lemma 6.3. For =, 2’ in L* with Norm(z) = Norm(z'), elementst;, ty €
L* withx = t;t2 and 2’ = 1t can befound by solving the equationt, /t5 = = /2.
The element /2’ is in the norm-1-group N} C L*. Therefore, this equation can
be solved for to € L*, unique up to some multiplein F*. Then t; = x/t» defines
the second parameter. The pair (¢1, t2) is uniquely determined up to some multiple

= (t,t7 1) fort € F*. Thisallowsusto assumethat the pair (t1, t2) can be chosen
to be “adjusted” in the sense of Sect. 6.4.

Integral Solutions. For the proof of Theorem 6.1 the only relevant elements (z, ')
are those where = and 2’ are unitsin o} . Thisis the obvious eigenvalue constraint
for an element to be conjugateto a unimodular matrix. So it is natural to ask whether
one can express x, x’ € o} asx = t1ta, &’ = 1t interms of unitsty,t2 € o} .
Thisis not always possible. Of course, it would be enough to find ¢, € o} such that
to/t3 = x/2’. Theimage of o} undert — ¢/t isN} N (1 +mr0r) intheramified
case, and N} in theunramified case, sincethe residue characteristicis different from
2 by our assumptions. Every element in N} isin o} and congruent to +1 mod 7,
in the ramified case. If

z/x' = —1mod(nr)

we do not get asolution with ty € o} . For z/2’ = 1 mod(wr,) we do, whichimplies
Q = or/p((0})?) = Z/(er,/rZ) and completes the proof of Lemma6.3. [

Conclusion. Supposethat 2z and 2’ are unitsin L* with z = 2’ mod 71, in the case
where L/ F isramified. Then the equations

x = t1tg, ' =15
are solvable with units¢,, ¢, in L* (and this gives an adjusted solution).
Some Notation. For z, 2’ € o} with equal norm define the following integers
x = ord(a — a’), f = ord(b), f=ord('), N =min(f, ).

With this notation we get b = . B and b’ = 7/, 'B' for units B, B’ in 0%, and

f+f _‘ ‘ |
¢D VDy
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Furthermore,
x=o0rd(Tr(x)=Tr(z")) = ord(tita+t7t5 —t1t5 —tJta) = ord((t1 —t7)(ta—13)).

Now assume x = 2’ mod (71,) in the case where L/F is ramified. Then |t;| =
[t2] = 1 by Lemma6.3.
From now on put v/ D}, = /Dy. Under these assumptions

[t2 = (t2)°| = |z — 2’| = |(a — a')* = (b= V')*Do["/2,

and
t1 = (t1)7] = |z — (@) = |(a — a')® = (b+V')* D[/,

Our assumption regarding z, «’ earlier is an automatic consequence of another
Assumption. Assumez,z’ € o}, and Norm(z/z') = 1 suchthat xy > 0.

This assumption implies for ramified L/F' that ' = = mod (71,), since then
Dy =npandz—2a' =a—a' mod(rg). Sincea’ /x = +1 mod (7 ,), the condition
a2’ =z mod (71,) isequivalent to y > 0 (the residue characteristic is not 2). It will
turn out in the final computation in Sect. 6.12 that only those z, =’ will play arole
for which x > 0 holds.

Lemma 6.6. Suppose z, 2’ € o} with Norm(z/2") = 1 and x > 0. Also suppose
/Dy = +/D}. Then:

L A{| Dot — 7|71, |Do| 2|tz — 151} = {gN, g NTordPo},

2. x = ord(Do(b* — (t')?)) unless f = f' = 0 and ord(Dy) = 0 (L/F is
unramified).

3. For (f, f',ord(Dy)) = (0,0,0) we have x < ord(Dqo(b* — (b')?)).

4. x > ord(Dy) + 2N with equality in the case f # f/ for (f, f',ord(Dy)) #
(0,0,0).

Proof. Recall ord(Dy) = 0 if L/F is unramified and ord(Dy) = 1 if L/F is
ramified. From the identity above we get

0<2-x=ord/(a—a)?—(b—1)*Do)] + ord|(a —a’)? — (b+V')*Dy).
If for both signsord(b £ ') < ord(a — a’), thisimplies (2)
2x = ord(Do (b + V')?) + ord(Do (b — b')?) = 20rd(Do (b* — (b')?)).
Since the residue characteristic is different from 2, we have
N = min(ord(b), ord(d")) = min(ord(b — V'), ord(b+b")).

Together with (2) this implies (1). Now assume ord(b + V') > ord(a — o) for
one choice of the sign. Since x = ord(a — a’) > 0, this gives ord[(a — a’)? —
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Do(b+1")?] > 20rd(a — a’') = 2x. Hence, the equality aboveimplies for the other
choice of sign ord[(a — a’)? — Do(b F V')?] = 0. Since x = ord(a — a’) > 0,
ord(Do(b F b')?) = 0. In particular, ord(b ¥ ') = 0 and ord(Dy) = 0. Then
N = min(ord(b),ord(t’)) = min(ord(b —b'),ord(b — b")) = 0 and ord(b) =
ord(b")=0. Thisimpliesclaims (1) and (2). Claim (3) is an immediate consequence
of the argument above. Claim (4) isan immediate consequenceof x = ord(D(b*—
(b')?) (assertion2). O

6.7 The Residue Rings R = or /7% oF

Assumei > 1.Let R = op /mk.or denotetheresidueringand let D, D’ be elements
in R. Suppose matrices s, s’ in GI(2, R) are given by

_ (abD o — a' VD'
=\ba ) S\ ad )

Np C R*

Let

be the group of invertible elements of the form a? — b2D for a, bin R. Then
(R*)> C Rp C R*.

Notice that elements congruent to 1 mod () are contained in (R*)? by the as-
sumption regarding the residue characteristic.

Lemma 6.7. The centralizer GI(2, R); of s in GI(2, R) iseither GI(2,R) ifb =0
in R, or isthe group of all matrices

ye{(u vD—i—Ann(b)) ’ uQUZDGR*}'

v u+ Ann(b)

Furthermore, suchy € GI(2, R) have unique decompositionsinto a product of two
invertible matrices of the form

_(u vD) (1 g /
y(v u>(0 1+g’)’ 9,9 € Ann(b).

Remark 6.2. This does not define asemidirect product decomposition of G(2, R) .

Proof. One direction is clear from

G )6 )

I
RN
SENS
=3
——
N
> Q
= 5
N——
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and

a bD\ (1 g _(a ag+bD\ (1 g a bD
b «a 0 1+¢) \b a+ag ) \O 14+4¢)\b a /)
The other direction follows in the course of the proof of Lemma 6.8 using y €

GI(2,R). O
Lemma 6.8. s and s’ are conjugate

y sy =+,

by an element y in Si(2, R) if and only if s and s’ are conjugatein GI(2, R) by a
matrix y of the form

1 0 *
y(o 6)’ EEANngI%7

in other wordsif and only if a = o', b’ = b/e, b/ D' = bDe holdsfor somee € Np.

Proof. One direction is clear. That the second assertion implies the first follows by
conjugation with some element

10
_ -1 *
y=g <O€), €eER

in Sl(2, R), whereg € Gl(2, R) issuitably chosen such that det(g) = e.
For the reverse direction we may assume b’ |b by symmetry. If &’ = 0, thenb =0
istrivial, so we may also assume b’ # 0 in R. Then y~lsy = s’ implies T'r(s) =

2a = 2a’ = Tr(s"). Since2 € R*, thisimpliesa = o’. Fory = (z ;})), sy = ys'

means vb’ = zDb, ub’D’ = wbD, wb' = ub, and zb'D’ = vb. Therefore, v =
2(Db/b')+ f forsome f € Ann(b') andw = u(b/V’) + f’ for some f' € Ann(b').
Thisimplies

y:

(¢ )

Now b' # 0 implies Ann(b") C (7F). Hence, the assumption det(y) = 1 implies
(u?> — D2?)(b/V') € (1 + Ann(b')) C 1+ (7r) C (R*)% Thisproves

e=0b/t) € Np C R*
andu? — Dz% € R*. Hence,
_fu zD+f\(1 O
Y=\ wu+ I 0 e
for someother f, f' € Ann(b’). Since the left matrix is contained in the centralizer
of s, we are done. This provesthe last lemma.
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In fact we now also get the product decomposition of the elements

u zD+f\ _ (u zD) (1 g9
z u+f ) \z w 0 1+¢

forsomeg, g’ € Ann(b") (used for the proof of Lemma6.7) by solving the equation

u zD\ (g\ [(f

P u g/ - f/ :
This equation has a unique solution since u? — Dz% € R*. Hence Lemmas 6.7 and
6.8 have been proven. [

Now consider afield extension L = F'(v/D) for someinteger D € oy. By abuse of
notation let D also denoteitsresidueclassin R = or /(%) Inthiscase either D €
(nr); then Np = (R*)2.Or D € R*; then L/ F isunramified and Np = R* (once
again using the property that the residue characteristic is not equal to 2). Therefore,
either [R* : ND] =20r [R* : ND] =1.
For such D we deducefrom Lemma®6.7
Corollary 6.2. In the situation of Lemma 6.7 we havefor R = or /(%)
#S1(2,R)s = #SI1(2, R), ord(b) =v >1i
ifb=0inR, or
#(S1(2,R)s) = 2¢* T, ord(b) =v <i

for ramified L/ F and

22u+i d(D
¢ ord( )?_ég, ord(b) =v <i

#(51(2’ R)S) = {(q + 1)q2u+i—1 O’I"d(D)
for unramified L/ F'.

Proof. For ord(b) < i, by Lemma6.7, the cardinality of Si(2, R)s is
#(Ann(b)) - #({x € Image(¢,/p(01)) | det(x) € 1 + Ann(b)})

Ann(b) = (n=") mod (r%,) has cardinality ¢ and [R* : (1 + Ann(b))]=(q —
1)¢*~¥~*. Furthermore, theimage of det(¢ ,, (0} )) in R* is Np. Hence,

[R* : ND]
(- g1

Since ¢/, (0} ) hescardinality (¢—1)¢* ! for 7| D and cardinality (¢* —1)¢**
for D € R* (also see Sects. 6.14, 6.15), the claim follows. [

#S1(2,R)s = ¢ #Image(qﬁ\/D (0] — GZ(Z,R)).
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6.8 On T\ H-Integration

For this section recall that we assume Dy = Dj, and ¢ to be chosen normalized of
order 0 or 1. Then ord(Dy) = 0 if and only if L/F isunramified.
In Sect. 6.9 we describe representativesr of adigoint double coset decomposition

H(F) =[] TF)-r- Ko,
reR

wherefor certain j, i/ € Z and ¢y € o} the representatives r are of theform

1 0 1 0
re <¢\/DO(L*)’¢9\/DO(L*)> ' <<O wa) 7 (0 ﬂf;_wd(e)eo))

Hence, [ f(R)dh =37 [or : (T(F)NrKor™)] [ p dt [5, f(trk)dk. Thus,

/T(F)\H(F) f(hydn/dt = or /(T(F)nrKor™")] | f(rk)dk.

r Ko

For regular elements
n = (6yp,(@): 8yp, (")

with centralizer 7' this allows us to calculate the orbital integralsfor H(F') by inte-
grationsover K. Using the results given in Sect. 6.5, one obtains

Lemma 6.9.

OF (1K) = Yis0 X perlor/(T(F) NrKor™[Ko : Ki] [y, 1, (k™ v~ nrk)dk .
Observea’ + b'/D}y = a’ + (V' /6)v/62Dy. Thus, for © = 6/x7 " ¢ o,

S| — .
mr =170 = (601, @) S ey @)

1 0 a VoD (1 0
0 7_l_oFrd((f)fj 60_1 Y1 a 0 ﬂ_%‘ford(())e()

/ b’ J'\2
a Oeont’ (©eom.)? Dy
_ F
= , .
b ; a
@6071";1

Therefore, T(F) NrKor~! C or = {(:17,:17’) € oy x o} | Norm(z/x') = 1} is
the group

since
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{(m, 2') = (a+ by/Do,a’ +b'\/Dy) ‘ Norm(x)
= Norm(z') € O*F;a,a',wl;jb, W;j/b’ € OF},
which does not depend on the choice of (normalized) D, or 6.
Notation. For normalized D, we define the orders
or(j) =op + OFW%\/DO C or,
for 7 > 0. With this notation we obtain

Lemma 6.10 (constraints for fixed r). (z,2") € T(F)NrKor~! meansz € o, (j)
andz’ € or(j').

Thisfollows from the equivalent condition ,. € K, and the formulafor 3, from
above.

Hence, theindex [or : (T'(F) N rKyr—1)] isgiven by the formula
Lemma 6.11.

[or : (T(F)N rKor_l)]

= [0}, + 01(4)"][0,  oL(j")*][Norm(o) /Norm(or (min(j, j'))*] ™"

The constraint above must be satisfied for the nonvanishing of the orbital integral
[Ko : KZ-}/ Ly, (k™ tn,k)dk.
Ko

Infact k—1n,.k € K; impliesn, € K, and hence (x,2') € T(F) NrKor~*.
Suppose this r-constraint is satisfied. Then to compute the integral

Ko K] [ G tk)dk e = (sr,5))
Ko

means counting all cosets kK; C K, for which k~'n,.k € K;. This count gives 1
fori = 0. For i > 1 it givesthe number of all elementsy € S1(2, 0 /(%)) with

Yy~ sy = (s,)7 mod (), y € SU(2,0p/(7F)).

By Lemma 6.8 this is either zero, or is equal to the order of the centralizer
SU(2,0r/(7k))s, -
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6.9 Double Cosets in H

For normalized D, we have [42]

G2, F) = [T 6y, (L") <(1) 7:;) G2, 01).

J=0

For (h,h’) € H(F) thisgives decompositions

1 0
h%Do(l)(O W%)k, k€ Gl(2,0F), L€ L,

1 0
h' = ¢gp, (') <O ﬂ_j'ord(ﬁ)) K, kK € Gl(2,0r), I' € L*,
P

for uniquely defined integers j > 0 and j' > 0. Since det(h) = det(h'), we have
det(k)/det(k') € Norm(L*) - ﬂ_JF"vfjford(()).

In the case where L/ F' is ramified, we choose once for al 7 = — Dy such that
7r = Norm(ny). Then det(k)/det(k') € Norm(L*) N o} = (0%)?. Changing [
by some unit in o}. allows usto assume det(k) = det(k'), i.e., (k, k") € Ko C H.
Hence, we can write H (F’) asadigjoint union of double cosets

HT(F)-T-KO, R =Ny x Ny
re€R

for the representatives

y . 10 10
=Ty = (%m ("), &yp, (7L’ )> <(0 ”fv) ’ (0 ”fv))

Now consider the case where L/F' is unramified. Now . /=" ¢

Norm(L*)o%,, and hence
j =4 —ord(#) = 0mod 2.

Secondly, to achieve det(k) = det(k’) we are only alowed to change k or k" by
elementsin Pri /Dy (L*)NGl(2,0r)and ¢, /Do (L*)NGL(2,0F), respectively.

So det(k)/det(k’) can be changed within the group Norm (oz(j)oz (j’)). This
group is (0%)? unless min(j, ) = 0. Hence, H(F') is a digoint union of double

cosets
{7 r- K,
reR
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where R C ((O*F/(O*F)Q) x N x ]N) U (1 x No x 0) U (1 % 0 x ]N) iss the subset

of al those elements (e, j, j') € (0}/(0})2) x IN? with the additional property
j—j —ord(#) = 0mod 2.

The representativesr are

T =Tey,j5,5

— =[5/2] —[j'—ord(8)/2] 10 1 ) 0
= <¢\/Do (7TL )7¢9\/Do (7TL 60)) ((O ﬂJF) ) <O ’/TJF_OTd(e)GO y

where ¢, € o% ischosen such that Norm(e)) = e ' forep € 0% \ (0%)2.

6.10 Summation Conditions

Put 0 = @'wOFTd(e). If L/ K isunramified weput § = 7. Lemma6.9 gaveaformula
for the orbital integral Of(lK) asasumwith certainindices (i,7) € Ny x R. From
Lemma 6.8 we get conditions for whether asummationindex (i, ) € INy x R gives
anonzero contribution to the orbital integral. Put b/x%. = Br%, b/ /wh = B'xY, for
units B, B’ € o}.. Then, in fact, we have to apply Lemma 6.8 to the elements

b
J
T

o b @lyDe) (1 PoE )
a

T
S, = F
" Bt a

and with an additional sign from the definition of the groups K; involving a twist
by o (seethe end of Sect. 6.8)

/ b J'\2 / It
a — , (Oeomr )" D ’ B 2 _v42j
, C")EUWJF (6 0 F) 0 a —@50 (960) 7TF' DO
o_| _ v / —|_ B v 1
(51‘) @qﬂr;,/ a ¢, TF a ,
which gives the summation conditionsa = o/,
. b 14 . b -/
— 2 — 2
b/mh = —e i and — P (Oegmy:)° Dy = € i (m%)* Dy
Oegmy Oegmp T

in R = o /(r%) for somee € R 2 p . Notice R 2, = (03)? unless j = 0 and
ord(Dy) = 0, in which case thisis o%..

Notice that we use the following notation N = min(f, f'),v = f —j,V =
=7 x = ord(a — a’). With this notation the first two summation conditions
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of Lemma 6.8 become the next conditions (1) and (2), whereas the third condition
becomes — using the other two conditions— condition (3).

The Summation Conditions.

1.0<i<y.

2. V' > i <= v > i. Furthermore, if v < i, then v = v/ must hold, and — unless
L/K isunramifiedand v = f —©eB’/B € (R*)? must aso hold.

3. 2f+ord(Dy)—v >i<=2f +ord(Dy)— Vv > i lf2f +ord(Dy) — v < i,
then f = fandv = v/ andi < x — v must hold.

The third condition needs some explanation. For this observe that the conditions
(/i) H Dy = f(b'/wg)ﬂ%j/Do@eoefl mod
(third congruence) and
(/7)) = f(b'/ﬂ;@eo)e mod

for somee € Nﬂij p, (second congruence) can be combined and thus simplified.

Since (b/m})7% Dy = Bt =) py = BDyn ™" holds, and similarly to
the other case, the inequality 2f + ord(Dy) — v < i implies 2f’ + ord(Dy) —
V' < i and vice versa by the third congruence. Suppose this holds. Then the third
congruence even implies the equality 2f + ord(Dy) — v = 2f' + ord(Dy) — V'.
Sincev < f and thereforev < 2f — v + ord(Dy), the assumed condition 2f +
ord(Dy) — v < iimpliesv < i; hence, v = v/ by condition (2). Combined with
2f 4+ ord(Dy) — v = 2f" + ord(Dy) — V' thisgives equivalently f = f’. Hence,
for 2f + ord(Dy) — v < i thethird condition becomes: f = f’ and v = v/ plusthe
condition _

e = —O¢yB’/B mod W}fzf*mﬂd(DOHu,

where ,
et =—(Oe) 'B'/Bmod ",
Since i — 2f — ord(Do) + v < i — v, the extra condition is (B’/B)? =

1 mod 'y 2 =P ot in other words

i—2f —ord(Do) +v =i—2N — ord(Do) + v < ord<32 - (B’)Q).
Since v < f, the inequality 2f + ord(Dy) — v < i forcesi > 0; hence, x =
ord(a—a’) > 0 by condition (1). Now fromy > 0 weget x = ord(Dg(b*—(b')?))
by Lemma 6.6, except for f = f’ = ord(Dy) = 0 and therefore v = 0. Since we
already know f = f’, Lemma®6.6 implies

X = 2N + ord(Do(B* — (B')?)).

Therefore, the extra condition can be reformulated into
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2f +ord(Do) —v<i implies f=fv=vandi<y-uw.

In the exceptional case f = f' = ord(Dy) = v = 0, Lemma 6.6 only gives the
inequality x < 2N + ord(Dy(B? — (B")?)). Sincei < x by condition (1), this
impliesthat the extraconditioni < 2N + ord(Do(B? — (B')?)) — v automaticaly
holds. This provides evidence that conditions (1)—(3) are the correct summation
conditions.

6.11 Résumé

We now express the results of the section on T'(F') \ H(F) integration in terms
more suitable for summation. From the summation conditions (1)—(3) in Sect. 6.10,
the domain of possible valuesi can be divided into three digoint ranges:

(A) Summation conditions for ¢ (apart from0 < i < x):
Rangeofsmall : 0 <i<vand0 <i < V.
Middlerangei: v < i < 2f +ord(Do)—vandv' < i < 2f 4+ ord(Dy)—v'.
In the middle range v = v/ must be imposed by summation condition (2) in
the last section.
Largerangei: 2f +ord(Do) —v <i < x —vand2f +ord(Dy) —v' < i <
x —v.
Inthelargeranger = v/ and f = f’ must beimposed by summation condition
(3). However, since 0 < 2f + ord(Dy) < x, theextracondition f = f’ can be
dropped, since it automatically holds (Lemma 6.6(4)).

(B) Summation conditions for v, v/, and 6:
In the domain of possible values v, v’ we have, in addition to restrictions men-
tioned above, the conditions

0<v<f, 0<v < f,

v—v =f—f'+ordd) mod2 (only in the unramified case).
Furthermore, in the middle and in the large range, with respect to the variable ,
we have contributionsto the orbital integral only for

—O¢yB'/B € (0})?,

unless both conditionsv = f and L/ F isunramified hold.

(C) Contributions from the index(v,v') = [or : (T(F) N rKer—1)]: See
Lemma6.11 and Sects. 6.14 and 6.15.
Sincej = f —v,j’ = f' — 1/, therelevant contributions are

1 (V7V/):(f7f,)7

1 / ,
q; g/ v=fV £ orv =f v#]
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1 (q + 1)2 qf—i—f/—y—ul
2 ¢
in the unramified case and

v< fu<f,

f+f—v=r

in the ramified case.
(D) Contributions from the centralizer(v,i): See Corollary 6.2, Sect.6.8, and
Sects. 6.14 and 6.15.

(¢* —1)g* 2 fori > 1, otherwisel (i < v small range),

2¢**T* (i > v middle and large range),

unless
(¢g+1)-¢*T 1 (v=f,v/ = f, L/F unramified).

In principle we could now compute the orbital integrals. We leave this computation
as an exercise to the reader. We only give the formula for the x-orbital integrals.
Since thisis a difference of orbital integrals, some of the summation terms cancel,
and hence the formula becomes simpler.

6.12 The Summation (L /F-Ramified)

Assume n = (s,s’) sdtisfies z, 2’ € o}, since otherwise the x-orbital integral
is zero. For the x-orbital integral the contributions from the small range of the
i-summation cancel in the ramified case, since their contribution is stable (i.e., does
not depend on #). Only the middle and the large range contributions remain. The
whole summation is over the empty set unless y > 0, i.e,, unlessz = 2’ mod 7,
holdsin additionto z, 2’ € o} . For thisnoticethat y = 0 impliesi = 0, whichisin
the stable range. So we arein the situation where we can apply Lemma 6.6.

The quadratic character x,,» of F'* attached to L/F is trivia on (o},)? with
xr/r(©) = —1.Noticeord(Dg) = 0and ey = 1 and § = © € of.

Instability enters via —©B’/B € (o%)? imposed by summation condition (B).
Since B’/B is fixed, only one of the two orbital integrals contributes to the x-
orbital integral with the corresponding sign x ./ (—B/B’). Summing up the terms
gf T =" og i = 245+ ¢ over all indicesi,r; » € Rforj = f—v,j =
/' — v/ from the middle and large range (therefore v = 1’) gives

OZ(IK) = 2qf+f/XL/F(_B/B/) ’ ><(1+7rL0L) r x/x Z Z
0<v<N v<i<x—v

The double sum on the right gives
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(@=1)7" > (@ =gt

0<v<N
=(q-D7" Mg N =D/ (e = 1) —q(dVT = 1)/ (g - 1)]
_ q _ O N+Lyq _ ox—N+1y _ (=t b
= (g1t = ) q/QuzinAL*w Lie(g™ (t1,t2)g)dg/dl

by Lemma 6.6(1) and Lemma 6.4. Recall b = 71, B for b = (x — 27)/2/Dy and
mr € Norm(L*), and similarly for b'. Hence, Oy (1x) isequal to

I*Z07 l,lixlo'i ° — 1 o — ()
|1| ( 1

2\/DO 2\/DO | XL/F( 2\/DO )XL/F( 2\/D0 )'qX

][ Lr (g™ (t,t2)g)dg/dl.
GU(2,F)?/(L*)?

2

This implies Theorem 6.1 for ramified L/ F. The factor 2 disappears since in the
ramified case [or : p((0})?)] = 2. Furthermore, |Dolg = 1 and x1/r (Do) =
xr/p(—1) since =Dy = Normp,p(v/Do) and |zz'| = 1 holds on the support.
Therefore, the factor in front becomes (|.|x 1,/ r) ((z — 27) (2’ — 277)).

6.13 The Summation (L /F-Unramified)

To computethe x-orbital integral we concentrate onthecase y > 0. Thecase y = 0
is very simple because only the small range summation contributes with the value
(—q)f+f' . Let usthereforeturn to the essential case y > 0. From the résumé we get
the following contributions:

1. Small range: Its contribution will be

SRC = Z Z Z index (v, V" )#centralizer(i)

0<v<f Oy <f 0<i<min(v,v’)

1 ’ ’
Z #Hcentralizer (i) Z Z q+ )y (—q) /v
0<i<N i<v< filv’ <f'
q + 1 r_ 7
+ > (—a)" "
i<v' < f! q

1,
o I DI T il R

i<y d
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The representatives ey appearing in R givethe additional factor 2 in thefirst sum.
So

SRC = Z #centralizer(i) - S(i, f, '),

0<i<N

where #centralizer(i) = 1 and (¢*> — 1)¢*~2 fori > 0 and S(i, f, f') =
(S(i, f)+1)(S(z, f) + 1) with

s ="""0 Y o = (o) -

i<v<f
Thisgives
f4f ¢ -1 i f+r ¢+l N
SRC = (—q) 1+ 0 > ¢ )=(-0 1+ (¥ —1)).
q q
0<i<N

2. Middle range contribution: Now summation condition (B) chooses one of the
representatives . From the summation condition v = v/ we get

MRC = Z Z (=)' =2 index(v) - #centralizer(v,i).
0<v<N v<i<2N-—v
The summation condition forcesv < N; hence,

MRC = Z Z (; (q +21)2 (_q)f+f’_2y> . (2q2u+i)

0<v<N v<i<2N-—v q
r\q —+ 1 2 1
ST DD DI
q 0<v<N v<i<2N-—v

(g +1)?
= (-’ (4 1) ANFL_gNFE N 1),

3. Large range contribution: Wehave f = f' = N andv = /. Thisgives

LRC = Z Z (=1)2N*2V index(i) - #centralizer(v, i)
0<v<N 2N —v<i<x—v

1(g+1)* on_ ; +1 ,
_ Z Z (2((1 2) 2N 2u>.(2q2u+z)+ Z l'q @t

0<v<N 2N —v<i<xy—v q N<G<x—N q

+1)(— 2N +1 x—v+1 _ 2N—v+1 x—N+1 _  N+1
_ g+ D=9 (¢ vl q (e q
q q qg—1 qg—1

0<v<N
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= (—g)' (qul;q ((q D@ =" + (g + )X

4 qN+1 _ qX7N+1 _ q2N+1)).
The sum of the contributionsfrom (1)—(3) is

YAV
SRC + MRC + LRC = ((q‘? :)2 ((q +1)g — 2> ((q e - 2).

Since y > 0, by Lemma 6.6(1) and Lemma 6.4 the product over the two
Gl(2, F)-orbital integralsis equal to

(q jl)Q ((q +1)g" — 2) <(q + 1) N - 2)-

The factor (—q)/*/" in front is (I-xz/e) = (%5 “75"). Since Dy € oj and

therefore (|.|xr,7)(Do) = 1, this proves Theorem 6.1 in the unramified case.

6.14 Appendix on Orders (L /F-Ramified)

Let the situation be as above. In particular, the residue characteristic is different
from 2. Then the orders oz, (n) = op + opmi/Do = o + wikor C of (for
integersn > 0 by assumption) have the following properties:

1.

2.

Norm(or(n)*) = (o).
Thisisclear from (03.)? C Norm(or(n)*) € Norm(o}) C (0%)2.

[o7.(n) + (L+7poL)] = [of : (0 N (1 + 7por)] = [0 : (1 + wpop)] =
(¢ —1)g" .
og, s op ()] = [of + (L + 7Ror)]/[of(n) « (1 + 7for)]=(¢ — 1)g**~!/(q —
gt =q". o
or 5 (T(F) 0 rKor )] = [0} + ob(i)ioh ¢ on()] = @, since
[Norm(o}) : Norm(QL(min(j,j’)))] =1

Finaly, for R = op/m%0p andi > 0:

. #(SU2,R) = (¢—1)(g+ 1)g* 2 = (¢* — 1)g* 2.
. #Image(¢\/D 107, — GZ(Q,R)) =g (g—1)g~' = (¢—1)¢%fori > 0.

6.15 Appendix on Orders (L /F-Unramified)

Let the situation be as above with residue characteristic different from 2. Then the
ordersor,(n) C oy, havethe following properties:
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1. Norm(or(n)*) = (03)? if n > 0 and Norm(o}) = o} and [0} : (0%)?] = 2.
Thisisclear from (0%)? C Norm(or(D)*) € Norm(o}) = (0%).

2. [op(n) : (14 7por)] = [of : (0p N (1 + 7for)] = [of : (1 + 7por)]
=(q—1)¢g"*forn > 0.

3. [0, : 0 (n)] = [of, + (1 +7for)]/[of(n) : (1+7por)]=(¢* = 1)¢*" V) /(g —
1)g" =t = (¢ +1)¢g" *forn > 0.

From (1) and (3) we obtain:

4 for + (T(F) 0 iK™ = [0 ou()llor, + oi(")[Normio})
Norm(o} (min(j,5"))] "' is

(q+ 1)+ 1 if exactly one of the j, j' is zero,
;(q +1)2¢ 2 for 4,5 >0.

Finaly for R = op /m%.0p andi > 0: '
5 #(SU(2,R)) = (¢ — (g + 1)g* 2 = (¢ — 1)g> 2.

6. #Image(qﬁ\/D tof — GZ(Z,R)) = #{(u,v) € R| Norm(u + vVD) €

R*}. For ¢ > 0 thisnumber is

(a=1g*",  7r|D,

@~V Deop

6.16 Appendix on Measures

Let G be alocally compact unimodular totally disconnected group, H a closed
subgroup, and K compact openin G. Let

G=[[H = K
be adigoint double coset decomposition with countably many representativesz. Let

dg, dh, dk beHaar measureson G, H, K suchthat volg (K) = 1 andwolk (K) = 1.
Then according to [109], p. 478

/ f(g)dg:const’/ dh/dhw/ f(hxk)dk
HxK H/HN(zKz—1) K

:const/H(/K f(hak)dk)dh.
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The constants depend on the choice of measuresdh,, on HN(zKz~') anddh on H.
Evaluating with the function f(g) = 1.k (g) gives

1= const/ lineks-1(h)dh = const -volg (H N x Kz~ t).
H

If dh isnormalized such that voly (K ) = 1, then
const =voly(HNzKx ™')™ = [Ky : (HNnzKa™)].

It follows that

_ dg _ _ dh
1 1 = K:HOK1~/ 1 (b~ nh
Ly ™ ) gl = S0 (K [ Vi 07 00

sincer 'h~nhr € K <= h~'nh € HNzKx~!, and since

volg(K)

=[Ky: (HNnzKaz™")).
volg(H NazKax~1) K = (H N oK)



Chapter 7
A Special Case of the Fundamental Lemma Il

7.1 The Torus T

Inthissection F' isanon-Archimedean local field of residue characteristic not equal
to 2. Let E/F beafield extension of degree 4 with an involution o which has fixed
field E* such that [E : E*] = 2. Let ¢ be the number of elements in the residue
field of E+. Prime elements will be denoted 7+. We write E* = F(v/A) for
some element A € F* assuming A = Ay to be normalized, i.e., chosen integral
with minimal possible order. Then o+ = op + opVA.

The Group H. Consider the subgroup H(F) C GSp(4, F') of al matrices
ay as A1 &5} B
n= a2 aq B2 BrLA
94! Y2 AT! 01 P
’)/QA_l ’ylA_l 52A_1 51
This defines an algebraic F'-group H such that
¢:Gl(2,ET) ={g€GI(2,ET) | det(g) € F*} = H(F).

Theinverseisomorphism ¢~ maps the above matrix 7 = ¢(s) to the matrix
s= (¢ b € Gl(2,ET)°
c d ) )

wherea = a1 +as VA=, b= B1+0oVAL, ¢ = 1+ VA"L d = 6, +05V/ AL,

Maximal Tori. Consider the F-torusT C Resg,p(Gp) such that

T(F)={x € E*|Normpg,p+(r) = xa° € F*}.

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 239
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 7,
(© Springer-Verlag Berlin Heidelberg 2009
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T can be embedded into H and G over thefield F. Itsimagein G = GSp(4) isa
maximal torusdenoted T¢;. Any F-embedding of T into G is conjugate under G(F)
to one of the following

Standard Embeddings. Choose D € E+ suchthat E = E+(v/D). For smplicity
assume D to beintegral. Embed T by the D-regular embedding, mapping elements

z=a+bVD, a,bc BT
of T'(F')to
5= pla) = (Z Zb) € GI(2, B,

Viathe isomorphism above, we can view 7" asamaximal F'-subtorusof H and G.

Lemma 7.1. Two such standard embeddings are conjugate as embeddings into G
or H if and only if the quotient § = \/D'/V/ D isin F* - Normp g+ (E*).

Proof. There is an exact sequence T} — T — G,,, where T} is the kernel of
the surjection Normp, g+ : Resgp/p(Gm) — Resp+ p(Gm). So HY(F,T1) =
(EY)*/Normpg, g+ (E*). By Hilbert 90 then H'(F,T) = H'(F,T\)/F* =
(ET)*/(F*-Normpg,p+(E*)). SimilarlytoLemma6.1 H'(F,H) = H'(F,G) =
1; hence, the embeddings of T" into H and G up to conjugation are parameterized
by H(F,T), any embedding is conjugate to a standard embedding, and two stan-
dard embeddings are conjugate in G under G(F) if and only if they are conjugate
in H under H(F'). Now it is easy to see that two standard embeddingsT' — H are
H(F)-conjugateif and only if 6 isin F™* - Normp,p-(£*). O

Orbital Integrals. Our aim isto calculate the G:Sp(4, F) orbital integral

0%(15) = / 1 (g™ "ng)dg/dg,
G, \G

for the unit element 1 of the Hecke algebra (equivalent to characteristic functions
of the group K = K of the unimodular symplectic similitudes). Measures are
normalized by volg(K) = 1 and voly(or) = 1, where or is the subgroup of all
x € T(F)withz € o},. By transport of structure this definesa unique Haar measure
onT = Tg = G,. Here we assume regularity in the sense that

E = F(z).

Then we calculate the x-orbital integrals: The subgroup F* - Normpg, g+ (E*) has
at mostindex 2in (ET)*. We areinterested only in the unstable case, where the two
groups are not equal. Assumethisisthe case

(EY)* =F*-Normg/p+(E*) & 0-F"-Normg,p+(E").
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Then
O;(1x) = 0 (1x) — 05 (1k)

definesthe x-orbital integrals Oy (1x ), where

n=¢o ¢\/D0 (CU), 77/ =¢o ¢9\/D0 (z), (‘T € T)’

and where§ € (E*)* is chosen as above.

The Unstable Case. For loca fields E* considered above (ET)* = F* .
Normpg,g+(E*) unless E/F is anoncyclic Galois extension. Since we are only
interested in x-orbital integrals, we will restrict ourselves from now on to that
particular case.

By assumption, the residue characteristic of F' is different from 2; hence, the non-
cyclic Galois extension E/F is the composite field of the three nonisomorphic
quadratic extension fields of F' in F'. Exactly one of these three extension fields
L, L', E* isunramified over F, and hence exactly one of thetwo extensions £/ E*,
E*/F isramified or unramified, respectively.

The Galois group Gal(E/F) hasfour elements 1, o, 7, and o = 7. Consider
fixed fields. Let us denote

L =E" = F(\/Dy),

L' = E\) = F(\/AoDy),

and Et = E{°) as the three fixed fields of E. If one of the extensions L/F or
L’/F is unramified, we can assume that L/ F is the unramified extension. Notice
the apparent asymmetry of this normalization!

E = E*(VDo)

L' = F(vAoDo) Et = F(vAo) F(VDo) =L

\/

F

We remark:

e E/ET isramified if and only if E+/F is unramified if and only if L’/F and
L/F areramified.

o Furthermore,if £/ ET isunramified, then L/ F isunramified (by our choice) and
ET/F and L'/ F areramified.

e Inparticular, L'/ F isawaysramified.
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Notation. Choose D = Dy € F* to be normalized of minimal order 0 or 1. This
does not imply that D = Dy6? is also normalized or in F'*, since ord(f) = 1
if £/ET isunramified. We fix prime elements 75+ = —Dg, and 7+ = /Ao
according to whether £/ ET is ramified or not. The valuation on F is chosen such
that |7x| = ¢, ', where qq is the cardinality of the residue field of F'. Let ¢ denote
the cardinality of the residue classfield of £+. We extend the valuation of I to F.

7.2 The Endoscopic Group M

Thetorus 7" is the pullback of the maps Norm : E* — (E*)* and the embedding
F* — (ET)*:

E* N0rm>(E,_i_)>k
A A

incl
T(F) > F\i
Therefore, the dual group 7" is the pushout

diag

(C*)4 < (C*)Z
v \
T < Cc*
of the diagonal map (C*)? — (C*)* and the multiplication map m : (C*)? — C*.

Thisgives T = (C*)*/{(t,t,t~',t~1)}, where the Galois group G(E/F) acts by
the generator o of Gal(E/E™) permuting, say, thefirst and second and the third and
fourth components, respectively. Let 7 # o be the second involution in G(E/F)
with fixed field L = F(v/Dy), where we assumed D, € F* to be normalized.
Then 7 acts by permuting, say, the first and third and the second and fourth com-
ponents. The map (z1, 22, 23, 24) /(t, t,t =1, t7 1) v (2124, 2224, 23/ 24) induces an
isomorphism 7" = (C*)3. The action of ¢ is transported to

o(t1,ta,ts) = (tots, tits, t3 ).
The action of 7 istransported to

7(t1, ta, t3) = (tots, to, t1/t2).
This defines an embedding of L-groups

YT — EGSp(4, F) = GSp(4,C) x Wg
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by
P(t1, ta,t3) = diag(ty, ta, tats, tits)
and
0 0 2 O
0 FE 0 1 0 O
¢(U)—Z<E O) X o ) ’(/}(T)_ 7’L‘ 0 0 0
0O 0 0 1

Identify 7' with its image under 1. Then the center Z(G) of the dual group G is
the group of all (t1,t2,t35) = (w,2,1) and I0 = Z(G) U Z(G)k, where r =
(1,—-1,—1) € T. Thecentralizer of s = ¢(k) = diag(1,—1,1,—1) isthegroup

MMO{ gGSp(4,@)}.

O *x O *
* O ¥ O
O *x O *
* O ¥ O

Consider )M = M x T as a subgroup of G Sp(4, F) in the trivia way. The
embedding “M — LG is denoted £. This defines an elliptic endoscopic datum
(M,EM,s,€). Thegroup M isGI(2,F) x GI(2, F)/{(t,t,t= 1t~ 1) |t € F*}.

Since (o), (7) are contained in £ M, the morphism ¢ factors in the evident
way:

LGSp(4)
Consider tori Th; € M, uniquely defined up to conjugationby M (F) by Ty, (F) =
(L* x (L")*)/F*in M(F) = (Gl(2, F)?)/F*. Theisomorphism
(L* x (L")*)/F* = T(F)

defined by the map (t1,t2)/(t™",t) = tita — ¢ o ¢/, (t112) givesan admissible
embedding of the torus, which on the level of F'-rational pointsis given by

p: Tn(F) = (L* x (L')")/F* — T(F) — Ta(F) C GSp(4, F).

Let us describe the admissible embedding T, — T¢. We have the following
chain of embeddings:

M(F) = GI(2, F)?/F* « Ty (F) = T(F) = (L*) x (L')*/F* % E° C E,

¢

¢ /by
EY Y2 qi2, BN L H(F) C G(F) = GSp(4, F).

The exponent © indicates that the relative norm from E to E+ or the determinant
has valuesin F'. The maps involved are, from left to right, as follows. Firstly, the
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embedding defined by a regular representation identifying GI(2, F') and GI(L/F),
which is unique up to conjugation. Then the map ¢ defined by

Ll(ﬁl,tg)/w = .’Eztltg

which hasitsimagein E°. Thirdly, the map

a Dob
¢\/D05$'—’5(b a)’

where the coefficientsa, b € ET are determined by writing z = t1to = a + b\/Do,
where L = F(y/Dy) and all elements z, ¢, 5 are viewed as elements of the field
E = LL' of degree 4 over F. Finally, the isomorphism ¢ of GI(2, ET)° onto its
imagein GSp(4, F'). Asaresult we obtain the element € GSp(4, F') attached to

(t1,12).
ThetorusT¢ in GSp(4) is defined by

TG = ¢O ¢\/D0 o L(TA{).

Ary. For comparison with [60] we record for x = t1to € T'(F)
Da(z) =1 —a/a7||1 — /2|1 — 27 /277[[1 — 27 /2],
Dy(ty,ta) = [1 =01 /t7][1 =t /5] = [1 — /27 |[1 — z/27|.

Hence, Ay = Dg(x)/Das(t1,t2) = |1 —x/z%||1 — 27 /27| = |(1 — z/27)(1 —
x/z7)7|. Since (1 — x/x7)(1 —xz/2°)7| € B{") = L and since L/ F is unramified,
we conclude

Lemma 7.2. Dg(x)/ D (t1, t2) hasvaluesin Q.

7.3 Orbital Integrals on M
Orbital integralsfor M are stable:

SOé\fl,tQ)(lK) = / Tkn (g_l(tth)g)dg/dt'
Tar (F)\M(F)

Here 1k,, is the unit element of the Hecke algebra of the group K, defined in
Chap. 6. The measure on M (F') is chosen as in Chap.6, on T, by transport of
structure from the unique Haar measure on 7', such that volr (o) = 1.
We will show by explicit computation

Theorem 7.1. Assume the residue characteristic of F' is different from 2. Suppose
t1 € L* ty € (L))*. Assumethat z = t1t, € T(F) isregular inthe sensethat £ =
F(z). Thenn = ¢ o ¢ /p (z) € Te(F) isregular with image (t1,t2) € T (F)
under p~—1. Then
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A(% (tlatQ))O;(ch) = SOg\t/[l,tg)(lKM)a

for the transfer factor

A(n, (t1,t2)) = XL/F(AO)‘NE/F(ﬁ)‘71/2(XL/F| D@ —27) (@™ —277)).
X1, r isthe quadratic character of * attached to the field extension L/ F.
Since x 1, isquadratic, we obtain from Lemma7.2

Corollary 7.1. The transfer factor A(n, (¢1,t2)) hasvaluesin Q and satisfies

A(An, (At1, At2)) = A(n, (t1,t2))
for all A € F*.

Lemma 7.3. Thetransfer factor A(n,t) only dependson a = ¢;t2, and henceisin-
variant under theinvolutiont = (t1,t2) — t* = (t2,t1). Furthermore, the admis-
sible embedding map T (F') > t +— n € T (F) defines an admissible embedding
Ty (F)ot' —t—neTq(F).

Remark 7.1. Notice T'}, isnot M (F)-conjugateto T, in M since Ly % Lo.

Remark 7.2. Instead of working with stable orbital integralson M (F), it is better
towork with orbital integralson M, (F') = Gi(2, F)? viathe z-extensionp : M; —
M. Asin Chap. 6 we get

SOM | (1xey)=lor : plo}, x 0] / Lo, (97 (t1, t2)g)dg /L,
(L*x (L")*)\GL(2,F)?

for asuitable adjusted choiceof (¢4, t2) inthe cosetsof M;(F)/Kern(p). Measures
are chosen such that voly« (- (07 x 07,) = 1 and volys, (Kn,) = 1, where
K, = Gl(2,0r)%.

We use this, always tacitly assuming that (¢1,t2) is chosen to be adjusted, to
rewrite the stable orbital integral on M as a product of two orbital integrals on
Gl(2, F), namely, of

f(LiF)+|D0|1/2(QO—1+f(L1F))

tl_ta —1
q0—1 q0 — 1 | i

/ (9™ trg)dg/dl = 1,5 (t1)(—
L*\GI(2,F)
for L/F and similarly for f(L,)*\Gl(Q ) L (97 t2g)dg/dl

_f(L/ZF)+ |DoAol*2(qo — 1+ f(L': F))
g — 1 g — 1

Los, (t2)(

ta —t3|71).

Here f(L/F) and f(L’/F) denote the degrees of the residue field extension. Fur-
thermore, K = Gi(2, or), and measures are chosen analogously as for M.
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7.4 Reduction to H

We use the following double coset decomposition due to Schroder ([81], Satz
A.19.3(2)):

G = H H(F) - 2(i) - GSp(4,0p),

where (see Theorem 12.2)

1 0 —ut o0
2(i) = 01 0 0
“lo o 1 o0
00 0 1
withtheintegers u = u(i) = A - 7% fori =0,1,2,....
Obvioudy
a1+ N (B —ar+ 6 —y)pt (Bo + o)t
_ —1 A —1
k=z0)"tn-2(i) = a2 a12 G OQ)M? A "
@7 n-2(0) py B u(%*w)u ! pubap !
p o op po "t pbrp?

fora = [e%1 +Oéz\/A71, b= ﬂl +ﬂ2\/A71, c=m +")/2\/A71, d= 51 +§2\/A71,

_ a b=t _f(a b
" d)((ﬂc Mdu1>)’ T (C d)
using a slight reparameterization compared with the notion on page 239 in Sect. 7.1.
Notice n and ¢(s) are H (F)-conjugatein H(F),i.e., 1 = Ad(¢($ %)) (4(s)).

"

Lemma 7.4. For theisomorphism ¢ defined by the commutative diagram

)
5€ G2, ET)° ~Gl(2,ET) > s

5 ~ ~ Ad((f )
v N \
ne H(F)< h Gl(2, E+)°

defined by ¢ we have
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§ € Gl(2,0p:(1) <= n=4(5) € 2(i)-GSp(4,0r) - 2(i) .
Here o+ (i) denotes the order op + mhop+ in og+ for i > 0. The index °

indicates that determinants should be in o7;.

Remark 7.3. Since det(h) = v/A ¢ F*, conjugationby h = (1, 9)(; /,) €
GI(2, ET) does not preserve the F-rationa conjugacy classes of Gi(2, E,)°. It
only preserves the stable conjugacy classesin G1(2, ET)°. The defect, of whether
the conjugacy class is preserved or not, is measured by NormE+/E(\/A) in
F*/Normpg+p((E1)*). Normp p(L*) and Normpg+ p((E1)*) generate F*
with intersection Normpg,p(E*). Therefore, the norm map Norm g+ ,p induces
an isomorphism

Normpg+p : (E+)*/NormE/E+(E*) =] F*/NormE+/F((E+)*);
hence, the defect is measured by XL/F(\/A071¢A077) = x1/r(—Ao).

Proof of Lemma 7.4. Put 1 = u(i). In the notation above, if z(i)~'n,z(i) isin
GSp(4,0r),then oy, s, 81,02, a1 + 1 € op; hence, v; € op. Furthermore, as =
—v2 = —d3 mod (A); hence, 2 € op. Findly,

51 € (M/A)’
—02 = 2 = aa mod (H)7
b1 — a1+ 61—y =0mod (u).
Hence, 31,02 € op. Notice p and u/A € op; hence, dl «;, 8;,7vi,0; € op. Now

put
B\ (1 0\[(a b\[/1 0\ _ a—b b
)\t 1)\e d)\=1 1) \a+ec—b—-d b+d)"

jo)!

-

Put & = dq + a2 VA=, ..., 0 = 1 + 42V A~L. Then the conditions above become
6&2,52 S (u), "3/1 S (,u) andﬂl S (,LL/A) and’~)/2 EN(A).ThiSU%’S/Q = 5[24”')/2752 €
(A)sinceas € (1) C (A) and ag + d2 = G + 2 € (1) C (A). If wereplace 5 by

§_<1 0)1§<1 0)_ &+ GVA Pt VA
—\0 VA 0 va) T\ Biva b+ %va)

the condition z (i) ~'n,z(i) € GSp(4, or) becomes equivalent to

N

§ € GU2,0p+(i),  det(3) € op.
In other words, for . = A - 7%, theisomorphism

¢:Gl(2,EN)’ = H(F) C GSp(4, F)
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identifies ()~ (H(F) N 2(i)GSp(4, OF)z(i)_l) with the following subgroup of
Gl(?, 0E+)
K; =Gl(2,0+(1))°. O

For amatrix § € K; letk = z(i)~1 - n- 2(i) beitsimagein GSp(4, o). Then we
have

Lemma 7.5. For a matrix § € K; let k be its image in GSp(4,0r). Then the
congruence k = id mod (7r) implies the congruence § = id mod (7g+) in
Gl(2,0E+(i)/7{‘E+)O.

Proof. The unramified case is obvious. Hence, it suffices to consider the case where

E*/F isramified. Then the reduction of 5§ mod 7y + is(:j/lA ?12) mod (7). If the
reduction of ¥ mod 7 is 1, thisimpliesa; = §; = 1, 02 = as = 0. Therefore,
Bo = 0since By + 2 € (mpp), and B = 0since 31 A/ = 0 mod (7g). It also
implies (ag — 32)/A = 0 and (72 — d2)/A = 0 mod (7). These conditionsimply
5§ =1id m0d~(7rE+) Sinceiyl = Q1 — ﬁl, 52 = ﬁg, :}/Q/A = (042 — ﬁg)/A + (’YQ -
62)/14, and§1 :ﬂl +61 O

Orbital Integrals. We use measures on G(F'), H(F), and G,,(F') = T(F') such
that the volumes of the following compact subgroupsvolg (K) = 1, vol (K ) =1,
and volp(or) = 1 arel. Thisimplies

volg(K) /voly (K;) = [Ky : K;].

From the double coset representatives for H(F') \ G(F')/K and Sect. 6.16 we get
as an immediate consequence of Lemma7.4

— volg(K) 1.
0% (1) =3 ") [ L, (h= sh)dh/dt,
¢ ; volp (Ki) Jo-1(r(ryn\ci(z,e+)

where
Ki=GIl(2,05+(1)" C GI(2,05+)" =Ky = Kg

is mapped under ¢ isomorphicaly onto ¢(K;) = H(F) N z(i)Kgz(i)~!
(Lemma 7.4). Recall op+ (i) is the order o + mhop+ in og+ fori > 0, and
the index  means that determinants should bein o}..

An analogous formulaholds for the x-orbital integral. In Sect. 7.1 we defined el-
ementsn = ¢(s) € H(F). Abovewe also defined ¢(s) € H(F). Notice that ¢(s)
and ¢(s) are stably conjugate in H (F) (and hence are stably conjugate in G(F)),
but are not necessarily conjugate. Hence, for the computation of the x-orbital inte-
grals Oy (1x ), one has to take care of a possible sign change. The sign depends
on the residue class of VA, A = Ay in (E*)*/F*Normg,p+(E*). This lat-
ter group is equal to (E™)*/Normpg, g+ (E*) by local class field theory and the
assumption £ = LL'. Hence, this sign is XE/E+(\/A0_1)- Since Norm(L*)
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and Norm(E*) generate F'* with the intersection Norm(E*), we can apply the
norm map Norm g+ 10 see that this sign again equals XL/F(\/AO_I\/AO_T) =
x1,r(—Ao). By abuse of notation we will thereforewrite s instead of 5 to simplify
the notation. Thisgivesan extrasign x 1,/ »(—Ao) for the x-orbital, which will have
to be considered at the end of the computation, since O ) (1g) = Og(g) (1g) =

xr/r(=4A0) - OF (1K)

7.5 The Elements of T'(F)

By definition T'(F') C E* such that for x € T'(F) we have xz° € F*. Recall
L = F(v/Dy); hence, 7(v/Dyg) = v/Dy. Choose coordinatesa, b € E* of

r=a+ b\/DO,
giving coordinatesa’ = a”, b’ = b™ of
a7 =a +¥+/Dy.

Of course the coordinates depend on the choice of D = Dy. Recal Dy € F* was
chosen normalized such that o, = or + or+v/Dy.

Assumption. Suppose x € T(F) is a unit in E*. Furthermore, assume = =
x™ mod 7g (in later notation x > 0) if E/E™ isramified.

Claim7.1. Then
Xr = tltz

is solvable with unitst; € o} andt, € o} .

Proof. z can be written in the form x = 1115 for certain Ty € L* and Ty € (L')*
aswesaw in Sect. 7.2. Thenz/z°" = Ty /T{ and z/x™ = T5 /T3 .

x € T(F)N o} impliesz/z°" € N} No%. Namely, x € T(F) implies zz° =
z7z°7 € F*; hence, x/2°" € E'7) = L. Furthermore, Normp p(z/2°7) =
xx® /x’TaT = 1.If t1/t] = x/2°" hasasolutiont; € o}, then one can replace T
by ¢1, sincethen T /1 € F*. Also replace T» by to = T»T3 /t1 within (L')* such
that = = t1t. Sincety = z/t; € o5, N (L')* = o}, our clamistrue.

Similarly 2/2™ € L' = E°™ and Ny, p(z/27) = 1. Therefore, 2/2™ € N.,.
If to/tg = /2" hasasolution with t2 € o7, again our claimistrue.

By assumption, the residue characteristic is odd. Therefore, the image of o} un-
dert — t/t7 isN} N(1+mpop) if L/F ramifiesand isequal to the norm-1-group
N} of L* otherwise. Similarly for L’. Therefore, if one of the two extensions L/ F'
or L'/ F is unramified, our claim holds by the arguments above. For the remaining
case, both L/ F and L’ / F areramified. Then E* / F isunramified, and hence E/ E*+
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isramified. Then our assumption impliesz/x™ € 1 + 710r,. Hence, we can solve
to/t3 = x/x7 withty € of,. Therefore, inall possiblecasesx = t1t2 € 05 0},. O

Notation. Recall that we defined an isomorphism T'(F') = T (F). Define or to be
the image of o3, N T'(F) under thisisomorphism. Then the arguments above in fact
show [or : p(o}, % 0},)] < ep/p+. Sincefor e g+ = 2 theelementz = 71/ /7y,
isinT(F), but notin o} o} ,, wherery, = /Do and 7, = /Ao Dy, we obtain

Lemma 7.6. [or : p(o}, X 0%,)] = ep/p+-
Notation. Assume the valuation group of £ isnormalized to be ZU oo, and assume

|7~ to bethe cardindlity of the residue field of o for a prime element 7 of .
Then |z| = ¢~ °4®)/2 forz € E*. Put

x = ord(a —a’), N = ord(b) = ord(V').
Therefore, b = iy, B,b' = w3, B’ forunits B, B’ in o},

=7
v Dy

By the regularity assumption £ = F'(x) the coordinates of = and 2™ satisfy a # a'.
Hence, x < oco. Furthermore, © = t1to withty =7 € Landty = t3° € L'. Thus,

X = ord(Tr ot (2)~Trp ot (7)) = ord(trta+5 15 —t1t3 —t5 ta) = ord((t1—t7 ) (t2—3)).
Hence, for |¢1] = 1

[ta = 15| = |ta — 15 |[t1] = & — 27| = |(a — a')* = (b= V/)*Do['/?,
andfor |to] =1

[tr = 7] = |tr — 1 [[ta] = |2 — 27| = [(a — @')* = (b+b')*Do|"/>.
Noticez°™ = o’ — b'\/Dy since a’, b’ arefixed by o and o+/Dy = —+/Dy.

Lemma 7.7. Suppose = € o}, and x > 0. Then by the claim above x = t;t, for
t; € o} and iy € o}, suchthat:

L {|Do|Y2|ty — 17|71, | Do| /2 |te — t5| 71} = {¢N/?, gx=N—ord(Do))/2},
2. x = ord(Dq(b* — (b')?)) except for ord(b) = ord(b') = ord(Dy) = 0.
3. x > ord(Dg) + 2N.

Parity Rules. Suppose E/E™* is unramified. Then ord(Dy) = 0. Sincea — a’ €
E*T\ Fand E*/F ramifies, x isodd. In particular, y > 0. Furthermore, ord((t; —
t7)/2v/Dy) is even since L/ F is unramified. Then ord((t2 — t5)/2+/Dy) is odd
since y isodd (using Lemma 7.7(1)).
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Proof of Lemma 7.7. x > 0 impliesx = t,t, for somet; € o} andt, € o}, by the
claim above. Therefore,

2x = ord[(a — a')? — (b —b')2Dy)] + ord[(a — a’)* — (b +')?Dy].

Suppose ord(b + b')? Dy > ord(a — a’)? := 2x > 0 for some choice of sign. Then
ord(b F b')2 Dy = 0 for the other choice. Then ord(b + v')2Dy = ord(a — a')? =
2x > 0,and hence N = ord(b) = ord(t/) = ord(Dg) = 0. Hence, clams
(2) and (2) follow immediately, and claim (3) is trivial. Otherwise for both signs
ord((b+V)*Dy) < ord(a — a’)?. Hence,

2x = ord(—Dqo(b + b)) 4 ord(Do(b — V')?) = 2 - ord(Do(b* — (b')?)).
This proves claim (2). Since N = min(ord(b — '), ord(b + b)), claim (2) then
implies claim (3). Furthermore, |t; — t7| = | Do(b + b')%|'/2; hence, the product of

|D0‘1/2|ti_t<i7‘—1 fori = 1,2i3‘(b2—b/2)|_1 _ ‘ﬂ-E+‘X—0Td(D0) _ q(x—ord(Do))/Q
by claim (2). Thisimpliesclaim (1). O

7.6 The Residue Rings S = og+ /7%,
Assumei > 1. Let S denote some residue ring o+ /7% and R the corresponding
ring R = op /.. Obviously

S =R[X]/(X?—A) =R+ RVA

for A= Agand v A = X mod (X? — A). Theimage of the order o+ (i) in S is R.
Let GI(2,.5)" denote the group of matrices with determinant in R*. Then theimage
of K;inGl(2,5)isGl(2, R).

For s € T(F') the expression [K : fK sk)dk is zero unless s €
T(F) N K. Supposethisisthe case. Then

[KOKZ}/K lKl(k_lsk)dk‘ = #S

isthe cardinality #S of the set S of left cosets kK; C K, for which k~1sk € K;,
or equivalently the number of left cosetsy - GI(2, R) C GI(2, S)° for which
y sy € GI(2, R).

Assumption. Now suppose s is of the form

fora,b € S and some D such that Dy|D.



252 7 A Specia Case of the Fundamental Lemmalll

Remark 7.4. We later apply thiswhen a isthe residue class of a and b isthe residue
class of acertain element (O¢o) B - 7. .

Lemma7.8. Let e = eg g+ be the ramification index. Then the following asser-
tions are equivalent:

1. Thereexistsy € GI(2,S)° suchthat y sy € GI(2, R).
2. Thereexistsa unit e € (S*)© such that

10\ (1 o\ '
O:TSO:T =s".

3. Thereexistsa unit e € (S*)° such that

((1) S) 5 ((1) S) h € GI(2, R).

In other words, a € R,eb € R, e~ 'bD € R.

Proof. For s = diag(a,a) the lemma is obvious; hence, we can assume b # 0.
Secondly, the equivalence (2)<—=>(3) is trivial. To show that assertion (3) implies
assertion (1) consider y € GI(2, S) suchthat ysy =t € GI(2, R). If

det(y) =r-det(z), reR", zeGl2,9)s,

- 1 0\ "
yOr

assertion (1) follows. Hence, it remainsfor usto show that ¢ € R* - det(Gi(2, S)s).
We claim (S*)¢ C R* - det(GI(2,S)s): Infact, for e = 1 the extension E/E* is
unramified and £/ F isramified. Hence, R* - (S*)? = S* C R* - det(Gl(2,5)s).
For e = 2 wehave (5*)°¢ C det(Gl(2,5)s), sincediag(\, \) € GI(2,S), . Hence,
assertion (3) implies assertion (1).

The remaining implication (1)=(2):

y~lsy € GI(2,R) =y lsy =y 78Ty < wsx~! = s for

then by replacing y with

T, —1 T _ .—1
r=yvvy , r =x -,

where z uniquely determinesthe left coset yGi(2, R) of y.

det(z) = 1and 2™ = z~! implies
] w3\ _ [ w2 —x2
2y xi) \—x3 x1 )’

X1 o
Xr = ,
T3 T4
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Hence,
o= < X1 T’Q\/A
T \rVA ]
Observe that assertion (1) implies the trace condition a = o”. Thisand zs = s™x
gives the conditions 27b = b’ z1, 216D = 2Tb' D7, and \/Arab = /Arsh’ DT,
Therefore (notice ord(b) = ord(b")):

), ro,r3 € R.

° bbT 7 = x1 + Anng(b).

. bbT 2]D™ = 21D + Anng(b).
° blirgx/A =rsV/ADT + Anng(b).

Since det(z) = 1, wehave 1 = 2127 — rar3v/A”. Hence,

b b b
) (b,rx'lr)xl - (TQ\/AbT Y3V A = a2 + Anng(b) — r2AD™ + Anng/(b).

Anng(b) C mp+S sinceb # 0. Since E/F is dways ramified, 7p|AgDo|ADT.
Hence,
b/b" = 22 mod wg+ S.

Therefore, z; € S*. By 2Tb = b x;, therefore, b/b’ = /27 + Anng(b). So
21 = a7 mod Anng(b). Hence,

r1x] = 1l mod mp+.

Furthermore, since 7oV A = r3\/AbbT D™ and since D"z = (b/b ) D =
(22 /27)D mod Anng(b),

rc 1 Tg\/ADTf{ + Anns(b)
1"3\/A x

and, therefore,

1 0 T 215/ AD + Anng(b) 1 0
T 1 C - | . .
re (0 ”;1) (qu—’f’g\/A ) -\ G2, 5)s

This proves

for 1 € S*. Hence,
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To prove assertion (3) it only remainsto show z; € (S*)°if e = e g+ = 2. Then
E/E* isramified and ET /F is unramified. It is enough to show that 21 mod 75+
is a square in the residue field x(E™). Since 127 = 1 mod g+ the residue of
x1 hasnorm 1 for the quadratic residue field extension x(E™) /x(F). Since k(E™T)
is cyclic, and since the norm map x(E™)* — k(F)* is surjective, we see that the
kernel of the norm is contained in (x(E7)*)2. Here we used the fact that 2 divides
the cardinality of «(F')*, since the residue characteristic is different from 2. This
impliesz; € (S*)? for e = 2 and provesthelemma. [

The Sets S and C. Inthesituation of Lemma 7.8 consider the sets S = S(s)
S = {yeGl(2,9)°/GI(2,R) | y 'syeGl2R)}
andC = C(s)

C ={zeSl(2,8)]| 2" =" zsa'=5"}

s— (@ bD
\b a )
Lemma 7.9. Suppose the set S is nonempty. Then #S is the cardinality of
S1(2,8)/S1(2,R),ifb=0in S, or otherwise

for

#S =ep/p+ - #R-FFAnns(b) .
Proof. Since the case b = 0 is obvious, we will assume b # 0.
Themap y — o = y "y~ ! definesan injection
i:S — C.

This map is not surjective in general. However, if e/ g+ = 2,then R — Sisetde
and S1(2) is smooth and connected. Therefore, the map i is surjective, and henceis
bijective. If e/ g+ = 1, then E*/F isramified. Therefore,

Y —idmod mg+.

Yy~
27 =z~ implies2? = id mod 7+ hence, only

r=+modTg+.

Indeedfor z € Cdso —zx € C. If z = id mod 7+ for x € C, then one shows easily
x =y Ty Lfory € Gi(2,5)° by recursion modulo powers of 7+, and = € C gives
y € S. Therefore, C = i(S) U —i(S). We get

#8 = Le(ET/E)-#C .
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So in our counting problem at the beginning of this section we are reduced to count-

ing the elementsinthe set C, i.e, al x € SI(2,S5) withz = 2* = (27)~! and

rsx~l =5,

If C is Nonempty. Putb = Bz, foraunit B € S* and
inv(b,D) = (b/b")D € 8S.

In fact, this is only well-defined modulo Anng(b), but by abuse of notation we
choose some fixed representativesin S. SupposeC # (). Thisimplies

(b, D)" = inv(b, D) mod Anng(b).
Namely, (b" /b)D™ = (21/27)D mod Anng(b) and (x1/27)D = (b/b")D mod
Anng(b) as shown in the course of the proof of Lemma 7.8. So we can choose the

representative
inv(b, D) € R.

Cardinality of C. Again from the proof of Lemma7.8

o _ € T2\/A — 1. T — T .
C= {x = (rg\/A o7 ) ‘det(w) =1; 2] = x1(b /b) mod Anng(b) ;

roV A = inv(b, D)’I"3\/A +a for a € Anng(b) N \/AR}.

We get from b = Bz, modulo Anng(b)
b /b= (BT/B)(-1)*.
This gives, modulo Anng(b), the relation (z1/B)” = (—1)%(z1/B). We clam
(—1)®” = 1. Thisisobviousfor e = 2. For e = 1 theextension £/ F' is ramified.
If v were odd, then (z1/B) € S* N VAR = () would give a contradiction. Hence,
(¢1/B)" = (z1/B) or z1€ B-R"

modulo elementsin Anng(b). Thisgivesfor C

v r1B(1 + 6) inv(b, D)rsv/A +a | det(z) = 130,60 € Anng(b); a”
7“3\/A

1 BT(1+6)
e

where we consider solutionsx = (r1,73,d,a) andz’ = (r},r%,d’,a’) to be equivar
lentz =2/ ifrg =714, =a" andri(1+0) = 1 (1 +0"). Sowehaveadescription
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of C in terms of equivalence classes of elements (r1,73,68,a) € R? x Anng(b)?,
which satisfy the equations
a = —a
and r?BB7(1+6)(14+6)" —r2A -inv(b, D) — arzvV/A = 1.
Now choose § € Anng(b),a € Anng(bv/A) N R and rs € R arbitrarily. Put
a = v/ Aa. Then there are exactly two solutionsr; € R* of the equation

riBBT(1+ 6)(1+0)" —r3A-inv(b, D) — arg = 1.

This holds since BB” is a square in R* or otherwise C = (). Furthermore, A -
inv(b, D) and «A are in the maximal ideal of S. Bringing them to the right side,
we obtain aunit congruent to 1, which is a square by our assumption on the residue
characteristic. So extracting the root gives us exactly two solutions for ; € R*.
Hence,

#C = 24 R# Anng(b)#(Anng (b) N RV A)#(Anng(b) N R) L.

For this notice that we count equivalence classes of solutions. The equivalencerela-
tion identifies solutions which differ by an elementin 1 + (Anng(b) N R). Ifb# 0
and C # (), the last two terms cancel; hence,

#C = 2#R# Anng(b).

This cancelation is obvious if E/E™ is ramified, or for unramified E/E™T if
ord(b) = v iseven. However, thislatter condition is forced by (—1)¢¥ = 1, which
followsfrom C # . Thisprovesthe lemmasince #S = Je(Et/E) - #C. O

7.7 Integration over T'(F') \ H(F')

In this section assume Dy € E* and # € E* to be normalized of order 0 or 1.
Consider regular elements

n = ¢g2p,(v) € H(F)

with centralizer ¢gp2p, (T (F')). Later we write H(F') as a digoint union of double
cosets

H Po2p, (T'(F)) - - Ko,

reR

where the representativesr € G1(2, E*)° are of the form

1 0
r e ¢92D0(T(F))‘( ﬂ_j—ord(&)q))

0 i

for certain j € IN and ¢y € o7, Thisimplies
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/ F(h)dh = "Jor : (T(F) N rKor™")] / dt | f(trk)dk;
H(F) v T(F) JKo
hence,

/ f(h)dh/dt = "[or/(T(F)NrEer~")] [ f(rk)dk.
T(F)\H(F)

r Ko

It allowsusto calculate the orbital integralsfor H by integrationsover K, and gives

05 (1) =Y [or/(T(F) NrEKer )][Ko : Ki]/ 1, (kY= yrk)dk.

i>0 reR Ko
Observez = a + b\/Ag = a + (b/0)/02 Dy; hence, for © = 9/7r‘3E’“f(">
Ny = ’r‘_ln’r = (b(—)QDoﬂ'Qj 2(.’13)

€
EL "0

sincen, = ¢(s,), wheres, € H(F) = GI(2, ET)" is

0 ﬂ_g;d(@)fj ea1 bo—1 a 0 WJE;rOTd(a)GO

b J 2D,
[0 ok @D
b a .

o,
Therefore, T'(F) NrKor~" C op = {z € 0}, | Normpg, g+ (x) € o}, } isthe group
{z=a+0by/Dy| Normpg g+ (r) € 0};a,ﬂlgib € 0p+}.
It does not depend on the choice of (normalized) Dy or 6.

Constraints (for fixed r and corresponding j). The condition x € T(F) N
rKor~tisequivaenttox € og(j) NT(F).
Furthermore, theindex is

[or /(T(F)NrKer—1)] = [0 : 0p(§)*[[(Normp, g+ (0}) Nof) :

(Normpg g+ (0p(j)*) Nop)]~*.

Certain constraints have to be satisfied for the orbital integral
(Ko : K] / Ly, (k™' k)dk
Ko

not to vanish. Namely, k~!n,.k € K; impliesn, € Kq; hence,x € T(F)NrKor~.
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Suppose now these “r-constraints” are satisfied. Then, computing
(Ko : K] / lg, (k™ n.k)dk
Ko

amountsto counting all cosets kK; C K for whichk~1n,.k € K;. Thisisthe num-
ber of al cosetsy € GI(2,0p+/mh0p+)°/Gl(2,05+(i))? in GU(2,0p+ /Tho0p+)
such that

vy 'ny € GI(2, 05+ (1)° mod

holds (Lemma7.4). Thisnumber is1for i = 0 and is computed in Lemmas 7.8 and
7.9for i > 1. To apply these lemmasit is enough to show K; /K (%) = GI(2, R),
Ko/K(r%) =2 Gl(2,8)° and Gl(2,0p+) /K (1%) = GI(2, S) for the normal sub-
group K (r%.) of all matricesin GI(2, o+ ), which are congruent 1 modulo %, Use
the property that the residue characteristic is not 2; therefore, (1 + mhop+)? =
1 + 7T71";‘0E+.

7.8 Double Cosets in H (F')

For normalized D, we use asin Sect. 6.9

U2, E*) = [[ om0 (B") - ((1) 3 >~Gl(2,oE+).

§>0 Bt

This immediately gives a decomposition (with unique integers j > 0) for the ele-
mentsh € H(F)

1 0
0 j—ord(&)) -k for ke Gl(2,0E+), le B

E+

h = ¢g2p, (1) - (

To“adjust” thisdecompositionto thegroup H(F) = GI(2, ET)° C GI(2, ET), we
are (only) allowed to change k to kok for some ko € GI(2, og+) with the property

-1
1 0 1 0
k - : E*) . .
0 € <O ) OTd(e)go) ¢92D0( ) <O o ord(9)60> 5

E+ E+

which is equivalent to the condition

ko € og(4)-

Thisalowsusto choose kg in K if Norm(oj;(j)) 0} = o} . Thisisthecaseonly
if j = 0and E/E* isunramified. In all other casesthe group Norm/(o%;(j)) - 0% =
(0%+)? hasindex 2in 0%, .

h € GI(2, ET) with the condition det(h) € F* implies

(#)  det(t)rln” " =1 in (EY)*)(F*-Normpg g+ (E) = H'(F,T).
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Obvioudly the condition h € H(F') imposes conditions on det(k). Let us distin-
guish two cases.

First Case. If E/E isramified, we have chosen the prime elements in the form
g+ = Normpg p+(tg) = —Dg to bein Normg, g+ (E*). Then (*) implies
det(k) € Norm(L*) N o}, = (0}, )?. Changing k by some ko, which has deter-
minant in (0%, )?, allows usto assume det(k) € o}; hence, k € Ko C H(F).

Asexplained above, H(F) isadigoint union of double cosets

r= ][ de20,(T) -7 Ko, R=NN,
reR

with representativesr = r; indexed by j € INy

—Jj+ord(0 1 0 * *
r; = ¢02D0(7TE]+ ( ))- (O Trj_frd(g) (7TE+ e F ﬂNO?"mE/E+ (E ))
E

Second Case. Now let E/E* be unramified. Then det(k)w;;ord(e) € F*.
Normpg g+ (E*) implies

j—ord(@) =0mod 2.

Secondly, to achieve det(k) € o} in the decomposition written above, we are only
alowed to change det(k) by elements from the group Normpg, g+ (0% (j)). This
group is (0,)? unless j = 0. Let ¢g bein o3, \ (0} )?. Then H(F) isadisjoint
union of double cosets

I1 de20,(T(F)) -7 Ko,

reR
where the set of representatives R C ((0},/(0})?) x IN U (1 x 0) consists of all
(€0,7) € (0% /(0p*)?) x Ny with the property j = ord(6) mod 2. The representa-
tivesr = r., ; are

g (parerd@)/2y (L0
Teo,j ¢0 Do(ﬂ-E 60) (0 7TJE+OTd(0)€0>.

Here ¢, € o}, is chosen such that Normp,p+(€)) = €' holds for ¢y €
0%+ /(0%;4)?. Furthermore, in the unramified case we choose the prime element
toberg+ = /Ap.

7.9 Summation Conditions for v

Our final summation will be indexed by certain integers v (related to representatives
in R C H(F)) and the integers (coming from H(F') \ G(F)/K double cosets).
There are several summation conditions controlled among others by the parameters
N and x = ord(a — a’), which were attached to = € T'(F)).
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Put 0 = O If B/E* is unramified, put § = 75+ . Let us introduce the
new parameter 0 < v = N — 5 < N. Itisintroduced since we haveto consider the
matrix

b J )2
a O (©€omy,1)* Do
5y = ) B+
; a
(“)E()‘IT]E+

as a matrix with coefficients in the residue ring S = o+ /(7}). With this new
varigbleweget b/7,, = Br%, b/ /). = B'wl,, withunits B, B’ € o}, .

Warning (Concerning i). From now on we change the notation. We replace i by
i/eg+,p. Thishasthe advantagethat 7}, becomes,, inall formulas. On the other
hand, we get from now on the extra condition that 7 is divisibleby 2 if ep g+ = 1.

From Lemmas 7.8 and 7.9, applied to the matrix s,. above, we obtain conditions
on the summation indices (i,7) € INg x R with respect to the representative r =
(e0,7) = (€0, N — v), which have to be satisfied for these data to give a nonzero
contribution to the twisted orbital integral. These conditions are:

1.0 < i < x, or equivalently a = a’ mod =, . Thisis the condition a € R of
Lemma 7.8(3). _
2. If v < i (or equivalently b/m)., # 0inS = op+ /7)), then

(% BO ey )/ (m% BO ey )T = €/€ mod 7Y

must hold for some e € (o}, )“?/=*. This again comes from Lemma 7.8(3)
applied for s,., namely, the condition eb € R.

3. If 2N + ord(Dy) — v < i, theni < x — v hasto hold. (Notice that for 2V +
ord(Dy) — v theinequality i < x — v automatically holds by Lemma7.7(3).)

Concerning the third condition, the conditionseb € R and e~ 'bD of Lemma7.8(3)
(for somee € (0%, )E/=%) arein explicit form

(%) (n% BO ey ) /(m  BO ey )T = €/€” mod "
and
(xx) (72" BOeoDy)/(m2} "V BOey Do) = € /e mod 7Tg+2N7°rd(D°)+V.

The left and right sides are in or. Both congruences can be combined and in this
way simplified to give condition (3) in the presence of conditions (1) and (2).

To show this first observe %, € F, since éither g+ = Normp,p++/Do =
—Dg or T+ = v/Ap. Let us now multiply (*) and (**). From the way these con-
ditions arise in Lemma 7.8, it is clear that (*) is a congruence condition of order
greater than or equal to the order of the congruence condition (**). Therefore, the
multiplied form (***) is still equivalent to (**).
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Since (1%, )7 = (7%, ), thisgives
(#%%)  (B2Dy)/(B?Dy)” = 1 mod 'y 2N —ordPoltv,
In other words (since multiplication with B2 Dy shiftsthe congruence by ord(Dy)),
(%  skok) 1—2N +v < 0rd<D0B2 — (DOBQ)T)

Condition (***) ismeaninglessunless: — 2N — ord(Dy) +v > 0. Thisexplainsthe
formulation of condition (3) above. If i > 2N +ord(Dy) — v holds, thisimpliesi >
0,since N —v =j >0andord(Dy) > 0.Now i > 0 implies x = ord(a — a') >
1 > 0 by condition (1) above. For x > 0, Lemma 7.7 can be applied. Lemma 7.7
implies x = ord(Dq(b* — (v')?)) except for ord(b) = ord(Dy) = 0 and therefore
v = N = 0. Inthisexceptional casei < y — v = x by condition (1). In the other
caseswe get fromb = B, b = B'7d, and x = ord(Dy(b* — (V/)?))

Y= 2N + ord(DOB2 - (DOB2)T).
Therefore, condition (****) can be stated as
2N +ord(Dg) —v <i implies i<y —uw.

Thisis condition (3) stated above.

7.10 Résumé

We now expressthe results of the sectiononT'(F') \ H (F’) integration in termsmore
suitable for summation. We have to evaluate a sum indexed by 0 < v < N and
0 < i subject to further conditions. We have gathered everything in the following
list. In fact, the domain of possible values is divided into two parts subject to the
reparameterization condition that < must be divisible by e+

(A) Conditions imposed on i (apart from 0 < 7 < x, which is only relevant
for x = 0):
Range of small i: 0 < i < v.
Largerangei: v < i < x — v.

(B) Conditions imposed on v and €: In the domain of possible values v we have,
in addition to possible restrictions mentioned above, the conditions:

iHo<v<N
(i) v =N + ord(0) mod 2 ifeg/pr = 1.

Furthermore, in the large range (with respect to the variable 7) we have contri-
butionsonly if
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(i) 7 ~B@_1651 € (03,4 )°E/E* - op mod T,

is satisfied (see condition (2) above). This forces v = 0 mod 2 in the large
rangefor ep/p+ = 1,Sinceuptoaunit 7y, € op.
(C) Contributions from the Index(v) = [or : (T'(F)) NrKer~1]: There-
evant contributions are
1 (v=N),

(q + 1)qN—IJ

N
% (v < N),

in the case where E/E is unramified and

qN—V
in the case where £/ E* isramified. Thisis shown in the Sects. 7.13 and 7.14.
(D) Contributions from Counting the Number sol(v,t) = #&8 of Solutions:
In the last section we made a reparameterization of the parameter ¢ which
implies that i has to be divisible by 2 if eg 5+ = 1. Therefore, we set
sol(v,i) = 0 unlessthis condition is satisfied.

If the condition is satisfied, put S = o+ /e **/F and R = op/me F/E.
Then sol(v, i) is given by the number of solutions computed in Lemma 7.9,
namely,

1 (=0)
andfor: > 1
#51(2,5)/#S1(2,R) fori < v (smal range)

ep/p+ - #R-#Anng(ny,) fori > v (largerange).

In principle we now could compute the orbital integrals. For simplicity we only
compute the x-orbital integrals. Thisisdonein Sects. 7.11 and 7.12.

7.11 The Summation (E/E*-Ramified)

For n corresponding to = = t1tq, both¢; € L* and t2 € (L')* can be assumed
to be units, since otherwise the x-orbital integral would be zero. This follows from
the r-constraints and the following fact: For the x-orbital integral we do not get any
contribution from the small range of the i-summation in the ramified case since this
contributionis stable (i.e., does not depend on 6). Thisistrue because y = 0 implies
i = 0, whichisinthestablerange. Hence, only thelarge-range contributionsremain.
Notice condition B(iii) in the large range depends on 6. But in the large range x >
2v > 0; hence, x > 0. The k-orbital integral is therefore zero unless y > 0 holds.
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Since E/E™ isramified, Dy is not aunit. Hence, z — 2’ = a — a’ mod . Since
x = ord(a—a’) > 0,thisimpliesz = 2’ mod 7 in additionto z € o},. Therefore,
Lemma 7.6 and its proof imply = = t1t2,t1 € 07,12 € 07,.

Let xo be the quadratic character of (E+)* attached to E/E™. xq is trivial on
(0%+)? and satisfies xo () = —1. Observe indez(v) = ¢~ ande(E/ET) = 2,
#R = ¢, and #Anng(n%,.) = ¢”. Hence, the summands are ¢" = - (2¢},q") =

Ngi for go = ¢'/? (cardindlity of the residuefield of F). We therefore obtain

Og(s)(lK) :XO(B) 1Oz><o , tlat2 Z Z QOv

0<v<N v<ilxy—v

since g = 1. Condition B(iii), i.e, B/© € (o} )?, givesthe factor xo(B). The

doublesumis
— 1—v v
(g0 —1) ! Z (QO+ QO+1)
0<v<N

= (00— D)7 @ " =D/ (g0t = 1) = q0(gg T = 1)/ (0 — 1))

= - qN“)(lfq(’f*N):qo/ Lk (97" (t1,t2)g)dg/dl.
(qo —1)2 (L*x L' )\GI(2,F)

Since E*/F is unramified, both L/ F and L'/ F’ are ramified. Hence, the last equa-

tion follows from Sect. 7.3 and Lemma 7.7(1), since A isaunit.
Hence, 05*) (1) isequal to

.’17—$CU|_2 7 —x

X0 -qo/ 1k (g1 (t1, t2)g)dg/dl.
2v/Dy (2\/D0) (L*x L"*)\GI(2,F)? (g7 9)dg/

For thisnotice ¢ = |(z—x7)/2/Dy|~2; hence, BrY, = (z—17)/2v/Dy, by the
formulas preceding Lemma 7.7(1). By assumptions regarding the choice of prime
elements, 7+ = —Dy isin Normpg g+ (E*) since E/E" isramified. Therefore,
Xo(5 /pn) = xo(B).

For the final comparison notice that the factor 2 in the formula disappears by
our normalization of measures, since in the ramified case [or : p((0})%)] = 2
(Lemma 7.6). Furthermore, qo cancels |2/Dy|?. Also Xo(;}g;) = XL/F
((x — 27) (2™ — 2°7))xr,r(272Dg ") by taking norms, and y,/r(272Dg") =
xr/r(—=1) since =Dy = Normy, p(v/Do). Finaly remember Op(lg) =
05 (1x) = XL/F(—AO)Og(S)(lK). Hence, Theorem 7.1 follows if E/E* is
ramified.

2|

7.12 The Summation (E/E™-Unramified)

First of all there isthe support condition that ¢;, t5 have to be units. To compute the
k-orbital integral we concentrate on the case x > 0. The case y = 0 is excluded
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by the parity rule since now y is aways odd. From the résumé we get the following
contributions:

1. Small-range Contributions. The contribution will be

SRC = Z Z (—=1)N"V4(eq — reprs.) - index(v) - sol(i)

0<v<N 0<i<v

= Z sol(i)( Z (—1)N-v. 2. (q;:;)qN_”—i— Z 1>.

0<i<N i<v<N v=N

Therepresentatives ey appearingin R givethefactors2 in thefirst inner sum. The
second inner sum has only one term. The computation of the inner sum gives

SRC = Z sol (i) (—q)N " .

0<i<N

Theresiduefields of £+ and F' have the same cardinality q. Therefore, for even
i the number sol(i) = #S1(2,5)/#51(2, R) becomes q#m(S1(2)i/2 — ¢3i/2,
Therefore, sol(i) = ¢**/? or 0 depending on the parity of i (see résumé part (D)).
Thus,
_(_ AN i (*Q)N . 1+[N/2]
SRC = (—q)" > ¢ = (q_1pla=Da (q—1)].
0<j<N/2 a=1)

Here [z] isthelargest integer n < .
2. Large-range Contribution. We get

LRC = Z Z (—1)N=Y . #(ey — reprs.) - index(v) - sol(v, i),

v<i<x—v 0<v<N

where the summation is over al even integers v. See résumé B(iii) in the
case e¢(E/ET) = 1 for the large range. The number sol(v,i) = 0 unless :
is even. Furthermore, for even i we have e(E/EY) = 1, #R = ¢'/?, and
#Anng(n%,,) = ¢”. Therefore, sol(v, i) = q*/?*¥ for eveni. Hence,

LRC = > < S V2. a+ 1qN—u _ qz‘/2+u)

2
v<i<x—v,i even 0<v<N,v even q

+( > (—1)N 1. /2N 1).

N<i<x—N,i,N even
Summation over 7 and then v gives

)N

(~a ) ((q +1¢F —(g+1)g —(q+1)g ¢ +(g+ 1))

(¢—1)
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in the case where NV is odd and

I N

(e ((q + 1) —2¢" T (P4 g+ (g + 1))

(q—1)*

in the case where IV is even.
3. Total Contribution. Adding together the contributions from (1) and (2) gives

N

SRC + LRC = (E] q)1)2 (—2 +(g+ 1)q%”) (—1 + qq—1/2q‘"z”),
where ev is the even number among N, x — N and odd is the odd one (by the
parity rules). But |Do| = 1, |Ao| = ¢7/2, ¢ = qo, (~)N = (=1)7 "5+ ) =
Xo((;g;)) = xr/r((x —27)(z7 — z7)). In the present case the first of the
two GI(2, F')-orbital integrals correspondsto the unramified extension L/ F', and
the second to the ramified extension L’/ F'. Finally, take into account the factor
Xz,r(—Ao), which comes from our change from ¢(s) to o(s). If we multiply
together thetwo G1(2)-orbital integralsand consider the transfer factor, theresult
coincides with the right side of the formula above for SRC + LRC. Hence
Theorem 7.1 is now aso proved for the unramified case.

7.13 Appendix I on Orders (E/ E*-Ramified)

Let the situation be as above. In particular, the residue characteristic is different

from2. Thentheordersog(j) = op+ + 7, 08 C op (Where j > 0 by assumption)

have the following properties:

1. Norm(og(n)*) = (0} )>.

Thisisclear from (0%, )? C Norm(og(n)*) C Norm(o}) C (044 )2

2. [0fs(n) : (1+ mpop)] = [ : (0 N(1+7psop)] = [ofs = (1+
Tpeop+)] = (g = 1)g" .

3. [O)E +0p(n)] = [0y (4 0p)]/ [0 (n) : (14 mhs0m)] = (g1 / (g~
1)g" " =q".

4. The index is [or : (T(F) N rKer~Y)] = [oi : 03(j)] = ¢, since
(0%) @D = (op(5)*) D=1 follows from (1).

Finaly, for S = op+ /7%, o+ andi > 0:

5. #(51(2,9)) = (¢ = 1)(g + 1)g* 2.

7.14 Appendix 11 on Orders (E/E*-Unramified)

Let the situation be as above. Let og () = o+ + 7Tj£,+0E Cogforj > 0:
1. Norm(og(j)*) = (054 )? if j > 0 and Norm(o};) = 0% .
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Thisis clear from (03,,)? € Norm(o%;(j)) € Norm(oy) = (0}) and [0}, :
(0%:)?] =2and o}, (j) C 0% (1 + TRok):
2. For n > 0 we have [o;(n) : (1 +7rE+oE)} = 054 : (0 N(1+ 7hiop)] =

[OE”r . (1 + 7rE+0E+)} (q - 1)
3. Forn > 0 we have [0}, : o}(n)]

mpeop)] = (¢ = 1)¢*"" 1)/( Dg"~
Using (1) and (3) we get for the index:

[0 = (1 + mgeop)]/lop(n) = (1 +
b= (g+1)g"

4. fop : (T(F) nrKer~Y)] is 1 or 3(q + 1)¢?~'. This follows because
Normpg g+ (o) N op = Normpg,g+(o(j)*) N o} for j = 0 and has in-
dex 2 for j > 0. Namely, in this case (0}, )? N 0} = (0})? hasindex 2 in
0%+ NOE = 0%

Thisvalueis

1 (=0,

;(q +1)¢~" (> 0).

7.15 The Global Property

We now show that the transfer factor behaves well under degenerations. For this
consider separable quadratic algebras L./ F and L'/ F over F with automorphisms
7/ and T, respectively, whose fixed algebrais F'. 7/ and 7 induce commuting auto-
morphisms of the F-algebra

E=L®rL

with fixed algebra F'. The algebra isomorphism p : L @ L’ = FE induced by
p(l®1") =1-1' defines an isomorphism

p: (L* x (L")*)/F* = E*

such that p(tq,t2) = tits. Put o = 7/ @ 7 and let E* be the fixed algebra of o in
E. ET isaseparable quadratic algebraover F. For all x € E we have

’

(x—2%)(a" —a2)=(x—a"" )(a" —2" ) € F,

since it isinvariant under 7 and 7. Notice the apparent asymmetry for 7 and 7’ in
this expression.

Notation. Since L = F[X]/(X? — Dy) and ET = F[X](X? — Ap) for some
Ag, Dy € F*, we smply write L = F(y/Do) and E* = F(y/Ap). The element
++/Agv/ Dy generates the separable algebra L' = F(\/AoDy) in E. If L % L'
are field extension, this is precisely the situation from Sect. 7.1. If E* =~ F2 or
equivalently Ay € (F*)?,then L = L' and E* = (L*)?/F*. Aswe will see below,
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this leads us to elliptic case | if L/F isafield extension. If L = F? or L' = F?,
then B* = F* x (E1)* for ET = [’ and B+ = L, respectively. Thisleadsto cases
(6) and (7) inthelist of tori on page 94, as we will seein amoment.

The Degeneration Ag € (F*)2. Without restriction of generality, Ay = 1. Then,
under theisomorphism E+ = F2, anelement z = oy + av/Ag € ET corresponds
to (o, ') = (a1 +ag, oy —ag), possibly upto apermutationby 7(a, o) = (¢, @).
Under the specidlization A = Ay = 1,thegroup H(F') C G(F') definedin Sect. 7.1
becomesthe group H ' (F) of al matrices

ap ar P B
ay a1 P B
71 Y2 01 P
Y2 MN P 01

Conjugationby g =diag ((1 1,), (1 %)) € G(F) givesthegroup g H'! (F)g~'=
HT(F) of al matrices

a 0 [ 0
0 o 0 f
v~ 0 § 0
0o ~ 0 ¢

considered in Sect.6.2 for eliptic case I. In fact the elements n defined as in
Theorem 6.1 or asin Theorem 7.1 become similarly related by conjugation

oy az 1Do B2Dg a 0 pBDg 0
gl @ B2Do  B1Dg gl = 0 o 0 [A'Dg

Br P2 as v 0 ) 0

B2 Br Q2 aq 0 » 0 &

under the degeneration Ap — 1. Now look at the transfer factor A(n,t) obtained
in Theorem 7.1 in elliptic case 1. Under the degeneration Ay +— 1 it becomesthe
transfer factor A(n,t) obtained in Theorem 6.1 for elliptic case |. The same holds
for the volume factor A gy .

The Degeneration L = F?. In this case Xr,r becomestrivial. Hence, the trans-
fer factor from Theorem 7.1 specializes to the volume factor Ay, which is the
correct transfer factor for the nonelliptic maximal F-tori coming from M. Since
these tori are stable, it is obvious that the G(F)-conjugacy class of 7 speciaizesin
aunigque way.

The Degeneration L’ & F2. This case is implicitly contained in the last case.
Nevertheless — in view of the asymmetry in which L and L’ appear in the transfer
factor — it is instructive to see that for z = (u,v) € L& L = E the expression
(x — 2™ )2 —2") = (w—v7 v —u?)(v—u”u—v7)is () for ¢ =
—(u—v7)(u—v?)? € F,wherec isthenontrivial F-automorphismof L/F'. Hence,
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T(n,t) = xr/r(Ao(r — 27)(a” — 277)) becomes x1/r(—Ao). Now AgDy €
(F*)?, since L' splits. Therefore, x 1,/ r(—Ao) = x1,/r(—Do) = 1, since =Dy €
F*isanormfrom L = F(y/Dy). Again this gives the correct transfer factor Ay
for the nonelliptic maximal F'-torus coming from M.

Global Case. Now let L/F and L’/ F bedefined as abovefor anumber field F with
the corresponding global elements A and Dy. Every globa semisimple conjugacy
classn in G(F') obtained globally by astandard embedding as described in Sect. 7.1
gives such a conjugacy classin G(F,,) locally for each place v of F'. This defines
local transfer factors A, (n, t) for each place

Ay(n,t) = Xro/r, (Ao(z — lUTT/)(SUT - HCT/)) “Arve(n,1).

As explained above, for non-Archimedean fields the fundamental lemma holds for
these transfer factors. In Chap. 8 we will see that for Archimedean fields (where
only elliptic case| exists) thistransfer factor coincideswith the Langlands—-Shel stad
transfer factor. Since Ag(z — 2™ ) (2™ — 27 ) € F* isaglobal element and since
X1, isanidele class character, we obtain from the product formula [, A, (n,t) =

[I, Arvo(n,t) = 1.

Lemma 7.10. If the Archimedean local transfer factor is defined to be the one
of Langlands—Shelstad, the non-Archimedean local transfer factors defined in
Theorems 6.1 and 7.1 satisfy the product formula

[Taumn=1

for all global sufficiently regular semisimple elementsn € G(F).

Finally Some Remarks on the Embeddings ¢. Although theimage H (F') of ¢ isnot
stable under transposition of matrices, thisis nevertheless almost true. In fact

Lemma 7.11. ¢(9)" = Adgiag(1,4,1,4-1) © ¢(g") for all g € GI(2, E)°.

Proof. An easy calculation. [

For ¢ = s the transposed matrix s’ is conjugate to s in GI(2, E)° by st =
Adgiag(1,0,) © 5. Hence, by the last lemma every sufficiently regular sesmisimple
matrix h in H(F) is conjugate in G(F) to its transposed matrix h! € G(F).
Obviously by the same argument, this is aso true in elliptic case |. Hence, ev-
ery sufficiently regular semisimple element ¢ in G(F') is conjugate under G(F)
to its transposed gt. Since g=1 = A(g)~! - J1gtJ for the matrix J defining
the symplectic form, it follows for the character of an irreducible representation
X (9) = xx(g71) = w(Mg)) 'xx(g). Notice it is enough to know this for all
sufficiently regular semisimple elements by the theory of Harish-Chandra. Hence,



7.15 The Globa Property 269

Corollary 7.2. For anirreducible admissible representation = of GSp(4, F') over a
local field let 7* denoteits contragredient representation. Then 7* = 7® (wyo\) 1,
where w,; denotesthe central character and A the similitude homomor phism.



Chapter 8
The Langlands—Shelstad Transfer Factor

In this chapter we give an explicit formula for the Archimedean transfer factor of
Langlands and Shelstad [60]. Since it makes no essential difference, we do this for
type | elliptic tori over an arbitrary local field of characteristic zero (elliptic tori
of type Il do not occur over Archimedean loca fields). The Archimedean transfer
factor is important for the global property of the transfer factors (product formula)
necessary for the stabilization of the trace formula. The Archimedean transfer factor,
on the other hand, determines the endoscopic lift at the Archimedean place by the
results obtained by Shelstad [90]. For usthisiscrucial sinceit implicitly determines
the relevant sign ¢ that appears in Corollary 4.1 to be e = —1 (via the theory of
Whittaker modelsin Sect. 4.10 and some global multiplicity arguments).

8.1 An Admissible Homomorphism

For the construction of transfer factors one needs to specify an admissible homo-
morphism T, — F between the maximal tori Tz and T),. In this section we
explicitly construct this homomorphism.

Let ' bealocal field of characteristic zero and G Sp(4, F') the group of symplec-
tic similitudes in four variables. Let M (F) = GI(2, F)?/F* be the proper elliptic
endoscopic group. The subgroup F* divided out is embedded as the set of al ma-
trices {(t - id,t~* - id)}. In the following we consider elliptic tori T, of M of the
form T (F) = (Li x L3)/F* for quadratic extension fields L,, L, of F where
Ly = Lo. Let L be aquadratic extension field of F with a nontrivial field auto-
morphism o fixing F'. L defines a conjugacy class of tori 75y C M by the regular
embedding. Fix Ty. For elementst € Ty (F) = (L*)?/F* wewritet = (t1,t2)
for t1,to € L* by abuse of notation, in the sense that (t1,t2) and (¢1t,tot 1) for
t € F* definethe same element in T, (F'). Then

x=1tJt3 € L™, ¥ =t € L*

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 271
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 8,
(© Springer-Verlag Berlin Heidelberg 2009
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arewell defined. Notice this notation differs from the one used in Chap. 6 since x is
now replaced by x°.

The Split Tori Ty, and their Dual T,f,,. Over the algebraic closure F' thetorus 7
is conjugate to the diagonal torus 7’5, of all elements

tl * tQ 0 s -1
<0 t?) X (* tg) mod (t-id,t™" -id),

the starsin the diagonal being zero (the starsindicate our fixed choice of areference
Borel group containing the split torusT';, over £'). The corresponding positive roots
ae Ry, = {t1/t],t5/t2} = {x/(2')?, 2’ /x} and we get root datafor M :

X.(T3) =7*27%/(1,1,-1,-1)Z,
AT = A, ={(1,-1,0,0),(0,0,—1,1)},
X*(Ts) ={(a,b,c,d) € Z> S Z* | a+b=c+d}.
The Galoisgroup acts by the generator o of Gal(L/ F') and permutesthe coordinates
of each Z?-block. The dual torus 7’5, of Ty, isthe complex torus X *(T5,) ® C* =
{(21, 22, 23, 24) € (C*)* | 2129 = 2324}, On Which o acts by permuting z; and 2,

and z3 and z4, respectively. The induced positive corootsare t +— (¢,t=1,1,1) and
t— (1,1, ¢).

The Fixed Reference Tori Twm = Ts. Weview the dual group M asthe subgroup
of G = GSp(4, C) of al elements

O *x O *
* O % O
O *x O *
* O % O

Specify the diagonal tori ATM = T as reference tori, and the reference Borel
subgroups B, = B¢ N M and

Be = {

O ¥ ¥ ¥
* ¥ X X

O O ¥ *
O O *x O

We identify 7', and T, by the isomorphism
b (21,720,723, 24) € Ty = diag(z1, 24,22, 23) € Ty = Te.

Thisisomorphism preserves the positive roots and coroots. The positive coroots for
Ty in M are defined by the cocharacterst — (¢,1,t71,1) and ¢ — (1,¢,1,¢t71).
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The Tori T¢ and its Dual Té. Consider the split diagonal torus 7¢ in G over F'
and choose the Borel group B¢ containing 7 as the group of the matrices of the
form as above but now with entriesin £ instead of C. The diagonal entries

g = diag(z1, 2}, 22, 25) € G(F)
satisfy x1 29 = 2 a},. Hence,

X*(TG) = {(m1’m27m/1’m/2) € (ZQ D Z2)/(17 1771771)2}7
X (TE) = {(m1, ma,my,mh) € Z* ® Z* | my + my = m) +mb},
X*(Tg) 2 o+ ={(-1,0,1,0),(1,-1,0,0),(1,0,0,—1),(0,0,1,—1)}.

Remark 8.1. Notice the reordering (!) such that (m1, ma, m}, m%) corresponds to

’ ’
my . mo Ty My

the character, which maps diag(x1, 2, x2, %) to 27" 52 2’ 1 ',

The first two positive roots listed in @+ = {ay, as, as + a1, as + 2a1 } form
abasis A = {ay, a2} of theroot system such that a1 (g) = ) /21 and as(g) =
x1 /22 (long root).

The Tori Tg and their Duals Tg. Write L = F(y/Dy) for some D, and consider
thetorus Ty C G defined by the elements

a 0 bDo 0

o 0 a' 0 b/DO
1 0o o« 0
0 v 0 a

in G(F'). The element

—VDy 0  —/Dy 0

| 0 —vDo 0 —vDo
1 0 1 0
0o -1 0 1

isin G(F), but not in G (F'). For later use (see the definition of Ar,_) notice
h = hger - z for some z in the center Z(F) and some hger € Gso(F). Then
h='Tgh = T¢ and

h~nh = diag(z, ', 27, (")),

and similarly for hge,, Wherez = a + by/Dgy and 2’ = a’ + b’/ Dy.

The Galois group acts on X *(7;) viathe quotient group Gal(L/F). By transport
of structure from the action on X*(7¢;), the diagonalization induces an action on
X*(Tg) suchthat o actson X *(T&) by o(mi, ma, m, mby) = (ma, my, ms, m}).
This aso induces an action on the dual

X (Tg) = {(m1,ma,my,my) | my +mg = mj + my},
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(CI)V)+ = {( LL1,- 1) ( —1 070)7 (17 -1,1, _1)7 (07 0,1, _1)}~
Thecobase AY = {ay, ay } of theroot system defined by T, B, isdefined by the
first two elements of the above set (V)" = {ay, o, (a2 + a1)Y, (az + 2a1)"}.

We identify Tz with 7§ as groups. However, the Galois action differs, as ex-
plained above. The dual tori 7 and T¢; are thereforein both cases

{(w17w2’w/1’w/2) € (C*)2 X (C*)2}/{(t7t’t71’t71)}'

For T, the Galois action istrivial: for T, the Galois action of & permutes the coor-
dinatesin the two (C*)2-blocks.

The Isomorphisms between Tg and Té and Tg. To definean admissibleisomor-
phism
Te =Ty

in the sense of [60], (1.3), its dual has to be the composite of certain isomorphisms

~ a~! S can_ o A can A B ~

Ty — =Ty =Ty >Te =T&  >1Tg,

where & and 3 areinduced by conjugation maps« and 3, respectively, in M (F') and
G(F), respectively, which preserve the chosen Borel subgroups B3, and BZ. (3 is
defined by conjugation with 4 defined above. « is conjugation by (~V DO —\/ Do) x
(=YDo =vDo)in M(F).

For our purposes it suffices to identify 75, with 75, and T with 7, so & and
3 become the identity map, except that we use the twisted Galois action on T]f{ and
T¢,, which comes by transport of structure from T¢; and T}, respectively. Besides

é& and 3 the other isomorphisms are also required to preserve posi tivity of rootswith
respect to the chosen Borel groups. The canonical isomorphism ¢ : T]f4 =~ T has
been specified already:

(21,29, 23, 24) € Ty > diag(z1, 24, 22, 23) € Ty = Tg.

The Canonical Isomorphism. The inverse Tg — T of the canonical isomor-
phism T = T maps

(w1, wa, w), wh) mod (t,t,t~ 1, t71) € T
to the diagonal matrix diag (21, 24, 22, 23) given by
diag(wgw'l,wlw'l,wlwé,wgwé) e Tg.

In other words, z; = wow}, 22 = wywh, z3 = wawh, and z, = wyw} if weidentify
Tq and T,.
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Proof. This canonical isomorphismis defined by the property that it maps the basis
of positiveroots defined by (—1,1,1, — 1) (1,-1,0,0) € X.(Tg) = X*(T) (this
correspondsto the characters (w, wa, wl, wh) — waw) /wywh and wy /w2, respec-
tively) to the basis of positive roots of TG defined by the characters z1 / 29, %4 /21

Similarly, the basis of corootst +— (t~',1,¢,1) and t + (¢,t~*,1,1), of T maps

) )

to the basis of corootst +— diag(t,1,¢t=*,1) and t almg(t‘1 tt,t! ) respec-
tively, of T¢;. The composed homomorphism TG - Tg =Ty — T, maps
(w1, we, w), wh) to diag(z1, 22, 23, 24) = diag(wew}, wywh, wowh, wrw}). O

Hence, we have
Lemma 8.1. Thedual isomorphism¢ : T, (F) — T&(F) is
o((t1,t7,t2,t3) mod (t,t, ¢t ¢t7")) = diag(z,2’, 27, (2')7),
and defines an admissible isomorphism of T, onto T where
x =173, = 11t5.

In the degenerate case L = [

¢ (diag(ty,t)), diag(ta, t5)) mod F* — diag(tht), thty, tat1, tat})
is an admissible F'-isomor phism between the split diagonal tori 75, and T¢..

Proof. Once we know that the dual isomorphism of ¢ gives the composed map
Tg — Ty, described above, from the description above it is clear that ¢ is an
admissible homomorphism. ¢ induces X*(¢) : X*(T¢) — X*(T'3,) defined by

(17()’070) —Z = tclrtg — (Oa 1,0, 1)
(0,1,0,0) «— 27 — tite «— (1,0,1,0)
(0,0,1,0) «— a — t1tg «— (1,0,0,1)
(07()’07 1) — (‘r/)a = tclftQ — (Oa 17 1a0)

Hence, (a,b,c,d) mod Z(1,1,—1,—1) mapsto (b + c,a + d,b + d,a + ¢) under
X*(¢), and hence the dud of ¢ is ¢(w1, w2, w),wy) = (wgwl,wlwg,wsz,wlwl) =
(21, 22, 23, 24) € T, for (w1, w2, wi, ws) representing an element in Tg. O

Résumé. We consideredtori T¢;, T¢:, T, Ty, and their duals and the referencetori
Ty = Te. Thetorus T € GSp(4, F) was identified with the tori Th; € M (F)
by an admissible isomorphism ¢. Over the algebraic closure we can diagonalize
both tori to obtain 7 and T'y,. In particular, we had

a 0bDy 0 00 0

L1 |0a 0 Do |, 020 0
b0 a 0 00z 0 |’
0y 0 o 00 0 (2)°
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wherex = a+by/Dy andz’ = a’+b'\/Dy and h was defined above by the choice of
some square root v/ Dy. Then the admissible isomorphism “in diagonalized form” is

x 0 x *

ty * ta 0 1. xx ox *
<0 t‘f) X <* tg> mod (t-id,t”"id) — 0020 =«

00 0 (2/)°

for x = t9tg, ' = t1t, the stars being zero (only reminding us of the chosen
position of the Borel subgroups). The admissible isomorphism between the tori T,
and T is defined by the composition with the diagonalization isomorphisms (i.e.,
g +— hgh™! maps (t,t2) to an element n € T; = hTEh™1). To be more precise,
we aso had to fix some embedding of T}, into M and some conjugation isomor-
phism, defined over £, from T} to the split torus 7’5, in M. Thisallows usto iden-
tify the element (¢1,%2) € T (F') with the diagonal matrix in 75, (F') considered
above.

8.2 Statement of Result

With data and notation chosen asin Sect. 8.1, we now determine the transfer factor
of Langlands and Shelstad. By definition it is a product of several terms, listed be-
low. Let x 1, denote the quadratic character of the local field F*, attached to the
extension L/ F by classfield theory. Supposet = (¢1,t2) «— x «— 7 correspond
to each other by the admissible homomorphismsdefined in Sect. 8.1. Then

Lemma 8.2. The transfer factor of Langlands and Shelstad [60], (3.7), in the qua-
sisplit situation described above is the product of the factors

Ar(n,ti,ta) = xp/r(Do) = xL/r(—1),

x/x? —1 )
VDy VDo 7

where xq isanarbitrary character on L* inducing on the subgroup £™* the quadratic

character x, /. For trivial reasons

Arr(n,ti,t2) = xo

Arrr (nty,t2) =1
under our assumptions, which implies v = ~¢ in the sense of [60], (3.4).
Aqrr, (0, t1,t2) = xo(27/2").
Finally, from Sect. 6.3

Arv(n,ti,te) = |z’ |7H(27 — 2) (27 — 2')].
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Remark 8.2. Hence, A(n,t1,t2) = (xr/r|)((z — 27) (2" — 2/7))|2za’| =" since
Xo(#'2'?) = xp p(2'2'7) = 1. Notice 2’x'” € Normy p(L*) C F*.

In Chap. 6 the different assignment = = ¢1t, and =’ = ¢1t$ was used instead of
x = tJtg and &’ = t1t used presently. This amountsto replacing = by x¢, which
changes (xzr|.)((x — 27)(« — a'7))|za’|~* by the sign xz,p(~1). But also 7
changes to some new element n". Notice A(n/, t1,t2) = xr/p(—1)A(n, t1,t2). SO
the Langlands-Shelstad transfer factor picks up the sign x /7 (—1), which corre-
sponds to the change of 7 to n’ within the stable conjugacy class (or the change
of Arrr, caused by this). Hence, in the notation of Chap. 6, writing n now again
instead of 7/, Lemma8.2 implies

Corollary 8.1. For x = t1to, 2’ = t1t$ and defined asin Sect. 6.3, the Langlands—
Shelstad transfer factor is

A t1,t2) = (xey el ((@ = 27)(@" = (7)) e’ 7

Proof of Lemma 8.2. The proof isalengthy unraveling of the definitionsand covers
most of the remaining part of this chapter. The definition of the Langlands-Shel stad
transfer factor (which is denoted Aq in [60], p. 248, and is defined as a product of
five factorsin the quasisplit case) is sophisticated, and will not be reproduced here
indetail. O

It requires many choices, among them the choice of a-data and y-data. Follow-
ing [60], we start with a-data and x-data.

8.2.1 a-Data and x-Data

These are numbers and characters attached to roots in the root system R¢. For the
general definition of a-dataand y-data see [60], (2.2) and (2.5):

1. The positive roots R/, of T are the characters which assign to diag(z, 2/,
x%,2'%) thevalues o'/, x /27, 2’ /(2")7, 2 /(2")? . Remember the Galois group
acts via its quotient Gal(L/F) such that o(A) = —A for al roots A since
xx® =2’ (2')°.

x/x? and 2’ /(2')? arethe positive roots, which do not occur in M. Hence ([60],
(3.6)) thefactor Ary (n; (t1,t2)) is

(1= a'/2)(1 = 2/27)(1 = 2/ (&")7) (A = 2/(2"))]/|(1 = t2/t7) (1 — 15 /t2)]
= (1 —a/z7)(1 =2/ (")) = (& — 27) (2" = (@")7)|/[x2].

2. Define a-data for the root system Ra

ax=+/Dy for XeRf, ax=—+/Dy for XeRg,
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i.e., these numbers satisfy ay € F* and o(ay) = ay(n) and a_y = —ay, as
required in the definition [60], (2.2).

3. Smilarly we get the y-data. Fix a quasicharacter x, : L* — C* such that the
restriction of xo from L* to F'* is the quadratic character x ,r of F'* attached
to L/ F viaclassfield theory. Then we get x-databy defining

xw=x0 for MeRf,  xa=x;' for XeRg.

The required conditions x,») = xx o o~! and x_» = x, ' of [60], (2.5), are
satisfied since ypoo ! = x; ! Inthefollowing x, will be viewed asacharacter
of the Weil group W, = Wy, p, = Wy, = L* aswell.

4. Notations from [60], (2.5). F, denotes the fixed field of T,y = {0 €
I'|o(\) = A} and Fy, isthefixed field of T1y = {0 € T'| o(\) = £A}.
I" isthe absolute Galois group of F'. Inour case F', = L and Fy = L forall A,
and the index is always 2.

5. The positive roots « of G given by the characters 2/« and 2’ /(2")?, which do
not occur in M, define, following [60], (3.3), a product of corresponding terms
Xo (71, whichisthe factor Az (n; (t1,2))

Ars (1.12)) = xo(D5 (/2 = 1) (/@) 1))

8.2.2 The Element wr (o)

This section refers to [60], (2.1) and (2.3). Consider the split torus 7 and the
Borel group B¢, above. Then conjugation with the matrix &, defined on page 273,
gave h(T¢, B&)h = (Iq, Be) with a Borel group B defined over F. We
get (h'ho) "N (TE, BE)(h1h7) = (TE, BE). The element wr (o) is defined as
wr(o) = Int(h='h7) in[60] p. 231. Itisin the normalizer of . In our case

e oy [0 —E
h='h? = h h—(E 0).

Hence, wr(p) = 1 for p € T, and wr(p) = Wias fOr p € o', inthe Weyl group
for the longest element wy, . in the Weyl group of 7.

8.2.3 Lifting of Weyl Group Elements

This section refers to [60], (2.1) and (2.3), where a cocycle ¢(f;, 0-) is defined,
that somehow measures the obstruction for lifting elements of the Weyl group
W = N(T)/T tothenormalizer N(T').



8.2 Statement of Result 279

The simple roots of (T, BE) are a; = 2e; and ax = es — e1. We get the
embedded root subgroups

|
o)

d
Si2)a, 2 (58) (J’S
00

which map (} 1) to the Borel group B¢,. The standard element of the Weyl group

of S1(2) therefore mapsto
%10
) n(0a2) = _O 0
00

n(aal) = (

The element w,,q, in the Weyl group of GSp(4) can be written as a product
of simple reflections of length 4 w.ae = Gy 00y Oay0a, - HENCE, n(Winas) =
1(0ay )00, )1(0as )00, ) IS

1

(=) | [ele)
[=Xelde]
[=X=lely
=il

The Cocycle t (01, 6,). For 61, 05 in the subgroup of the Weyl group € generated
by 1 and w,q., this lifting to the normalizer defines a cocycle ¢(61, 62) ([60],
Lemma 2.1A). Itsvalueis 1 except for 61 = 03 = wimaz, Where t(wWmaz, Wmax)
is —1. The first property follows from the definition of ¢, the second from
our computation above in view of the definition of ¢(wimaz, Wmaz)n(w?,,,)
N(Wnaz )N (Wmaz ) IN[60], p. 228.

8.2.4 Coroot Modification

In this section we compute the class A\r and A7, defined in [60], (2.3):

1. The coroots of T are defined by the cocharacters which map ¢t € F* to the
matrices

diag(t™',t,t,t71), diag(t,1,t71,1), diag(1,t,1,t7 "), diag(t,t,t~1,t71).

The first two are the coroots of (e; — e1) and 2e4, the last two those of 2e, and
es + e1. Langlands and Shelstad ([60], (2.3)) defined
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z(or) = II (@a)®

a€RY, o' aER

\%

for or € T viathe a-data a,. z(or) only depends on o modulo T';,. Notice
x(1) = 1and z(0) = diag(t,t*,t~',t7?),_ ,p, isthe product of all four posi-
tive coroots evaluated at ay = /Dy.

2. Thecocycleor — m(or) = x(or)n(wr(or)) defined in [60], (2.3), hasvalues
in the F-valued points of the normalizer of T%. Modulo elements of T (F) this
coincideswith o +— h~7h. Therefore, or — m(or)h=7h € T&(F') definesa
1-cocyclewith valuesin T (F'). The Galois action on this torus is understood to
be transferred from the action of the Galois group on T (F'). Hence, o acts on
Te(F) by

fg = wmaw(a(f))'

m(or) is determined by its value on the generator o of Gal(L/F'), which cor-
respondsto o = wye: X 0. The computations above therefore give the value
A = m(or) = diag(t,t®, —t~',—t7?),_ ,p . Observe the cocycle condition
A7 = 1. Theclassof A in HY(T', T&(F ) trans) Will be denoted Ar-.

Remark 8.3.  With respect to the transferred action on 7% (F') the map Int(h)
defines a Galois equivariant isomorphism between Tz (F) and T (F'). This alows
usto view Ar asacocyclewith values T (F') aternatively. Hence, by Lemma6.1

HY T, T&(F)trans) = H (Gal(L/F),Tc(F)) = F* /Normp,p(L*) = {+1}.
The class A7 of the cocycle defined by A is trivial if and only if there exists a
p€TE(F)or TE(L) suchthat A = wnaq(o(p))p .

Remark 8.4. Theclass Az, isdefined as abovewith h., instead of h. Therefore,
the image of A\r,, € HY (', Ts.(F)) in HY(T',T(F)) is Ar since both cocycles
differ by acoboundary 272~! € BY(T', Zg(F)) C BY(I, T¢(F)).

3. For theroot oy : T&(L) — L* defined by p = diag(py, pa, kp7 L, kps ) —
p2/p1wehaveay (p7p~t) = Normpp(on(p))~t € F* since
P’ = Winazo(p) = diag(o(k/p1), 0 (k/p2), o (p1,0(p2))-

The cocycle condition A\ = 1 for A = diag(\i, Ao, kAT ', kA5 ) therefore
reads k = A1 /o(A1) = Aa/o(X2). Hence, a1 (N) = Ao/ € F*. Conversely,
any \, € F* comes from a cocycle. For example, put A = (1, )\, 1,\; ") for
A1 = 1 and k = 1. This defines an isomorphism

o1t HY(D, TE(F)irans) = F* /Normp, p(F*),

which maps the cohomology class of A to ai(\) € F*/Normp,p(L*).
Composed with the isomorphism x.,p : F*/Normp,p(L*) = {£1},
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the class of the cocycle A obtained above can be identified with the sign
Ar € HYT', Tg(F)) = {41} defined by

Ar = xr/r(a1(N) = x1/r(Do).

Definition of A;. Accordingto [60], (3.2), thefactor Ay (n; (¢1,t2)) isdefined to be

<>‘Tsc7ST>’

where sy € mo((Te.s)") istheimage of s € T. Inour case s € (Th)"; see
page 55. Hence, st is the image of the class s € 7y (7) under the natural map
induced from theinclusioni : T 5. — 1.

4. Since s € Z(M)" in our case, one can work with A7 instead of A7, to define
the factor A since functoriality of the Tate-Nakayama pairing

(,.): HYD, T(F)) x mo(T") — €*

with respect to i : Tz, — T implies (Arg, ,.,s7) = (ix(M1g..),s). Since
i+(M1e...) = A1, according to Remark 8.4, the cal culations above show

Ar(n; (t1,t2)) = xr/7 (Do) -

8.2.5 p-Gauges

Asin [60], (2.5), choose a gauge p. For thislet I" denote the absolute Galois group
of F and let {1,¢} be the group generated by the reflection e at the origin, both
acting on the root system Rq of T;. The product ¥ of these two groups acts on
R¢ with four digoint orbits, each consisting of apair o, —«a, where o runs over the
positiveroots RJC;. So we choose as a p-gaugethe positive root gaugep on each orbit.
See[60], (2.1) and (2.5). Thenn = 1 and oy = id and wy = id and uq (w) = win
the notation in [60], (2.5).

8.2.6 Weil Groups

Consider Weil groups as in [60], (2.5) or [101]. The Weil group W of F' comes
withamap 7 : Wr — I' = I'r suchthat W, = 7= ('), where ", denotes the
absolute Galois group of L. Then Wy /Wy, = I'p/I'r, = I't,/p. The relative Weil
groups are defined by W,/ = Wp/[Wr, W ]. One has exact sequences

0— L= Wy —Tryp=1,
O_)L*_)WL/F_)FL/F_)O-
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We choose representatives vy = 1 and vy in Wy, of 1 and o in ', . Then for
u e Wi =Wr,r wehave

B u U€W+:WL/L:L*
vo(u) = = .
uv; T ug Wi =1L".

8.2.7 The 1-Chain r,, for G

To definethe Ay, factor one has to determine a certain 1-chain r,, (w) atached to
the gauge p. Consider X = X, (T%) = X*(T¢). Theroots R = Ry areby defini-
tion the roots of T¢, in G' or the coroots of 7 in G. Consider X @ C*. Langlands
and Shelstad defined in [60], p. 236,

Tp(W)orbit = H X (vo(w))* = xo(vo (w))*

for each orbit, i.e., positive coroot A of Tg. Here we have chosen the “positive”
gauge on each orbit. The product over the contributions of all (four) orbits then
defines o R
rpw) = [T xolwo(w)* € X.(T2, ) © € = T5(C)
AERT
forw € Wy, p. Inour casethis gives

rp(w) = diag(t,tg,til,t73)’t:X0(vo(w)) €

8.2.8 Definition of £f

As Langlands and Shelstad explain ([60], p. 238), 7, (w) definesan L-extension{ =
&
fg ey e

of the given embedding . . .
TG — Té — TG g Ga

which depends on the given y-data, and which is defined by
fg(l X w) = rp(w)né(wT(w)) X W, w e Wp.

For this notation recall that L-groupsare defined as semidirect products G x Wgor
G x WL/F .
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8.2.9 The Similar r,, for M

This section refers to [60], (2.5), repeating for M what was done for G. Recall the
definition of 77,, B3, for M, whichis needed now. Theinclusion¢ : M — G maps
the (positive) coroots of ij C M to the (positive) coroots of TG C G. Our choice
of y-datafor G therefore immediately induces y-datafor M such that

1

~ Jxo  for X being apositive coroot of T]f{,
X7\ xg! for A being anegative coroot of 77,

The positive coroots of 7’5, aregiven by Y (t) = diag(t,1,t~1,1) and by 3y (t) =
diag(1,t,1,t~1). For the corresponding positive roots 3; and 3 of 7%, in M obvi-

ously
n(aﬁl) = < )a n(gﬁz) = < >

The product of these matrices defines

nM (wmaw) = (—OE g)

o LOO
[=lel ]
[=l=lely
[ ==l
[=lelelog
LOOO
o=oO
oo—O

for thelongest element w4, inthe Weyl group of ij. Againthegroup X generated
by the reflection at the origin and I" acts via the T,-twisted action on the roots
of T3, and the coroots of Tjg,respectively, with two orbits 81, — 3, and (3o, — (3.

We can therefore choose the positive R}, gauge on each orbit. Then n = 1 and
o1 = id and u;(w) = w on each orblt in the notation in [60], (2.5). Consider

X = X.(T3,, B3, M) and R to be the set of corootsof 77,, B3,. Hence,

rp(w) = diag(t, 1, t717 l)diag(l, t, 1, til)t:XO(l,O(w)) = diag(t, t7 t717 til)t:XO(UO(w)).

8.2.10 Definition of £

Our choice of y-data and the gauge for M defines an extension
5}1{\4 Ly — M
of the given embedding
TMHTJf/IHTMQM.

It factorizes over the quotient W, , » of the Weil group, and it is defined by

& (1 xw) =diag(t, t, 7t M (wr(ow)) x w.
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8.2.11 The Corestriction Map and the Langlands Reciprocity Law

Let T beatorusover F, split by the extension field L. Then we have the following
chain of identifications

Homeont (T(F),C*) 2 Homeont (L™ ® X*(T))FL/F7 C*) > Hom(L*, X*(T) ® C*)FL/F

=~ Hom(L*, X.(T) @ C*)r, ,, = Hom(L*,T(C))

I'y/p IS
and the commutative diagram
Homeont(T(F),C*) = Hom(L*,T(C))r,
A A

LR

HlppiWiyr D€)< " Hom(L*,T(C)).

Theleft vertical isomorphismisthe“Langlands’ reciprocity map for tori. It isfunc-
torial in T'. The right vertical map is the obvious surjection. The lower horizon-
tal map is the corestriction map. Details can be found in Milne [63], p. 135ff and

Theorem 8.6. The corestriction map is defined asfollows: For f € Hom(L*,T(C))
define cores(f) € H' (W r,T(C)) by the class of the cocycle

cores(f)(w) = Z wgf(wg_lwwg')>

wherew, arerepresentativesof I'y, / in W,/ and ww, = w, mod L* determines
¢" and wg, respectively, for given w and g. For further details see [63], p. 129.

Now specialize to the quadratic extension field L over F'. In this case we have
already specified representatives w; = vy = 1 and w, = vy in the Well group
Wy, . Put® = vi. Noticed € F*. We then get

cores(f)(N) = fNvif(or M) = fNoi f(A), A€ L* C Wy,

cores(f)( A1) =f Moy - v1)vy f oy A =F(A0)vy fF(\7), Ae L CWyp.

8.2.12 Langlands Reciprocity for the Norm-1-Torus T' = N}

Notation. Let N denote the torus Resy,/r(G.,) and N' the subtorus N' C N,
which is the kernel of the norm Norm, ;. The dual group of N1 isdenoted T' =
C*, whichis C* as aLie group. But the Galois or Weil group acts by 2% = 271,
z € C*, where o isthe generator of Gal(L/F).
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A cocyclea € Z*(Wg, N') becomes a character once it is restricted to W, C
Wr. This character is trivial on [Wz,, W], and hence it factorizes over Wi, /p =
WF/[WL,WL]Z

OHL* — WL/F HFL/F — 0.

Choose vy € W, p, but vy ¢ L*. Then vy (v})vy ! = (v1)? € F*. One can show
vi ¢ Normy,p(L*). Aneasy computation shows that the cocycle conditions for a
are equivalent to:

1. Therestriction of a to L* isa continuous character with valuesin C* .

2. a(c(N) = a(A71) for X € L*.

3. a(v}) = a(v)vi(a(v1)) = a(vy)/a(vy) = 1.

Therefore, conditions (2) and (3) are equivalentto a(A) = 1, A € F*. If we modify
a by a coboundary, this does not change the restriction of a to L*, whereas the
restriction to L* - vy can in this way be multiplied by an arbitrary constant in C*.
Therefore, we formulate the last cocycle condition as:

4. a(Mv1) = const - a(\). Hence, the cohomology class [a] of a is uniquely deter-
mined by therestriction of a to L*, whichisanelementin Hom ont(L* /F*, C*).

To make the Langlands reciprocity map explicit, suppose we have a continuous
character x € Homeont(N'(F), C*). We can extend y to a continuous character
X' : L — C* viathe embedding N!(F) C L*. The map

Hom(L*,N') — Hom(L*, N )r = Hom((L* ® Z)", C*) = Hom(N*(F),C")
is the restriction map
(X' : L* — C*) — (X”Nl(F) : NYF) — C*).

This describes the right and then the upper way through the diagram

Homeoni(NY(F), C*) = Hom(L*,C%)r,
A A
LR
Hclont(WL/F7Ci) < cores Hom(L*,C*,)

and in fact maps x’ to x. Theimage of x’ under the lower horizontal corestriction
map is a cohomology class, which is completely determined by its “restriction” to
L* = Wgb. Thisrestriction is given by the character

cores(x)(A) = X' Nor (X' (A7) = X' (VA7) =x(A/A7), el =W,

since A\/\? € N!(F). Conversely, every x € N!(F) can be written in the form
x = A/A?,where \ € L* isuniquely determined up to an element in F*. Therefore,
Langlandsreciprocity (i.e., theinverse of the left vertical map) isexplicitly given by
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Homeont(NY(F),C*) 3 x = a(\) = x(\/\9),

in the sense that theimage class [a] € H (W, C* ) isdetermined by its restriction
a(\) € Homeont(WEP, C* ) specified abovefor A € Web = L+,

Example8.1. For s € (N1)I' = {1} andthe homomorphismord : Wy — Wb =
F* % 7, define the 1-cocycle t* (w) = s°74() in Z1(Wg, N'1). The map

[* o WLab N ng o~ F*,

induced by the inclusion map Wy — Wp isthe norm Normy g : L* — F*
([101], diagram (1.2.2)). The restriction of the cocycle t* to WP is therefore
t5(\) = (—=1)ord(Normr,r(N) By Langlands reciprocity, t* corresponds to a con-
tinuous character y(z) of N'(F) given by:

— L/F isunramified: x istrivial.
— L/F isramified: x(z) = (—1)°"¢N), wherez = \/\°. If the residue character-
isticisodd, then x(z) = 2 mod (7)) € {£1} forz € N'(F) C o} .

Example 8.2. Let now ' be the character o of L* used in the definition of y-data.
Its restriction to N*(F) C L* will be denoted x. From yo(z%) = xo(z)~! we
obtain

(N, AeLr=wp

N
X
o

cores(x)(A) =

—

Therefore, xo € Homcont(N'(F), C*) corresponds V|a Langlands reciprocity to
the class of the cocycle a(w) = x3(vo(w)) of Wy in N

8.2.13 The Definition of Ay,

According to [60], (3.5), the factor Ay, is defined by a pairing between n and a
cocycle a, where a is obtained from a comparison of the L.-homomorphisms¢ o Xf
and gf: Suppose T’y isidentified with T asin Lemma8.1. This correspondsto an
identification of 7%, and T¢; and also LT, and LT;. Using this identification, we
get two different homomorphisms from “Ty; = “T¢ to “G, namely, £ o ¢}' and
€Y. They agreeon Ty = T, and hence differ by a 1-cocycle a(w) of Wy, with
valuesin T (twisted Galois action induced from 7 !). In other words,

o &) (w) = a(w) - €7 (w), we Wr/p.

Lemma 8.3. Let x( bethe character defined by our specified choice of y-data. Then
afw) = (=1 - diag (1, x5 (vo(w)), 1, x§(vo(w)) ) € Te:

By definition, the cocycle condition a(w;ws) = a(wl)a(wg)" (e(w1)) holds.
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Proof. Leti(w) be0 or 1 according to whether w € L* C Wy, or not. From the
formulasfor fi” and gf obtained above, we now compute a(w) as follows:

i(w) . - -
( —OE g) ' dlag(t7 t, 3 1’ t 1)’t:X0(”0(w))

_ i(w) . _ _
=a(w)- (g 7) -diag(t, t3, 71t 3)|t:X0(vo(w))'
The matrix can be canceled, which impliestheclaim. [

The Class ar. Let [a] be the cohomology classin H' (W, T¢) of the cocycle
a(w) obtained in Lemma 8.3. Since the Galois action is defined by transfer, [a]
naturally defines a conomology class

ar € Hl(WL/F,Tg).

By Langlands reciprocity ar corresponds to a continuous character (ar,.) of
T (F), which evaluated at ny € T (F') defines, following [60], (3.5), the factor

Aprr, (.t t2) = (ar,m) -
1. We haveisomorphisms 75, — T — N x N' defined by themaps 75 — T¢

diag(wlaw2aw/17wl2) mod (tvtvtilatil) = diag(zla 245 22, 23)

= diag(waw], wiw], wiwy, wowh)
andTg — N x N1
diag(z1, 24, 22, 23) ¥ (21, 22) X 23/22 = (Waw], wiwh) X wa/wy
withinverse N x N1 — T¢
(u,v) X w— (u,uw™', v,0w) € Tg.

By 2122 = 2324 thisisanisomorphism. Endow 7 with the twisted Galois action
and ’i‘g with }he induped twisted action, which is the twisted action transferred
from T}, to Ty, = T. With these conventions, the isomorphisms above are

equivariant with respect to the Weil groups.
2. Thedual isomorphism N (F) x N'(F) — T&(F) is

(y,2) € L* x N'(F) — diag(z1,x}, x2, x5) = diag(y” 2z~ ", y,yz,y°) € T&(F).
The “partial” inverse TS (F) — N'(F) therefore maps diag(z, 2, z°, (z')7)
to 27 /2’. The compositemap 7 : T; — T — N is defined over F, where

the first map is Int(h=1), and it maps n € T¢(F) to diag(x,2’,27,(2')%) €
T&(F). Hence,

7 :Tg(F) — NY(F), 7(n) =27 /2.
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3. Conclusion. The cohomology class [a] € H' (W, T¢) of Lemma8.3isthe
product of two classes [a1] and [a2], where a; is the cocycle

a‘l(w) = diag(l,XQ(’Uo(’lU))_Q, 17X0(v0(w))2) € TG> w e WL/Fa
which isthe image of
b(w) = xo(vo(w))* € Z*(Wpyp, N')

under the composition of theinclusion N'! into the second factor of N x N'! and
the isomorphism with T, and where ay(w) = (—1)(®) . id. Thisis the image
of the cocycle ((—1)i(®), (=1)®)) of N under the composite of the inclusion
into thefirst factor of N x N and theisomorphism with T It is a coboundary

in V since ((—1)"), (=1)i®)) = (1,-1)"(1,—1)"". Hence,
[a] = [aa].

4. Forthemap m : T¢ — N x N!' — N} considered in step 2 we showed
ar = 7.([b]) in step 3. Functoriality of Langlands reciprocity therefore implies
{ar,n) = (7 ([b]),n) = (b,7(n)). Since (b, .) isthe character xo of N1 (F) by
Lemmas.3,

Arrr (n; (t1,t2)) = xo(27/2') .
This provesLemma 8.2.

For nonelliptic tori from M the Langlands—Shel stad factor becomes A ;- for our
choice of the endoscopic datum (M, M, s, €). Thisis left as an exercise for the
reader. But one should keep in mind that such statements depend on the choice of
the particular endoscopic datum (M, £ M, s, €). See, e.g., Lemma 9.18, where this
isillustrated for the split torus.

8.2.14 The Archimedean Case F = R

A, t1,t2) = (xoyr| ) (@ —27) (@' — (2)7))|xa’| 7! for & = t1ty and 2’ = 1t
by Corollary 8.1, wheren is defined by

aObDo 0
o OCL/ 0 b/DO
"“1v0 a o |’
oy 0 o

andwherez = a+by/Dgandz’ = o' +b'/Dy. Thelocal transfer factor satisfiesthe
global hypothesis: The product over all local placesis 1 for globa data Dy, t1, to.

If we consider the problem of the stabilization of the trace formula as in
Kottwitz [51], we assume that the adelic transfer factor satisfies the global
hypothesis[51], p.178. For this we normalize the Archimedean transfer factor
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such that it is the one given by Langlands and Shelstad [60]. The only cases of
elliptic tori in the Archimedean case are the ones of case 1, studied above. The
nonelliptic caseis rather easy, and will be skipped.

Remark 8.5. Using this normalization, we therefore do not a priori follow the con-
ventions of Kottwitz [51], p. 184, when we define Ao = Ao (var,7), Nor do we
follow [51], p. 186, when we define ho, = hZ. Instead, having fixed our choice
A (var,7) of the Archimedean transfer factor, we are now forced to define K2/ in
such away that it satisfies formula (7.4) in [51]:

SOty ) (R = (B(n), sa1) - Aso(n, (t1,12)) - (1) - trée(n) - vol .

Our choice of the Archimedean transfer factor may therefore result in a change
of h defined in [51], p. 186, by some constant. Since F' = IR, to determine this
constant of proportionality, it is enough to consider elliptic case | with Dy = —1
for some suitable chosen regular semisimple elliptic (¢4, t2) € C*. In particular, we
may assume |t;| = |to| = 1informula(7.4). Since x 1, /r|z| = = we have

Am(natth) = (.’17 - SU)(S(}/ - SU/)‘LU.'E/‘_I.

For x = t1t2 and 2’ = t1to this becomes (tth — (tltz)il)((tl/tg) — (tz/tl)) or
(t?+1+t7%) — (t3 +1+t52). Thus, for |t;| = 1

Aoo(n,t1,t2) = (tT(TQ ® 7’0) — t’I"(T() [029] 7'2)) (tl,tg),

where 75, denotes the representation of SU(2,R) on Symm*(C?). Suppose the
representation £¢ defining the coefficient system Ey, isfixed corresponding to holo-
morphic discrete series of weight k; > ko > 3. By the Archimedean endoscopic
character transfer this is related to elliptic holomorphic discrete series of weights
r1 = ki +ke—2andry = ky — ko +2for GI(2,R)2. Thisfollows easily from [51],
p. 182ff. See, e.g., [58], p. 212f.

Lemma 8.4. Consider the z-extension M; = Gi(2,R)? of M. Let h(7,, @ 7,,) de-
note pseudocoefficientsfor (holomorphic) discrete series of weightsr; and r, on My
in the sense of Clozel and Delorme [23]. Then with our choice of A (7, (t1,t2))
under the assumptions made above the function

hhogl = _(h(ﬂ-Tl ® 7TT2) - h(ﬂ.m ® 7Tﬁ))’ (Tl > TQ)
satisfies formula (7.4) in [51].

Proof. From [51], p. 186, it follows that our 221 is proportional to the one defined
in[51] up to some universal constant independent of the particular choice of &¢. We
can therefore assume £¢ to bethetrivial representation; hence, (&1, k2) = (3, 3) and
(r1,72) = (4,2). By our assumptions tréc(n) = 1 and e() = 1 holdsin formula
(7.4). Because we replaced M by M, the notions of stable orbital integrals and
ordinary orbital integrals coincide. According to the formulas given in Sect. 3.4
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SO%I@) (h(my @ m2) — h(m2 ® ma)) (1, t2)

= vol ™1 [(=tr(m2(t)) - (~tr(ro(t2))) = (~tr(ro(t1))) - (~tr(ra(t2))) ]

= ’UOli1 . Aoo(n7 (tlatQ))’

since tr(7(t)) = tr(7*(t)) for [t| = 1. To show SO, +,)(h2) = (B(n), sn) -
As(n, (t1,t2)) - e(I) - trée(n) - vol 1, asrequired, it therefore suffices to show

(Bm),sm) = —1.

By its definition [51], pp. 167 and 182, 3(1) € X*(G,,)'>*) depends on 7 only
viathe centralizing elliptic torus I = G, C G. For our choice of # the structure
homomorphismh € X, defining the Shimuravariety hasvaluesin /. The structure
homomorphism A defines an agebraic homomorphism iy, : G,, — I asin [51],
p. 167, which is defined over C. Up to some conjugation in G(C) we get our p :
G,, — T& — G defined over C such that

u(z) = diag(z, 2,1,1).

This defines acocharacter 1 € X..(T¢&) which, in the notation used for cocharacters
of T& in this chapter, correspondsto the element

(m1,ma,my,mb) =(1,0,1,0) € X, (T).
On the other hand,
s = sy = diag(1,—1,1,—1) € T¢,

defined by the endoscopic datum (see page 216), corresponds under the isomor-
phism T = T}, specified earlier in this chapter to the element (w1, wa, w}, wh) =
(-1,1,1,—1) € X*(Tg) ® C* = T, Hence, the pairing (i, (w1, wa, w}, wh)) =
wyw) givesthevaue (i, s) = —1, which provesthelemma. O



Chapter 9
Fundamental Lemma (Twisted Case)

In this chapter we show under conditions formulated in Sect. 9.2 that the funda-
mental lemma for standard endoscopy implies the fundamental lemma for twisted
base change endoscopy. In fact, thisis shown in this chapter for the unit elements
of the Hecke algebras. Using global argumentsinvolving the Selberg trace formula,
it suffices to prove the fundamental lemma and twisted fundamental lemmain gen-
eral assuming the fundamental lemma for unit elements and standard endoscopy
for residue characteristic p > pg. See Corollary 9.4 and Chap. 10. It also implies
the Frobenius formula (see Lemma 9.7) used in the comparison of trace formulas
in Chap. 3. This formula will be the clue to unravel the terms in the Kottwitz for-
mula stated in Theorem 3.1 that appear in the form of the twisted orbital integrals

9.1 Restriction of Scalars (Notations)

Let £ be an extension of the local field /' of degree [E : F] = n. For a connected
reductive group G’ over E with L-group G’ = G’ <« W, the L-group of the
restriction of scllars G = Resp,p(G') is
La =1yr (@) aWr
from [12], p. 35 (Formula 2), where for agroup X with Wg-action
InE(X)={f:Wp = X | f(ww) =w'- f(w), we Wp,w' € Wg}.

W actsby (r, f)(x) = f(zw). X can beembedded Wg-equivariant into IVV[‘/’;? (X)
by x — fy(w) =w-aforw e Wg, and f,(w) = 1 otherwise.

Remark 9.1. Iy}'* (X) = X*(Resp,p(T")) if X = X*(T") for atorus " [12].
R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 291
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Suppose W isanormal subgroup of W of index n, with a cyclic factor group
generatedby o € Wr. Suppose X isaWr module, whose W modulestructureis
defined by restriction. Then (0f)(z) = o' f(opz) satisfies (0f)(w'w)w' (6.f)(w)
forw’ € Wg. Hence, 6 actson IVVVV}{:” (X)) and commutes with the action of W. Fur-
thermore, 0™ = id and IVVKI‘; (X)? = X. Infact f-invariant functions £ in ]vag (X)
satisfy f(w'z) = w’ - f(z) foral w' € Wr since o and Wy generate Wr. Hence,
flw)=w- f(1) forw € Wg.

Abelian Case. If X is Abelian, thenorm f(z) — >, (8°f)(1) € X isdefined.
This Wg-equivariant map annihilates (1 — €)X and induces an isomorphism

INr(X)e =2 X

of W modules. In fact x — f, defines a Wg splitting; hence, the norm map is
surjective. To show that it is an isomorphism, it is enough to show that the kernel is
generated by the f(x) — (6f)(x) —an easy exercise.

E/F Normal. If E/F isnormal with cyclic Galoisgroup I' ;- generated by o,
the description of “G as an induced group given above defines ¢ : G — LG for
G = Resp,p(G"). For homomorphisms G — G, for reductive groups over F this
0 isfunctorial, and defines

U:G — G x...x&,
\I’(f) = (f(1)>ef(1)7"'7(9n_1f)(1)>'

Lemma 9.1. ¥ isan isomorphismsuch that U o § = § o ¥, Whereé(gl, cesGn) =
(92, 9n, 1), and U (r,(f)) =w - ¥(f) for all w € Wpg.

This gives a convenient description of L-groupsfor G = [/, G

Proof. Notice W(6) = (6(1),62f(1)..... f(1)) = 0(¥(f)) and W(r,(f)) =
w- () = (12w (¥(f) <« (1 < —1). Since or and Wy generate
Wg, it is enough to check this for w = op and w € Wg. In both cases
this formula is obvious since ¥(r,(f)) = (f(w),0f(w),...,0" Lf(w)) =
(w(f(1), w(@f(1)),...,w@" 1 f(1))) for w € Wg and U(rs.(f))
(F(0F).0f(@F)s-.., 0" f(or)) = (0p (0 (1)), 0p(62(1),...,op(f(1). O

Tori. Suppose E/F is unramified. X*(Resg/p(T")g) = X*(Resg/r(T")
X*(T") holds for the character groups of the F-tori 7" and T' = Resp,p(T") by
the remark above. There exist natural isomorphisms

fa
(

f o

Resp/p(T')? 2T, Resp p(T)e 2 T'.

The composite of the canonical quotientmap N7.g : Resg/p(T") — Resg p(1")g
with the natural isomorphism Res g/ (1")y = 1" defines the map

Nmpgp: ResE/F(T’) — T,
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For x € Resg,p(T')(F) = T'(@] F) the map Nmpg,p is given by the first
projection pr (T4~ " 0%(x)) € T'(F). In particular, = € T(E), which corresponds
toz = (25)ery,» € T'(OFF), mapsto HaerE/p s € T'(F). On the level of
F-valued pointsthe map Nm g, induces a map

Normpgp : T'(E) — T'(F)

suchthat z € T'(E) mapsto HJGFE/F o(z). Hence, with the notations from below
we have

Lemma 9.2. As maps from T'(F') = T'(E) to T'(F'), the norms Ny, N,,., and
Normg p coincide.

9.1.1 Norm Maps

Besidesthefield norm N/ : E* — F*, wedistinguish the following norm maps:

Nrp: Resp/p(T") — Resg/p(T") (the abstract norm).

NmE/F : ReSE/F(T/) — ReSE/F(T/)g >~ T,

Normgp: T'(E) — T'(F).

norm : Resp p(T") — T'" = Ty, the composite of the map Nm g, r with the
admissible isomorphism 77 = T),.

Ny (8) = 30(5)...0"1(5) = (66)".

e N, (8) =d0r(d)...00 1 0) = (Sop) o

Obviously N, .. (§) = Ny(d) forany § € G(F) = G'(E).

9.2 Endoscopy for Twisted Base Change

Let ' be aloca non-Archimedean field of characteristic zero and E/F an unram-
ified field extension of degree n. Let G be the Weil restriction G = Resg/p(G')
of a connected reductive unramified quasisplit group G’ over F. Assume G, to
be simply connected. Let B’ be a Borel group of G’, defined over F', and let 7" be
amaximal F-torusin B’. Then G is an algebraic group over F', with Borel sub-
group B = Resp,p(B') containing T’ = Resg,p(1"). Theaction of the Frobenius
automorphism o generating '/ on G'(E) = G(F) isinduced by an algebraic
F-automorphism 6 of G.

General Remarks. Then, following [54], (2.1), consider twisted base change en-
doscopy for (G,60) = (G, 0, 1). Several constructions of [54] are simplified in this
case. In particular:
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1. G is quasisplit and the automorphism 6 respects the pair (B,T"); hence, G =
G*,0 = 0* and ) = id in the sense of [54], (1.2). Thefixed group 7% = T, isa
maximal F-split torusin G. The derived group of GG is simply connected.

2. The restricted root system R,..s(G,T) can be identified with the root system
R(G?,T%) = R(G',T"). In particular, it is reduced, and all its roots are of type
R, inthe sense of [54], (1.3).

3. The dua group G is I, G'. The Galois group acts as specified via ¥. The
action factorizes over the maximal unramified quotient of the Galois group. The
Frobenius o acts like the dual automorphism

op(x1,...,xn) = (op(x2),...,00(xy),0p(x1)).
Furthermore, é(xl, cosy) = (T2, .., T, x1). Wewrite

G [[E =6
v=1
for the diagonal map.

Standard Endoscopy. Fix a standard endoscopic datum (M, %M, s, &) for the
group G’. Similarly to [51], p. 179, we make the following.

Assumptions.

o s Z(M) and Int(s) o £ =¢.
o ¢isunramified. Weview ¢ : M — G asaninclusion map, and assume & (1<w) =
c(w) qw for c(w) € M.

In addition, we assume the existence of a z-pair (M1, &, ) ([54], pp. 20-24) such
that:

e pr : M; — M isan unramified z-extension. In particular, M ge, iS Simply
connected, and M isunramified.
o &y, PM — F My isan L-homomorphism, of theform &7, = Zpr.

Finaly we choose:

o An unramified 1-cocycle d(w) € Z' (W, Z(My)) suchthat d(op) = A~ €
Z()T.

The parameter A may be chosen to be 1. However, in Chap. 10 it will turn out to be
convenient to choose A # 1 such that \» = s—!. Thisis the reason for introducing
the parameter \.

Although the endoscopic datum is defined by + = © M, the approach of Kottwitz
and Shelstad dictates choosing a z-pair if M., isnot simply connected ([54], (2.2)
and (5.5)). Thechoiceof az-pair allowsusto replace M by thegroup M1, whose de-
rived group is simply connected. For simplicity of exposition, therefore, we usually
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assume M = M; and &), = “id in the following, although the results formulated
can be easily extended to hold under the assumptions above. In fact, for the crucial
computation of the transfer factor and for the matching conditions, the influence of
the choice of the z-pair is explained on page 310 and in Sect. 9.8.

The Twisted Datum (! M, M, sg, £g). Under the assumptions above we as-
sociate with the standard datum (M, LM, s, ¢) for G’ atwisted endoscopic datum
(EM, M, sg, &) for (G, 0,1) inthesense of [54], (2.1). For E = F the new datum
isisomorphic, but is not the same as the one we started with. Put

sp=(1,...,1,s8) € Hé’
v=1

and defineég : “M — LG by
fE(l X O‘F) = SE <l€(0’F),

p(h x 1) = (&(h),&(h),..., () < 1.

Using \, we attach anew z-pair (“ My, &1 ) for thedatum (“ M, M, s, &), where
the z-extensionis the same but the L-homomorphism ¢ : M — =M, istwisted
by the cocycle d:

& (or) = A1 &ar, (o).

Notice that for our {5 the parameter s coincides with s~! in [51] owing to the
inverse normalization of the transfer factorsin [51], p. 178, and that in the situation
consideredin [51] A = 1.

If My = My, is Smply connected, we could ignore z-pairs to simplify the
notation, and eguivalently define

n
sp=(1,...,1,8) € HG"
v=1

andép : M — LG by
Ee(l xop) =1(N)sg <€(or),

¢p(hx1)= (f(h),f(h), e ,f(h)) <l

Obviously the above definitions determine an endoscopic datum, i.e., the proper-
ties[54], (2.1.1)—(2.1.4b), are satisfied: It isclear that sg isé-semisimple. Further-
more, thefixed group Cent (G, Int(spof)) isthe s-centralizer Cent (G, Int(s)) C
G diagonally embeddedinto G = [/, G'. Therefore, £ (M)=Cent (G, Int(sgo
0))°. Finaly Int(sg) o 0 o £y = d)y - g Since s € Z(M)'. Here a)y =
(1,...,1,1) = 1,where Int(s) o £ = a’ - £.
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a-data and y-data. For maximal F-tori 7" of G’ thetori T' = Resg,p(1") are
g-invariant maximal F-tori. The abstract norms Nmp,p : T — Ty = T' (= Th)
were defined already. They define admissible isomorphisms. We can choose a-data
and y-data according to our identifications R,...(G,T) = R(G?, T?) = R(G',T")
to bethe samefor Ty, 7" and T, T'.

9.3 Matching

Suppose first M = M, is simply connected. For sufficiently regular semisimple
elementsy = ¢y, € M(F) consider the orbital integral

o = | £ (b= yh)dh.
M (F)\M(F)

The centralizer M., of v isamaximal torus. The orbital integrals coincide with the
orbital integrals considered in [54], (5.5), in the situation M = M; ([54], (2.1) and
(2.2)),since z, = 1 ([54], (3.2)) and 05; = Int(yo) = id ([54], (54))and v = 1
with the notation in [54] By the regularity assumption

SO (9) =D 04/ (9).

The summation extends over representatives of the conjugacy classes in the stable
conjugacy classof ty; € M(F).

Matching Conditions. We say that functions f on G(F) and f* on M(F) are
matching if for the Kottwitz—Shelstad transfer factor A (¢, 0)

SOuy (fM) = Altar, 6)O0s0(f)
§
holdsfor al strongly G-regular ¢5; € M (F') where

Oso = / flg~"60(g))dg.
Centy(6,G(F))

The sum over ¢ (which might be empty) extends over representatives for the -
conjugacy classesin G(F') of elementsd € G(F'), whose “norm” ist;;. See [54],
(5.5.1). Thismeansthat ¢ is contained in the F'-conjugacy classof A/ (0ar) ([54],
(3.3.3)), where A, ¢ isthe composite of Clys (M) — Tar/Q — (T)e /920 and
the inverse of the isomorphism Cl (G, 0) — (Tg)e/’ induced by the abstract
normmap Nty : T' — Ty. See[54], p. 26ff.

M4 not Simply Connected. To drop the assumption M; = M we need to
introduce the z-pair (M1, £y, ) to formulate now the matching condition between
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functions f on G(F) and fM1 on M;(F), where f1, is supposed to be a function
with compact support on M (F') modulo the center Zy,, (F'), such that

M (zma) = Mg, (2) 71 M (ma)

holds for al z € Zi(F) C Zy, (F), and Z; is the kernel of the z-extension
pr : My — M. For details on this and for the precise formulation of the match-
ing conditionsin this generality we refer to [54], pp. 70—72. For our purposes, how-
ever, it isimportant to keep in mind that the character \,;, depends on the chosen
z-pair. In our situation, even in the simply connected case M; = M, if we re-
place &3y, = Lid : “M — LM, by atwist &y, = d - &y, with a 1-cocycle
d, then the (unramified) character \y;, of M;(F) is determined by d via Lang-
lands reciprocity: If (f, f) match for £y, , then (f, fM1) match for €y, , where
f]wl (m1) = )\]T/[ll (m1)fM1 (m1) and )\]\41 is determined by A= )\]wl (O’F) € ZJICIl'

Notation. Put Of/’”(f’) =", K(inu(t,1))-05 ('), where the sum extends over
representatives of the conjugacy classes in the stable conjugacy classof ¢ € G'(F),
and write

Atar,t") = AM, G tar, t) - k(inv(t, t")),

Atar,8") = AM, G, ty,06) - k(inv(d,6"))
using [54], Theorem 5.1.D (see also pp.54-55, 77, and 89), and similarly put
Og’;;“(f) =5 k(inv(6,8")) 0§, (f) for theinvariantsinu (3, §”) and inv(t, ")
defined as in Kottwitz [46]. The sum runs over representatives of the 6-conjugacy
classes in the stable #-conjugacy class of 6. Herewe assume 6 € G(F) = G'(E)
such that Ny(¢) is conjugateto ¢t € G'(F) in G'(F). If such § does not exist in
G(F), thent is not anorm and we put Og’;;“(f) = 0.

9.4 The Twisted Fundamental Lemma (Unit Element)

By assumption there exist hyperspecial maximal compact subgroups K C G(F),
K'C G'(F),and Ky C M(F). We choose K by “extension of scalars’ from K,
granting that K = K¢, K' = K, satisfy conditions (a)—c) in [46], p. 240. We
write 1, 15/, and 1x,, for the corresponding characteristic functions.

Assumption. We assume now that the fundamental lemmafor the standard endo-

scopic datum (M, M, s, €) holdsfor unit elements. In other words, we assume that
1x» and 1g,, are matching functions

AM, G 1, )OS " (1) = SOM (1k,,).

Under this assumption, we use [46] to compare with the twisted situation. In fact
Kottwitz proved in [46], p. 241, the formula Of* (1) = OS,, provided that ¢ « §
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holdsin the notationin [46] or that ¢ < § holdsin the notations used later. Thisis
equivalent to equations (A) and (B) below. In fact Kottwitz proved more.

Theorem 9.1. The correspondence ¢ M (for any fixed M, see the notation be-
low) induces a bijection from the set of conjugacy classes of ¢ € G’(F') such that
0% (1x+) # 0 to the set of f-conjugacy classes of § € G(F) = G'(E) such that
0%, (1x) # 0. Moreover, it impliest = Ny(§) and equality of orbital integrals
Of (1x1) = 05 (1x).

The assumption regarding the standard fundamental lemma and Theorem 9.1
imply for ¢t < §

A(M, Gt AR (G, G, t,8)05" (1) = A(M, G tar, )OS (1) = SOM (1, ).

Heret € T/ (F) istheimage of ¢y, € Th(F) under the admissible embedding,
and ¢ = norm(d8*), 6* € To(F) for regular t. The factor

ARG, G, 1, 0)

is not atransfer factor in the usual sense. It will be defined only when ng”(lK) #
0 holds. In this case it is implicitly determined by the normalizations made in
Theorem 9.1 or equivalently Proposition 1 in [46]. This will be explained in de-
tail below. We first observe that the formula for the orbital integrals, stated above,
immediately implies

Lemma 9.3. Suppose the standard fundamental lemma holds for the unit elements
1k, L. Then the twisted base change fundamental lemma for the unit elements
1k, 1k, i.€, the matching of 1x,, and 1k for sufficiently regular elements ¢, is
equivalent to the following statement: The twisted endoscopic transfer factor is
given by the formula

A(M, G, tar,8) = AM, G tar, )A™(G, G, 1, )

whenever OS5, (1) # 0 holds.

In the following we compute the twisted transfer factor A(M, G, tr,6) follow-
ing [54]. Lemma 9.17 and Theorems 9.2 and 9.3 imply that A(M, G,ta,6)/A
(M, G, ty,t) isequal to A®(G', G, t,0). Hence, we have

Lemma 9.4. Suppose the standard fundamental lemma holds for the unit elements
1x,,, 1x. Then the twisted base change fundamental lemma holds for the unit ele-
mentslg,,, 1x.

9.4.1 The Conditiont < ¢

We fix a unimodular matrix
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M= <b “) € SI(2,Z), n=[E:F]
1n

Thereis little chance of confusing this with the endoscopic group M. Let L be the
completion of F'“, the maximal unramified extension of F. Consider t € G'(F)
and 6 € G'(FE). The elements ¢t and o generate a subgroup in G'(L) x (oF)
isomorphic to Z2. The same applies for dor and o. We may ask whether these
two subgroups Z? are conjugate under some ¢ € G’(L); more precisely, such that
Int(c) o M also maps generators to the generators:

(4) Int(c)(t®cp) =0k, (B) Int(c)(t’cr) = dop.

If (A) and (B) hold, then we write ¢ A 5. For afixed matrix M wethen writet < §
asin [46]. However, we consider different choices of the matrix M . For every choice
of M, there exists an identity between x-orbital integrals on G’(F') and twisted x
orbital integralson G’ (E) = G(F), as stated in Theorem 9.1.

The Preferred Choice. Assumeb = 1 and a = n — 1 (then the other choices are
of typeda’ € a+nZ). From now on we reservethe notation ¢ < ¢ for this particular
choice.

Lemma 9.5. With this choice, for elements ¢ in the support of O(%’”(lK) the previ-
oudly defined factor A®(G’, G, t,d) is uniquely characterized by the following two
properties:

() A%(G',G,t,6) =1ift < 4.
(i) A%(G", G, ¥, 8") = klinv(t', £)) AR (G, G, t, 8)k(inv (8, 5")).

Proof. Thefirst statement follows from Theorem 9.1. For the second property notice
the following. For afixed maximal torus 7' in G, defineD(T) = Ker(H'(F,T) —
H(F,G)) asasubset of H!(F,T). For [¢] € D(T) wehave{(o) = A1 A% A €
G(F). ThenTy = ATA~! isatorusin G defined over F. Themap ¢ = brer -
T — T¢ defined by t — AtA~!is F-rationa, i.e, ¢(c(t)) = o(4(t)). It defines
an F-isomorphism between the tori 7" and 7. Furthermore, (£, A) defines a hyper-
cohomology classin H!(F,T — G). Let [n] € D(T) be aclass with torus (7%),,
and map ¢(1,), 1, : Te — (T¢), defined by 1)(0) = B~'B?, B € G(F). Then the
composite map ¢ r,), 1, ¢ : T — (T¢), mapst to BAtA~' B~'. This compos-
ite map is the map ¢r, 1 attached to ((0) = A"'B™'B7A7 = A~ '5(0)AL(0).
Therefore, (¢r,7); " (n)(0) = A~'n(o) A implies

(€] = (¢rer) () + [€]-
In other words,
im}(T, Tc) = im}(T, Tg) + (QngT)*_l (inU(Tg,TC)).

Similarly, ¢r.7(D(T)) = ¢r.7(&) + D(T¢). However, in the p-adic case the sets
D(T) are subgroups of H'(F,T). Thisimplies ¢, 7(D(T')) = D(T¢). Hence, in
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the p-adic case we can tacitly identify the groups D (1) with a particular one, say,
D(T'), viathe isomorphisms ¢, 7. This alows usto transfer characters x on D(T')
to characters k¢ on the different groups D (7). For k = (., s) thisimplies

k(inv(T, T¢)) = w(inv (T, Te) ke (inv(Te, T¢)).
For regular stably conjugate elements one therefore gets the analogous formula
k(inv(t, t")) = k(inv(t, t'))ke (inv (', ")).

Hence, OF (f) = s(inv(t,t'))Of (f). Since the transfer factor A*(G’, G, t,6) has
to be consistent with the transformation property of the orbital integral, this proves
(ii). In fact the corresponding property also holds for the change from § to §’ by a
similar argument. Thisprovesthelemma. [

9.4.2 The Class a(t; )

In adifferent context, Kottwitz introduced a transfer factor which is easier to define
than the transfer factors of Langlands and Shelstad. For this we need the elements
a(t; 0). To define )

alt;0) € X*(TL),  teTa(F)

for Tew = T' suppose § € G(F) = G'(E) —then Ny(d) = N,,.(0) —and suppose
Np(6) = Ny (6) = -0p(6) ... o5 () =dtd™ ", de G'(F).

Then by a theorem of Steinberg there exists an element ¢ € G’ (L), where L isthe
completion of the maximal unramified extension F'“™ of F', such that

N,.(8)=6-0p(8)... - op 1 (0) =ctc™?, ceG'(L).

Thisimplies
b:C_l(;O'F(C) € T (L), Ta :GQ.
In fact, b is uniquely defined by the given data up to op-conjugacy in T/ (L).
Hence, thereis a uniquely determined class [b] in B(Tg/) = H' ((o1.), T (L)).
For an arbitrary F-torusT one hasa canonical isomorphism [47] v : X.(T)r —
B(T) for B(T) = Br(T) = T(L)/(1 — o). The inverse image of b under this
isomorphism defines

o(t:6) = v (b)) € Xu(Ta)r.
Elementary Characters. For an arbitrary F'-torusT' the composition

T(F) =B(T) " =X.(T)r
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is a homomorphism. It is not difficult to see that its kernel K (7T') is a subgroup
of finite index in the maximal compact subgroup T of T'(F). This is clear for
anisotropic tori S because then B(.S) isfinite. In general, consider amaximal split
torusTy inT. Then S = T/T, is anisotropic. The claim is easily reduced to the
split case by the exact sequence B(T,;) — B(T) — B(S) — 0.

A character x : T(F) — C* iscaled elementary if it istrivial on K (T'). Every
elementary character is continuous. We get a functorial group homomorphism

TV — Homem (T(F), C*) € Homeont(T(F), C*)

from the above map 7'(F") — X.(7")r, and the now to be defined pairing between
1" and X, (T)r.

Pairings. Since X*(7") = X, (T)r thereisacanonical pairing
() Xu(T)r x TV = X.(T)r x (C* @ X*(T))" — €,
or A
(,): B(T)xT" — C*.

This being said, it is clear how (a(t;0), s) is defined: a(t;6) € X.(Tqr)r can be
evaluated against s € T,,..
In fact, the pairing (., .) induces an isomorphism

T =~ Hom(X,(T)r, C*),

since for aI'-module A with trivial T'-action, Hom(Y, A)'" is the set of homomor-
phisms f : Y — A satisfying f(vy~'y) = f(y),y € TI. Thisis equivalent to
f(I) =0forI = Ker(Y — Yr). But the homomorphisms f : Y — A arethe
homomorphisms f : Y — A suchthat f(I) = 0.

Explicit Description of v». Choose alift € X.(T) of a € X.(T)r,. Con-
sider a splitting field K /L of the extension of T' to L. There is a natural map
Normgyy, : T(K) — T(L) induced from Nmy g, : Resk/(T) — T. Then
v(a) = [Normgp(a(rk))] in B(T) = T(L)/(1 — o). Thisis the description
of a(t; d), givenin [47], (2.5).

Hence, for an unramified finite extension E/ F' the diagram

X.(T)rp, " >TML)/(1-0F)
A A

X.(T)r, ">TML)/(1-0g)

commutes. Therefore, we have
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Lemma 9.6. Let £/ F be an unramified extension, and s € (1”)'r C (1)"=. For
0 € T'(E) C T'(L) let 0]p € Bp(T') and [0]p € Bgr(T') denote the corre-
sponding classes for 7" considered as a torus over F' and F, respectively . Then
([0lF,s)r = ([0]m; 8) -

9.4.3 The Frobenius Fundamental Lemma

From the study of the trace formula in the context of Shimura varieties, Kottwitz
was led to introducing a dightly different kind of twisted fundamental lemma. In
thisform it appears naturally during the comparison of trace of the Frobenius endo-
morphism on the cohomology ([51], (7.2) and (7.3)) with the trace of certain Hecke
correspondenceswhich generalize the Eichler—Shimura correspondence.

This new formula is different from the twisted fundamental lemma in two
respects:

1. Itisrequired only for a certain specific spherical function f = ¢,, on G(F') =
G'(F), which isthe characteristic function of the double coset K¢, ' (71) Kg,
where iy, is defined from the datum A of the Shimuravariety [51], p. 173.

2. Itinvolves adifferent transfer factor defined by afactor «(¢; 9).

Frobenius Formula. This formula was postulated by Kottwitz [51], p. 180, to
obtain the crucial formula (7.2) in [51]. It is a variant of the twisted fundamental
lemma for a special spherical function denoted ¢; in [49], p. 173 (in fact owing
to a dightly different normalization we actually have to deal with the function
¢, defined in [65], p.202). It is the characteristic function of the double coset
GSp(4, E)diag(p,p,1,1)GSp(4, E). In our notation [E : F] = n denotes the
index j = [F : E]in[51], and the notation for £ and F is reversed. In fact, the
following lemmafollows from loc. cit.:

Lemma 9.7 (Frobenius Formula). The twisted fundamental lemma for (M, M,
sg, &g for the Kottwitz spherical function ¢,,, n = [E : F] and the

o Assertion A(E, f). A(M,G,ty,8) = AM, Gty t){a(t; 6), \"s) holdst
whenever 055" (f) # 0

for the function f = ¢,, both together imply formula (7.2) in [51].

In fact it is enough to have this formulain the setting of [51], (7.2), i.e., under our

assumptions s € Z(M )" and the assumption that the embedding ¢ : “M — LG is
unramified, in particular, G’ and G are then unramified over F'.

Concerning the Proof of the Frobenius Formula (7.2). Assertion A(E, f), for-
mulated in Lemma 9.7, is not unrelated to the twisted fundamental lemma for f.
To the contrary, assertion A(E, f) for the unit element f = 1, implies the twisted

1 The notation for and the conditions imposed on ¢, § asin Lemma 9.3 for dl § € G(F) that
satisfty OS5 (f) # 0.
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fundamental lemmafor the unit element f = 1, provided the fundamental lemma
for standard endoscopy holds for the unit element 1 - (see Lemmas 9.3 and 9.8).

Corollary 9.1. Assertion A(F,1k) and the standard fundamental lemma for the
unit element imply the twisted fundamental lemma for the unit element.

Remark 9.2. The standard fundamental lemma for the unit element (for residue
characteristic different from 2) implies by global methods the standard funda-
mental lemma [35]. This should also be true for the twisted fundamental lemma.
For the case G' = GSp(4),G = Resg,p(G'), see Chap.10. More generaly,
see[113]. Thetwisted fundamental lemmaand Lemma9.17 and Theorem 9.3 imply
A(E, ¢r,). Then the twisted fundamental lemmaand A(E, ¢,,) imply the Frobenius
formula. See Corollary 9.4. In Sect. 9.6 assertion A(E, f) turns out to be a kind of
explicit Langlands reciprocity law for elementary characters of tori.

Lemma 9.8. (a(t;6), s) = A%(G', G, t,6) for all § with O5;" (1) # 0.
Proof. By Lemma 9.5 it is enough to show:

(i) r(a(t;6)) =1fort — §and 05" (1x) # 0.

(i) (a(t';0"), s) = (inv(t', 1), s){a(t; §), s)(inv(6,6"),s). O

Proof of (ii). See [51], p. 168, for the dependence on (¢,¢’) and [51], p. 170. For
example, for ¢/ € T¢,t € T with Te=AT A~ ¢'=AT A", then b'=(cA~")~!
dop(cA™') € Te(L), where A can be chosen in G'(L). Thus, v'=dr,7(b)
Aop (A~ )= v(b)inv(Te, T). Hence, at'; 6)=(¢r,. 1)« (a(t; 0))inv(Te, T') be-
causeinv(Te, T)=— ¢p.r(inv(T, T¢))=[Aop(A~1)]. Similarly for achangeof 4.
The proof of statement (i) isgivenin Sect.9.4.4. O

9.4.4 The Support of 055"

Recall that the condition ¢ «— o for our preferred choice (b = 1, a = n — 1)
is equivalent to equations (A) and (B) stated on page 299. Kottwitz [46], p. 241,
showed that formulas (A) and (B) are equivalent to formulas (A’) and (B’)

(A "t =ctol (o), (B") t=c'oop(c)
or (see[46], p. 242) are equivalent to formulas (C') and (D)
(C) Nyp(8)=0-0p(0)...-op t(0)=ctc™t, (D) (Jor) “oh=cop(c)™ .

Lemma9.9.For t € G'(F) and 6 € G'(FE) the following statements are
equivalent:

1. t < ¢ for our preferred choicea =n — 1,b = 1.
2. Equations(B’) and (C') hold for somec € G'(L).
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Proof. Condition (1) is equivalent to (A) and (B) and these imply (A"), (B’), (C"),
(D). Conversdly, since (A), (B) and (A’), (B’) are equivalent, it is enough to show
that (B’) and (C') imply (A'). N = N,,.(6) € G'(E) sinced € G'(E). t" =
N, (t)sincet € G'(F).Hence, (B') impliest™ = N, (t) = ¢ N, (6)o%(c) =
cton(c)or(c) = clof(c)o(c I Nc). Since c™!Ne = t € G'(F) by (C),
therefore, t" = ¢~1o%(c)t. Dividing by ¢ proves (A’). O

Corollary9.2. For t € T'(F),6 € G'(F) satisfying (C') the following assertions
are equivalent:

1. a(t;9) = [t] € B(T") viatheidentificationv : B(T") =2 X.(T)r.

2. t « ¢ for our preferred choice.

Proof. If ¢+ « § then condition (B') impliesb = t for b = ¢ 1dor(c); hence,
a(t; §) = [t]. Suppose conversely a(t; §) = [t] holds. Since we are free to make a
change ¢ — cco, ¢ € T'(L), condition (B') is [t] = «(t; ) in the quotient B(T").
By Lemma9.9thisimpliest « §. O

Proof of Lemma 9.8, statement (i). ¢ < ¢ isequivalentto (B’) and (C’) (Lemma9.9).
These imply a(t;6) = [t] € B(Tgr) (Corollary 9.2). But OtG Flg) #0 &
ng”(lK) # 0 (Theorem 9.1). Therefore, statement (i) of Lemma 9.8 follows
from O

Lemma 9.10 (support). OF * (1) # 0 implies x([t]) = 1.

Proof. Supposet «+ ¢, say, for the preferred choice. According to Theorem 9.1 one
canfind ¢’ suchthat § « ¢’ for amodified choice of the parameter a’ = a+kn. Then
by Proposition 2 in [46], thisimpliesinv(t,t') = [t*] € B(T")or = HY(F,T").
For k = —1, [t] = inv(t,'). Now by Theorem 9.1 0% " (1) = 05" (1) =
05" (15:) # 0.Sincek(inv(t, t")) = k(inv(t, t')r (inv(t', ")), where x/o¢ =
kfor ¢ @ G = G, thisimplies O " (1) = r(inv(t, t'))0G *(1x/) # 0.
Hence, x(inv(t,t')) = ([t]) = 1, which provesLemma9.10. O

Questions. Suppose the fundamental lemma holdsfor the unit elements1x,,, 1.
Then Of/’“(lK/) # 0 for all regular t € (T (F) N Kyy) for an admissible
embedding ¢ : Tyy = T" C G'. Then, e.g., by the last lemma, /(T N Kyy) is
contained in the kernel of the character ko [[] : T/(F) N K' — D(T") — C*.
Under what conditionsis it equal to the kernel of this character? Does x([t]) = 1
fort € T'(F) N K’ imply OF " (1%) # 0?

9.5 The Norm Map and Stable Conjugacy

Let thesituationbeasin Sect. 9.2. Let v : Th; — T’ C G’ be an admissible embed-
ding attached to the given standard endoscopic datum such that T = Res g/ p(T")
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isamaximal torusin G. Thereis a canonical isomorphism T, = T”, which defines
the abstract normmap Nmpg/p : T — T".

For vy € Ty (F) let ¢t denote its image in T7(F) and ~ (or o) its image in
Ty(F). Choose 6* € T'(F)

NmE/F((S*) =te T/(F),

where ¢ is supposed to be regular. Notice this is equivalent to condition (1)
Nrg(0*) = ~ in [54], p.63. Let t;, € G'(F) denote representatives of the
finitely many F-conjugacy classes of elements in G'(F') stably conjugate to ¢.
Then inv(t,t;) € D(G,T"). Furthermore, choose representatives §;, € G(F) of the
finitely many 6-conjugacy classesin G(F') of elementsin G(F') stably 6-conjugate
to 6*. This set may be empty. Then

6* = gléze(gz)ila gi € Gsc(F)

defines
vi(0) = gio(gi) " € Te(F)

such that o(6*) = wv;(0)~15*0(v;i(o)). Then o(6*) = 6* mod (1 — )T.
Hence, we can find A\ € T(F) depending on 4, such that o(6*) = &*\'7°.
Then (v;(0)\)~16*0(v;(0)\) = &*, which implies v;(o)\ € TY(F). Hence,
vi(0) € T(F) satisfies

8o (6*) 7t = v(0)t 0.

So for 7 : Ty, — T the par (v;(c)~',6*) defines a hypercocycle in

2N, Too =27 ).

Definition 9.1. Its class (denoted inv(t, ¢) in [54], p. 63, if T3 = T in the notation

inloc. cit.)

Vi = [(wi(0) 1, 6%)] € HY(F, To, =27 1)
is independent of the choice of §* € T'(F') with Nmp,p(6*) = t, since another
choice 6*w' =% w € T(F) defines a change by a hypercoboundary. Suppose 7 #
T.ThenV = [(Vi(o)~1,67)] for 67 € Ty (F) with 67 — t; € Ty, (F) for alift
t1 € Ty, (F) of t € Ty (F) similarly defines a cohomology class inv(ty,d) €
HYF, Tse — Th).

Definition 9.2. Let

(1-9)
—

invy(t,6;) = [(vi(o)™4,6%)]) € HY(F, T T)
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be the image of V; induced from the chain complex map (7, id)

1-0)m
7. 0791,

™ id

Vo o(1-6) VY
T >T

Some Exact Sequences. SinceT? = T’ and T, = T", one has exact sequences
i Nmp/r
0 =V =T =T’ >0
1-0
0 =T’ >T >V >0
for (1 —0)T = V andtheinclusonmapi : V — T.

The Rational Case. Supposed* canbechoseninT'(F') suchthat Nm g, g(6*) = t.
Then the invariants

inv(6*,0;) € Ker(HY(F,T%) — H*(F,G)) = D(T,6)

are defined, and parameterize the conjugacy classes within the stable conjugacy
class. Thenwewrite 5* = §.

Lemma 9.11. Intherational case (v;(c)~1,8*) = (v;(0)~1,1)-(1,5*) isaprod-
uct of two hypercocycles. The cohomol ogy class of the first hypercocycleistheimage
of inv(6*, §;) under the chain complexmap ¢ : (T? — 0) — (T 1=f T') defined as
the composite of the following vertical chain complex maps:

7 =0
In the derived category the first map is a quasi-isomorphism. Since 7, = T'/V, one
has a distinguished triangle
(T = 0) = (T T) = (0 Tp) — .

Together with the second distinguished triangle, defined by the maps (0, id) and
(id,0),
O0—=T)=(T"ZT)—= (T -0 —
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this defines the exact sequences

K
H(p) !

0 =HYRT% “>pyrr'>T) =HY(FT)  >HFT

\
HY(F,T)

The maps r and Nm making the triangles in the diagram commutative are induced
from theinclusion 7% — T and from the norm Nmrpg: T — Tp, respectively.

In the twisted base change situation we may identify 7 and T}y with 7".
Lemma 9.12. Then the maps N'm and » become, respectively, the norm
Normpp: T(F) = T'(E) — T'(F),
and the restriction map of Galois cohomology
res: HY(F,T'") — HY(E,T").

Proof. Thefirst statement is obvious. For the second notice H (F, T') = H'(E, T")
by Shapiro’'s lemma. This isomorphism is the composition of two maps, the re-
striction map H'(F,T) — H'(E,T/F) and the projection on one component of
T/E = [[; T". Since the restriction map is functorial, the map induced from the
inclusion 7’ = TY — T factors over the restriction map H'(F,T") — H'(E,T").
TheinclusonT"(E) — T(E) = [[;—, T'(E) composed with the projection on the
one component is the identity map. Thisdeterminesr as claimed, and completesthe
proof. [

Corollary 9.3. Suppose res : H'(F,T') — H'(F,T)? is surjective. Then we are
in therational case.

Proof. Obvious. O
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9.6 Comparison of the Transfer Factors A and AP

In this section we compute the quotient of transfer factors

A(M, G, ta,0)
A(M, Gty t)

since it is relevant for the twisted fundamental lemma for the unit element
(Lemma 9.3). For this let the situation be as in Sect.9.2. In particular, G is
quasisplit over F' and ¢ fixes a F-splitting (B, Ty, {z.}) of G. Therefore,
¢ = id,u(c) = 1,m = id, z = 1 in the notation in [54]. Furthermore, G¥ = G’
and 7% = T" and Ty = T (not induced by the natural map 7% — Tj). Then

Lemma 9.13.
A(M,G,tr,0)  Arrr(M,G,tar,9)

A(M7G/7tMat) B AIII(MlevtMat).

Proof. Thisis an easy consequence of the definition. Since the definitions are cum-
bersome, we give details of the argument for the convenience of the reader. In our
quasisplit situation A isaproduct of four factors:

1. The first factor A;(vas,0) is of cohomological nature. It is attached to a class
M a.3(T™) in the Galois cohomology group H'(F,T), where T is the inter-
section T, N G*. G* is the group of fixed points of the lift 6,. to G, where
G 1s the simply connected covering of G, It is defined by the induced a-
datavia R(G*,T%) C R,.s(G,T) (see[54], (4.2)). But G* = G%- = G, and
T* = Tl = T/.. So the group 7' and the class A} (7**) do not depend on
E,andfor E = F it isthe same class as for the original endoscopic setting we
started from. Thefactor A (yas, d) isthe value of the Tate—Nakayama pairing of
this class against a class st in mo((7%)F) constructed from sz or sy, respec-
tively, or s. It is defined to be the image of sp € ’i‘M - TG under the maps
T — Ta,0 — (T6,4)0.0 — mo(T7)F). Note T* = (Te) = ((T)aa)s,-

In our case the map T¢,, — (T¢,,)s,, Mapstheclassof sp = (1,...,s) to

theimage of s = sp in T/ . Therefore, again the class in mo((7'%)"") does not

dependon E. For ¥ = F it isthe same as for the original endoscopic datum we
started from. Therefore,

AT (v1,8) = Ar(y,t).
2. For A;; remember that all roots are of type R;. Therefore,

A% (ar) = T X <Na(§*) - 1>.

a
QAres
Qres y

The sum is over the Galois orbits of restricted roots which do not come from MM .
See [54], Lemma4.3.A. Furthermore,
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la—1

Na = Z 0.
i=0

Here I, = n is the length of the Galois orbit of «. In our case Na(6*) =
0res(Ng(0%)) = aues(t), Wheret € T'(F) = Typ(F) isthe image of vy €
Ty (F) under the admissible embedding T, — Ty. Observe §* € T(F) has
norm Nmpg,p(0%) =t € T'(F). Thisisequivalent to (3.3.4) in [54]. In our case
m, defined in [54], (3.1), isthe identity. We get

Apr(t ) = A (6, 7m) = Hxa< . )

The product is over the Galois orbits of rootsin R(G’,T") which do not come
from M. Thisis obviously independent of E.
3. Thefourth factor ([54], (4.5.A)) istreated similarly:

AR (ar,0) = T INa(6) — 1132,

Qres

The product is over all restricted roots not from M. They are of type R;. The
same argument as above gives

Arv(var.t) = A%y (a7, 8) Ilm —1[3.

The product is over the Galois orbits of rootsin R(G’,T") which do not come
from M. It isobviously independent of the choice of E. This completesthe proof
of thelemma. O

9.6.1 The Factor Ayr(t,9)

According to the definition of Kottwitz and Shelstad, this factor is defined by the
value (V, A) of a hypercohomology pairing of the classes of the following two
hypercohomology cocycles

(1-0)7

V =|[(v(0),0")] € H(F,T.. — T),

A=(az', ) € H' (Wr, T (7))
See [54], p.63. In fact, in loc. cit. it is enough to consider the easier case where
U isTs. and where S is Ty = T as explained in [54], p. 63 (quasisplit case for
0 = 6*) or [54], p. 38 (general case). The class V was already defined on page 305.
First assume that the z-pair is (My,&n,) = (M, Fid). The class A is defined by
an endoscopic datum (LM, M, s, €) of (G, 6) as follows. By transport of structure
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(twisted action) it is represented by a hypercocycle (a}l, s) with valuesin the com-
plex T — (T¢)aq, Where:

1. s € (T¢)aaq is the image of the element s € T, defined by the underlying
endoscopic datum, under themap Ty — (T ) ad.

2. ar isthel-cocyclein Zt(Wp, TG) suchthat {7, = ar-&1,whereér,, = g)fyog
and & = 1o & are defined by the first and the second row of the following
diagram:

LTy EX =Ly =H ¢ >L@g

¥ G
L(Ta) >L((G9)O) = Ly

L - LG
Theleft vertical map isinduced from the admissibleisomorphism Ty = T,. The
map fi” is defined by the chosen y-datainduced for M, the second map ¢ is part
of the underlying endoscopic data. The map &, is defined by the induced y-data.
The precise definition only involves constructions in the group of fixed points
(G9)° C Y. See[54], p.40. In our case of the twisted base change endoscopy
G is connected and £ (G?) = L@’. For twisted base change endoscopy the last
map : is defined by the “diagonal” embedding i : ¢ — G = [[/_, G’. Inthe
case of standard endoscopy the map &; = ¢¢, aswell as fi”, is defined asin
Langlands and Shelstad [60], (2.6).

The description above applies both for the standard endoscopic datum
(M,EM,s,¢) atached to (G,1), and for the twisted base change datum
(M, M, sp, &g) atached to (G, 6). We denote the corresponding classes A and
AF andsimilarly V and VF.

Now let usdropthe assumptionthat (M, £,r,) = (M, *id). Thenthecocyclear
is determined by the following more complicated commutative diagram (see [54],
pp. 43-44), which collapses to the diagram above in the special case (M1,&nr, ) =
(M, %id):

L L
N u
. \ Vo oo¢ \ L \
L((GO)O) ¢ >LG < ¢ H M Ly < pr Lyt

Here norm : Tg — Ty and pr : My — M and pr : Thy, — T, respectively.
The dotted vertical arrows are certain canonical extensions defined in loc. cit. The
group U C 'H defined in loc. cit. contains 7 such that U//Ty; = Wg. The L-
homomorphismi/ — £ (T x Ty, ), defined by (3, alo ), istrivial on Ty, and induces
the desired cocycle ar : Wp = U/T]\{ — L(TG X TMl)/TM = LTAII. The
hypercocycle (a;l, s) defines acohomology class (loc. cit., p. 63):
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Ao € H(Wp, Ty — (T)aa).

Similarly, (v(o)~1t, 637), now for §7 € Ty (F) with image t; € Ty, (F), defines a
classin H'(F, Ty — Ty). Here Ty = T xr,, T, isthe Cartesian product induced
by (norm, pr).

9.6.2 The Quotient AE , /Ajrr

Since all constructionsinvolving the y-datado not change in the passage from F' to
E, the only sensitive dependence on E in the definition of the factor A%, comes
from the map ¢¥. For simplicity we concentrate on the case M; = M. To extend
the formulations and proofsto the case M; # M is an easy exercise, which is left
to the reader. We only indicate at the end of this chapter (Sect. 9.8) how thisis done
inthe“rational” case, sincethisisthe only casethat isrelevant for our applications.

Standard Endoscopy. We start with the case (M, LM, s, €).
For ¢ (w) = b(w)w with b(w) € M we get £ o €M (w) = &(b(w))&(w). Since

€M is the inclusion map M C G, we can write this in the form & o ¢M (w) =
b(w)&(w). The defining equation & o £ (w) = ar (w)¢S (w) therefore gives

b(w)é(w) = ar (w)éy (w).

Suppose £(w) = c(w)w. Our assumptions Int(s) o £ = £ and s € Z(M)' imply
se(w) = c(w)s. Hence, c(w) € (G')s = M from [54], (2.1.4b).
Twisted Case. Now thecase (M, LM, sg, &) for the z-pair (M, Fid).
Now &g o €M (w) = Ep(bw)w) = 1(b(w))ép(w) since Eg|M is the diagonal
embedding . : M — G =[], G". Since & = £5 in our case, we obtain the
defining equation /

Lb(w))ép(w) = af (w)u(&F ) (w)

for aZ (w). Hence, by comparison with +(b(w))ié(w) = t(az (w))L(ff' (w))

(b))t i w)ep(w) - ubw)) " = iap (w)) - af(w) ! € T

¢ and ¢ are unramified; hence & (w)ép(w)~! is unramified and is uniquely de-
termined by (£ (oF)ép(or) ™t = (A, ..., A, s\) 7L € ((Z(M)Y). Sinceb(w) € M
commutes with this cocycle, we obtain

Lemma 9.14. The 1-cocycle o (w) = t(az (w)) - 7F (w) with valuesin T isa
product of 1-cocycles, where 7 (w) is the unramified 1-cocycle determined by

E(op) = (..., A\ s)) € Tg.



312 9 Fundamental Lemma (Twisted Case)

Remark 9.3. For M, # M thensimilarly 77 (o) = (sp, A™") mod T in (T x
T, )/ Ty =Ts.

The corresponding hypercocycle is aso a product of hypercocycles in
Z'Wr,Te — (16)aa)

A = (ar (W) 5 (w) ™ sp) = (ar (w))™H 1) (77 (w) T, sp)

and A = (ap(w)™ts) = (ap(w)=1,1) - (1,5), respectively, for standard
endoscopy.

The Hypercocycle (77 (w)~1 sE) Concerning the twisted Galois actions,
transported from 7, (1) aa _( .), thepair (75 (w)~1, sp)

P(w) = (\,...,\ s\ € T,

sp=(1,...,1,8) € (Tq)aa = Tc/Z(G)

not only defines a hypercohomology cocycle in Z*(Wp, T e Te,,). but

asoin
~ 1-6 .
Zl(WF7 Ta >Tg)'

Notice (1¢)eq = TG/Z( ) ((Ta)sc) (see [12], p.44). Our assumption s €
Z(M)F impliesthat s € T); = T isinvariant under conjugation by elementsin
M and is invariant under W (with the L-action on M). Hence, s € T isaso
invariant under the twisted action, transported from T, since this only involves
conjugationsin M. Similarly for the twisted action on T (transported from 77).
Therefore, s € T isinvariant. Hence,

()M w) = (AL AT T s T e T,
sp=(1,...,1,s) € Tg

defines a hypercocycle in Z1(Wg, T =% T¢) since (1 — 0)7E(op)! =
(1,...,1,8,87") = or(sg)sy' in Tg. Again we used o (s) = s for the twisted
or untwisted action on T

Compatibility with Pullbacks ([54], p. 138, Lemma A.3.B). For K* = (A — B)
and K* = B — A one has an exact sequence

0— (BN’ = H'(Wp, K*) — Homeon:(H (F, K*),C*) — 0

which is functorial with respect to chain complex homomorphisms ¢ : K7 — K3.
Furthermore, for A € H'(Wp, K?) of theform A = ¢, (X) the following holds:

(V,A) = (V,6.(X)) = (¢.(V), A).
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An Application. For the chain complex homomorphism ¢ = (id, Nmg, )

T.. (17(9)7r>
id Nmpg,r
T\{ec 0 >1\—/‘/
we have
ar (w)™1,1) = ¢ (ag (w) ™1, 1), (9.1)
$+(V) = [(vi(0)~1,1)]. (9.2)
Hence,
<V’ L[(CLT’ (w)_1’ 1)]> = <[(vi(0)’t)]’ [(aT’ (w)—l’ 1)]>
Note H'(F,A%B) = HYF,B) @ H\(F,A) and H'(Wp, B2A) =

HY(Wg, A) & HY(Wg, B). From [54], (A.3.13) and (A.3.14), it follows that
the hypercohomology pairing degenerates

([(a,b)], [(b,@)]) = (a,a) (b, )"

into a pairing between H°(F, B) and H' (W, B) (inverse of the Langlands reci-
procity pairing) and a pairing between H'(F, A) and H*(Wg, A) (Tate-Nakayama
pairing). Hence,

<[(’Ui(0)_1’t)7 [(CLT/(U))_I, 1)]> = <aT’(w)’t>L<17vi(U)_1> = <[(aT’(w)]7t>L

= Arrr, (Vs t) = Arrr, (var, ) Arrn (v, t) = Arrr(vars t)
in accordance with Langlands and Shelstad [60], (3.5). The factor A;rr, (yar, t) is
trivial by our assumptions. ¢ istheimage of v, under an admissible embedding. By
Lemma 9.14, therefore, we have

Lemma 9.15. ﬁ[lﬁ((%:g;ft]f;i)) = A}E]]/AIII = <[(Ui(0)71a 6*)]’ [(TE)il’ SE)D

Since (t¥)~1, sp) also defines a hypercocycle in Z' (W, T =g Tq,,), We
can consider the pullback with respect to the chain complex homomorphism ¢ =

(m,id)

1—60)om
Tsc( ) o
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By the compatibility of the pairing with pullback, we therefore obtain from
Lemmas9.13 and 9.15

Theorem 9.2. For the pairing between H! (W, T =4 T)and H'(F,T =4 T)

A(M, G, ta,0)

AL Gty ) = V(500 [(P5)7 sp)]).

Theorem 9.2 implies that the assertion A(E, f) — relevant for the Frobenius
formula—is equivalent to the assertion that

(invy(t, 6;), [(TE)fl,sE)D = (a(t; 0;), s)
holds whenever O$; () # 0.

Remark 9.4. Both («(t; §;), s) and ([(7¥)~1, sg)], inv(t, 6;)) havethe same trans-
formation property if §; € G(F') isreplaced by § € G(F') within the same stable 6-
conjugacy class. Kottwitz and Shelstad [54], Theorem 5.1.D, gave A(M, G, t,§) =
A(M, G, t,0;){inv(d;, d), s). Ontheother hand, in the proof of Lemma9.8 we have
aready seen a(t; 0) = «(t; d;)(inv(d;, d), s). Therefore, if Theorem 9.2 holds for
oned;, it holdsfor al §; in the stable 6-conjugacy class.

The Rational Case. Suppose there exists 6* € T'(F') such that Nmpg,p(6*) =
t € T'(F). Then it is enough to prove Theorem 9.2 for this §; = §*, denoted now
simply as 6. By definition of ¢ (on page 303) we can choose ¢ = 1, and obtain

a(t;0) =[c -6 op(c)] =[] € B(T') = T'(L)/(1 — op)T"(L).

Furthermore, inv(¢;6) = [(1,0)] € H'(Wp, T = T') according to Sect. 9.5 since
gi = 1. The desired assertion (invy(t,6;), [(t¥) 71, sE)]) = (a(t; §;), s) therefore
boils down to proving the formula

(t",0)L = ([6],5)

since
<il’lVg(t,5), [(TE)_la SE)D = <7_E75>L

by (A.3.13) in [54]. On the right we have the Langlands reciprocity pairing for the
F-torus T, and on the | eft the pairing between B(T") and 7' for the F-torusT".

Thepairing ([4], s) ontheleft dependson E only fromtheway that 6 € T'(E) C
T'(L). By Lemma 9.6 we can replace F by E and T” by its base field extension
T'/E since s € T'"r C T"". To compare both sides we also compute the right
side by the Langlands pairing of thetorus 7’/ E using Shapiro’s lemma.

Lemma9.16. For T = Resp,p(T") the Langlands reciprocity pairing between
HY(Wp,T) and T(F) is compatible with Shapiro’s lemma, i.e., base extension
fromFto E.
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In Other Words: Under the canonical isomorphism H' (W, T) = HY(Wg,1")
defined by Shapiro’'s lemma, and the canonical isomorphism T'(F) = T'(E),
the Langlands reciprocity pairing for the F-torus T" = Resp,p pairing between
HY(Wpg,T) and T(F) coincides with the Langlands reciprocity pairing between
H'(Wg,T'/E) and T"(E) for the E-torusT”.

Proof. Shapiro’sisomorphism H4(V, I) = H?(U, A) for induced modules I, where
U isasubgroup of V of finiteindex, is defined as the composite 7w o res of two maps

H (72 Hq(U,A) 7

HI(V.I) "= HY(U,I)
where 7w : I = Ind(U,V,A) = @ ey A — A isthe U-equivariant projec-
tion on the component of the g = 1 coset and res is the cohomological restriction
map [66], p. 68. We may replace Wr by Wi, for anormal splitting field extension
K/F of T containing £. Let I" = I'/ denote its Galois group. The Langlands
reciprocity law is the statement that the corestriction map cor in the diagram below
is an isomorphism. This follows from the following diagram by the 5-lemma.

~ ~ N- - ~
0 > H7 (T, Hom(C,T)) > Hom(C,T)r > Hom(C,T)' > H(, Hom(C, X*(T)),C*)

Uu cor id Uu

v s v v . v
- 3 ~ res * o~ rans ~
0 > HY(T,T) >H'(Wg/p,T) > H' (K", T)"

where C = K~ [63], p. 130 and formula (8.6.1). Since this diagram is functorial
in T, for the compatibility of thisisomorphism with Shapiro’slemmait is therefore
enough to check that all the other maps in this diagram except cor are compati-
ble with the cohomological restriction maps from Wy to Wg. For this observe that
the first and the fourth vertical map is an isomorphism ([63], Lemma 8.3) induced
by the cup product with the fundamental class. Since cup products are compatible
with restrictions [63], p. 4 and (0.1.5), and since the fundamental class « is compat-
ible with restrictions by the Tate—Nakayamatheorem [63], Theorem 0.2, the lemma
follows. O

Shapiro’s Lemma. We apply Lemma 9.16 to compute (77, §); for § ¢
HO(F,T) = T(E) = H°E,T'/E). The image res(r?) ¢ H'(Wg,T) of
2 e HY(Wp,T) is the unramified cocycle determined by o = (0p)" —
Nop (Ao X, 80) = (A"s, \s, ..., \"s). Hence, the projection H*'(r) gives
the class of the unramified cocycle 7" € H (W, T") defined oz — A"s. Thus,
the value (7, 6) 1, of the Langlands pairing for the F-torus T is the same as the
value (72"#, §), of the Langlands pairing of the E-torus 7’ /E obtained by base
changefrom T” over F.

Lemma 9.17. Supposewe arein therational caset = Nmp,p () for § € T'(F') =
T'(E). Then

(inv(t,0), [(t7) ", sp)]) = (72", 6)1
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.y, of thetorus T” over E between ¢ and the class of

for the Langlands pairing (., €
S(O'F) =\"'s € Tg in Hl(WE,T/G)

the unramified cocycle 7"
(a(t;0),A"s) = ([d], A"s)

for [§] € Bg(T") = T'(L)/(1 — op)T"(L) and \"s € (1")'=.

The Main Conclusion. The desired assertion A(E, f) of the Frobenius formula
(Lemma9.7) follows from the following

Assertion A(T’, E). Theelementary character in Homont (T’ (E), C*) defined
by T'(E) 5 ¢ — ([d], \"s) € C* coincideswith the class of the unramified cocycle
"$in H'(Wp, T") under the Langlandsreciprocity map Homon: (1" (E), C*) =
HY(Wg,T") for thetorus 7" over the local field E.

In fact, the support condition Og;;’“(f) # 0 implies Nmp,p(0) = t € T'(F),
provided the twisted fundamental lemma holds for f; hence, we are in the ratio-
nal case without restriction of generality, so we can apply Lemma 9.17. Notice the
support condition of the twisted fundamental lemma holds true for f = 1x by
Theorem 9.1; hence, in particular, Lemma9.17 implies that the twisted base change
fundamental lemma holds for the unit elements. But this implies that the twisted
base change fundamental lemma holds for al spherical functions (see Chap. 10);
hence, the support condition holds for spherical f. Thus, for the proof of A(E, f)
we can assume that we are in the rationa case so that assertion A(E, f) follows
from A(T’, E) by Lemma9.17.

Before we proceed to prove assertion A(7”, E) in Theorem 9.3, let us state the
consequence.

Corollary 9.4. The fundamental lemma for standard endoscopy implies the funda-
mental lemma for the twisted base change, and the Frobenius formula.

9.6.3 The Explicit Reciprocity Law

Consider the category of tori over ap-adicfield F'. Thereare natural transformations
Yo TV — HY(Wp,T)
between the functors 7 — 7T and T — H' (W, T') defined, respectively, by
U1 2 T — Homepn (T(F), C*) € Homeont(T(F), C*) = HY(Wp,T),

where the last isomorphism is the Langlands reciprocity map (for the definition of
the first map and the notion of elementary characters, see page 300), and

b T = HY (2, T7) ™4 HY(Wp, TT) — H'(Wr, T).
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Here inflation is with respect to the unramified quotient map ord : Wr — 7, and
the second map isinduced from theinclusionmap 7° C 7',

Theorem 9.3. ¢ = 1.

Proof. See Theorem 11.1. O

The statement ¢/, = 1), for F' replaced by E and T replaced by 7" is just assertion
A(T', F) stated above. Hence, Theorem 9.3 implies Corollary 9.4.

9.7 Twisted Transfer Factors for Split Tori

For split tori choose trivial a-data and trivial y-data: x, = 1 for al restricted roots
and a) = 1 for the positive restricted roots and a, = —1 for the negative restricted
roots. Using trivia a-data and y-data, we get

Lemma 9.18. Suppose G’ and M are F-split groups. Then for the maximal split
torusT = Resp,p(T") inthe Borel group B the transfer factor is

8) - [ let) — 11/

The product isover all restricted roots which do not comefrom M for § € T'(F),t €
Ty(F) = T'(F) and vy € Ty (F) related by the norm and the underlying isomor-
phism Ty = T, respectively. 7 is an unramified character of 7'(F") determined by
A\"s e (T)T via Langlands reciprocity.

Proof. Therestricted root system R,..s (G, T¢;) can beidentified with the root system
R(G?,T¢). In other words, the root system of thetorus 7" restricted to 7% = 7" can
be identified with the root system of thegroup G’. O

The First Factor Ay(v,d). This factor is of cohomologica nature [54], (4.2),
i.e., attached to the Galois cohomology group H'(F,T*), where T* is the inter-
section Ts. N G*. G” is the group of fixed points of the lift 6. to Gs., where
G is the simply connected covering of Gye,.. In our case Gge,r = G is simply
connected; hence, G* = G/,_,.. Thus, T” has vanishing cohomology by Shapiro’s
lemma. Hence, A;(v,0) = 1.

The Second Factor Ajyr(v,d). Itisalso trivia for split tori. It is attached to the
restricted roots which do not come from M. It is 1 since trivia y-data were cho-
sen [54], Lemma4.3.A.



318 9 Fundamental Lemma (Twisted Case)

The Fourth Factor ([54], Lemma 4.5.A). Itis

Arv(v,0) = [] INa(s*) = 1]/,

Qres

The product is over all restricted roots not from M, which are al of type R,, and

la—1

Na= Z 0o,
i=0

where [, = n is the length of the Galois orbit of «. In our case Na(§*) =
ares(Ng(0%)) = pes(t), wheret € Ty(F) istheimage of v € Ty (F) under
the admissible embedding T, — Tj. Notice that 6* € T'(F) satisfies Ngy(6*)
t € Ty(F), which correspondsto v € T, under the fixed isomorphism Ty (F')
T (F). Furthermore, observethat 6* = gdf(g)~! for some g € G.(F) using the
notation in [54], (3.3.4) sincein our case m, defined asin [54], (3.1), isthe identity.

1l

Claim9.1. V € H(F, Tsc(lj)ﬂT) istheimage of theclass [D] = 6* € HY(F, T)

under thenatural map j : H°(F, T) — H(F,Ts. — T) (definedin[54], (A.3.13)).

Proof. This follows from the long exact sequence of hypercohomology together
with HY(F, Ts.) = H'(F,Tyer) = 1 (Hilbert 90 and Shapiro’s lemma). In other
words, we can assume v(o) = 1 by modifying g € G,.(F) from the left by an
appropriate element in T.(F'). After this modification [(v(e), 6*)] = [(1,6%)]. The
hypercocycle condition implies o (6*) = §*,6* € T'(F'). Therefore, V = j([D]) is
theimageof D = §* € HO(F,T). Furthermore, §* € G(F) is §-conjugate over F
tod € G(F) sincev(c) = 1impliesg € Gyo(F). O

The Element A ([54], p. 39). Itisrepresented by apair (a;',sg).

Recall that the endoscopic embedding “M — G is unramified, and \,s €
Z(M)F. For the Frobenius element o we get &1, (1 X o) = £(1 X op) =
t(A\)-sgp<op.Also & (o) = 1-n(0) x o = 1<0 holds, sincethe y-dataaretrivia
and the torusis split such that n(or) = 1 (in the notation in [54, 60]). Thisimplies

ar(or) =t(\) - sp=(A\,...,\,\-5) € Tg.

ar satisfies the compatibility equation (1 — @)ar(or) = szlop(sy) =
(1,...,1,s,s~ 1), and hence defines a hypercocycle.

The factor Arrr(7y,9) is obtained by a hypercohomology pairing evaluated at
these two classes j([D]) and A. Using (A.3.13) in [54], we get

(7([D]), A) = ([D],1(A))L",

where (.,.)p : H(F,T) x H1§WF,T) — C* isthe Langlandsreciprocity pairing,
—

andwherei : H'(Wp,T — Ts.) — H'(Wp,T) is the natural map. In our case
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i(A) =i(ag", sp) = [ap']. Therefore,

A111(’}’7 5) = <5, aT>L~

To Compute this Number. E'/F is unramified; hence, so is the class of ar. So we
may proceed following Borel [12], Sects. 9.5 and 6.3. Let T,; denote the maximal
F-split torusin 7. The Langlands pairing defines an isomorphism H'(Wg, T') =
Homeont(T'(F), C*) functoria inT'. 1t isshown in [12] that unramified classes can
be evaluated by passageto T,; — T'. In other words, let x, : T(F) — C* denotethe
unramified character corresponding to the cohomology class [ar] € H (Wp, T')
Homcont(T(F), C*) viaLanglands reciprocity. Then the restriction x : T(F') —
C* to Ty (F') correspondsto the cocycle which maps o to the image of ar (o) under
themap 7' = C* @ X*(T) — Ty = C* @ X*(T,). Since X*(T) — X*(Ty) is
(X1,...,xn) — > x4, the canonical mapT — Td dual to therestriction map isthe
product over the componentsT I i1 T, — Ty. Thus, thei image of ar(op) =
Asg is the product of the components of ar(op) for s € T, In other words, the
image is represented by the unramified cocycle whose value at the Frobenius o is
A™ . s. Thisproves Lemma9.18.

9.8 The Case M; # M

Themain results of the last sectionsLemmas9.17 and 9.18 and Corollary 9.4 extend
to the case My # M. For this it is enough to consider the rational case where
0" =6 € Tg(F) existswitht = Nmp,p(0). For My # M consider the Cartesian
diagramsdefining Ty = (T x Tz, )/Tas With (sg, A1) mod T in Ty

Ty(F) > Tg(F) > 0 T<  Te=TI_,T-
A A

\ \
t1 € T, (F) o T]\{(F) >t T]Wl < R TM — T/

pr

The z-extension pr : M; — M defines a corresponding z-extension Res g/ (pr)
M := Resg,p(M1) — Resg,p(M), and hence asurjection Res g, p(pr) : T :=
ResE/F(TMl) — TG = RGSE/F(T/) = ResE/F(TM) fmtoriZing over T1

SeTr) " =Tu(F) ~Ta(F) > 6* .

\ norm
norm
\ \

t1 ETMI(F) P >TM(F) >t
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Notice T'(F) — T(F) is also a surjection. Therefore, we find & € T'(F) with
imageo € T(F). It definest; € Ty, (F) overt € Th(F). Notice t; is uniquely
determined by ¢ up to some element in Z; (F'). Hence, the invariant inv(t1,0) is
defined as the class of the cocycle (1,4,) in image(H(F,Ty) — HY(F,Ts. —
T1)). Infact this classis aready in the image of the composed map

HY(F,T) — HY(F,Ty) — H'(F,Ty. — T}).

By functoriality the hypercohomology pairing < inv(t1,96), Ay > between
inw(ty, ) and Ay can therefore be evaluated asin the proof of Lemma9.17,

< inv(ty,0), Ag > = <<§, ar)r,

wherenow a istheimageclassof ar under H' (i) : H' (Wp, T1) — Hl(WF,f“).
Notice

ﬂ:T1—>T: HT]Wl
v=1

maps the unramified cocycle whose value at o is (s, A~!) mod Ty, (see
Remark 9.3, where we now identify T with T, etc. by transport of structure) to
the unramified cocycle whose value at o is (A,..., A\, s\) € [} TMI. The re-
maining computationsfor the proof of Lemmas 9.17 and 9.18 and Corollary 9.4 are
now completely analogousto the case M; = M, except that T¢; has to replaced by

T and (t, 6) hasto be replaced by (1, 6).



Chapter 10
Reduction to Unit Elements

The reduction of the fundamental lemmafor arbitrary spherical Hecke operatorsto
the case of the unit elements of the spherical Hecke algebra for the case of twisted
endoscopy, athough formulated only for G’ = GSp(4) and base change in this
chapter, holds for twisted endoscopy in greater generality. However, to avoid tech-
nical considerations, we restrict ourselves here to the special case. The general case
will be considered elsewhere [113].

10.1 The Unramified Endoscopic Lift

Concerning endoscopic data, in particular the choice of an L-embedding ¢ : “M —
L@, we use the notation and conventionsin Sects. 6.3 and 8.1. For this choice the
corresponding unramified endoscopic lift, which depends on the chosen endoscopic
datum, is described in Lemma4.25.

Asin Chap. 6 and Sect. 8.1 fix the embedding ¢ : M — @, and tori and Borel
subgroups By; € M and B = Bg C G. In particular, By, is the Borel group

defined by the matrices
_ tl * tg 0
7= (0 t’l) x <* t’2>

modulo the elements (¢ - id,t~! - id) for t € F*. T}, isthe split torus of diagonal
matrices in By, of the form ¢ = (diag(t1,t)), diag(t2,t})), modulo matrices of
the form (diag(t,t), diag(t=',t~1)) for t € F™*. The positive roots R}, are the
characters x(t) = t1/t} and x2(t) = t5/t2. T3 € Ba C GSp(4) denotesthe split
torus of diagona matrices, and elements of B have the form

x1 0 % %

* XTg ko ok
0=1 004 « |-

OOOLL‘/2

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 321
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 10,
(© Springer-Verlag Berlin Heidelberg 2009
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An admissibleisomorphism ¢ between the two split tori 7', and T, was defined in
Lemma8.1:

¢ (diag(ty,t)), diag(ta, th)) mod F* — diag(thty, tith, tita, tat}),

withinverse¢ =1 : diag(x1,xe, 2}, %) — diag(z2, 1) xdiag(x) /x2,1) mod F*.
Under ¢ the unramified characters of the two tori correspond to each other. The
character

(& m) x (&' ,0') (diag(ts, t)) x diag(tz, ty))= E(t1)n(t1)€ (t2) (¢5),

wheren = ¢'n, correspondsto diag (w1, x2, 24, 25) — §(x2)n(x1)€ (27 /z2)n'(1)
or, using the notation in Sect. 4.7, to

(x1 B x2 ® x) (diag(z1, z2, 2}, 25)) = xa2(21)x1(z2)x(212)).

Hence, n = xx2, £/§' = x1,§' = xand x =&, xx1 =& xx2 =1, Xxixz =
1’ by comparison. The corresponding map from the set of isomorphism classes of
unramified principal series representations of M

Gl(2, Gl(2,
Tnd(s 37 (€ n) B Indl2 57 (€ )

to the set of isomorphism classes of unramified principal series representations

G
X1 % x2 X = Indgp) (i B xe B ),

maps &,n, &', to x1 = £/&,x2 = n/&,x = & This describes the unramified
endoscopic lift (Lemma4.25).

Satake Parameters. To reformulate thisin terms of the Satake parameters set,
a=¢(rr), B=n(rr), o =& (np), 8’ =1 (rr), Withaf =ao'f’
and g = x(7r), a1 = x1(7F), a2 = Xx2(7F).
Then ag = o/, apay = a, agas = B, agaras = 3, and the above correspon-
dence between isomorphism classes of principal series representations comes from
the L-embedding, which under the isomorphism ¢ defined in Sect. 8.1 maps

(55) (5 5) <7

inTg = Ty C M C LG. This image is uniquely defined in T up to
the action of the Weyl group. We may interchange a; and o, and leave o un-
changed. Or we may replace o by apas and a by a; ' and leave a; unchanged.
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These two substitutions generate the Weyl group W of T¢. The matrix in
T above corresponds to (agae, ap, a1,1) € TE under the canonical isomor-
phism T¢ = T (see page 274), in accordance with xaox(z1)x1(z2)x(z)) =

(0‘0042)”(“)04?(12)%(%) 1o(@s)

10.2 Twisted Transfer Factors for the Split Torus in M,

For the proof of the fundamental lemma for the twisted endoscopic datum
(EM, M, sg,&p) and the z-pair (My,&yr,) we follow the method of Labesse
[57] and consider elementary functions. For the matching of elementary functions
on M, and G it is enough, owing to support properties of their orbital integrals, to
know the transfer factors for the split torus 7, of M;.

Suppose (“M, M, sg, &) and the z-pair (M7, £y, ) are defined asin Sect. 9.2,
where M, = GI(2)? andpr : M; — M isthe map already considered in Chap. 6.4,
sothat &y, = Lpr isthe canonical inclusion, i.e., we make the

Assumption. A\ = 1 (in the sense of Sect. 9.2).

Fix maximal split tori in A/ and M and in M, and M together with a Borel
subgroup as in Chap. 6. Consider the ¢-stable torus T = Resg,p(D), where D
is the split E-torus of diagonal matrices in GSp(4, E). Consider its dual T and
choose an embedding into G with Borel group B as in Chap. 6. The norm map
induces an isomorphism norm : (Tg)s = T3, Infact (Tg)? = T, asin [54],
Chap. 3, wherethe extended norm : T (F) — T3, (F) isobtained by thefollowing
norm : Tg(F) — Ty, (F) by composition with the projection pr : T, — Ty,

x1 0 * %
. * T2 ko k Npg/p(z2) * N ’ 0
norm : = ( 0 0 a) * ) = ( /0 Ng/r(®1) X E/F(*xl/%) 1)
0 0 O

for zq, 2}, x2, 24 in E satisfying the relation 212 = xzqx}. Stars indicate zeros,
but as before the choice of the Borel subgroup. For § = diag(xy,z2, 2}, 25) in
G(F) = GSp(4, E) put t = diag(Ng,r(z1), Np/r(22), Np/r(21), Np/r(25))
inT'(F) CG'(F)=GSp(4, F).

Since M, # M, thematching conditions([54], (5.5.1)) involve smooth functions
f on G(F) with compact support, respectively smooth functions £ on M (F)
with compact support modulo Z; (F) such that fMi(zm) = Apy (2) 71 fMi(m)
holdsfor al z € Z;(F), where Z; is the kernel of the projection pr : My — M.
The matching condition is

S Ao, o) / g 18'6(g))dg/dt’
57 GO (F)\G(F)

My (=8 m)dm/dt

py /Méﬁu (F)\M(F)
M
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for suitably normalized measures (see [54], (5.5.1)). The second sum is over all
representatives 9/, of M (F')-conjugacy classes in the M (F')-conjugacy class of
o0p € My (F) for some fixed strongly G-regular semisimple elliptic element 6.
The first sum extends over al representatives 4’ for the 6-conjugacy classes under
G(F) of elements ¢’ in G(F'), whose normis ¢, (if the first sum is over the empty
set, this means that the second sum has to vanish). The norm condition means that
d is contained in the F'-conjugacy class of A/ (dar) (54], (3.3.3)), where Ay /¢
is the composite of Cly (M) — Tar/Q — (Ta)e/2? and the inverse of the
isomorphism Cls(G,0) — (Tg)e/9? induced by the abstract norm map Nz :
T — Ty. See[54], p. 25ff.

The transfer factor A(dar,d") for elements 65, € T, (F) in the split torus is
given by

Lemma10.1. For 6 € Tg(F) in the maximal split diagonal torus T =
Resp,p(G3,) and corresponding y € Ty, (F') the transfer factor is

A(v,0) = 7(0) - [T let) — 113/%.

The product is over all restricted roots which do not come from A and

7(8) = (xo X x0 X x0)(9),
where x isthe nontrivial unramified quadratic character of ™.

Proof. Apply Lemma 9.18. The character 7 corresponds via unramified Langlands
reciprocity to s € T, which is given by the Satake parametersag = a1 = as =
—1since A = 1. Therefore, 7 = x1 W xo X x for x = x1 = x2 equal to xo. O

Remark 10.1. For some unramified character x., of F* with xo(z) =
X2n(Ng/p(z)) the unramified character (g1,92) — xon(det(g2)) of My (F)
coincides with the character )\Jjjl on the subgroup of Z;(F') C M;(F) of elements
which are in the image of the norm Z,(E) — Z;(F). In fact \y;, = 1 since
&y, = LidandH =M [54], p.23.

For other conjugacy classes of tori we need not compute these transfer factors
explicitly since for them elementary function have vanishing orbital integrals.

10.3 The Twisted Spherical Lift

Let us expressLemma 10.1 in terms of an unramified endoscopic lift
IL: Eun(Mi(F), Z1(F)) — Eun(GSp(4, E))

for My = GL(2,F)> and M = M, /Z,. For
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0 "0
(g ﬁ) X (% ﬁ/> X op € LM1
the twisted base change for the datum (M, "M, sg, £g) and the z-pair (M, Zid)
defines a corresponding element in “ Res ;= (GSp(4))

00

00 L

/3 0 € TG
0a

By Langlands duality this corresponds to an unramified character of the maximal
split subtorus T;(F) of T (F). Its Langlands dual in £T; = LT is given by (see
the argument on page 319)

0
B

0
0

ocooR

sp-(9,9,-..,9)<0F, g(

In other words, the corresponding unramified character lift maps the isomorphism
class of the spherical constituent o = (o1, 02) of the unramified principal series

IndS'> 0 (e n) @ Ind?" > (¢ )

(53) (x9)

of M;(F) to the isomorphism class of the spherical constituent of the unramified
principal series representations

X1 X X2 <X,
where

n
¢ oNg/r) X0, X = (§'oNg/p) - xo-

Here o, as above, is the unique nontrivial unramified quadratic character of F*.
The characters are considered on the diagonal torus T; with “entries’ in F'*. In the
case ¥ = F,n = 1 thisdiffersfrom the “untwisted” lift by the multiplication with
the character yo X xo X x¢ or the change ag — —aq, a1 — —a7 and as — —as.

XlZ(E,ONE/F)'XOa X2 = (

Hecke Algebra. The preceding lift IT from the isomorphism classes of irreducible
spherical representations of &, (M;(F), Z1), whose central character is triv-
ia on Z1, to the isomorphism classes of irreducible spherical representations of

IL: Eup(Mi(F), Z1(F)) — Eun(GSp(4, E))
defines a homomorphism between Hecke algebras ¢ — f

'H(GSp(4, E), GSp(4, OE)) — H(Ml (F), KM1 ; Z1 (F)),
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where f for ¢ € H(GSp(4, E),GSp(4,0r)) isdefined by the identity
tr (o1 x 02)(f) = tr (o1 x 02)(¢)

for al spherical representations oy x os.

10.3.1 The Frobenius Formula

Let ¢ = ¢, be the characteristic function of the double coset considered in the
Frobenius formula (Lemma 9.7). The spherical function ¢,, on GSp(4, E) is char-
acterized by the property tr w(¢,) = ¢ *(co + o + apas + agaras) for
all irreducible spherical representations = of GSp(4, E') with Satake parameters

g, a1, ao [52], Theorem 2.1.3. Notice gg = p™.

Lemma 10.2. Let f(™) be the spherical function on GI(2, F') characterized by the
property tr o(f(™) = ¢3/*(a+ ™) for all irreducible spherical representations o
of G1(2, ) with Satake parametersa, 8. Then o2 = fM @110 0,00~ 161200 @
f) defines a spherical function on M, (F) = G1(2, F')?> which satisfies

tr (o1 x 02)(¢M) = tr (o1 x 02)(¢n)-

Proof. For irreducible spherical representations o1, oo of GI(2, F') with common
central character, given by the Satake parameters o, 3 and o/, (3, respectively, we
have

tr (o1 x 02) (04) = g3/ *(a” + B" = ()" = (B)"):

Thelift II(o; % o2) has Satake parameters determined by apor; = o, e =
— (8", apaz = B, and oy = — ()™ asshown above. Therefore, again tr I1(oq X
02) = q%ﬂ(a” + 6" — (/)™ — (8')™), which provesthelemma. O

O (9) = [, () O0" (92)dz, as a spherical function in H(M:(F), Ka,; Z1),
has similar properties for spherical representations o = (01, 02) With wy,, = Wy, .
Once the twisted fundamental lemma is proven, it is the matching function for ¢,,
in the Frobenius formula. For an explicit formula for f(") see Casselman [18],
Lemmab.3.1.

10.3.2 The Modified Twisted Lift IT,,,0q

For the proof of the twisted fundamental lemmait is convenient to modify the z-pair
by choosing now X # 1 suchthat A”s = 1 for therest of this chapter, since thissim-
plifies formulas for the proof of the twisted fundamental lemma. For this modified
z-pair (see page 295) we have
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Lemma10.3. For 6 € Tg(F) in the maximal split diagonal torus T =
Resp/r(G3,) and corresponding y € Ty, (F) the transfer factor is

A(v,6) = [ lt) — 11/

In practice this yields the following.

Modified Endoscopic Lift II. Let 7x denote the square of unramified character
TQn(gl,gz) = in(det(gg)) of Ml(F) Let g(Ml(F),TE) denote the set of iso-
morphism classes of irreducible admissible representationso = (o1, 02) of My (F)
such that w,, = we, 7E. Let &, (M1 (F), 7r) denote the subset defined by the
spherical representations. Then we have bijections

EM(F)) = E(M(F), Z1(F)) = E(My(F), ),

where the second map isgiven by o = (01, 02) +— (01,02 ® T2,,). Similarly, one
has isomorphisms of Hecke algebras

H(M) = H(Ml; Zl) = H(Ml;TE),

wherethe second isomorphismisdefined by f(g) — x2.(g)- f(g). Orbital integrals
thereby change by a “relative” transfer factor Ansas, (9) = x2n(9)-

Composed with the twisted endoscopic lift II : &, (Mi(F),75) —
Eun(GSp(4,E)) described in the last section this defines a surjective lift
I1,,,4 from the isomorphism classes of irreducible spherica representations of
Eun (M1 (F), 1) to the isomorphism classes of irreducible spherical representa-
tionsof £, (Resp/p(GSp(4)))

Hmod : gun(Ml(F)77_E) — &m(GSp(Zl, E))

Onthe level of Satake parametersIl,, q is given by

n

a™ 0 0 0
a 0 a0 0o B™ o0 o0

(Oﬁ)x(oﬁ’)XUF = (0 0o p* o | XOF
0 0 0 ™

The unramified lift II has finite cardinality of 2 - n? or less. There exists a homo-
morphism between Hecke algebras

b: H(GSp(4,E),GSp(4,0r)) — H(M:1(F), Ky, TE),
whereb(f) for f € H(GSp(4, E), GSp(4, 0r)) is characterized by the identities
tr (o1 X 02)(b(f)) = tr Myea(or X 02)(f)

for spherical representationso; x os.
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10.3.3 Elementary Functions

For the split torus T, = T, € M; and the maximal split f-stable torus 7 € G
of diagonal matriceslet T, C Ty, (F) and Ty, C T (F), respectively, denotethe
subsets of strictly contractive elements with respect to the fixed Borel subgroups.
Thatis, for § = diag(x1,xe, 2}, 25) € Te(F) and z;, x, € E* wehave

seTy iff |"?|<1and |} <1.
X1 Ty

Similarly, v = diag(t1,t]) x diag(ta, t5) € Ty, iff [t1/t)| < 1and [t5/ta] < 1.
The abstract normis Nty : T — (T)e. Thelatter isidentified with T, through
the choice of an admissible isomorphism (T;)g = Tas. The composite norm :
Te — T mapsd € Ti(F) to the element represented by the diagonal matrix

v = diag(NE/F(xg),NE/F(xl)) X diag(NE/F(xll/xg), 1).

This map extendsto amap norm : Tg(F) — Ty, (F). Notice Ty, = norm(1¢) -
Zy and norm(Tg) N Z; = {1}. Obviously, since if =3 ii,we have

Lemma 10.4. norm : Tg — Ty, and norm : (Tg)" — Ty, where
# denotes the reflection in the Weyl group W of the torus T, which maps
diag (w1, 2, 74, xh) 10 diag(z}, x2, 21, 7h). Notice W& = W = (Wi, #) =
(Wi, , #) and t isanormif and only if ¢# isa norm.

Definition 10.1. For § € T, the elementary function gsy () is defined as the char-
acteristic function of the set of elementsk~dafk fork € K = GSp(4,0r) andain
the maximal compact subgroup “T¢; of T (F). Similarly, for t € T, , the elemen-
tary function g () isdefinedtobe 7 (2) if z = zk~tak fork € K = GI(2,0r)?,
a inthemaximal compact subgroup T, of T3, (F),and z € Z,(F'), andisdefined
to be zero otherwise.

The twisted orbital integrals of the elementary function gs¢ and the stable orbital
integral of the elementary function g, vanish for elements not in the (twisted) con-
jugacy classes of elementsin T (F) T35, (F'), respectively. Suppose norm(d) = t.
Then, asin [57], Lemmas 1-3, for a suitable choice of measures one obtains from
Lemma10.3

Lemma 10.5. For § € T andt = norm(d) € T}, , the normalized elementary

functions fs(z) = Dgg’gfg) and fi(z) = Dﬁ(f()t) are matching functions for the

endoscopic datum (M, LM, sg, £g) and the modified z-pair (M, &yy,) given by
A"s =1 (see page 295).

Furthermore, for an admissible representation = of M (F’) of finite length such that
7(z) = xp(z)~! -id the
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Trace Identity.

Tr(fi(z),m) = lT Dy, (ta)xx(ta)da

= 5220 [ et t)da = (a0, (1) T (0
0Ty

holds, again for measures chosen suitably. This follows from the Weyl integration

formula, the Deligne—Casselman formulafor characters, and theformula D, (x) =

0532 (@), which holds for elementsz € Ty .

Twisted Version. For admissible §-stable representations IT of G(F') of finite
length the following holds

Tr(fso(w) €6,T0) = | Dga(Ga)xn(as 26)da

= 5;é/2(NE/F(5)) AT xnp)(ad <0)da = (TBg(H))OTG (6<0).

This follows from the twisted Weyl integration formula, the twisted character for-
mula proved by Clozel, and the formula D¢ ¢(6) = 65(Normp,r(8)) /2, which
holdsfor § € T¢; . For the last formulause [54], (4.5), and the fact that the restricted
roots are of type R; .

Both traces vanish unless the representations 7 and 11, respectively, have a non-
trivial fixed vector under a Iwahori subgroup. Such representations, if irreducible,
are congtituents of unramified induced representations Ind(\) and Ind(A), respec-
tively, for some A = Ao N/, where Ind(.) meansthe unitary normalized induced
representation of the principal series. See [57], pp. 526-527.

Shintani Identity. Finally notice the following well-known identity:

reG <Ind(5\)> (640) =rp <I nd(A)) (Ng/r(6)),

where the left side is the character of the Jacquet module of the principal series
representation Ind()\) of G(F) = GSp(4, E) extended to a representation of the
semidirect product GSp(4, E) x (#) so that 0 fixes the spherical vector. The right-
hand sideisthe corresponding character of the Jacquet module of the principal series
representation Ind(\) of G'(F) = GSp(4, F).

These facts together imply

Lemma 10.6. For unramified characters x of T';,(F') and t = norm(d)

Tr(fe, Indg;ffl),) ) +Tr(fe, Indgllffg) (X)) = Tr(fs6<9, Indgéf;,) (xonormpg,r)).
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Proof. By the trace identity and its twisted version stated above, the assertion
of the lemma is equivalent to the corresponding identity Zwele x(w(t)) +

Zwele x(w(t#)) = Zwewg (xonormpg,r)(w(d)) onthelevel of Jacquet mod-
ules, which followsfrom W& = (Wy,,,6). O

10.3.4 Spherical Projectors

Both groups M, and G are of adjoint type. This means, following [57], that for
every finiteset £ C £(G(F)) of inequivaent irreducible admissible representations
IT of G(F') containing aspherical irreducible representation I, one can find afinite
C-linear combination f(x) = ) .¢; - fs,9(x) of elementary functions on G(F')
such that ¢tr II(f < 6) = 0 holds for al IT € £ unless IT = I, and such that
tr II(f < 0) = 1 holdsfor IT = IIy. Thisis shown in [57] via the construction of
projectors onto a“maximal exponent” of the Jacquet module.

Then by the way thisis constructed, it can also be achieved for the modified en-
doscopic lift I1,,,0q : E(M1(F), 7r) — E(G(F)) that the corresponding matching

function
f]\fl (.’L‘) — Z Ci - fnorm((sz)(x)

on M; (F') hasthe property that

o tr m(fM) =0holdsforal « inafixed subset £&; C £(M;(F), xg) unless is
spherical and 7 € 11} /(TTy)

e andsuchthat tr w(fM1) = 1 holdsfor I1,,,,4(m) = Il
However, using Lemma 10.5 thisimplies

Lemma 10.7. Given finite sets € and £; and a spherical [Ty € &, there exist match-
ing functions f and f*, which are linear combinations of elementary functions,
such that for all for 7 € £ and all for I1 € &:

1. tr n(fM+) = 1 or 0 depending on whether  is spherical and liftsto I1, or not.
2. tr TI(f) = 1 or 0 depending on whether II is spherical and liftsto I, or not.

10.4 The (Twisted) Fundamental Lemma

The fundamental lemma (for 9-semisimple and strongly 6-regular elements) in
the twisted endoscopic setting for (M, LM, sg, k) and al relevant tori is now a
consequence of the twisted trace formula, its stabilization in [54], and the funda-
mental lemma for the unit element of the spherical Hecke algebras at almost all
places. See [20,57]. We only sketch the argument. We assume that the untwisted
fundamental lemma holds for the unit elements at almost all places, and for all rel-
evant tori.
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In fact the argumentsin [57] carry over amost verbatim:

Sep 1. Suppose we have a fixed non-Archimedean field F, with place v. The
local twisted base change datum (M, L' M, s, £i) for G(F,,) attached to the en-
doscopic datum (M, “ M, s, £) for G'(F,) together with the z-pair (M, ar, ) (s
in Sect. 10.3) defines the modified twisted unramified character lift I1,,,,4 from
isomorphism classes of unramified irreduciblerepresentationsin £(M; (F, ), Tr)
to isomorphism classes of unramified irreducible representations of G(F,)

Ty 1_[mod (ﬂ-v ) .

Let b be the corresponding homomorphism of spherical Hecke algebras. Sup-
pose that the fundamental lemma holds for unit elements for almost all non-
Archimedean local places for the standard endoscopic datum (M, £ M, s, £) of
G'. Then the twisted fundamental for the datum (M, LM, o5, £x) aso holdsfor
unit elements (Corollary 9.4). Fix now a spherical function f0 of G(F,) and
some sufficiently regular t1o € M;(F') with corresponding ¢ty € M(F,) and
0y € G(Fy,) (if the latter exists). Then by Kazhdan's argument [44], using the
global trace formula and the fundamental lemma for unit elements at almost all
places, there exist local character sums involving a finite number of irreducible
admissible representations w,, of M;(F,) and II,, of G(F,) at the fixed place v
and complex numbersb(, ), b(IL, )

Zb tr T, (fo % 0),

S b, - tr i (£20)

T

with the following two properties:

1. Both sums are equa for matching elementary functions (f,, fM) with re-
spect to the twisted local endoscopic datum (M, LM, o, ).

2. Theidentities
E b(my) = b(Il,)
Hmod(ﬂ-v)%nv

for al unramified irreducible II, imply the fundamental lemma for
(M,*M,op,£(R) a v, i.e, thematching of (f,,b(f,)) for the fixed spherical
functions f, = f0 at thefixed 69 € G(F,) andt19 € My (F,).

The sums above involving b(IL, ), b(w,) are constructed as in [57] by choosing a
number field F' whichrealizes F,, asacompletion. One constructsacyclic extension
E of F of degree n, which is unramified at v and totally real at the Archimedean
place. Put G = Resg,p(G") globaly. Without restriction of generality ¢ can be
assumed to beaglobal elementin G(F'). i can be extended to aidele class charac-
ter. One constructs adelic matching functions ( f, £!1), which are products of local
matching functions. At two suitably chosen places w # v the functions ( f.,, f)
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are chosen to be matching cuspidal functions, which is done by an easy adaption
of the argument of Hales [35], Sect. 5, to the twisted case. At a finite number of
places matching functions (f,, f) are constructed with regular support by the
implicit function theorem in such away that al global x-orbital integrals vanish ex-
cept afixed one belonging to the given endoscopic datum at v. Furthermore, at some
places w the support of f,, ischosento beelliptic. At thefixed place v the functions
f» and fM: are allowed to be arbitrary elementary or spherical functions. However,
f* isconstructed such that all global «-orbital integrals O%,(f) for f = f, f¥ of the
global trace formulavanish except O, (f) if f, is chosen to be the fixed spherical
function £0. Similar properties can be achieved for fixed t; € M; (F) lying above
t = Nmpg,p(0) and its stable orbital integral. (If for t; € M;(F') there exists no
0 € G(F), one has to modify the arguments accordingly.) Then the simple regular
elliptic global trace formulagivesaformulaOso (f, f*) = D gy, b(1Ly)tr 1L, (f, % 0)
for f, = f0, and similarly for the simple regular €lliptic global trace formula for
M. This gives property (2) except that the sums may be over infinitely many rep-
resentations, but are absolutely convergent. In fact, if f* is now fixed at the non-
Archimedean places w # v and the support of f,, isfixed at the Archimedean place,
the trace formulainvolves only irreducible cuspidal global representations IT with
I1Ew =£ 0 for al non-Archimedean places w # v, where K, is a suitably chosen
compact open group depending only on f%. If f, is assumed to be the spherical
function f0 or elementary at v, then the level of the automorphic forms IT at v
can also be fixed by the Iwahori group K. Concerning the Archimedean places,
first choose a fixed matching pair (foo, f2*). Notice that for foo = [],_; goo ON
[ G R ) this amounts to the matching of (g7, f21) of the n-fold convolution
product g*" of g., on G'(R) with fA1 on M;(R) with respect to standard en-
doscopy. Property (2) is then achieved from the trace formula. However, we can
assume that we are still allowed to modify f., aslong aswe do not change the sup-
port of f... Similarly for the matching function f2/:. For instance, we can modify
foo by applying multipliers of the convolution Hecke algebra asin Sect.5.5. This
allows us to separate the global trace identities into identities involving sums over
packets with finitely many irreducible Archimedean representations. By fixing the
level groupsthe finiteness of the number of irreducible automorphic cuspidal repre-
sentations with fixed Archimedean componentsand fixed level and central character
ensures, that we can assume without restriction of generality that the sums extend
over finitely many irreducible cuspidal automorphic representations. Hence, only
finitely many local representations intervene in (1). The equality (1) for matching
elementary functions (f,, f), on the other hand, follows from the stabilization of
the ssimple regular elliptic trace achieved by Kottwitz and Shelstad [54], 7.4. Step 2.
Thisbeing said, we now argue asin [57]. By property (1) the identity

Zbﬂ'v tr my(f, Zb v) - tr 1L, (fy x 0)

holds for matching elementary functions (f,, f). Recall these sums are finite
and involve only representations of Iwahori level at v. Hence, they involve only a
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finite number of such representations. Therefore, by Lemma 10.7 there exists a pair
(fo, fM1) of matching linear combination of elementary functions, for which the
last trace identity becomes

> b(m) = b(IL).

Hm,od (ﬂ'v)gnv

From property (2) the fundamental lemma for the fixed spherical function f° and
the fixed ¢, follows.
Sep 3. Now vary f0 and the fixed o, which provesthe fundamental lemma.

)



Chapter 11
Appendix on Galois Cohomology

Let F'bealocal non-Archimedeanfield of characteristic zero. Let 7 denoteaprime
element. Let F'*" be the maximal unramified extension field of £ in the algebraic
closure F of F. Let I = Gal(F/F"") betheinertiagroup. Let 0 = o denotethe
arithmetic FrobeniusinT'r = Gal(F""/F). Let Wr C T'r denote the Weil group
of F.NoticeI C Wy, and Wg/I isgenerated by o .

For a connected reductive group G over F, let (¢ denote the algebraic group
over C, which is the connected component of the Langlands L-group of G. Con-
sider the category of reductive groups over F', whose morphisms are the group
homomorphism G — H, which are defined over F'. The Borovoi fundamental
group 7(G) is a functor from the category of reductive groups over F' to the cat-
egory of finitely generated Abelian groupswith I z-action. The Borovoi fundamen-
tal group is defined as follows. For tori 7" over F' we have a canonical isomorphism
7(T) = Homp_ (G, T),and T' = 7(T) ®7 C* with induced I" p-action. For
semisimple G over F' we have a canonical isomorphism 7(G) = 71 (G) (age
braic fundamental group). In general, let G . be the smply connected covering of
the derived group Gy, of G. Choose maximal F-tori Ts. — Tyer — T. Then
7(G) = n(T)/image(n(T..)).

The Langlands reciprocity law is afunctorial isomorphism, denoted LR,

between the functors U (T") = Homeon:(T(F),C*) and ®(T) = H),,,(Wg, T') on
the category of tori over F' [12], Sect. 9.

Let ¥, (T) denote the subgroup of ¥(T) defined by all unramified characters
¢ T(F) — C*,where iscalled unramifiedif + istrivial onthe maximal compact
subgroup of T'(F). If T is an unramified torus over F, i.e., splits over F*", then
T(F*) 2 K x «(T) asal'r-module, where K is a maximal compact subgroup
of T'(F™). Furthermore, for unramified T’ over F' we have a commutative diagram

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 335
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U, & Hom(n(T),C*) * = infl(HL (0%, T))

m

Y \%
W(T) M ml (W, T)

obtained by the inflation map infl : H'(Wg/I,T') = H'(Wg/I,T). Notice
17 = T for unramified F-tori.

Let U, (T) denote the subgroup of ¥(T"), which consists of all elementary
characters ¢ : T(F) — C*. A character ¢ is caled elementary if v € ¥(T)
corresponds under the Langlands reciprocity map to a cocycle a,, € ®(T) =
H} . .(Wg,T), whichistheinflation of acocycle of Wy /I with valuesin 7.

Example 11.1. Suppose T = Resy, /(G ), Where L/ F' is atame quadratic exten-
sonfield. ThenT'(F') = {z € L* | Ni,/p(x) = 1} isasubgroup of o} . Inthis case
Un(T) = {1} and U,,, (T') = {1,¢}, where ¢ : T(F) — {£1} isthe unique
nontrivial character obtained by the composition of the inclusion T'(F') — o} and
the projection o3, — o} /(1 + mroL).

We say atorus over I istame over F' if it splits over a tame field extension of
F'. Let T beatorusdefined over F'. Let T},m. denoteits maximal tame F'-subtorus.
Let Tur € Tiame denote its maximal unramified F-subtorus. Then the following
statements can be obtained by direct calculation [82]:

o U(T)/ W (T) = Vepy, (T/Tyy) is afinite Abelian group.

e |If T isunramified over F, then U,,,,(T) = U1, (T).

e If T istame over F', and if T, istrivia, then a character ¢ : T(F) — C* is
elementary if and only if ¢ istrivial on the subgroup of topologically unipotent
elementsin T'(F) (i.e., the maximal pro-p-subgroup of T'(F)).

e If T istameover F, let  bethe quotient torusT'/T,,,. Then

\I’elm(T) = lI’un(11un) S \I’elm(Q)~

e In genel’al, \I]elm(T) = \I]elm(T) [POC} X \Ijelm(Ttame)-

From these statements it follows that to determine the elementary characters
of T(F) it is enough to determine the p-primary component ¥, (7)[p*°] of
Uoim (T). | do not know of any direct description which alows us to determine
whether acharacter of T'(F) isin ¥, (T')[p°]. However, one can give the follow-
ing indirect characterization.

11.1 Explicit Reciprocity Law for Elementary Characters

Let G be a connected reductive group over F', and let 7(G) be its Borovoi funda-
mental group. Let us define the characteristic maps

g : G(F) — (n(G))'r.
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Let L denote the completion of F“™, The set B(G) of op-conjugacy classes of
G(L) admitsamap B(G) — 7(G)r, introduced by Kottwitz [47], (2.4.1), for tori.
It is easy to check that the composed map

G(L) = G(L)/(or — conjugacy) = B(G) — m(G)ry

is asurjective map which is functorial in G' (Kottwitz—Borovoi). Since we have this
map for al unramified extension fields of F', we obtain from these maps afunctorial

map
G(F"") - 7n(G)y,

which commutes with the natural action of I'/I. Considering the fixed groups
under I, we obtain a map

)\G : G(F) — (W(G)I)FF,
which we call the characteristic map. From [48, 65, 82], we obtain
Theorem 11.1. Let G be a connected reductive group over F'. Then the character-
istic map
)\G : G(F) — (W(G)[)FF
is a group homomorphismwith the following properties:

e )\ issurjective.

e )\ vanisheson theimage of G.(F).

e Functoriality, i.e., for a group homomorphism H — G of connected reductive
F-groups we get a commutative diagram of homomor phisms

H(F) >G(F)

e Extendsto a surjective, continuous, I" z-equivariant homomor phism
Ag : G(F'") — 7n(G)r.

e (A version of Seinberg's theorem.) The isomorphism H*(F,G) = H!} (F,G
(F™)) induces an isomorphism

H'(\g): HY(F,G) = H} (F,G(F"")) — H(F,7n(G)r) = 7(G)r,.

e Assume G = G /k is connected and semisimple. Then \¢ is the composite of
the following maps

GF) P=H'(Fr) == H(EGY) "' (=Gt



338 11 Appendix on Galois Cohomology

where the first map is the coboundary map induced by G = G /%, the second
isomor phismisthe duality isomor phism of local Galois cohomology, and the last
map isthe dual of the inflation morphism.

e Let G be connected and semisimple, and quasisplit over F' of adjoint type. Let
T be a maximal split F-torusin G, and T,.(F') a maximal compact subgroup of
T(F'). Then A inducesisomorphisms

Gse(F)\ G(F) 2 image(Tse(F)\ T(F)/Te(F) = (7(G)1)" "

e Suppose G is connected and semisimple. Then A istrivial on any hyperspecial
maximal compact subgroup K of G(F).

e Suppose T is a torus over F. Let °T(F“") be the kernel of the map \g :
T(F“") — 7(T);. Then this group is acyclic: HY, (F,°T(F*")) = 0 for all
v > 1. Hence, H” (A7) inducesisomorphismsfor all v > 1

HY(Ar)

HY(F,T) = Hy, (F,T(F*™)) > H,(F,n(T)r) .

e For an F-torus T thereis an exact sequence

0 ST(F)  =TF) T =(@(T))'" >0

such that (i) Ar is the universal elementary character of T'(F) and (i) °T'(F)
isthe intersection (), N/ p(T'(F")) over all unramified finite extension fields
F’/F (“the Galois connected component” ).

Concerning the Last Statement. That A7 is the universal elementary character
of T(F) means that for any character ¢ : (w(T);)'* — C* the composed map
1) = ¢ o Ap isan elementary character ¢ € U, (1) of T'(F'), and that conversely
any elementary character of T'(F) is uniquely obtained from such a character ¢ of
(m(T))"'F inthisway.



Chapter 12
Appendix on Double Cosets

We now discuss a double coset decomposition for the symplectic group G.Sp
(2n, F), which in the case n = 2 was found by Schroder [81]. Let F' be a local
non-Archimedean field of residue characteristic not equal to 2, let o beitsring of
integers, and let 7 denoteaprimeelement. Let G(F) = GSp(2n, F) C Gi(2n, F)
be the group of symplectic similitudes. Hence, g € G(F) iff ¢'Jg = A(g) - J fora
scalar A\(g) € F*, where
0 FE
7= ()

and where E denotes the unit matrix. Then g € G(F) < (¢')~! € G(F) +—
g eGF)andJ =J ! =—J e G(F). Let Glor) = GSp(2n, o) denote the
group of all unimodular symplectic similitudes.

Centralizers. Forn =1+ jandi < j put
s = diag(E®W), —gW) geY _pUDY ¢ G(F).

The connected component of the centralizer H = (G5)° of s is a maximal con-
nected reductive subgroup of G. H(F') isisomorphic to the subgroup of all matrices
(91,92) iInGSp(2i, F) x GSp(27, F) with similitude factor A(g1) = A(g2)

1— H(F) — GSp(2i,F) x GSp(2j,F) — F* — 1.

The Matricesg(ey,...,e;). Letdenoteg(es,...,e;)theupper triangular matrix

E S 0t D

defined by D = (diag(r§,...,7%), 00:9=9)), where we assumee, € Z and

€1§€2...§€i§00.

R. Weissauer, Endoscopy for G§(4) and the Cohomology of Segel Modular Threefolds, 339
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Theorem 12.1. The matrices g(ey, ..., e;),fore; <es--- <e; <ocande, <0
ore, =ocforallv=1,...,1i, define a system of representatives for the double
cosets

H(F)\G(F) /G(oF).

Remark 12.1. An alternative choicewould havebeen g(eq, . . ., e;) withe; < ... <
e; < 0. Using this representatives one obtains the following corollary.

Corollary 12.1. Let T be the diagonal torus in H or in G. Then there exists an
element r € G(F') such that the set of conjugates {t7t~! |t € T(F)} of r contains
a complete set of representativesof H(F) \ G(F)/G(oF).

For instance, one can choose = ¢(0,...,0) € G(op). For D = diag(D, E,
D=1 E) e T(F)and D = diag(n},...,n%) thenDrD~! = g(eq, ..., ;).

The proof of the theorem requires some preparation. In the following we always
assumethat D satisfiese; < --- <e,ande,y1 = -+ =¢; = oo forsomerv < i:

1. The parabolic subgroups Ps. Thereis a parabolic subgroup P = P, of G with
Levi component .in H = H,.Let P = L - N, where N isthe unipotent radical.
Then lwasawa decomposition G(F') = L(F)-N(F)-G(or) alowsusto choose
representatives g(M, N, U, V) € N(F) of theform

EM U N
0F x V
00 E 0
00 -ME

g(M,N,U,V) =

Notice ¢(0,0,0,V)g(M,N,U,0) = g(M,N,U,V)andV = V' = V09 is
symmetric. Since g(0,0,0,V) € H(F) we can assume V' = 0 and therefore
write g(M, N, ) = g(M, N, x,0) for the representative

EM x N
0OFE N 0
00 E 0
00 -ME

g(M,N,%) =

For themoment M, N € Homp(F7, F*) are ill arbitrary.

2. NOticeg(Ml,Nl, Ul) 'g(Mz, NQ, UQ) = g(MlJng,Nl +£V2, Ui +Us+ M, -
N} — Ny - M}); hence, g(M, N,U) - g(0,0,U) = ¢(0,0,0) - g(M,N,U) =
g(M,N,U + U) and ¢(0,0,U) € H(F). S = U — M - N’ is symmetric.
For symmetric S = S’ now ¢(0,0,S) € H(F). Hence, we can choose the
representativesin the form

g(MvN):g(MvNaMN/)
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Sinceg(Ml,Nl)g(Mg,Ng) = g(M1+M2,N1+N2,M1N{+M2N5+M1Né—
N1 Mj) = g(My + Ma, N1+ No, (M1 4+ M3)(N1 + No) — MaN{ — N1 Mj) =
9(0,0, =M3N{ — N1 Mjy) - g(My + Mz, N1 + Na)

H(F)-g(My, N1)g(Mz, N2)-G(op) = H(F)-g(Mi+ Ma, N1+ N2)-G(oF).

Hence, (M, N) € Homp(F?, F") can be modified within the double coset by
adding an arbitrary element from Hom,, . (07, 0%,).
3. For A = At and B = B("%) we later consider the special cases

M =(A,0), N =(B,0).

We then simply write (A, B) or g(A, B, ) instead of g(M, N) and g(M, N, %),
respectively. The formulas above are valid with A, B in place of M, N. For

Ao O By 0
=(n) = (05)

and k x k-matrices Ag, By, and k < ¢ and integral matrices Ay, As, B1 step
(2) alows us to replace the matrices Ay, As by zero and B; by the unit matrix,
without changing the double coset.

4. Next, for U; € Gl(i,0r) we obtain equivalent representatives g(M, N, *) and
g(U; - M, U; - N, ) by conjugation with diag(U;, E, (U!)~!, E).

5. Onthei x 2j-matricesin Homg(F?/, F) the elements g € Sp(2j,0r) act by
multiplication from the right

(M,N):(M,N)~g_1.

g(M, N,*) and g(M, N, «) define the same double coset. It suffices to show
this for generators g of Sp(2j,0r). For this notice w; - g(M, N,0) - wj*l =
g(N,—M, ) andur - g(M, N,0) -up' = g(M, N — MT, «) for the generators
(see[28], Satz A.5.4)

E 0 00
o |00 0E
77 1o 0o EO
0-E00
and
E00O0
v —|0EOV
V>100EO0

For integral symmetric V' these are contained in the intersection of G(or) and
H(F). Hence, we may choose our representatives (A4, B) in

Gl(i,op) \ Homp(F*,F") /Sp(2j,0F),

where these, in addition, may be modified by elementsfrom Hom,,. (o%j, 0%).
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12.1 Reduction to Standard Type

We say (M, N) are of standard type if
(M, N) = ((4,0),(B,0))

for an ¢ x i-diagonal matrix B = diag(ns,...,n%) and anilpotent ¢ x i-lower
triangular matrix A such that:

@er <ex<...<e; <0.
(b) B! - Aisanintegral matrix.

The Reduction. We now construct elements in Sp(2j,0r) x Gi(i,0r) which
transform a given (M, N) € Homp(F?, F") into standard type. For this tem-
porarily replace (M, N) by (N, —M) (using conjugation by w; asin step (5)), and
then replace the resulting matrix by its transposein

Homp(F', F?%).

By this Sp(2j,0r) now acts from the left and Gi(i,0p) acts from the right.
Our argument now proceeds using induction. Start with an arbitrary matrix in
Homp(F®, F?7). We say it is of weak r-standard type if it is of the form

/

B,
0
A
0

* X X X

wherer < i < jand B, = diag(ny,...,n5)ande; < ... <e, < oo, such that
A’ isastrict upper triangular » x r-matrix such that:

(a) w¢ divides the greatest common divisor (gcd) 7¢ of all entries of the matrix
denoted by a star.
(b) 7 dividesall entries of the vth columnfor 1 < v <.

If, in addition, the shapeis
B,
0
—_A
0

* * *x O

we say the matrix is partially of r-standard type.

By elimination of the right upper block a representative of weak partial r-
standard type can be transformed to become partially of r-standard type. Use right
multiplication with some element in Gi(i, o) to clear the first » rows of the dot-
ted area by adding columns. This does not change condition (b), sincee; < ...e,



12.1 Reduction to Standard Type 343

and e, is less than or equal to the ged of the remaining columns (beginning from
r + 1). Since we add multiples of 7% ““ A\, A € op timesthe vth column (v < r),
we add termsin 750 as followsfrom condition (b). Therefore, the gcd of the back
columnswill not be changed by this procedure.

The Induction Step. For amatrix partidly of (r — 1)-standard type consider the
columns beginning from the rth column. By right multiplication with a permutation
matrix in GI(i, o) one can achieve the gcd ¢, of al these columns already being
the gcd of the entries of the rth column vector v € F27. Thefirst (r — 1)-entries of v
are zero since the matrix we started with was partialy of (r — 1)-standard type, and
since the permutations of columns beginning from the th column do not changethe
property such that the upper entries of these columns vanish.

Now our modificationswill only involve multiplicationswith elementsin G(o )
from theleft. This changes the columns beginning from the (r + 1)th. In particular,
this may destroy the property that the first (r — 1)-coordinates of these columns
vanish. The given matrix is of the form

Brfl
0
—Ai
0

* * *x O
* X X X

such that the ged 7§, of the “middle” rth column divides the ged of all columns
beginning from the (r + 1)th. This property is preserved under multiplication with
substitutions from G (o). Hence, in principle, we can concentrate on the first r
columns since it is enough to bring our representative into a form of weak partial
r-standard type. We therefore temporarily ignore all columns beginning from the
(r + 1)th column.

A suitable symplectic transformation of an embedded Sp(2(j — r + 1),0r) by
multiplication from the left allows us to make all coordinates of v be zero, except
therthandthe (j+1), ..., (j+r—1)th coordinate entries. By thisthefirst (r —1)-
columns of our representative will not be changed. In addition we can achieve the
rth coordinate entry of v being a power 7rf; of the prime element. For this notice
that the unimodular symplectic matrices act transitively on primitive vectors ([28],
Hilfssatz A.5.2).

After thisthe matrix is ailmost of weak partial r-standard type, being of the form

B,
0
— A’
0

* X X %

such that (a) is satisfied. We are done if the rth coordinate entry wj; of the rth
columnisequal to 7% If itisnot, thene < f. Thenthereexistsy with1 < v < r
such that the ged of the th column is realized at the (j + v)th coordinate entry.
It then remains to bring the ged of column v to the “top.” Left multiplication by
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a symplectic unimodular substitution — on the standard basis w; of F'*/ given by
wy, = wy forp # j+v, j+randby wip, — wijp, +w, andwjy, — Wjpr+w, —
has no effect on the lower half, i.e., A, will not be changed. Also the zero blocks on
theleft sidewill not be changed. The matrix B,., on the other hand, will be modified.
Sincetherthlineof — A/ iszero, only thelast line of B, will be changed—in fact by
addition of thevthlineof —A/. Let x4, ..., z, denotethe new entries. For example,
Tp =7H +7G =¢-7° (e € 0F).

Next the modified B, will again be diagonalized by left multiplication by a uni-
modular symplectic matrix of the form diag(U, E, (U')~!, E), where

1 0o ... 0 0

0 1 0 0
U:

0 0 1 0

Y1 Yo Y1 €1

This transforms — A, into —(U’)~! - Al = —A! (the rth column of A is zero)
and transforms B,. into U - B,.. For suitable y,, the matrix U - B,. will become a
diagonal matrix with the entries diag(r%, ..., 7', 7%), provided y, - 75 =
—e~ 1z, holds. By condition (b) of the matrix of partial (r — 1)-standard type
we started with, such y,, can be chosen in 0. ThisimpliesU € Gl(r,or) and
diag(U, E, (U')~!, E) € G(or). This shows that our new matrix is now of weak
partial r-standard type such that e, = e, and it isarepresentativein the double coset
of the matrix we started from. This compl etes the proof of the induction step.

Iterating this ¢ times, we can get a matrix of partial i-standard type. Reverse
transposition and reverse conjugation by w; therefore gives an equivalent matrix
replacing (M, N'), which now isamost of standard type. It isof theform (M, N) =
((4,0),(B,0)) for B = diag(r, ..., w5 ) and alower triangular matrix A, whose
diagonal is zero, and suchthat e; < ey < ... < ¢; < oco. Choose k to be maximal
suchthat e;, < 0. By step (3) we can assume without restriction of generality e, = 0
for v > k. Then B! is defined, and B~ A is an integral matrix. So we have a
matrix of standard type.

Summary. There exist representatives of the double cosets H(F') \ G(F)/G(oF)
of theformg = ¢((A,0), (B, 0)), such that:

— B = diag(n$,...,n%) isa diagonal invertible i x i-matrix with e; < ...
€; S 0.

Aisalower triangular matrix.

B~! hasintegral entries.

The lower i x i-triangular matrix B~! - A hasintegral entries.

— B7'. A'isani x i-matrix with integral entries.
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12.2 The Quadratic Embedding

Thematrix Ay = s-J = J - s isskew-symmetric

0 OF O

0 -F
—-F 0
0

As = 0
0 FE

o O O

For g € G(F) theconditionsg € H(F)and \(g)~'¢'-As-g = A areequivalent;
snce A(g)™1 - (¢')7t = JgJt and JT1A, = s, thefirst equation is equivalent to
S-g=4g-S.

Consequence. Elm(H(F)-g) = Mg)~'g’ - As - g definesan injection
Elm: H(F)\ G(F) — A*(F*)

of the cosets H (F') \ G(F) into the vector space A?(F2™) of skew-symmetric 2n-
matrices.

Remark 12.2. The quadratic form ¢(A) = Trace(A - J - A - J) defines a nonde-
generate symmetric bilinear form on A?(F?") such that ¢(A(g)~tg’- A - g) = q(A)
holdsfor al g € G(F).

Notation. We write Elm(A, B) for the matrix Elm(g(A, B,AB’)). Then
Elm(A, B) is a skew-symmetric matrix contained in the symplectic group
Sp(2n, F).

By definition A and g are both contained in G(F') = GSp(2n, F'). In dl that
follows, we may therefore restrict ourselves to the case i = j since Elm(A, B)
isin Sp(2i, F) x Sp(2(j — i), F), and its “component” isin Sp(2(j — i), F) is
J = JU—ij—i)

Assumption. For simplicity of notation we therefore assume from now on j = i,
without restriction of generality.

Then
0 X
Elm(A,B) = (X’ A)
. . (E 0 _ (2(B-A'—A-B') —2-B
deflnedbynxn-blockmatrlc&X<2A,_E) andA< 9. 0 >

Remark 12.3. The skew-symmetric matrix A isinvertiblesince B isinvertible.
So there are matrices Z and .4 such that

(22) -GG Ee):
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Notice X = Z - A A=-Z-A-Z,andZ = X A X' = -A-7,
A=Z X' =X -A". X

Corollary 12.2. The (n x n)-matrix Z is symmetric. Hence,

12)= (7 ) <)

Proof. Z = X - A~ ! stisfies Z = 7' if —A" - Z - A= A- X issymmetric. Since

_(2-(B-A'—A-B)-2-B\( E 0
A'X< 2-B 0 >(2-A’—E)

3 (ZB~A’2A~B’4B~A’ZB)

2B’ 0
(-2 (B-A'+A-B)2-B
- 2. B 0

issymmetric, Z isalso symmetric. [

It follows that
I _ AO 1 n—1 _ —1
Fact. ¢(2) 'Elm(A,B)'g(Z)(O A),WhereA(A) =—-A""and
_ (2(BA'— AB') —2-B\ _
A= (HEY )~

Formula for Z. A isinvertible by assumption. Since Eim(A, B) and g(Z), and
henceaso g(Z)’, are symplectic matrices, we have A = (A’)~!. Notice that

B 647 (55
(355 (5)
_ <—2(A-B’—B~A’) —2-3) 4

2-B 0

Hence,

— -1 _ E 0 £0 0B B b
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Since we have shown that we can assume the representative to be of standard type,
the matrices B~! and B~! A are integral; hence, Z is also integral. Therefore, we
have

Fact. The symplectic matrix g(Z) iscontainedin G(op).
Theinjection Elm already defined induces an injection elm

elm : H(F)\ G(F)/G(op) — A2(F>)/G(or)

A Consequence. Suppose (M, N) is of standard type. Consider the double coset
of (M, N) = g(A, B). Itsimageelm(A, B) in A%(F?")/G(oF) is represented by
the symplectic block matrix

diag(A, A) = diag(— A%, A).

12.3 Elementary Divisors

We dispose over another obvious map
A2 (F*™)/G(op) — AQ(FQ")/(GZ(%L,OF) X 0%).
Here (h,e) € GI(2n,0r) x 0% actson A?(F?") by A+ e - W' - A - h. For thiswe
may consider the general casei < j, and wethen claim
Lemma 12.1. The composed map

£: HF)\G(F) [Glop) — N (F*)/(Gl(2n,0p) X 0} ),

which maps H (F')gG (o) tothe orbit of A(g)~1g’Asg, isaninjection.

We say two skew-symmetric invertible matrices in A%(F™) are equivalent if
there existsaunimodular matrix h in GI(m, o) suchthat A; = h’- A5 - h. Concern-
ing the orbits (right side of the map in the last lemma) recall the result of Frobenius:

(A) A; and A, are equivalent if and only if they have the same elementary divisors
(understood in the usual sense).
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(B) The product of thefirst k-elementary divisors (in the usual sense) isthe gcd of
al k x k-minors.
(C) e- Aand A areequivalent for any € € o7..

Hence, the orbits A?(F™)/(Gl(m,op) x 0},) are described by the elementary
divisors.

Proof of Lemma 12.1. Without restriction of generality we again assume: = j. Then
the skew-symmetric (n x n)-matrix .4 can be brought into the following Frobenius
standard form by a suitable unimodular transformation U € Gl(n, or):

ot —aiag(( 0 Yo 0,
U-A.-U dwg((_ﬂ_%1 0)7-"7(_71_%‘1' 0 )

where a; < ... < a;. These symplectic elementary divisors are determined
by the elementary divisors of the matrix U’ AU (in the usual sense), which are
7[-(]171?71—(]171771-(1}7‘2771-(1}7‘27”’

The diagonalizing matrix U defines
g=diag((U")"",U) € Sp(2n,0r) C GI(2n,0p).

The symplectic 2n x 2n-matrix diag(A, A) = diag((A’)~',.A) will be trans-
formed by g € G(or) into the “symplectic normal form”

. 0 7" 0 7w 0 =¥ 0 m@

This symplectic normal form defines the same coset in A?(F2") /G (o) asthe ma-
trices diag(.A, A) and elm(M, N).

Claim 12.1.a; < —a;. In other words, the exponents of the elementary divisors of
diag(A, A), inincreasing order, are the numbers

a1,01,02,02, .. .,05, Qjy, —Qjy —Agy ..., —QA1, —a7.

(Inthe general case j > i therearen — 2i additional zerosin themiddle.) Hence, the
elementary divisors of diag(/l, A) uniquely determine the exponentsa; < as <

- < a; of the symplectic Frobenius normal form of A, as defined above. This
immediately implies the lemma, provided the claim a; < 0 holds. To show this
claim, notice m.** = det(A)~! - ged(A" 1 (A)) and det(A)~! - A1 (A) = A7
Hence, 7% = ged(A™1) isthefirst elementary divisor of A~!. Thus, to provethe
claim, it suffices to show that .4~! is an integral matrix. Since

A== (i5) (50 (7 2)

for thematrix G = B~'A — (B~ 1A)’, we get
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A1 _1/B)to\ (0-E\ (B0
2 0 E)\FE G 0 FE/)°
Since B~! and G areintegral, A~ isintegral, which provesthe lemma. (I

Proof of Theorem 12.1. By Lemma 12.1 it suffices to show that for (eq,...,e;),
subject to the conditions stated in Theorem 12.1, the elementary divisors of the
matrices

0 0 FE 0
0 0 O -F
Elm(g(el,...,ei)) =l_5o0 0 —2.D

0 E2-D' 0
determine (eq, ..., e;) uniquely such that every possible constellation of elemen-
tary divisors — as determined above — is realized by some Elm(g(e1,...,¢€;)).
This, however, israther obvious. Theelementary divisorsof Elm(g(es,...,e;)) are
TR, e, T, ..., Wherer < ischosen to be maximal such that e, < 0.
The following elementary divisors are pairs of 1 and then followed by the inverse
numbers 7", ..., 7z (infact noticeit is enough to consider minorsin the right

lower n x n-block). Thisimpliesthat the representativesg(eq, . . . , e;) uniquely rep-
resent the double cosets H(F') \G(F)/G(or), which provesthe theorem. [J

Remark 12.4. In fact we have now also determined the image of the map L. It con-
sists of al orbits which contain a matrix in Frobenius normal form with exponents
which satisfy

a < <ap < —ap < —ar.

12.4 The Compact Open Groups

Now fix somerepresentative g(D) asin Theorem 12.1. For simplicity assumei = j.
Recal D = D’. Then

Hp = H(F) N g(D)G(or)g(D)™"
is acompact open subgroup of H(F'). For

0410510
0 ag 0 32
m 046 0
0 72 0 6

h =

in H(F') we have the symplectic conditions o,d; — v/3; = A - E, X € 0}, oly; =
i, 70t = 8.5;. Furthermore, h iscontained in Hp if and only if
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(5] 7D’)/2 7D")/2D/ + ﬂl 7D52 + OélD
_ —D/’yl a9 —D’51 + agD/ —D/’le + ﬁg
D)™t h-g(D) =
gDy hog(D) = | T 5 oy
0 Y2 ')/QD/ 52

is contained in G(o). Then a;,~;,d; and D’~1, Dvys and y2 D’ and 1 D areinte-
gral, and det(h) € o} (first integrality conditions). Furthermore, we have the four
congruence conditions (*) modulo integral matrices:

f1 = Dy D', B2 =D'mD,

D62 = OélD, D/(Sl = OéQD/.

Since D~! is integral, and hence D~!3, 531 (D)L, (D)~1B2, 8D~ and
D= tay D, D'6,(D")~L, D3, D=, (D")~tay D’ are necessarily integral (second
integrality conditions). We reformulate the integrality conditions by introducing the
integral skew-symmetric matrix

0 D!
AD— <D_1 0 ).

Define
GSp(Ap) = {h € GI(F?) | WAph=X-Ap, A€ F}

Notice diag(E, —F) € GSp(Ap) and J € GSp(Ap); hence,

0F
1= (37 Gsnio),

and, therefore, g = (2 %) € GSp(Ap) <= ¢! =1Igl = (¢ ¢) € GSp(Ap).

Also noticethat g, € GSp(Ap) holdsfor the two matrices (k = 1, 2)

farb\ (0D [k B (0 D\ " [D§D Dy,
o= () = (20) Gra) (20) = (o )

All the integrality conditions stated above when put together expressthe fact that
both matrices g; and diag(D, D)~ *grdiag(D, D) are integral matrices (for k =
1, 2) with equal similitudefactor in o%.. If I' = (0 )** denotesthe standard latticein
F? then A p defines a skew-symmetric pairing (., .)p on T by (v, w)p = v'Apw.
Thedua latticeIT* = {w € F* | (w,[)p € op}isT* = diag(D, D)(T). The
matricesin GSp(Ap), which preservethelattice I", define acompact open subgroup
Aut(T',Ap) € GSp(Ap). Each g € Aut(T', Ap) preserves the dua lattice T'*.
Hence, g(I'*) = I'* or diag(D, D)~ - g - diag(D,D) € Aut(T,Ap-1). This
shows that the first and second integrality conditions are equivalent to

g1, 92 € Aut(F, AD).
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This defines an injective homomorphism
HD — Aut(F, AD) X Aut(F, AD),

induced from the injection of H(F) into GSp(Ap) x GSp(Ap), which is defined
by
hi— (k1  ka) = (91, 95)-

Now I" C I'* since A p isintegral. Hence, we get a homomorphism
1— Kp — Aut(T,Ap) — Aut(T*/T)

with kernel, say, Kp. Obviously g € Kp <= (g — id)diag(D, D) isintegral. For
G = M,;,(or) D' C M;;(op) the above four congruences (*) are equivalent to
b1 = ¢9, ¢1 = ba, di = ao, and a; = do modulo G. In other words, the conditions
(*) mean (g1 — g4)diag(D, D) isintegral, or (id — g7 ' g4)diag(D, D) isintegral.
In other words, we get the condition

g1 Egé mod Kp,

or ky = ko mod Kp. Hence, Hp, is isomorphic to the group of all (k1,k2) €
Aut(T,Ap)? such that k; = ke mod Kp. Since Kp is a normal subgroup of
Aut(T',Ap), this proves that Hp, is isomorphic to the semidirect product Kp <
Aut(F,AD)

1— Kp— Hp — Aut(l';Ap) — 1.

Example12.1.For D = d-E wehave GSp(Ap) = GSp(2i, F),and Aut(T', Ap) =
G(oF) suchthat K isthe principal congruence subgroup of level d.

12.5 The Twisted Group H

Whereas in the last section we considered i < j, we now have to restrict ourselves
to the special case n = i + j, wherei = j. In this special case the normalizer N,
of the subgroup H = G, of G = GSp(2n) is not connected. This now allows us
to define Galois twists H of the group H considered in the last section. For i = j
the centralizer in the adjoint group of the element s (defined at the beginning of this
chapter) is nontrivial. The element

0
B
0 € G(op)
0

o o o I
o oo
oo o

in G generates N, /Gs = 7,/27.. We have ws = —sw, w? = id, and wJ = Jw.
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Suppose K/F' is a quadratic field extension, and o is the generator of the
Galois group of this extension. Since H'(F, GSp(2n)) is trivial, there exists an
go € GSp(2n, K) such that

9 'o(go) =w,  o(go) = go-w.

This condition determines the coset G(F) - go uniquely. Then the group H =
goHgy ! is invariant under o, and defines a form H of H over F together with
an embedding H — G defined over F. Notice for the norm-1-subgroup N'! in
RGSK/F(Gm)
1 — H — Resg/p(GSp(2i)) — N* — 1,

where the morphism on therightis g — (o(A(g))/A(g). Let us make some choice,
e, go = diag(1, % ,a?,2)-diag(U, (U")"") forU = (/2 1/2), where K = F(a)
and A=! = o? € F*. We can assume that the valuation is vx (a?) = 0 or —1
depending on whether K/ F is unramified or not since the residue characteristic is
different from 2. Then H becomes the subgroup of all the matrices 1 defined on
page 239.

The Map £. Now consider the commutative diagram

H(F)\ G(F)/G(oF) > goH (K)gy " \ G(K)/G(ox)

i L(go )
Y Y
A2(K2M)/(Gl(2n,0) X o) < © H(K)\ G(K)/G(ok)

where the upper map is induced by the scalar extension maps, the right vertical
bijection is H(K)gG(ox) — H(K)gy '9G(ox), and the lower horizontal in-
jective map is defined as in Lemma 12.1, but now for the field K instead of F'.
The left vertical map is the composition of the other maps £L(H (F)gG(or)) =
L(H(K)gy '9G(ox)) = orbitof A(gg'g) ™" (95" 9) As(gy "g) = orbitof A(g)~"-

g’ Agg for
5 0 0 0 —-a'E
A. = 0 0 —aF 0
S 0 aFE O 0 :
a”'E 0 0 0

The Image of £. The F-rational element diag(E,A-E,E,E) x 1 transforms A,
to —a~ ! J withinits orbits. Hence, theimage of £ is contained in the image of the
Gl(2n, F) x F* orbit of the matrix —a~! - J. Therefore,

image(L) C (vi(@),...,vk(a)) + v (F*)" C v (K*)",

considered as a subset of the n exponents, which define the Frobenius nor-
mal form of the skew-symmetric 2n x 2n-matrix. On the other hand, this im-
age is contained in the image of the lower horizontal map £, which is the set
{(a1,...,ai,—aiy...,—a1) € vx(K*)" | a1 < --rap < —a, < -+ —ag}.
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We claim that image(L) is the intersection of these two sets. We show that every
element of thisintersection issome L(H (F')g(D)G(or)). Notice

L(H(F)§(D)G(oF))= orbit of (’g §>A <’g g) — orbit of <_‘A)4 T J_”M,T)

for M= (0 M) My=—aE.ForT = (A7, 9) thisgivesthe orhit of

My, O
0 0 0 —a'E
0 0 —aE 0
0 aF 0 —aD :
o 'E 0 aD 0

Obviously for e = vi () € {0,—3} and D = A~! - diag(n§}, -, 7) asin
Theorem 12.1 thefirst 2i-elementary divisors of thismatrix are (e + e;, e + e1, e +
e, e+ ea,...,ete,e+e;,x%, ..., %) (aisesfrom thelower right block, since aD
givesrise to the minors with the highest order denominator). This suffi cesto prove
the claim with the representatives g(D) = (£ Z), whereT = (4" - 0) for D as
above.

Galois Descent. From the last argument it follows that every g € G(F') can be
written in the form g = hg(D)k,* for some h € H(K), some ky € G(ok),
and some D asin Theorem 12.1. Then o(h)§(D)o(k~1) = hg(D)k~! implies
G(D)""h~lo(h)§(D) = k1o (k) or

b(o) = k~'o(k) € Hp(K):= (3(D) " A(K)3(D)) N Glok).

Suppose the 1-cocycle b(o) = 1a(k) € Hp(K) |s a 1-coboundary
bo) = vy 10( ) for some y € (K) Then k = yk™' € G(op) and
N =h- ( ) - k. Since g,k € G(F)

g = (hg(D)y~'g(D)~") - g(D) - (yk
and g(D) € G(F )heH( ) and

g € H(F)-g(D)-G(op).

The Obstruction. For n = 2 the group Hp(K) is isomorphic to the group
Gl(2,R)", where R isthe ring or ®,, 0k (i) (See page 248). Here o acts by its
natural action on the first factor, and is trivial on the second factor. By Shapiro’s
lemma the class [b(o)] in the cohomology H'!({c), Hp(K)) istrivia if this holds
for itsimagein the quotient H' ({c), GI(2, 0 /(7%))°. Now it is easy to show that
the fiber over the trivial element under the reduction map

H' ((0), Gl(2 01 /()" ) = H' ((0), GI(2 0/ (m))” )

istrivial. Thisis easily shown by induction on 7. If K/F' is unramified, the coho-
mology set H'! ((a}, Gl(2,oK/(7rK))°) istrivial. If K/F is ramified, thisis not
the case. But in the ramified case, for the vanishing of the obstruction classes [b(o)]
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it is therefore sufficient that the image of the 1-cocycle b(o) is trivial in the quo-
tient group G1(2, 0k /(7k))° of Hp(K). However, this follows from Lemma 7.5
since the reduction of b(c) = k~'o(k) € G(ok) in G(ox /(7k)) istrivial. Notice
k~lo(k) =k 'k =1inG(ox/(7K)).

Injectivity of £. In general, if al the above-defined cohomology obstructions
[b(o)]in HY((c), Hp(K)) aretrivial, we obtain

G(F) =JH(F)-§(D)- Glor).

Furthermore, since L(H (F) - §(Dy) - G(or)) = L(H(F) - (D) - G(or)) implies
Dy = D, as shown above, we even conclude

Theorem 12.2. The matrices (£ L) for T = (£ 9) and D = A~ - diag(n$},
-, mE), wheree; < --- < e ande, < 0o0re, = ocoforv =1,...,14, define
inequivalent representatives and for n = 2 a full system of representatives for the
double cosets .
H(F)\G(F)/G(op).

In general, consider the matrix group H' = Resg,r(GSp(Ap))°. For aninte-
gral extension ring O of o with fraction field L consider the subset of H'(L) =
GSp(Ap)’(L ®p K) defined by all block matrices g = (& B) for which A, B, C,
and D are matrices of the form

X®l4Y-Dlova

such that X and Y are ¢ x i-matrices with coefficients in O. In fact, this subset

defines a subgroup. For O = o thisgroup isisomorphicto Hp (K), and o acts on
thesematricesby o(X © 1+ YD '@ vVA ) =o(X)@1+o(Y)D '@ VA

viaits natural action on © = o, . Notice that the coefficients of the matrices g are
iNY ®q, 0k C Lo K.
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