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Preface

This volume grew out of a series of preprints which were written and circulated be-
tween 1993 and 1994. Around the same time, related work was done independently
by Harder [40] and Laumon [62]. In writing this text based on a revised version of
these preprints that were widely distributed in summer 1995, I finally did not pur-
sue the original plan to completely reorganize the original preprints. After the long
delay, one of the reasons was that an overview of the results is now available in
[115]. Instead I tried to improve the presentation modestly, in particular by adding
cross-references wherever I felt this was necessary. In addition, Chaps. 11 and 12
and Sects. 5.1, 5.4, and 5.5 were added; these were written in 1998.

I will give a more detailed overview of the content of the different chapters below.
Before that I should mention that the two main results are the proof of Ramanujan’s
conjecture for Siegel modular forms of genus 2 for forms which are not cuspidal
representations associated with parabolic subgroups (CAP representations), and the
study of the endoscopic lift for the group GSp(4). Both topics are formulated and
proved in the first five chapters assuming the stabilization of the trace formula. All
the remaining technical results, which are necessary to obtain the stabilized trace
formula, are presented in the remaining chapters.

Chapter 1 gathers results on the cohomology of Siegel modular threefolds that
are used in later chapters, notably in Chap. 3. At the beginning of Chap. 1, impor-
tant facts from [19] on the Hodge structure and l-adic cohomology of the Siegel
modular varieties SK(C) are reviewed. In the case of genus 2, the Siegel modular
varieties SK(C) define algebraic varieties of dimension 3. They are the Shimura
varieties attached to the group of symplectic similitudes G = GSp(4,Q). One can
define coefficient systems Eλ on these threefolds associated with irreducible finite-
dimensional algebraic representations λ of the group GSp(4), which are defined
over Q. The most interesting cohomology groups of these coefficient systems are
the cohomology groups Hi(SK(C), Eλ) in the middle degree i = 3. The group
G(Afin) acts on the direct limit of the cohomology groupsH i(SK(C), Eλ), where
the limit is over the adelic compact open level groups K ⊆ G(Afin), and this
defines an admissible automorphic representation of the group GSp(4,A) for the
adele ring A = R × Afin. Since the Siegel moduli spaces are not proper, the
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vi Preface

cohomology of these varieties is not pure. Besides the interior cohomology, which
is the image of the cohomology with compact supports in the ordinary cohomol-
ogy, there occur representations of Eisenstein type. The automorphic representa-
tions ofG(Afin) defined by the Eisenstein constituents are by definition isomorphic

to constituents of induced representations IndG(Afin)

P (Afin)(σ), where σ is an automor-
phic representation of the Levi group of a Q-rational parabolic subgroup of G. It
is well known that the Eisenstein cohomology is rarely pure. But also some part
of the cuspidal cohomology, which is a subspace of the interior cohomology, fails
to be pure. In fact, some of the irreducible cuspidal automorphic representations
behave similarly to Eisenstein representations. These are called CAP representa-
tions π. By definition, an irreducible automorphic representation π = ⊗vπv is a
CAP representation if there exists some global automorphic representation σ of a
Levi group of some proper Q-rational parabolic subgroup of G such that πv and
IndGv

Pv
(σv) have the same spherical constituent for almost all non-Archimedean

places v. For the group GSp(4) the CAP representations were completely clas-
sified by Piatetski-Shapiro [69] and Soudry [95], and the Ramanujan conjecture
(purity) does not hold for them. The main result obtained in Chap. 1 (Sect. 1.3),
Theorem 1.1, states that except for the cohomology degree i = 3 all the irreducible
automorphic representations, which occur as irreducible constituents of the repre-
sentations limK H

i(SK(C), Eλ), are either CAP representations or belong to the
Eisenstein cohomology. This, in principle, allows a complete description of the cus-
pidal part of the cohomology representations in degree i �= 3 by the classification
of CAP representations. Even for the degree i = 3 the CAP representations oc-
cur, indeed those defined by the Saito–Kurokawa lift. Sections 1.3–1.7 contain the
proof of Theorem 1.1, which is based on the study of the Lefschetz map and a weak
form of the Ramanujan conjecture. This eventually shows that for irreducible auto-
morphic cuspidal representations π, which occur as constituents in degree i �= 3, a
certain L-function must have poles at specific points, which forces π to be a CAP
representation.

In Chap. 2, we consider the topological trace formula of Goresky and
MacPherson for general reductive groups G. We do not consider this for the
spaces SK(C) themselves, but for spaces SK(G) with a slightly better behavior
with respect to “parabolic induction.” This suffices for our purposes, since SK(C)
is a finite unramified covering of SK(G):

SK(C) � SK(G).

For a Hecke operator f the topological trace formula computes the alternating sum∑
i(−1)itr(f ;H i(SK(G), Eλ) of its traces. Its computation is considerably simpli-

fied if one discards all contributions from CAP representations and Eisenstein repre-
sentations, which we abbreviate by the notion “CAP localization.” The correspond-
ing simplified formula obtained by CAP localization still allows us to compute the
alternating sum of the dimensions of generalized eigenspaces Hi(SK(G), Eλ)(π)
for an irreducible cuspidal automorphic representation π, which is not CAP (see
page 47). To do this for a single fixed π, we construct suitable Hecke operators f
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in Sects. 2.7 and 2.8, called good projectors, whose elliptic trace TGell(f) computes
the alternating sum of these virtual dimensions (Theorem 2.1). For the construc-
tion of good projectors, it is essential that all the irreducible representations of
GSp(4,Afin), which arise as constituents of the cohomology, are automorphic.
This was shown by Schwermer for the group GSp(4) and by Franke in the gen-
eral case. In Sect. 2.9, we compare the formula thus obtained with Arthur’s L2-trace
formula, which has the property that these elliptic traces coincide with the elliptic
part of the geometric side of the Selberg trace formula. Now assume π is a cuspidal
irreducible representation of G(Afin), which are not CAP. For a prime p, let us de-
note πp = ⊗v �=∞,pπv . Then the results obtained in Chap. 2 in the special case G =
GSp(4) combined with the results obtained in Chap. 1 give a simple trace formula
for the action of Hecke operators on generalized eigenspaces limK H

3(X,Eλ)(πp)
of the middle cohomology for either X = SK(G) or X = SK(C) for large enough
primes p. Furthermore, this simple formula also allows us to compute the action
of the nth powers of the geometric Frobenius substitution Frobp at the prime p in

terms of certain Hecke operators hp = h
(n)
p . See Theorem 2.2 and its applications

in Chap. 4.
In Chap. 3, the simple localized topological trace formula forGSp(4,Q) is com-

pared with the Grothendieck–Verdier–Lefschetz trace formula for SK(Fp), which
computes the traces of the Frobenius homomorphism attached for certain l-adic
sheaves attached to the coefficient systems Eλ. But unlike the CAP localized form
of the topological trace formula, this other trace formula, studied by Langlands,
Kottwitz, and Milne, is not a stable trace formula. To compare both trace formu-
las, one has to stabilize it [53, 59]. This requires certain local identities at the non-
Archimedean places – the so-called fundamental lemma and certain variants of it.
More precisely, since the Grothendieck–Verdier–Lefschetz trace formula can only
be explicitly computed for sufficiently high powers Frobnp of the Frobenius Frobp,
one needs for each such n a twisted version of the fundamental lemma [51]. With
use of these local assumptions, which are considered in the later chapters, one ob-
tains without effort the main formula (Corollary 3.4) which expresses the Frobenius
traces as a sum of two terms. One of these two terms is the trace of a suitably defined
Hecke operator on the cohomology. The other term is the so-called endoscopic term,
which is related to an automorphic lift. This lift is implicitly defined by the trace for-
mula; however, it is not yet properly understood at this point of the discussion. This
lift will eventually be constructed in several steps by a bootstrap argument using re-
peated comparison of traces. At this stage of the discussion we are therefore content
with the following weak characterization: a cuspidal automorphic representation is a
weak endoscopic lift if its L-functions are the L-function of an irreducible automor-
phic form σ = (σ1, σ2) for Gl(2,A) × Gl(2,A) at almost all places, provided σ1

and σ2 are cuspidal automorphic representations ofGl(2,A) such that they have the
same central character. In fact σ can be viewed as an irreducible cuspidal automor-
phic representation of the nontrivial elliptic endoscopic group M ∼= Gl(2)2/Gm
of G. In the situation of Corollary 3.4, a preliminary condition at the Archimedean
place has also been added. This temporarily relevant definition of a weak lift, in-
volving some technical conditions, can be found at the beginning of Chap. 3. At
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the end of Chap. 3, we prove the Ramanujan conjecture (purity) for the cuspidal
representations π (at the spherical places), which are neither CAP nor a weak lift,
and which occur as constituents in the cohomology of degree i = 3. We then indi-
cate why this should yield four-dimensional Ql-adic representations of the absolute
Galois group of Q attached to such irreducible automorphic representations. In fact,
the trace formula stated in Sect. 3.6 finally leads to this [115]. We neglect the discus-
sion of the cohomology in degree different from 3. In fact, only CAP representations
contribute in these degrees, and the CAP representations have all been classified for
the group GSp(4); hence, it is not difficult to determine their contributions to the
Hasse–Weil zeta function by weight considerations. So there is no need to exploit
the trace formula in these cases. Nevertheless this is still worthwhile since it gives
refined formulas for the local automorphic representations of CAP representations
(see the notion of “Arthur packets” in Sect. 4.11), and it can be done using the for-
mulas of Chap. 2. However, we have not included this discussion.

In Chap. 4, we take up the study of weak lifts. For this discussion we fix a cus-
pidal irreducible representation σ = (σ1, σ2) of M(A) for the unique nontrivial
elliptic endoscopic group M of G = GSp(4,Q). In Chap. 4, we then consider ir-
reducible cuspidal automorphic representations π, which are weak lifts attached to
σ but which are not CAP. This is the general assumption of Chap. 4. Since only the
group G(Afin) acts on the cohomology, it is natural to ask for the Archimedean
component π∞ of the automorphic representations π = π∞ ⊗ πfin. For this we
fix some coefficient system Eλ. Then π∞ necessarily must belong to the discrete
series of GSp(4,R), and π∞ is almost determined by the condition that πfin de-
fines a nontrivial generalized eigenspace on the direct limit limK H

3(SK(C), Eλ).
More precisely, this means that π∞ belongs to a local L-packet of discrete se-
ries representations in the sense of Shelstad [91]. This L-packet is uniquely de-
termined by the irreducible representation λ, which defines the coefficient system.
This L-packet contains two equivalence classes of irreducible representations. One
of the representations, π−,∞ = πH∞(λ), of this L-packet belongs to the holomor-
phic/antiholomorphic discrete series; the other representation, π+,∞ = πW∞ (λ), has
a Whittaker model. Let m1(πfin) and m2(πfin) be the automorphic multiplicities
of the cuspidal representationsπ = π−,∞⊗πfin and π = π+,∞⊗πfin, respectively.
The multiplicity of πfin in the generalized eigenspace limK H

3(SK(C), Eλ)(πfin)
is 2m1(πfin) + 2m2(πfin). In fact, the semisimplification of the Ql-adic represen-
tations of the absolute Galois group of Q on the corresponding eigenspace defined
for the l-adic cohomology ism1ρ1⊕m2ρ2. Here, ρ1 and ρ2 are the two-dimensional
irreducible Ql-representations attached to σi, i = 1, 2, by Deligne. Indeed, if some
weak lift π of σ contributes nontrivially to the cohomology in degree 3, then the
two cuspidal representations σ1 and σ2 are irreducible automorphic representations
of Gl(2,A), whose Archimedean component again belongs to the discrete series.
Such automorphic representations σi are related to elliptic holomorphic new forms
of weights ri. The weights are not arbitrary. They must be different, so we can as-
sume r1 > r2. This being said, there is the finer result (Lemma 4.2)

lim
K
H3(SK(C), Eλ)(πfin)ss ∼= m1 · ρ1 ⊕ m2 · (νk2−2

l ⊗ ρ2),
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where νl denotes the cyclotomic character and k2 is an integer determined by the un-
derlying coefficient system Eλ. The trace formula comparison of Chap. 3 provides
a formula which expresses

m1(πfin)−m2(πfin)

in terms of local data, but in which only the local non-Archimedean components πv
of the representations πfin =

∏
v �=∞ πv enter. More precisely, this formula is

m1(πfin)−m2(πfin) = −
∏

v �=∞
n(σv, πv),

where the coefficients n(σv, πv) are complex numbers obtained by a distribution
formula

χGσv
=
∑

πv

n(σv, πv)χπv .

Here, χσv and χπv denote characters of admissible irreducible representations, and
χGσv

is the endoscopic distribution lift of the character χσv (see page 83). The defi-
nition of this local lift for distributions requires the existence of matching functions,
where certain transfer factors have been fixed. Transfer factors will be discussed
in Chaps. 6 and 7. It should be mentioned that for the group GSp(4, Fv) the ex-
istence of matching functions was established by Hales [36]. The existence of a
character expansion χGσv

=
∑
πv
n(σv, πv)χπv is then derived from the trace com-

parisons studied in Chap. 3 and the first sections of Chap. 4. Most of the content
of Sects. 4.5–4.12 are devoted to proving that this sum is finite and that the trans-
fer coefficients n(σv, πv) are integers. In fact this finally defines the endoscopic
lift r : RZ[Mv] → RZ[Gv] between the integral Grothendieck groups of irre-
ducible admissible representations of G = GSp(4) and M = Gl(2)2/Gm for
non-Archimedean p-adic fields. In the real case such formulas are known in gen-
eral from the work of Shelstad [90, 91]. The final result is stated in Sect. 4.11. With
use of the classification of representations, the results obtained by Moeglin, Rodier,
Sally, Shahidi, Soudry, Tadic, Vigneras, and Waldspurger, this is reduced to establish
the existence of r for local non-Archimedean admissible irreducible representations
σv of Mv, which belong to the discrete series. For these representations, it turns out
that the local character lift has the form

r(σv) = π+(σv)− π−(σv)

for two irreducible admissible representations π±(σv) of the groupGv. We further-
more show that π+(σv) does have a Whittaker model, whereas π−(σv) does not.
Finally, we use global theta series to describe π±(σv) in terms of local theta lifts
similarly to the case of the group Sp(4) studied by Howe and Piatetski-Shapiro [41].
In fact this study is continued in Chap. 5. Indeed, some results obtained in Chap. 5
are already used in Sect. 4.12. Besides these local results, studied in Sects. 4.5–4.12,
we consider in Sect. 4.4 rationality questions, i.e., questions concerning the field of
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definition. Using some properties of the endoscopic transfer factor, defined in the
later chapters, we can describe the numbers m1(πfin) and m2(πfin) in terms of
Hodge theory. In fact 2m1(πfin) turns out to be the multiplicity of πfin in the holo-
morphic/antiholomorphic part and 2m2(πfin) turns out to be the nonholomorphic
contribution.

In Chap. 5, we continue the discussion of Chap. 4, but return to global questions.
The main result obtained in this chapter is Theorem 5.2, which is the final version of
the preliminary multiplicity formula for weak lifts given in Sects. 4.1–4.3. We obtain
the formula m1(πfin) + m2(πfin) = 1; hence, one of the global multiplicities
mi(πfin) is 1 and the other is 0. Which of them does not vanish depends only on
the non-Archimedean components of πfin. The essential argument is the principle
of exchange, which controls exchange in ⊗vπv of a representation πv within its
local packet at one specific place v. The final formula is, of course, a special case
of Arthur’s conjecture [3], which originated from considering the special case of
the group GSp(4,Q). However we only consider this formula in the case of weak
lifts, which are not CAP. Nevertheless, the multiplicity formula for the cohomology
groups in the case of the Saito–Kurokawa lift can be derived along the same line of
arguments (although this is not carried through explicitly).

Chapter 5 also contains sections in which the global results on the endoscopic
lift are extended to the case G = ResF/Q(GSp(4)) for an arbitrary totally real
number field F , and also applies to representations which do not necessarily appear
in the cohomology of Shimura varieties. This is contained in Sects. 5.4 and 5.5. The
arguments here use Arthur’s trace formula instead of the topological trace formula,
and they are subtler and more technical than the arguments involving the topological
trace formula. The analogous local results, which extend those obtained in Chap. 4
to arbitrary local fields of characteristic 0, are considered in Sect. 5.1.

In Chaps. 6 and 7, the fundamental lemma for the group GSp(4, Fv) over a lo-
cal non-Archimedean field Fv of residue characteristic different from 2 is proved.
This fundamental lemma (Theorems 6.1 and 7.1) is an identity between local or-
bital integrals OGv

η (fv) and OMv
t (fMv ) for the groups Mv and Gv. This iden-

tity involves a transfer factor Δ(η, t). Here, the elements η ∈ GSp(4, Fv) and
t ∈ M(Fv) are sufficiently regular semisimple elements and η and t are related
by a norm mapping. η is an element whose conjugacy class over the algebraic
closure is determined by the conjugacy class of t in M(Fv). This does not deter-
mine the G(Fv)-conjugacy class of η uniquely. In the case under consideration,
there are one or two such conjugacy classes in the stable conjugacy class. The
κ-orbital integral is the difference OGv ,κ

η (fv) = OGv
η (fv) − OGv

η′ (fv) of orbital
integrals OGv

η (fv) =
∫
Gη,v\Gv

fv(g−1ηg)dg/dgη in the case where there are two

such classes. Since there is no canonical choice, which might privilege η or η′, one
has to make a choice for the definition ofOGv ,κ

η (fv). The dependence on this choice
is compensated for by a transfer factor Δ(η, t), which depends on the class of η cho-
sen. Then the fundamental lemma is the statement that there exists a homomorphism
b : fv 	→ fMv

v between the spherical Hecke algebras (prescribed by the principles
of Langlands functoriality) with the matching condition
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Δ(η, t)OGv ,κ
η (fv) = SOMv

t (fMv
v )

for all sufficiently regular t and the corresponding η. Here, SO denotes the stable
orbital integral on Mv. A couple of remarks are in order. First, although the funda-
mental lemma is later used for (G,M)-regular elements t, it is enough to prove the
fundamental lemma for sufficiently regular elements by a degeneration argument.
Second, it is enough to prove the fundamental lemma for the unit elements of the
Hecke algebras, and for almost all primes (see Hales [35] for the case of ordinary
endoscopy). See also Chap. 10, where the reduction to the case of the unit element
fv = 1 of the spherical Hecke algebra is discussed in the slightly greater general-
ity of twisted base change. Third, for our purposes it is important that the transfer
factors have certain nice properties. One of these properties is the product formula
(global property) ∏

v

Δ(ηv, tv) = 1

for global elements η and t, where the product is over all Archimedean and Non-
archimedean places. For the product formula above, it is essential for us that the
formula holds precisely with the Archimedean transfer factor Δ(η∞, t∞) used by
Shelstad. Concerning this, we show in Chap. 8 that for our choice of transfer factor
the product formula holds, and that our chosen Archimedean transfer factor is the
same as the one defined by Langlands and Shelstad over the field R. Unfortunately,
already in the case of the group GSp(4), this amounts to a lengthy and tedious un-
raveling of the definitions, which are based on the cohomological reciprocity pair-
ings of local class field theory [60]. The proof of the fundamental lemma is done
by an explicit calculation. We distinguish two cases dealt with in Chaps. 6 and 7,
respectively. In fact, the computation gives the local orbital integrals explicitly, not
only the κ-orbital integral. This turned out to be useful for later computations in the
twisted case done by Flicker [26]. The explicit calculation of the orbital integrals
hinges on an approach which in the case of the group Gl(2) is used in the book by
Jaquet and Langlands [42] onGl(2) and which in an implicit form is based on some
double coset computations in the groupG(Fv) for the groupG = Gl(2). For me, an
analogous double coset decomposition for the groupG = GSp(4), due to Schröder,
suggested this approach. A special case was been carried out by Schröder [81]. It
seems that nice representatives for double cosets H(Fv)\G(Fv)/K of this type ex-
ist for reductive, hyperspecial maximal compact subgroups K and maximal proper
reductive Fv-subgroupsH of G quite generally, in the sense that they should define
a generalization of the classical theory of genera of quadratic forms. In classical
genus theory, H is the orthogonal group contained in the linear group G. The max-
imal subgroups of reductive groups are well known, and new types of genus theory
mainly arise from considering the inclusions H ↪→ G of centralizers H = Gs
of semisimple elements s in reductive groups G. In Chap. 12 we consider this sit-
uation for the group G = GSp(2n), where we generalize the result obtained by
Schröder to the case n = 2. Similar computations can be made in the case of
classical groups [116]. The case of the exceptional case group G of type G2 was
considered by Weselmann [117].
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Chapter 9 considers the fundamental lemma for twisted base change endoscopy.
This type of fundamental lemma is needed for the trace comparison theorems in
Chap. 3. We show that these twisted endoscopic fundamental lemmas can be re-
duced to the ordinary fundamental lemmas of standard endoscopy. Such a reduction
can be carried out quite generally, except that we consider the global trace formula
arguments only in the case of the group GSp(4). However, the argument can be
extended to the general case, and this will be considered elsewhere. As a side result,
one gets a variant of the fundamental lemma (see Lemma 9.7) where the transfer
factors are defined in a slightly different form, which is needed for Chap. 3. This
is based on some explicit formulas for the Langlands reciprocity map as given in
Kottwitz [48] or Schröder and Weissauer [82]. An entirely local proof was given
later by Kaiser [43].

In Chap. 10, we verify that the twisted endoscopic fundamental lemma is a con-
sequence of the special case of the fundamental lemma for unit elements, as one
expects from the untwisted case [35], and that it is enough to know it for almost all
primes. This reduces the fundamental lemmas needed for Chap. 3 to the statements
given in Chaps. 6 and 7. The argument uses the method of Labesse [57]; hence, it is
based on elementary functions and can be further generalized [113] to the twisted
adjoint cases. For standard endoscopy this reduction was proved in Hales [35] by
a different argument. Finally, Chaps. 11 and 12 contain some prerequisite material
needed in Chaps. 6–10.
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Chapter 1
An Application of the Hard Lefschetz Theorem

In the later parts of this chapter, we will use the hard Lefschetz theorem to show
that an irreducible cuspidal automorphic representation π = π∞πfin of the group
GSp(4,A), whose Archimedean componentπ∞ belongs to the discrete series, gives
a contribution to a cohomology group of some canonical associated locally constant
sheaves on Siegel modular threefolds only if the cohomology degree is 3, provided
π is not a cuspidal representation associated with parabolic subgroup (CAP rep-
resentation). In other words, under the action of the adele group GSp(4,Afin),
all irreducible constituents occur in the middle degree, if one discards so-called
CAP representations. Since CAP representations are well understood for the group
GSp(4), this result is important for the analysis of the supertrace of Hecke opera-
tors acting on the cohomology of Siegel modular threefolds, and hence for the proof
of the generalized Ramanujan conjecture for holomorphic Siegel modular forms of
genus 2 and weight 3 or more.

1.1 Review of Eichler Integrals

In this section, we collect facts on the Hodge structure on the cohomology of Siegel
modular threefolds. For this we first define the underlying locally constant coef-
ficient systems. Although our main interest will be the l-adic cohomology groups
defined by these coefficient systems, the Hodge structures defined by them will play
a vital role later. The Hodge structure helps to improve upon results on the l-adic
representations obtained by the topological trace formula in Chap. 4, since it allows
us to obtain an interpretation of certain multiplicities m1,m2 which are defined via
l-adic representations. See, for instance, Corollaries 4.1 and 4.4.

Notation. Let Γ be a neat subgroup of finite index in the symplectic group Sp(4,Z)
(e.g., a principal congruence subgroup of level 3 or more). Let H denote the Siegel
upper half-space {Z = Z ′ ∈ M2,2(C) | Im(Z) > 0} of genus 2. Matrices M =
(A B
C D ) inGSp(4,R) act onH in the usual way byM〈Z〉 = (AZ+B)(CZ+D)−1.

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 1
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 1,
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2 1 An Application of the Hard Lefschetz Theorem

Let X denote a suitable toroidal compactification of the Siegel modular variety de-
fined by the quotient X = Γ\H . Let j : X ↪→ X denote the inclusion map.

Representations of GSp(4,Q). To any irreducible algebraic representation

λ : GSp(4,Q)→ Gl(V )

of the symplectic group of similitudesGSp(4,Q) on a complex vector space V one
can associate a locally constant sheaf Vλ on X = Γ\ H whose fibers are isomor-
phic to V . The mixed Hodge structure of the cohomology of these fiber bundles is
described in [19], Sect. VI.5.

Except for the similitude character ν : GSp(4,Q) → C∗, there are two funda-
mental representations of the groupGSp(4,Q). One of them is the four-dimensional
standard representation on C4. The other is contained in Λ2(C4), which decomposes
into a one-dimensional representation and the five-dimensional fundamental repre-
sentation. These representations are defined over Q. Up to a twist by νn, n ∈ Z, all
irreducible representations occur in the decomposition of tensor products of the two
fundamental representations.

An irreducible representation λ of GSp(4,Q) as above remains irreducible after
restriction to the subgroup Sp(4,Q). The isomorphism class of the restriction to
Sp(4,Q) is determined by its highest weight. In our case this may be made more
explicit: The Sp(4) dominant weights may be identified with pairs of integers

λ = (λ1, λ2) such that λ1 ≥ λ2 ≥ 0.

For the four-dimensional standard representation (λ1, λ2) = (1, 0), and for the five-
dimensional fundamental representation (λ1, λ2) = (1, 1). The irreducible repre-
sentation λ of GSp(4,Q) is indeed uniquely determined by its central character
and the integers λ1, λ2. A character of the center of GSp(4,Q), identified with the
scalar matrices t · id, has the form t 	→ tn for an integer n ∈ Z. For fixed λ1, λ2

the possible values of n are the integers n ≡ λ1 + λ2 modulo 2. In fact, two irre-
ducible algebraic representations of GSp(4,Q) with isomorphic restriction to the
symplectic group, i.e., coinciding parameters (λ1, λ2), are obtained from each other
by a twist with a power of the similitude character ν.

Algebraic Normalization. In the following we attach to integers λ1 ≥ λ2 ≥ 0
the unique class of irreducible algebraic representation λ of the group GSp(4,Q),
whose central character is t 	→ tλ1+λ2 and whose restriction to Sp(4,Q) has highest
weight (λ1, λ2). By abuse of notation, we write λ = (λ1, λ2) both for this represen-
tation of GSp(4,Q) and for its highest weight vector. With use of this notation, the
dual representation λ∨ attached to λ is λ⊗ ν−λ1−λ2 .

Let λ be an irreducible algebraic representation of the group GSp(4,Q). Con-
sider the coefficient system Vλ = V(λ) on X attached to the representation λ as
in [19], p. 232. Put Eλ = V(λ∨) for the dual representation λ∨ ∼= λ ⊗ ν−λ1−λ2 .
This notation is motivated by the fact that for the four-dimensional standard repre-
sentation λ of GSp(4,Q) this gives

Eλ = R1π∗C,
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where π : A → X is “the universal family” of principally polarized Abelian vari-
eties of genus 2 over X [19], p. 234.

Algebraic and Unitary Normalizations. If n = 2r is even, our normalization
above normalized the representation λ such that the central character becomes
trivial – by twisting with a suitable multiple of the similitude character. Even if
n is odd, one might proceed in this way by twisting formally with a half-integral
power of the similitude character. If n = 2r is odd and r ∈ 1

2Z, this “unitary”
normalization can be introduced only in a purely formal manner (see [19], p. 231)
except that one then has to deal with the slight inconvenience of having half-integral
F -weights in Hodge filtrations or half-integral Tate twists. However, as this is done
purely formally, it presents no difficulties. Following Chai and Faltings [19], we will
use this notation.

This normalization of the representation is suitable if we consider L-series and
spectral theory. We refer to it as the unitary normalization. However, one has to be
careful. The operation of the Hecke algebra and also the Galois action, defined later,
essentially depend on the central character of the representation λ of GSp(4,Q).
For this our previous algebraic normalization is better suited.

In contrast, the unitary normalization formally leads to Hodge structures of half-
integral weights. See [19], p. 235, Remark (1). Although it implies that the cor-
responding l-adic sheaves will formally become pure of weight 0 and self-dual,
half-integral Tate twists are not well defined over the base Spec(Q). Nevertheless,
half-integral Tate twists are well defined in characteristic p, namely, in the sense
of Weil sheaves. Notice the unitary normalization has the advantage that all auto-
morphic representations arising in the cohomology groups then have trivial central
character on some open subgroup of ZG(A)/ZG(Q); hence, the central characters
become unitary of finite order. Here ZG denotes the center ofG. For the study of the
Hodge structure or the study of Galois representations on etale cohomology groups,
the artificial unitary normalization can easily be removed by an “r-fold” formal Tate
twist for r = λ1+λ2

2 ∈ 1
2Z.

The Dual Bernstein–Gelfand–Gelfand (BGG) Complex. It is shown in [19] that
the direct image complex Rj∗(Eλ) on X defined for the inclusion j : X → X can
be resolved using the dual BGG complex. This means that the complex is quasi-
isomorphic to complexK

•
λ
∼= Rj∗(Eλ) on X, where

K
p

λ =
⊕

μ

W
∗
μ

and where the complex maps are given by certain differential operators [19], p. 232,
Proposition 5.4(1). The vector bundles Wμ , and their duals W

∗
μ, which occur in

this sum, are prolongations to X of certain vector bundlesWμ on X , being defined
by automorphic cocycles attached to a rational irreducible representation μ of the
groupGl(2,Q).

A spectral Sequence. By abuse of notation, let μ denote the representation and
also the corresponding M0 = Gl(2,Q)-dominant weight. Notice that owing to
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our normalization of λ (either algebraic or unitary) we can replace the group
M = Gl(2,Q)×Gm considered in [19], p. 222f, by the subgroup M0 = Gl(2,Q).
In the following, let P = M0U be the Siegel parabolic subgroup of upper block
triangular matrices in Sp(4,Q) with the notation as in [19]. This gives a canonical
isomorphism M0 ∼= P/U ∼= Gl(2,Q). Fixing a Borel subgroup in P containing
the diagonal matrices as in [19], pp. 222 and 228f, induces a Borel subgroup of
M0. Then the weight ρ (half sum of the positive roots of Sp(4)) is defined and
becomes ρ = (2, 1). In this sense the sum

⊕
μW

∗
μ above extends over all those

Gl(2)-dominant weights μ, where

μ = w(λ + ρ)− ρ
holds for some element w of length l(w) = p in the Weyl group of Sp(4,Q).
According to Chai and Faltings [19], Theorem 5.5(i), p. 233, the spectral sequence

Ep,q1 = Hq(X,K
p

λ)⇒ Hp+q(X,Eλ)

degenerates at the 1-level.
In our case let us make this more explicit.
Given the dominant weight λ = (λ1, λ2), such that λ1 ≥ λ2 ≥ 0, of the

group Sp(4), there are four substitutions w in the Weyl group of Sp(4), such that
μ = w(λ + ρ)− ρ is Gl(2)-dominant. These are the Weyl group elements denoted
id, σ, τ, ω of length 0, 1, 2, and 3, respectively, where σ(u, v) = (u,−v), τ(u, v) =
(v,−u), and ω(u, v) = (−v,−u). For these substitutions μ = w(λ+ρ)−ρ is given
by (λ1, λ2), (λ1,−λ2−2), (λ2−1,−λ1−3), and (−λ2−3,−λ1−3), respectively.

Since W
∗
(μ1,μ2) = W (−μ2,−μ1) [19], p. 229, we obtain

K
0

λ = W (−λ2,−λ1), K
1

λ = W (λ2+2,−λ1),

K
2

λ = W (λ1+3,1−λ2), K
3

λ = W (λ1+3,λ2+3).

Example 1.1. For (λ1, λ2) = (0, 0) we get the sheaves of differentialsK
p

λ = Ω
p

X =
ΩpX(log) with log poles at the boundary. In fact Ω

1

X = W (2,0).

Example 1.2. For λ = (2, 0) we have H1(X,Eλ) = H1(X,ΩX(log)∗).

Hodge Structure (weights). Let us first review certain facts about the mixed
Hodge structure defined on H3(X,Eλ1,λ2). The pure part of this Hodge structure,
which contains the image of the space of holomorphic cusp forms or the image
of the cohomology with compact support, has weight 3 + λ1 + λ2 (algebraic nor-
malization) or formal weight 3 (unitary normalization of Eλ). For details see [19],
Theorems 5.5 and 6.2 and p. 237.

F-filtration. On H3
! (X,Eλ1,λ2) = image(H3

c (X,Eλ1,λ2) → H3(X,Eλ1,λ2))
we have a pure Hodge structure, since this space is contained in the restric-
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tion of the cohomology of the smooth toroidal compactification. According
to [19], Theorem 5.5, the decomposition of the weight 3 Hodge structure on
H3

! (X,Eλ1,λ2) = image(H3
c (X,Eλ1,λ2) → H3(X,Eλ1,λ2)) into (p, q)-types

yields “formal” Hodge types with p expressed as

p = ρ(H)− w(λ + ρ)(H),

where H = (1/2, 1/2,−1/2,−1/2) holds (everything is now in the unitary
normalization [19], pp. 231 and 232). Notice that the weight (μ1, μ2) maps
(x1, x2,−x1,−x2) (an element from the Lie algebra of the diagonal matrices in
Sp(4)) to μ1x1 +μ2x2; hence, (μ1, μ2)(H) = μ1+μ2

2 . For the Weyl group elements
1, σ, τ, ω this gives p = − 1

2 (λ1 + λ2), p = 1 − 1
2 (λ1 − λ2), p = 2 + 1

2 (λ1 − λ2),
and p = 3 + 1

2 (λ1 + λ2), respectively.
Let us return for a while to the more familiar algebraic normalization. Removing

the formally defined Tate twist Q(r) on

H3
! (X,Eλ1,λ2) = image

(
H3
c (X,E(λ1,λ2))→ H3(X,E(λ1,λ2))

)
,

for the half-integer r = λ1+λ2
2 , we obtain the algebraic normalization with the

Hodge types (p, q)alg = (p, q)unit + (λ1+λ2
2 , λ1+λ2

2 ), where palg ranges now over
the integers 0, 1+λ2, 2+λ1, 3+λ1+λ2. This defines an “honest” Hodge structure on

V = H3
! (X,Eunit(λ1,λ2)(−r)) = H3

! (X,Ealg(λ1,λ2)
),

which is pure of weight λ1+λ2+3 = k1+k2−3. Its decomposition into (p, q)-types
is given by

V = V (k1+k2−3,0) ⊕ V (k1−1,k2−2) ⊕ V (k2−2,k1−1) ⊕ V (0,k1+k2−3) .

The new notation k1 = λ1 + 3 and k2 = λ2 + 3 is introduced for the following
reason.

Links with Holomorphic Modular Forms. Consider the complex analytic situa-
tion. Then the space of global sections H0(X,W (k1,k2)) can be identified with the
space [Γ, (k1, k2)] of classical Siegel holomorphic vector-valued modular forms of
weight (k1, k2). The degeneration of the spectral sequence [19], Theorem 5.5, gives
inclusions from the edge homomorphisms

[Γ, (λ1 + 3, λ2 + 3)] = H0(X,Wλ1+3,λ2+3) = H0(X,K
3

λ) ↪→ H3(X,E(λ1,λ2)).

Hence, vector-valued holomorphic modular forms of weight k1 ≥ k2 ≥ 3 can
be embedded into the cohomology of suitable canonical coefficient systems Eλ.
These embeddings are compatible with the action of Hecke operators. The case
k1 = k2 = k corresponds to classical Siegel modular forms of weight k.

For k1 ≥ k2 ≥ 3 the space of holomorphic cusp forms [Γ, (k1, k2)] maps to the
subspace V (k1+k2−3,0) of the Hodge decomposition.
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Remark 1.1. More generally for k1 ≥ k2 > 0 one could ask which holomorphic
cusp forms can be detected by higher cohomology groups. From the list above we
see that the space of vector-valued holomorphic modular forms of type (k1, k2) can
be embedded into the cohomology of a canonical coefficient system if and only if
ρ+ (−k2,−k1) is not Sp(4)-singular. In other words in all cases where k2 �= 2 and
(k1, k2) �= (2, 1) or (k1, k2) �= (1, 1).

1.2 Automorphic Representations

For the group G = GSp(4,Q) of symplectic similitudes we consider the corre-
sponding Shimura varieties

SK(C) = G(Q) \G(A)/Zentr(h)∞K,

where K is a compact open subgroup of G(Afin), and where Zentr(h)∞ is con-
tained in the product of a maximal compact subgroup K∞ and the topologically
connected component AG(R)0 = Z0

G,∞ of the center ZG,∞ of G∞ = G(R)
(we also refer to [110]). As an analytic space each SK(C) is a disjoint union
of Siegel modular varieties X =

⊔
i Γi \ H for certain Γi depending on K , as

considered in Sect. 1.1. The topologically connected components π0(SK(C)) =
π0(G(Q) \G(A)/Zentr(h)∞K) can be identified with

(
∏

p

Z∗
p)/ν(K),

where ν : G → Gab ∼= Gm is the similitude character of G. Hence, the results of
Sect. 1.1 also apply for the analytic spaces SK(C). In particular, we can consider
the embedding of the spaces of holomorphic modular forms for X = SK(C) and
H•(X,Eλ) as follows.

The adele group GSp(4,Afin) acts on the direct limit

H•(S(C), Eλ) = lim→ K H•(SK(C), Eλ)

by an admissible representation. The automorphic representation of the group
GSp(4,Afin) on the direct limit overK of the spaces

⊕
i[Γi, (k1, k2)] of holomor-

phic vector-valued modular forms of type (k1, k2) with fixed k1 ≥ k2 ≥ 3 (holo-
morphic discrete series) embeds into the representation H3(S(C), Ek1−3,k2−3), as
explained in Sect. 1.1.

Furthermore, it is well known (see [13] or again [19], p. 233) that the subspace
of cusp forms within this space of holomorphic modular forms maps under this
embedding into the cohomology subspace

H3
! (X,Eλ) = Image(H3

c (X,Eλ)→ H3(X,Eλ)).
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Let us fix k1 ≥ k2 ≥ 3; hence, λ = (k1 − 3, k2 − 3) and E = Eλ. Attached to
(k1, k2) there exists the holomorphic discrete series representation πhol∞ (k1, k2) of
GSp(4, R) of type (k1, k2). Then from what has been said above we get

Lemma 1.1. The subspace defined by the direct limit of holomorphic cusp forms is
injected into H3

! (S(C), Ek1−3,k2−3), and is isomorphic to

⊕

π=πfin⊗π∞,hol(k1,k2)

πfin

as a module under the group GSp(4,Afin). The sum extends over all irreducible
cuspidal automorphic representations π = π∞⊗πfin, such that π∞ belongs to the
holomorphic discrete series of type (k1, k2).

Fixing notation. For an irreducible cuspidal automorphic representation π
of GSp(4,A), let S be a finite set of non-Archimedean places, which in-
cludes the ramified places of πfin. Choose a compact open small level group
K = KSKS ⊆ G(Afin) such that πK is nonzero, where KS = GSp(4,ZS)
is the maximal compact subgroup of unimodular symplectic similitudes at the
non-Archimedean places outside S.

Canonical Models. The Shimura varieties X = SK(C) have canonical models
over the field Q. For the groupKS there are two particular choices of interest.

The First Choice. KS = KN ⊆ GSp(4,ZS) is a principal congruence subgroup
of level N , i.e., the subgroup of all matrices g ∈ GSp(4,ZS) with the congruence
condition g ≡ idmodN for the integerN =

∏
l∈S l

vl(N). In fact, for this choice of
K , the Shimura variety can be identified with the complex analytic space attached to
the moduli space of principally polarized Abelian varieties with level N structure.
LetM temporarily denote its canonical model over Spec(Q(ζN )).

The Second Choice. Within the set S of bad non-Archimedean places we as-
sume KS = K ′

N to be a “modified” principal congruence subgroup (denoted K(2)
N

in [110], p. 102). K ′
N is the group generated by the matrices M ≡ id mod N in

GSp(4,Zf ) in KS together with the matrices

(
E 0
0 λ · E

)

, λ ∈ Z∗
f .

Obviously, Δ = K ′
N/KN

∼= (Z/NZ)∗. Let the model temporarily denoteM′.

For both choices the corresponding Shimura variety SK(C) has a canonical
model defined over Spec(Q). For the second choice this modelM′ becomes ge-
ometrically connected, which is convenient from the point of view of classical al-
gebraic geometry, whereas the canonical model M considered as a scheme over
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Spec(Q) by restriction of scalars has many geometric components. However, using
Galois descent (see [24], p. 286, Lemma 2.7.5), these two modelsM andM′ are
related by Remark 1.2, which easily allows us to pass from one point of view to the
other.

Remark 1.2. For fixed N with the notation above the canonical Q-model M is
obtained from the Q-model M′ by the Cartesian product M = M′ ×Spec(Q)

Spec(Q(ζN )).

M

��

Δ

���������������

M′

��

Spec(Q(ζN ))
Δ

�������������

Spec(Q)

The action ofK ′
N onM factorizes over the quotient Δ = (Z/NZ)∗, and this action

is compatible with the Galois action on Spec(Q(ζN )) provided the reciprocity law
has been suitably normalized.

The spaceM′ is a quotient ofM. We will later consider certain ample divisors
on the quotient spaceM′, which pull back to an ample divisor of the geometrically
nonconnected schemeM.

For places p outsideS,M has a smooth modelX over Spec(Zp) for levelN ≥ 3
and (p,N) = 1 defined by the moduli space of principal polarized Abelian varieties
with level N structure.

Generalized Eigenspaces. Let HS denote the Hecke algebra of all KS bi-
invariant functions on G(AS) with compact support. The Hecke algebra HS acts
on the cohomology groups H•(X,E) and H•

c (X,E) via correspondences. Let us
fix some further notation which will be used frequently. Let S be a set of places as
above containing all bad places. Consider some non-Archimedean place p not in S.
This will be a prime of good reduction for the model X of SKNKS (C). Then we
write

A = R×Afin = R×AS ×Qp ×Af ,

where f means finite places away from S and some distinguished prime p, also
called the Frobenius prime later. In particular, we will consider the tensor decompo-
sition

π = π∞ ⊗ πfin
for

πfin = πS ⊗ πp ⊗ πf .
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Hence, in this setting we always let S be some fixed finite set including all ramified
places of π, and p will be some distinguished unramified place for π (i.e., not in
S). At the remaining non-Archimedean places the spherical representation πf is
then uniquely determined by the eigenvalues of the action of the Hecke algebra Hf

on its spherical vector. Any finite-dimensional module V of the commutative Hf

algebra uniquely decomposes into a direct sum of generalized eigenspaces (Jordan
blocks) V = ⊕V (χ), on each of which the semisimplification of the image of Hf

in End(V ) acts by a character χ ofHf . If χ arises from the spherical representation
πf , we also write V (χ) = V (πf ) for this generalized eigenspace. In the following
we consider the following generalized eigenspaces

H•(X,E(πf )) := H•(X,E)(πf )

on the finite-dimensional vector space H•(X,E)

H•(X,E) =
⊕

πf

H•(X,E(πf ))

for K = KNK
S and KS = KpKf = GSp(4,ZS). Furthermore, we consider the

related spaces H•
c (X,E(πf )) and H•

! (X,E(πf )).

1.3 CAP and Toric Representations

For a reductive group G over Q let π be any irreducible cuspidal automorphic rep-
resentation of G(A). For a parabolic subgroup P ⊆ G for almost all places v the
following holds:

• There exists an irreducible representation τv , with central character denoted ωv,
of the Levi component of Pv such that πv is a subquotient of IndGv

Pv
(τv).

Definition 1.1. The cuspidal representation π will be called CAP [69] if for a proper
parabolic subgroup P ⊆ G over Q there exists a finite set of places T such that the
representation ⊗v/∈T τv of the Levi group of P is automorphic or it will be called
toric if its central character ⊗v∈Tωv is automorphic (viewed as a character of the
center of the Levi component).

Being CAP or toric is, of course, a property of the weak equivalence class of irre-
ducible cuspidal automorphic representations π ofG; hence, we will not distinguish
between π and πf in using this notation.

Recall. Two irreducible admissible representations are called weakly equivalent if
their local admissible representations coincide at almost all places.

Obviously CAP implies toric. It seems plausible that a converse form also holds,
i.e., an irreducible cuspidal automorphic representation should be toric if and only
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if it is a CAP representation. See [112] for some results in this direction in the case
of the group G = GSp(4). The CAP representations for the group G = GSp(4)
have been classified by Piatetski-Shapiro [69] and Soudry [97].

Theorem 1.1. Let us maintain the notation from above. For an irreducible cuspidal
automorphic representation π whose infinite component π∞ belongs to a holomor-
phic discrete series representation of type (k1, k2), consider the spherical represen-
tation πf as above and the sheaf E = Eλ for λ = (k1 − 3, k2 − 3). Then:

1a. The generalized πf -eigenspace H3
! (X,E(πf )) ⊆ H3(X,E(πf )) is nontrivial

for some X = SK(C) for some K =
∏
v �=∞Kv with Kv = GSp(Zv) for all

v, where π is spherical.

1b. If π not is CAP (or toric)

(

H3(SK(C), E)/H3
! (SK(C), E)

)

(πf ) = 0 for

all K .
2. If π is not CAP, for all K the generalized eigenspaces

H i(SK(C), E(πf )) = 0, i �= 3

vanish in degree different from i = 3.

Corollary 1.1. Suppose π is not toric. Then for all Hecke operators fp ∈
C∞
c (G(Qp)//Kp) and X = SK(C) the following holds:

−Trace(πp(fp);H3(X,E(πf ))) =
6∑

i=0

(−1)iTrace(πp(fp);Hi(X,E(πf )).

Proof of Theorem 1.1. By our assumptions regarding π and E, the assertion (1a)
follows from Lemma 1.1. In particular,

H3(S(C), Ek1−3,k2−3) �= 0.

By assumption π is cuspidal, but not CAP. Hence, all generalized eigenspaces

H•(SK(C), E)(πf ))

are contained in the subspaces H•
! (SK(C), E), since from [83] the cohomology

is spanned by the subspaces H•
! (SK(C), E) and the Eisenstein cohomology. We

remark that this result in [83] uses the Borel–Serre compactifications. Since π is
not CAP, the generalized eigenspace of πf on the Eisenstein cohomology is obvi-
ously trivial; hence, this implies (1b), and for (2) it is enough to consider the co-
homology groups Hi

! (X,E). In other words, one has to show the vanishing of the
H i

! (SK(C), E(πf )) for i �= 3. �
This will be done in the remaining sections of this chapter with arguments that
are a slight modification of those in [112, 114]. They use the weak form of the
Ramanujan conjecture proven in Chai and Faltings [19], p. 264. The point will be
that if πf contributes nontrivially to the third cohomology of E and to some other
cohomology group of E in a different degree, then the L-series of πf will have a
pole, which forces π to be CAP, contradicting the assumptions.
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1.4 The l-Adic Sheaves

Remark 1.3 concerns the sheaves E. For the following fix some auxiliary prime l,
say, contained in S. Furthermore, fix an isomorphism ι between the algebraic clo-
sure of Ql and C. The comparison isomorphism allows us to identify Betti cohomol-
ogy and Ql-adic cohomology. We now consider the l-adic version of the coefficient
system E.

In fact, the sheaves E = Eλ can already be defined as an l-adic smooth Weil
sheaf of a model over Q of the algebraic varietyX = SK(C). They are of geometric
origin and occur in the direct image of products of the universal Abelian variety

As → SK(C), As = A×SK(C) A×SK(C) . . .×A.

For λ = (1, 0) the basic example is the sheaf Eλ = R1π∗(Ql). All the other l-adic
coefficient systems Eλ can be produced from such direct images in a similar way.
See [19], p. 235.

The construction also works over Spec(Z)\S. Consider a prime not in S and let
T be the spectrum of the strict henselization of Z with respect to this prime. There
exists a smooth model π : XT → T of the moduli space defined by SK(C) (for
N ≥ 3) together with a universal Abelian variety A (or products of it over XT ),
being smooth over XT . This defines coefficient systems E = Eλ.

Lemma 1.2. The construction above defines smooth sheaves E on XT such that the
sheaves R•π!(E) and R•π∗(E) are smooth on T and commute with arbitrary base
change T ′ → T .

Proof of Lemma 1.2. Since the Leray spectral sequence for the morphism π de-
generates at the E2-level by the Liebermann trick (cohomology decomposes by
the different eigenvalues of the multiplication map), this leads us to consider the
case of the constant sheaf Ql and its higher direct images with respect to the com-
posed morphism from the Cartesian product f : As → XT → T . This map is
smooth and admits a proper smooth extension f : As → T , where the bound-
ary divisor is a relative divisor with normal crossing [19], p. 195. Hence, accord-
ing to [72], theorem of finitude (App. 1.3.3(ii)), the pair (f,Ql) is cohomologically
proper. Therefore, the higher direct image sheaves Rf∗(Ql) commute with arbi-
trary base change T ′ → T . So, according to [72], theorem of finitude (App. 2.4),
the specialization and the cospecialization maps are isomorphisms, because f is
smooth and therefore locally acyclic. Therefore, the direct image sheavesRif∗(Ql)
are smooth sheaves.

Without restriction of generality, the morphism f can be compactified by a pro-
jective morphism f [19], p. 207; therefore, the relative Poincaré duality theorem
holds for the morphism f

Rf∗RHom(K, f !(Ql)) ∼= RHom(Rf!(K),Ql).

f !(Ql) = Ql[2d](d), since f is smooth, where d is the relative dimension. Hence,
the cohomology sheaves of the complex RHom(Rf!(Ql),Ql) are smooth sheaves
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on T . By the theorem of finitude (Theorem 4.3) this complex is quasi-isomorphic
to D(Rf!(Ql)); hence, Rf!(Ql) ∼= D(D(R!f(Ql))) = D(R∗f(Ql)). A spectral
sequence is now obtained from Rf!(Q) = D(R∗f(Ql)), which computes Rif!(Q)
in terms of the Rif∗(Ql). It has smooth E2-terms by the result above; therefore, no
higher Ext sheaves occur. Hence, the spectral sequence degenerates. Thus, also the
sheaves Rif!(Ql) are smooth sheaves on T . �

Positive Characteristics. Fix some prime p /∈ S and different from l. Lemma 1.2
now allows us to consider the situation in characteristic p using base change. Let
nowX andX, respectively, denote the moduli scheme and a smooth proper toroidal
compactification over the algebraic closure Fp of the prime field of characteristic p.
(Of course, the sheaf E need not extend to a locally constant coefficient system
on X.) First of all, H•

c (X,E) is independently defined using comparison isomor-
phisms, whether we consider X = SK(C) to be the Shimura variety over C or use
its smooth reduction mod p of a model over T , considered as a scheme over Fp.
Namely, these spaces will be identified using the specialization map. This follows
from the base change assertions of Lemma 1.2. By Poincaré duality, the same holds
for cohomology with compact support and therefore also forH•

! (X,E). These iden-
tifications are equivariant with respect to the action of the Hecke correspondences
on these cohomology groups.

Reduction Mod p. To simplify comparison with automorphic L-series later, we
choose a square root p1/2 of p in Ql and an isomorphism ι : Ql

∼= C and normalize
the Weil sheaves Eλ by a half-integral Tate twist to become ι-pure Weil sheaves of
weight 0 (well defined over the residue field Fp after reduction mod p). For example,
E(1,0) = R1π∗(Q)l(1

2 ). This sheaf is self-dual as a Weil sheaf. The same is true for
the other Eλ by tensor calculus.

Over the algebraic closure Fp of the residue field the Frobenius automorphism acts
on the cohomology groups commuting with the action of the Hecke correspon-
dences. The eigenvalues of the Frobenius on the spacesHi

! (X,E) are pure of weight
i. To take into account that our spaces are not compact, let E be the sheaf complex
on X defined by the perverse intermediate extension of the sheaf E to the com-
pactificationX considered in characteristic p. This is a pure self-dual perverse Weil
sheaf complex of weight 0. Its cohomology groups are pure, and hence so are the
subquotientsH•

! (X,E).

1.5 Lefschetz Maps

By the hard Lefschetz theorem for the pure perverse sheaf E on X = SK(C) we
get for all r ≥ 0 isomorphisms

Lr : H3−r(X,E)→ H3+r(X,E)(r),
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where Lr is the map induced from the iterated cup product with the fundamental
class of some ample line bundle L on the toroidal compactification SK(C).

There are corresponding maps on the cohomology groups and cohomology
groups with compact support. We have a commutative diagram of morphisms

H•
c (X,E) → H•(X,E)
↓ ↓ res

H•
! (X,E) ↪→ H•(X,E)

compatible with the Lefschetz maps Lr. We consider these both in characteristic
p and characteristic 0. In positive characteristic Lr commutes with the Frobenius
action up to some factor (coming from the r-fold Tate twist). It is enough to consider
the case E.

Hecke operators. Next we show that Lr commutes with the action of Hecke
operators. Using the base change and smoothness (Lemma 1.2), the specializa-
tion map is an isomorphism outside S. It therefore suffices to consider the ques-
tion in characteristic 0. We can also replace the moduli variety X of level N by
some geometrically connected component X ′ using the remark of Sect. 1.2. For
the variety X ′ choose L as in [110]. Then, as explained in [110], pp. 104 and
108, the Lefschetz map Lr : H3−r

! (X ′, E) → H3+r
! (X ′, E)(r) is defined by

the iterated cup product with respect to the translation-invariant harmonic Kähler
2-form onG(R). The same then holds by pullback forX . Hence, L commutes with
the action of Hecke operators, because it already does so on the level of differential
forms. We therefore obtain induced maps preserving the generalized eigenspaces:

Lr : H3−r
! (X,E(πf ))→ H3+r

! (X,E(πf ))(r).

Lemma 1.3. Suppose πf is a representation which is not weakly isomorphic to an
Eisenstein representation attached to a proper parabolic subgroup. Then the restric-
tion of Lr to the generalized πf eigenspace defines an isomorphism

Lr : H3−r
! (X,E(πf ))→ H3+r

! (X,E(πf ))(r).

Proof. Poincaré duality applied to the self-dual sheaf E on X proves dimH3−r
!

(X,E) = dimH3+r
! (X,E)(r). Use Im(φ)∗ ∼= Im(φ∗) for the dual φ∗ of a linear

map φ : V → W between finite-dimensional Ql vector spaces. Apply this to the
natural map φ from cohomology with compact support to ordinary cohomology.
Observe that φ = φ∗ is self-dual with respect to Poincaré duality. Hence, it is enough
to show injectivity of Lr.

At this point of the proof we use a transcendental argument. According to [83] ev-
ery cohomology class has an automorphic representative in our case (for the general
case, this holds by a theorem of J. Franke). By our assumption regarding πf the rep-
resentatives have to be cuspidal. This means that the generalized πf eigenspaces are
contained in the cuspidal cohomology. Hence, they can be represented by harmonic
differential forms (with respect to the translation-invariant metric) that have rapid
decay on the Siegel space Γ\H . From [13], p. 47, the natural map from harmonic
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rapidly decreasing forms H•
rd(E) to the cohomology H•(Γ \ H,E) is injective

(coefficients ofE are assumed to be complex). As explained in the section on Hecke
operators above, the Lefschetz map Lr is realized by iterated cup products with
the translation-invariant harmonic Kähler 2-form ω. Hence, Lr preserves the space
H•
rd(E) of harmonic rapidly decreasing forms:

H3−r
rd� �

∧ωr

��

� � �� H3−r(X,E)

Lr

��
H3+r
rd

� � �� H3+r(X,E)

This shows that our hypothesis regarding πf implies that the natural map

H3−r(X,E(πf ))→ H3+r(X,E(πf ))(r)

is injective. By the dimension argument at the beginning of the proof it is therefore
an isomorphism. �

Remark 1.3. For the constant sheaf E = Ql the map

Lr : H3−r
! (X,E)→ H3+r

! (X,E)(r)

defines an isomorphism. See [114]. It would be interesting to know whether this
holds in general.

1.6 Weak Ramanujan

A weak form of the Ramanujan conjecture, proved in [19], p. 264, implies that the
graded generalized eigenspaceH•

! (X,E)(πf ), when considered in positive charac-
teristic p, is preserved by the Frobenius action. Furthermore, the Frobenius Frobp
can have at most four different eigenvalues on this subspace, and – although not
stated explicitly in [19] – the possible eigenvalues are given by

p3/2α0, p
3/2α0α1, p

3/2α0α2, p
3/2α0α1α2,

where these numbers define the local spinor L-function Lp(πf , s)

Lp(πf , s)−1 = (1− α0p
−s)(1 − α0α1p

−s)(1− α0α2p
−s)(1 − α0α1α2p

−s)

attached to π. Notice the shift by 3
2 (unitary normalization). The complex num-

bers α0, α1, α2 are the Satake parameters of the unramified local representation
πp attached to πf at the prime p. Owing to the unitary normalization, the value
(α0)2α1α2, which defines the central character, has absolute value 1.
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Low Degrees. Concerning the cohomology groups in degrees 0, 1, 5, 6 it is well
known that cuspidal representations do not contribute to these degrees. To see this,
it is enough to consider degrees 0 and 1 using Poincaré duality. By the vanishing
theorems for the continuous L2-cohomology groups Hq(Γ, V )(2), the cohomology
groupsHi

cusp(X,E) (sheaves with coefficients over C) vanish for i ≤ rkR(G)− 1.
Here rkR(G) = 2 denotes the real rank of the group GSp(4) ([13], pp. 40–
42, in particular Theorem 4.4(i).2). If, therefore, πf is not CAP, the generalized
eigenspaces Hi(X,E(πf )), etc. vanish in degree i = 0, 1, 5, 6. Hence, for the re-
maining part of this chapter – in particular for the proof of assertion (2) of The-
orem 1.1 – we can restrict ourselves to discussing non-CAP representations πf ,
whose generalized eigenspaces are nontrivial on the cohomology groupsHi

! (X,E)
both in degree 3 and in degree 2 (or degre 4). By Lemma 1.3 πf contributes both to
degree 2 and to degree 4.

Multiplicity 1. Let us now suppose πf is cuspidal automorphic, but not CAP,
and contributes to cohomology in the degrees i = 2, 3, 4. If β1, β2 are two differ-
ent eigenvalues of the Frobenius on H2

! (X,E)(πf ) and pβ1, pβ2 are two different
eigenvalues on H4

! (X,E)(πf ), corresponding vice versa under the Lefschetz iso-
morphism L, then by purity of the eigenvalues of the Frobenius on Hi

! (X,E) all
these four eigenvalues would be distinct from each other, having weights 2 and 4,
respectively. Then, by the weak form of the Ramanujan conjecture stated above,
these four eigenvalues must all be eigenvalues. This implies a contradiction, since
πf also contributes to degree 3. Hence, at least one of the eigenvalues of the Frobe-
nius must have absolute value of weight 3. Therefore, at most one eigenvalue of the
Frobenius Frobp occurs in H2

! (X,E). Then the same holds for H4
! (X,E) by the

Lefschetz isomorphism.

1.7 Residues of L-Series

For a cuspidal representation πf which is not CAP and violates assertion (2) of
Theorem 1.1, we conclude that the Frobenius at the prime p has at most one eigen-
value on the generalized πf -eigenspace of the cohomology in degree 2. If the action
of the absolute Galois group Gal(ΓQ) of Q on H2

! (X,E(πf )) is semisimple, then
the corresponding Galois representation has to be a multiple of a fixed Abelian char-
acter. The same is also true in degree 4.

To show semisimplicity we proceed as follows.
First we reduce to the case of the scheme X ′ such that X = X ′ ×Spec(Q)

Spec(Q(ζN )). Then according to [110], p. 104, there exists an ample divisor Y in
X defined over Q described below such that Y = Y 1 ∪ (X \X). Put Y = X ∩Y 1.
Then the restriction map on the right of

H2
! (X,E) � H2

c (X,E) ↪→ H2
c (Y,E|Y )
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is injective. This holds since the kernel is a quotient of H2
c (X \Y ,E), which is zero

by the affine vanishing theorem of Artin–Grothendieck. Notice thatX\Y = X\Y is
affine of dimension 3. The divisor Y is singular, a union of products of two modular
curves together with the components of the boundary divisor X \X , which itself is
a union of Shioda surfaces. Passing to the normalization of Y , one can control the
cohomology groups H2

c (Y,E|Y ) in terms of the cohomology groups of modular
curves and canonical coefficient systems on them as in [110]. Again as in [110]
this implies for H2

c (X,E), and hence for the quotient H2
! (X,E), semisimplicity

and furthermore that all one-dimensional Galois representations, which occur in the
(l-adic) cohomology, are grössen characters viewed as characters of the absolute
Galois group of Q.

That the Hecke algebra acts by a single character on H2
! (X,E(πf )) and

H4
! (X,E(πf )) (multiplicity 1) now easily implies that the absolute Galois group

ΓQ of Q acts by a multiple of some grössen character χ(−1) on H2
! (X,E)(πf ) for

a Dirichlet character χ. Similarly, in degree 4, it acts by the corresponding multiple
χ(−2).

We still assume that πf is cuspidal, but not a CAP representation, and contributes
to degree 3, however not exclusively. Then both pχ(p) and p2χ(p) must occur as
eigenvalues of the FrobeniusFrobp on the generalized eigenspacesH•

! (X,E(πf )).
These two numbers occur among the four “roots” of the spinor L-series at the
prime p. Since the Weyl group acts transitively on the four “roots” of the local
spinor L-function Lp(πp, s), we can assume p3/2α0 = pχ(p) without restriction of
generality. Furthermore, the Weyl group allows us to interchange α0α1 and α0α2.
So we can assume p2χ(p) to be either p3/2α0α1 or p3/2α0α1α2. Hence, for all
primes p /∈ S (S is finite, fixed, and large enough) one of the two cases holds:

• Case 1. α1 = p
• Case 2. α1α2 = p

Lemma 1.4. α1α2 = p holds for all p /∈ S, and |α1| = |α2| = p1/2. Furthermore,
p3/2α0 = pχ(p), and the central character of π is ωπ = χ2.

Proof. Assume to the contrary α1 = p. The unitary central character ωπ of π is
related to the value α2

0α1α2, which has absolute value 1. Since p3/2α0 = pχ(p) and
α1 = p, this would imply |α2| = 1. Notice p3/2α0α1α2 then has absolute value
p2; hence, at least one of the values p3/2α0α1 or p3/2α0α2 occurs as an eigenvalue
of the Frobenius in the third cohomology with absolute value p3/2. Since α1 = p,
|α2| = 1, and α0 = χ(p)p−1/2, this is impossible; hence, only the second case
α1α2 = p is possible. Then α0 = χ(p)p−1/2 and α0α1α2 = χ(p)p1/2. Again
there must be an eigenvalue p3/2α0α1 or p3/2α0α2 of absolute value p3/2 coming
from the third cohomology. Therefore, |α1| = |α2| = p1/2. Finally ωπf

(q) = α0 ·
α0α1α2 = p−1/2χ(p) · p1/2χ(p) proves the last claim. This proves the lemma. �

The Final Contradiction. Consider the partial L-series for the primes p /∈ S

LS(π, s) =
∏

p/∈S
Lp(π, s).
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Since (1 − α0α1α2p
−s)−1 = (1 − χ(p)p

1
2−s)−1 by Lemma 1.4 and α0 =

χ(p)p−1/2, the estimates for the Satake parameters |α1| = |α2| = p1/2 obtained
above imply for any Dirichlet character χ̃

Ress= 3
2
LS(π ⊗ χ̃, s) = c ·Ress=1L

S(χχ̃, s), c �= 0,

where c is some nonvanishing constant arising from an absolutely convergent prod-
uct. Since the partial Dirichlet L-series LS(χχ̃, s) has a pole at s = 1 for χ̃χ = 1,
the partialL-seriesLS(π⊗χ̃, s) of the representation π⊗χ−1 has a pole at s = 3/2.
Furthermore, π has central character χ2; hence, π⊗χ−1 has trivial central character
by Lemma 1.4. The characterization of CAP representations of PGSp(4,A) in [69]
thus forces π ⊗ χ−1 to be a CAP representation of the group PGSp(4,A) of the
Saito–Kurokawa type. That π is a CAP representation of GSp(4,A), however, was
excluded by assumption. This proves Theorem 1.1.

Corollary 1.2. Let π = π∞πfin be an irreducible cuspidal automorphic represen-
tation with infinite component π∞ belonging to the L-packet of the holomorphic
discrete series of type (k1, k2), and let E = E(k1−3,k2−3) and πf be as above. If π
is not a CAP representation, then it contributes only to cohomology in degree 3, in
the sense that H3(X,E(πf )) �= 0 but Hi(X,E(πf )) = 0 for i �= 3.

Remark 1.4. The CAP representations which appear for the classical holomorphic
Siegel cusp forms of weight k ≥ 3 (k1 = k2 = k) are just those given by the Saito–
Kurokawa lift. See [69]. The situation is reversed for weights k = 1, where the CAP
forms studied by Soudry appear. See [111].



Chapter 2
CAP Localization

In this chapter, we will express the π-isotypic Lefschetz numbers of Hecke operators
acting on the cohomology of symmetric spaces SK(G) attached to reductive groups
G in terms of so-called elliptic traces Tell, provided the underlying representation
π is not a cuspidal representation associated with a parabolic subgroup (CAP rep-
resentation) of G(A). In the following two chapters we derive from these formulas
all the essential information required.

For a connected reductive group G over Q, let K∞ be a maximal compact sub-
group of G∞ = G(R) and let AG(R)0 be the topologically connected component
of the maximal Q-split componentAG of the centerZG ofG. ThenXG = G∞/K̃∞
for K̃∞ = K∞ ·AG(R)0 will be called the connected symmetric space attached to
G. For a compact open subgroupK ⊆ G(Afin)

SK(G) = G(Q) \ (XG ×G(Afin)/K
)

= G(Q) \ (XG ×G(Afin)
)
/K

is a disjoint union of arithmetic quotients of XG.

Example 2.1. For G = GSp(4,Q) we have XG = H ∪ −H for the Siegel upper
half-spaceH of genus 2. Hence, SK(G) does not coincide with the Shimura variety
SK(C), which is an unramified covering of SK(G).

Assumption Regarding Gder. In this chapter assume that the derived group Gder
of G is simply connected. This property is inherited by the Levi subgroups L of G.

Proof: G = GderZ(G) and Z(G) ⊆ L implies Lder = (Gder ∩ L)der. L ∩ Gder
is a Levi group of Gder , since this holds for the Lie algebras by characterizing Levi
subgroups as centralizers. So it is enough to consider the semisimple case to see
that Lder is simply connected. For this case see [99], Lemma 5.3 or Theorem 5.8,
p. 208, which proves the claim. Since all groups Lder are simply connected implies
that the centralizers Lγ of semisimple elements in the Levi groups L are connected
reductive groups.

Lefschetz Numbers. An irreducible complex representation of the group G∞ =
G(R) with highest weights λ restricts us to a representation ofG(Q), which defines

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 19
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 2,
c© Springer-Verlag Berlin Heidelberg 2009
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a coefficient system1 Vλ on SK(G). The cohomology groups Hν(SK(G), Vλ) are
modules under the Hecke algebra of K-bi-invariant functions on G(Afin) with
compact support. Assume K =

∏
vKv. Fix a finite set S of non-Archimedean

places such that for all non-Archimedean places v /∈ S the group Kv is a special,
good maximal compact subgroup of Gv. Let

πS = ⊗v/∈Sπv
be an irreducible spherical automorphic representation of G(AS

f ). The πS-isotypic
generalized eigenspace of the νth cohomology group

Hν(SK(G), Vλ)(πS)

is a module under the Hecke algebra HS,K ⊆ HS , defined by the locally constant
KS-bi-invariant functions on G(AS) with compact support. A simple formula for
the trace of Hecke operators fS ∈ HS = ⊗v∈SHv in the subspace HS,K of the
Hecke algebra (see Appendices 1 and 2) defined by

trs(fS) =
∑

ν

(−1)νtr
(

fS , H
ν(SK(G), Vλ)(πS)

)

is provided by the topological trace formula of Goresky and MacPherson. Assume
that the unramified automorphic spherical representation πS of G(AS

f ) is not iso-

morphic to a subquotient of an induced representation IndG
S

PS (σS) for all proper
parabolic subgroups P �= G with Levi component L, and all irreducible automor-
phic representations σS of L(AS

f ). In this case πS is cuspidal, and πS is not a CAP
representation in the sense of [69, 97]. With these assumptions, the formula for the
trace of fS is further simplified (Sects. 2.6, 2.8).

Of special interest is the case where G∞ has discrete series representations
(Sect. 2.9). In this case the formula for the trace becomes the following (see
Corollary 2.6): If the group K =

∏
vKv is small and πS is not CAP, the trace

Trs(fS) of fS is equal to

d(G) ·
′∑

γ∈G(Q)/∼
τ(Gγ)OG(A)

γ (fSfπSf∞).

The sum is over all strongly elliptic semisimple conjugacy classes in G(Q) (see
page 46); Gγ denotes the centralizer of γ in G, which by our assumptions is a con-

nected reductive group. The coefficients OG(A)
γ are adelic orbital integrals. Mea-

sures are such that voldgf
(K) = 1 and voldg∞dgf

(
G(Q) \ G(A)

)
= τ(G) is the

Tamagawa number. The function fπS is a suitable chosen good πS-projector de-
pending on the fixed fS (see Sect. 2.8), and f∞ is a suitable linear combination
of pseudocoefficients of discrete series representations with respect to the measure
dg∞ (see Sect. 2.9). The correspondingL-packet is determined by the representation

1 In this chapter we consider the dual Vλ of the coefficient system Eλ of Chap. 1.
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λ defining the coefficient system Vλ. d(G) denotes the number of discrete series rep-
resentations in this L-packet.

Remark 2.1. If K̃∞ is replaced by a subgroupU of finite index such thatG∞/U →
G∞/K̃ = XG is a finite unramified covering of degree d, then the trace formula
also holds for G(Q) \ (G∞/U × G(Afin)/K except that the formula above has
to be multiplied by the degree d of the covering. This applies for Shimura varieties
(G, h) attached to a reductive Q-group, for which Z(G)/AG is R-anisotropic, since
in this case the centralizer Z(h) of the structure homomorphism h of the Shimura
variety is a subgroup of finite index in K̃ = K∞ ·AG(R)0. See page 53.

2.1 Standard Parabolic Subgroups

Fix a minimal Q-parabolic subgroup P0. For a Q-rational parabolic subgroup
P = LN containing P0, and γ ∈ P (Q) let γL denote the image of γ under the
projection P (Q)→ L(Q) to the Levi component.

Contractive Elements. A semisimple element γ ∈ L(Q), which is contained in
a real torus T of L, which is R-anisotropic modulo AL is called P -contractive,
if |γσL|∞ > 1 holds for all simple roots σ (over the algebraic closure), which
occur in the Lie algebra of the nilpotent radical of P , restricted to the maximal
Q-split torus AL (in the center of L). In fact, it does not matter if we consider
the absolute root system or the Q-root system. Since γL = a∞ · x∞k∞x−1∞ for
a∞ ∈ AL(R)0, k∞ ∈ KL,∞, this implies |γσL|∞ = |aσ∞|∞ for all roots σ. Hence,
γL is P -contractive if and only if the central component a∞ is P -contractive and
this notion depends only on the L(Q)-conjugacy class of the element γ. Suppose
P = Pθ = LθNθ is a Q-rational standard parabolic subgroup defined by a subset θ
of the simple positive Q-roots. Then by definition |α(γL)|∞ = |aα∞|∞ = 1 holds
for all simple roots α ∈ θ. Since the roots in Lie(NP ) are the positive roots which
are not linear combinations of the roots in θ, the condition defining the notion
P -contractive may be replaced by the stronger condition: |γαL|∞ ≥ 1 holds for all
positive roots in Φ+, and |γαL|∞ = 1 holds if and only if α is a root which occurs in
Lie(LP ), or alternatively this could also be replaced by the condition |aα∞|∞ > 1
for all simple Q-roots α /∈ θ.

The Set W′. Let ΦG = Φ = Φ+ ∪ Φ− be the decomposition into the posi-
tive and negative roots of the absolute root system. Define W ′ as a subset of the
absolute Weyl group W (considered over the algebraic closure) to consist of the
elements w ∈ W for which Φ+ ∩ wΦ− ⊆ Φ(Lie(NP )) [33], p. 474, or equiva-
lently wΦ− ∩ Φ+

L = ∅ ⇔ w−1(Φ+
L) ⊆ Φ+

G. Then W ′ = WP is the set of all
w ∈W such that w−1(α) > 0 holds for all α ∈ θ. By a result obtained by Kostant,
W is the disjoint union of the cosets WL · w for representatives w ∈ WP ; hence
|WPθ | = |W |/|WLθ

|. Here WL denotes the absolute Weyl group of L, considered
as a subgroup of W = WG. The representatives w ∈ WP are uniquely character-
ized as the representatives of minimal length in the WL left cosets of WG.
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Inductivity. Notice the following inductive property of the sets WP ⊆ W . Let
P = Pθ1 ⊆ Q = Pθ2 ⊆ G be standard parabolic subgroups, corresponding to
θ1 ⊆ θ2. Let L = Lθ2 be the standard Levi component of Pθ2 . Then Pθ1 ∩ L = P ′

is a standard parabolic subgroup of L with Levi componentL′ = Lθ1 . In particular,
WP ′ ⊆WL is defined. Then

WP ′ ·WQ = WP .

In factw1 ·w2 = w′
1 ·w′

2 withw1, w
′
1 ∈WP ′

andw2, w
′
2 ∈WQ impliesWLθ2

w2 =
WLθ2

w′
2; hence, w2 = w′

2 and therefore also w1 = w′
1. By the above-mentioned

formula for the cardinalities it is enough to show that the product set on the left
side is contained in the right side. But this is clear. Every w−1

1 for w1 ∈ WP ′
maps

Φ(Lθ1)+ to Φ(Lθ2)+ and every w−1
2 for w2 ∈ WPθ2 maps Φ(Lθ2)+ to Φ+ =

Φ(G)+; thus, w1w2 ∈WPθ1 .

Characters. For a dominant weight λ of L let ψλ denote the character of the finite-
dimensional irreducible complex representation of L with highest weight λ. Let ρG
denote half of the sum of the roots in Φ+. Similarly define ρL for the reductive
group L. Put ρP = ρG − ρL as characters of L. If λ is a dominant weight for G,
then w(ρG +λ)− ρG is dominant for L (see [15], Sect. III.1.4 and Sect. III.3.1, and
[45]). Using the Coxeter lengths l(w), define

Ψ(γ, λ) =
∑

w∈WP

(−1)l(w)ψw(λ+ρG)−ρG
(γ−1
L ).

Since −ρG + ρP = −ρL, we have for γ ∈ L(Q)

|γ|−ρP∞ ·Ψ(γ, λ) =
∑

w∈WP

(−1)l(w)ψw(λ+ρG)−ρL
(γ−1
L ).

The Function r(γ). Let A denote the ring of adeles of Q andAfin the ring of finite
adeles. Let K =

∏
v finiteKv be a compact open subgroup of G(Afin). For a Q-

rational parabolic P = LN and for semisimple γ ∈ P (Q) define Γ = G(Q) ∩K ,
ΓN = Γ ∩N, Γ′ = Γ ∩ γ−1Γγ, Γ′

N = Γ′ ∩N . Then

r = r(γ) = [ΓN : Γ′
N ] = [ΓN : ΓN ∩ γ−1ΓNγ],

s = s(γ) = [γ−1ΓNγ : Γ′
N ] = [ΓN : γΓ′

Nγ
−1]

satisfy s(γ) = [ΓN : γ(ΓN ∩ γ−1ΓNγ)γ−1] = [ΓN : γΓNγ−1 ∩ ΓN ] = r(γ−1);
hence,

Lemma 2.1. s(γ) = r(γ−1), which only depends on γL.

Lemma 2.2. s(γ)/r(γ) = γ2ρP or |γρP |∞r(γ) = |γ−ρP |∞r(γ−1).
Proof. The quotient [ΓN : ΓN ∩γΓNγ−1]/[ΓN : ΓN ∩γ−1ΓNγ] is the virtual index

[ΓN ∩ γ−1ΓNγ:ΓN ∩ γΓNγ−1]=[ΓN ∩ γ−1ΓNγ:γ(ΓN ∩ γ−1ΓNγ)γ−1]=|γ2ρP |∞. �
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2.2 The Adelic Reductive Borel–Serre Compactification

As a set, the adelic reductive Borel–Serre compactification is

(SGK)+ = G(Q) \ [
⋃

P

XL × (G(Afin)/K)] = G(Q) \ [
⋃

P

XL ×G(Afin)]/K,

a disjoint union over all Q-rational parabolic subgroups P of G. XL = L∞/K̃L,∞
is the connected symmetric domain attached to L, i.e., K̃∞ = KL,∞AL(R)0, where
KL,∞ denotes a maximal compact subgroup of L∞ and AL(R)0 the topologically
connected component of the maximal Q-split subtorusAL in the center Z(L) of L.
Elements g ∈ G(Afin) act on the projective limit (SG)+ = limK(SGK)+ = G(Q)\
[
⋃
P XL×G(Afin)] by x 	→ xg−1. This defines a left action ofG(Afin) on (SG)+,

which induces a right action on cohomology groups. Now consider

T (g−1) : G(Q)x∞xfin 	→ G(Q)x∞(xfing−1).

Here x∞ ∈
⋃
P XL and xfin ∈ G(Afin). On the quotients (SGK)+ this defines

Hecke correspondences. Put

K ′ = K ∩ g−1Kg.

Then the induced Hecke correspondence is given by two maps c1 = T (1) and
c2 = T (g−1) (see Appendix 1)

(SGK′)+
c1 ��

c2
�� (SGK)+ .

The action of G(Q) on the Q-parabolic subgroups by conjugation is transitive
on the minimal Q-parabolic subgroups. Fixing a minimal parabolic P0, every Q-
parabolic is conjugate over Q to one and only one standard parabolic Q-subgroup
P with respect to P0. Since the stabilizer of P under conjugation with G(Q) is
P (Q), (SGK)+ is a union over the finitely many standard Q-parabolic subgroups
P = Pθ containing P0:

(SGK)+ =
⋃

P0⊆P
SPK , where SPK = P (Q) \ [XL ×G(Afin)]/K.

Goresky and MacPherson [33] deduced a formula for the alternating trace

trs(T (g−1);H•(SK(G), Vλ)
)

from the Grothendieck–Verdier–Lefschetz fixed-point formula which they applied
for the reductive Borel–Serre compactification (SGK)+ of SK(G). They used the
property that the cohomology groups H•(SK(G), Vλ) coincide with the coho-
mology groups H•((SGK)+, i∗Vλ) of the reductive Borel–Serre compactification
(SGK)+, where i : SK(G) ↪→ (SGK)+ is the inclusion. As in [33], Theorem
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(version 0), the Lefschetz fixed-point theorem of Grothendieck, Verdier, and Illusie
therefore expresses the Lefschetz number as a sum of “local” contributionsLC(F )

∑

P

∑

F

LC(F )

for the connected components F of the intersection of the fixed-point set of the cor-
respondence with the boundary strata SPK attached to the rational parabolic groupP .

Rational Hecke Correspondences. We say a double coset KgK or the corre-
sponding Hecke correspondence is rational if a representative g can be chosen to
be g = γfin for some γ = γ∞γfin ∈ G(Q). In this case the correspondence
T (g−1) defined on (SG)+ = G(Q) \ [

⋃
P XL × G(Afin)] satisfies G(Q)x∞ 	→

G(Q)x∞γ−1
fin = G(Q)γ∞x∞; hence, it induces the Hecke correspondence consid-

ered in [33], p. 467, defined by c1(Γ′y) = Γy and c2(Γ′y) = Γγ∞y.

2.2.1 Components

First consider the connected components of SPK . Since XL is topologically con-
nected, the topologically connected components h of the stratum SPK are the fibers
of the map

SPK = P (Q) \ [XL × (G(Afin)/K)] −→ π0(SPK) = P (Q) \G(Afin)/K.

For each component h = P (Q)xfinK in π0(SPK) put

ΓPh
= P (Q) ∩ xfinKx−1

fin and ΓNh
= N(Q) ∩ xfinKx−1

fin.

For KN(h) := N(Afin) ∩ xfinKx−1
fin and K ′

N(h) := N(Afin) ∩ xfinK ′x−1
fin

then obviously [KN(h) : K ′
N(h)] = [ΓNh

: Γ′
Nh

], where Γ′
Nh

:= K ′
N(h) ∩N(Q).

Fixed Components. Now consider the connected components F of the fixed-point
locus of a Hecke correspondence within SPK , for fixed P . Then

F ⊆ h
for some unique component h of SPK . If F is fixed, then h is also fixed. So we first
determine the fixed components h of the Hecke correspondence, and then the fixed
components F in h.

2.2.2 Fixed Components h

The component h = P (Q)(XL × {xfin})K is fixed

T (g−1)h = h,
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if and only if xfing−1K = γxfinK holds for some γ ∈ P (Q) and some k ∈ K .
Recall gK ′g−1 ⊆ K . Hence, γ−1xfing

−1 = xfink implies γ−1xfinK
′x−1
finγ ⊆

xfinKx
−1
fin. Thus,

γ−1Γ′
Ph
γ := P (Q) ∩ γ−1xfinK

′(γ−1xfin)−1 ⊆ P (Q) ∩ xfinKx−1
fin =: ΓPh

.

xfinK
′x−1
fin=xfinKx−1

fin∩xfing−1K(xfing−1)−1=xfinKx−1
fin∩γ(xfinKx−1

fin)γ
−1

again using xfing−1=γxfink. Hence, the intersection with P (Q) is Γ′
Ph

=ΓPh
∩

γΓPh
γ−1. In particular, Γ′

Nh
=(ΓNh

∩ γΓNh
γ−1). Hence, the fixed equation

T (g−1)h=h given by γ−1xfing
−1=xfink implies.

Lemma 2.3. [KN (h) : K ′
N(h)] = [ΓNh

: Γ′
Nh

] = [ΓNh
: (ΓNh

∩ γΓNh
γ−1)] =

r(γ−1). For fixed g,K this number only depends on P and the coset P (Afin)xfin.

Rationality. To simplify the notation we now replace K by xfinKx
−1
fin, and g−1

by xfing−1x−1
fin, which allows us to assume xfin = 1 without restriction of gen-

erality. Then the fixed-component equation becomes γ ∈ g−1K . Hence, the coset
g−1K ⊆ Kg−1K has a rational point, and the Hecke correspondence defined by
Kg−1K = KγK is rational. For a fixed component h one can thus reduce the lo-
cal computations of the local term LC(F ) for F to the classical setting considered
in [33].

2.2.3 Another Formulation

The action ofG(Q) on the Q-parabolic subgroups by conjugation is transitive on the
minimal Q-parabolic subgroups. Hence, choosing a minimal Q-parabolic P0, every
Q-parabolic is conjugate over Q to one and only one standard parabolic Q-subgroup
P with respect to P0. Since the stabilizer of P under conjugation with G(Q) is
P (Q), (SGK)+ is a union over the finitely many standard Q-parabolic subgroups
P = Pθ containing P0,

(SGK)+ =
⋃

P0⊆P
P (Q) \ [XL ×G(Afin)]/K.

Since gKg−1 ∩ NP (Afin) is open in NP (Afin) for P = LPNP , for the strata
SPK = P (Q) \ [XL ×G(Afin)]/K of

(SGK)+ =
⋃

P0⊆P
SPK

an easy density argument gives the formula SPK = LP (Q) \ [XL × (NP (Afin) \
G(Afin)/K)] or

SPK = LP (Q)NP (Afin) \ [L∞ ×G(Afin)]/K̃∞K.
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Hence, x ∈ (SGK)+ is a double coset represented by some x = x∞xfin ∈
L∞ × G(Afin). Iwasawa decomposition G(Afin) = P (Afin) · Ω for some
maximal compact group Ω containing the group K gives a finite decomposition
G(Afin) =

⋃
g P (Afin)gK . Therefore, the set π0(SPK) of the topologically con-

nected components is finite, since by a result obtained by Borel and Harish-Chandra
[14], M(Q) \M(Afin)/KM is finite for any reductive Q-group M and any com-
pact open group KM ⊆ M(Afin). Of course we may choose the representatives
elements

xfin = k ∈ Ω.

2.2.4 Small Groups

Consider compact open subgroups K ⊆ G(Af ) and K̃∞ = K∞Z0
G,∞, where K∞

is maximal compact in G∞. K ⊆ G(Afin) will be called small if

x−1nγx ∈ KK̃∞ZL,∞

for x ∈ G(A), n ∈ N(A), γ ∈ P (Q) and any Q-parabolic P = L · N with
unipotent radicalN implies γL ∈ ZL(Q) (image in the Levi component is contained
in the center) and in addition implies γL = 1 if γL is a torsion element.

Remark 2.2. Of course it is enough to demand this for all standard parabolic groups
containing a fixed P0.

Remark 2.3. “Small” implies “neat” in the sense that L(Q)tor ∩ (xKx−1 ∩
P )L = 1.

Small-level groups K exist: G(A) is a finite union of cosets P (A)kKK∞ for
k ∈ G(Afin). This allows us to replace K by some conjugate Kk, and x by some
p ∈ P (A), and gives equations p−1nγp ∈ Kk for p ∈ P (A) instead of x ∈ G(A).
Equivalently, m−1γLm ∈ (Kk ∩ P )L for m ∈ L(A), where the index L indicates
projection from P to the Levi component L. γL is semisimple since modulo the
center it is contained in a maximal compact subgroup of L∞. The groups L and
Lad = L/ZL are connected reductive groups; hence, by embedding Lad into some
linear group and using for Lad the argument at the beginning of the proof [44],
Proposition 8.2, one can show that only finitely many L(Q) conjugacy classes of
semisimple elements γL in Lad(Q) meet (Kk ∩ P )L. Shrinking K leaves us, con-
sidering eigenvalues, with the unique Q conjugacy class {1}. Thus, γL ∈ ZL(Q).
Finally, ZL(Q)tor is finite (consider a splitting field of ZL). Since it is enough to
consider the finitely many standard parabolic groups P and for each finitely many
cosets k, shrinkingK therefore allows us to assume ZL(Q)tor ∩ (Kk ∩P )L = {1}
for the finitely many relevant cases.
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2.3 Fixed Points

Now we want to determine the fixed points x of the Hecke correspondence T (g−1)
in the reductive Borel–Serre compactification (SGK′)+. They are described by the
equations c1(x) = T (1)x and c2(x) = T (g−1)x in (SGK)+. The unique component
h containing x is necessarily a fixed component. h is contained in a stratum SPK .
Now fix the standard parabolic P = LPNP , or P = LN for short.

Suppose x ∈ SPK′ is represented by x = x∞xfin ∈ L∞ ×G(Afin). Then x is a
fixed point of T (g−1) if and only if xg−1 = γ · x · k holds for some γ ∈ P (Q) and
k ∈ K̃L,∞K , or equivalently if and only if

x−1γx ∈ g−1KK̃L,∞.

We may replace x by another representative δ−1x, δ ∈ P (Q). Then instead of γ its
conjugate δγδ−1 appears in the fixed-point equation. Moreover

Lemma 2.4. The element γ is semisimple and R-elliptic. For small K the L(Q)-
conjugacy class of the image γL of γ in L(Q) is uniquely determined by the fixed
point x ∈ SPK′ .

Proof. The equation x−1
∞ γLx∞ ∈ K̃L,∞ implies that γL ∈ L(Q) is R-elliptic,

hence semisimple. Now choose an equivalent representative δnxk′ for x for
some n ∈ N(Afin), δ ∈ P (Q), k′ ∈ K̃L,∞K ′. Suppose xg−1 = γ1xk1 and
(δnxk′)g−1 = γ2(δnxk′)k2 holds for γi ∈ P (Q), ki ∈ K̃L,∞K . Replacing
k2 by k′k2(gk′g−1)−1 allows us to assume k′ = 1. Replacing γ2 by δ−1γ2δ al-
lows us to assume δ = 1. Hence, γ1xk1 = xg−1 = n−1γ2nxk2. Since K is
small, this implies γL ∈ ZL(Q) for γ = γ−1

1 γ2 and hence γ commutes with x∞,
which then implies γL ∈ K∞KL, where KL is the image of K ∩ P (Afin) in
L(Afin). Thus, γL ∈ ZL(Q) ∩ K̃L,∞KL. Looking at the Archimedean place
and the non-Archimedean places separately, this forces γL to be a torsion element.
Therefore, γL = 1, since K is small.

This lemma gives a decomposition of the fixed-point set in the stratum SPK′ ac-
cording to the conjugacy classes γL ∈ L(Q)/ ∼. �
Fixing γL/ ∼. We want to determine the set Fix(γL) of all fixed points x ∈ SPK′

of T (g−1), where in the fixed-point equation for some representative an element γ
appears whose projection to L(Q) belongs to the fixed conjugacy class γL/ ∼. To
unburden the notation we also write Fix(γ) instead of Fix(γL),

Fix(γ) ⊆ SPK′ = LP (Q) \ [(L∞/K̃L,∞)× (N(Afin) \G(Afin)/K ′)].

For x = x∞xfin ∈ L∞×G(Afin) the double coset x = L(Q)N(Afin)xK̃L,∞K ′

is in Fix(γ) if and only if there exist n ∈ N(Af ), δ ∈ P (Q), k ∈ K̃L,∞K, γ′ ∈
N(Q) such that n(δγ′γδ−1)xk = xg−1 holds, or equivalently if and only if there
exist n ∈ N(Af ), δ ∈ P (Q), k ∈ K̃L,∞K, such that

(∗) x−1nδγδ−1x ∈ g−1K̃L,∞K,

since we are free to replace n by nδγ′δ−1.
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By abuse of notation we do not distinguish between global elements γ, δ inG(Q)
and their images in Gv or G(Afin). Since x is considered in SPK′ = P (Q) \ [XL ×
G(Afin)]/K ′, we may replace x by δ−1x and n by δ−1nδ, which simplifies the
equations for Fix(γ). Hence, we get

Lemma 2.5. We have Fix(γ) ∼= L(Q) \
(

L(Q) ·∏v Solv(γ)
)

, where

Solv(γ) = {xv ∈ N(Qv) \ G(Qv)/K′
v | x−1

v nγxv ∈ g−1
v Kv holds for some n ∈ Nv}

at the non-Archimedean places v and K ′
v = Kv ∩ g−1

v Kvgv, and where

Sol∞(γ) = {x∞ ∈ L∞(R)/K̃L,∞ | x−1
∞ γLx∞ ∈ K̃L,∞ }

at the Archimedean place∞.

By abuse of notation we write Lγ for the centralizer LγL of the element γL in
L, which is a connected reductive group by the assumption that Gder is simply
connected.

Corollary 2.1. For small K we obtain Fix(γ) = Lγ(Q) \ Sol(γ) for Sol(γ) =∏
v Solv(γ).

Proof. L(Q)-equivalent solutions in Sol(γ), say, x−1n1γx and x−1n2δ
−1γδx in

g−1KK̃∞ for suitable n1, n2 ∈ N(Afin) and δ ∈ P (Q), satisfy x−1n2δ
−1γδγ−1

n1x ∈ KK̃∞ for some n ∈ N(A). We may then assume n1 = 1, and since K
is small, this implies δ−1

L γLδLγ
−1
L ∈ ZL(Q). Since the commutator δ−1

L γLδLγ
−1
L

is in Lder(Q), and since ZL(Q) ∩ Lder(Q) is finite, the commutator is a torsion
element, and hence is 1 since K is small. This implies δL ∈ Lγ(Q) and completes
the proof. �

2.3.1 Archimedean Place

Sol∞(γ) ∼= Lγ,∞/(Lγ,∞ ∩ K̃L,∞) by the corollary in Appendix 2, unless it is
empty. If it is nonempty, the Archimedean fixed-point condition shows that γL is
L∞-conjugate to a point in K̃L,∞. To determine Lγ,∞ we may therefore assume
γL ∈ K̃L,∞ without restriction of generality. Hence, the centralizer Lγ,∞ becomes
θ-stable for the Cartan involution θ (see Appendix 2). Therefore, K∞ ∩ Lγ,∞ is a
maximal compact subgroup KLγ ,∞ of Lγ,∞. Since AL(R)0 ⊆ Lγ,∞, Sol∞(γ) =
Lγ,∞/(KLγ ,∞AL(R)0) admits a smooth surjective map to the symmetric space
XLγ = Lγ,∞/(KLγ ,∞ALγ (R)0) of the centralizerLγ , which defines a trivial fibra-
tion by the Euclidean spaceALγ (R)0/AL(R)0, and hence a homotopy equivalence.
See the Remark 2.15 in Appendix 2.
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2.3.2 Non-Archimedean Places

Recall that T (g−1) and γ/ ∼ are now fixed. Let Ωv be the stabilizer of a special
point in the Bruhat–Tits building. Special points always exist, and Ωv is a maximal
compact subgroup of Gv. We now assume Kv ⊆ Ωv; hence, K ′

v ⊆ Ωv. Then by
the Iwasawa decomposition Gv = Pv · Ωv (see [103], Sect. 3.3.2). For k ∈ Ωv put
g−1
k = kg−1k−1, Kk = kKvk

−1, and K ′
k = kK ′

vk
−1. Elements xv ∈ Solv(γ)

may be written xv = p · k for p ∈ Pv and k ∈ Ωv. The coset (Pv ∩ Ωv)kK ′
v is

uniquely determined by xv , and G/K ′ =
⋃
k∈Pv∩Ωv\Ωv/K′

v
Pv/(Pv ∩ kK ′

vk
−1).

Therefore,
Solv(γ) =

⋃

k∈Pv∩Ωv\Ωv/K′
v

Solv(γ, k).

Here Solv(γ, k) = {p ∈ Nv \ Pv/(Pv ∩ kK ′
vk

−1) | p−1
L γLpL ∈ (g−1

k Kk ∩ P )L}
or

Solv(γ, k) ∼= Sv(γ, k)/K ′(k)v

for K ′(k)v := (Pv ∩ kK ′
vk

−1)L and

Sv(γ, k) =
{
m ∈ Lv

∣
∣
∣m−1γLm ∈ (g−1

k Kk ∩ Pv)L
}

=
⊎

ξv

(Lγ)v · ξv ·K ′(k)v.

This is a finite (possibly empty) union over representatives ξv ∈ Lv. From [53],
Propositions 7.1 and 8.2, there is only one representative ξv = 1 for almost all v.

2.3.3 Globally

With this notation

Sol(γ, k) = S(γ, k)/K ′(k)A for K ′
A(k) = K̃L,∞

∏

v fin

K ′(k)v,

where S(γ, k) =
{

m ∈ L(A) |m−1γLm ∈ K̃L,∞
(
g−1
k Kk∩P (Afin)

)
L

}

.Lγ(A)

acts on S(γ, k) from the left. Choose a decomposition

S(γ, k) =
⊎

ξ

Lγ(A) · ξ ·K ′(k)A

with representatives ξ ∈ L(A), where representatives ξ =
∏
v ξv are chosen to be

products of corresponding local non-Archimedean representatives ξv for Lγ(Qv) \
Sv(γ, k)/K ′(k)v , and ξ∞ = 1. Then
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Lemma 2.6. For small K the contribution of a fixed conjugacy class γ/∼ in L(Q)
to the fixed-point locus of T (g−1) is

Fix(γ) ∼=
⊎

k∈P (Afin)∩Ω\Ω/K′
Fix(γ, k),

F ix(γ, k) ∼=
⊎

ξ

Lγ(Q) \ Lγ(A)/(ξK ′(k)Aξ−1 ∩ Lγ(A)).

Of course Lγ(Q) \ Lγ(A)/(ξK ′(k)Aξ−1 ∩ Lγ(A)) =
⊎
Fν is a finite union of

arithmetic quotients Fν .

2.4 Lefschetz Numbers

The Lefschetz number becomes

∑

P

∑

γ/∼

∑

k

∑

ξ

∑

ν

LC(Fν),

where k ∈ P ∩ Ω \ Ω/K ′. Put F = Fν . For the local terms LC(F ) Goresky
and MacPherson gave an explicit description as a product χ(F )r(γF )Ψ(γF , λ) if
γF is P -contractive, and it vanishes otherwise. See [33], pp. 470–471 and Theorem
(version 3a), p. 474. Here γF = γ−1 is the characteristic element defined in [33],
p. 469, which is the inverse of the element γ defined in Lemma 2.4. Hence, if it is
nonvanishing, the local number LC(F ) is the product of:

• The Euler characteristic χ(F )
• |γF |ρP∞ · r(γF , k)
• |γF |−ρP∞ ·Ψ(γF , λ) =

∑
w∈WP (−1)l(w)ψw(λ+ρG)−ρL

(γ−1
F )

2.4.1 Euler Characteristics

We may sum the terms
∑
ν χ(Fν) for fixed P, γ/ ∼, k, ξ, which gives the Euler

characteristic

χ(Lγ(Q) \ Lγ(A)/(ξK ′(k)Aξ−1 ∩ Lγ(A))).

To compute it we may replace Lγ,∞/K̃L,∞ by XLγ = Lγ,∞/K̃Lγ ,∞. See page 44.
Notice Lγ(Q) ∩ ξK̃Lγ ,∞K ′(k)Aξ−1 is contained in the center of Lγ , since K is
small. Hence, the intersection is discrete and compact, and hence we have a finite
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group. By our assumption K is small; hence, the intersection is trivial. Thus, we
obtain

∑

ν

χ(Fν) =
χ(Lγ , dgfin)

voldgfin
(ξK ′(k)Afin

ξ−1 ∩ Lγ(Afin))

for a constant χ(Lγ) = χ(Lγ , dgfin) depending only on Lγ and on the choice of
the Haar measure dgfin on Lγ(Afin).

Remark 2.4. Observe that γ is R-elliptic, and hence is Q-elliptic. For the ambigu-
ity of this notion, see [44], p. 392. We show that in our situation this ambiguity does
not cause problems, since the Euler characteristic of the corresponding summands
in the trace formula vanishes unless both notions agree. Consider the groupL or bet-
ter L/AL. The center Z(Lγ) is Q-anisotropic modulo AL. If the quotient were not
anisotropic over R, the corresponding global quotient space X would be a nontriv-
ial torus fibration, whose Euler characteristic would therefore vanish. Similarly the
Euler characteristic vanishes for locally symmetric arithmetic quotients of semisim-
ple groups unless the R-rank of the maximal compact subgroup equals the R-rank
of the group. Considering the map Lder → L, we can assume that (Lγ/AL)(R)
contains an R-anisotropic torus of maximal rank, or otherwise the Euler charac-
teristic vanishes and the corresponding summand does not contribute to the trace
formula.

Definition 2.1. Call γ ∈ L(Q) strongly elliptic if γ is L(R)-conjugate to an element
in KL,∞ ·AL(R)0 such that the Euler characteristic χ(Lγ) does not vanish.

Remark 2.5. For connected reductive groups L over Q, for which the connected
component of the center modulo AL is anisotropic over R, one also wants to com-
pare χ(L, dgfin) with the Tamagawa number. At the moment we do not need to
carry through this comparsion. When we need it later, it can be obtained directly
from a comparison between the topological L2-trace formula and Arthur’s L2-trace
formula. On the other hand, it should not be difficult to obtain it by reduction to the
case of semisimple groups (Harder’s theorem [37]) adapting the argument of [68],
pp. 129–131, with a z-extension T ′ → L∗ → L replacing the sequence (V ), and
L̃ = (L∗)der → L∗ → T replacing the sequence (H) in [68].

Only (semisimple) strongly elliptic elements γ contribute to the Lefschetz num-
ber. Let χGP be the characteristic function of the P -contractive elements. We obtain
for the Lefschetz number the expression

∑

P

∑

γ/∼
χ(Lγ , dgfin)χGP (γ−1

∞ )
∑

w∈WP

(−1)l(w)ψw(λ+ρG)−ρL
(γ) ·Oγ

=
∑

P

∑

γ/∼
χ(Lγ , dgfin)χGP (γ∞)

∑

w∈WP

(−1)l(w)ψw(λ+ρG)−ρL
(γ−1) ·Oγ−1 ,

where

Oγ =
∑

k

∑

ξ

|γ−1|ρP∞ · r(γ−1, k)
voldgfin

(ξK ′(k)Afin
ξ−1 ∩ Lγ(Afin))

.
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Here we used r(γ, k) = r(δγδ−1, k) for δ ∈ L(Q). To show this, recall k = xfin
describes the componenth of the P -stratum, which contains F . Recall r(γ, xfin) =
r(δγδ−1, δxfin) for δ ∈ P (Q). Since r(γ, xfin) depends only on P and the coset
P (Afin)xfin (Lemmas 2.1 and 2.3), replacing γ by a conjugate does not change
r(γ, k).

2.4.2 Computation of Oγ

Notice |γ−1|ρP∞ r(γ−1) =
∏
v �=∞ |γ|ρP

v [Nv ∩Kk : Nv ∩K ′
v] by Lemma 2.3. Since

∑

k∈(Pv∩Ωv)\Ωv/K′
v

f(k) =
∑

k∈Ωv/K′
v

f(k)
[(Pv ∩ Ωv) : (Pv ∩K ′

k)]
,

this allows us to writeOγ as a product
∏
v �=∞Oγ,v of non-Archimedean local terms

Oγ,v =
∑

k∈Ωv/K′
v

∑

ξv

|γ|ρP
v · [Nv ∩Kk : Nv ∩K ′

v]
[(Pv ∩ Ωv) : (Pv ∩K ′

k)] · voldgv (ξvK ′(k)vξ−1
v ∩ Lγ,v)

.

Since
0→ Nv ∩K ′

k → Pv ∩K ′
k → K ′(k)v → 0

is exact, this gives

Oγ,v =
∑

k∈Ωv/K′
v

∑

ξv

|γ|ρP
v · volNv (Nv ∩Kk) · volLv (K ′(k)v)
voldgv (ξvK ′(k)vξ−1

v ∩ Lγ,v)
,

where measures are normalized such that vol(Ωv ∩Pv) = 1 and vol(Ωv ∩Nv) = 1.
In Sect. 2.5 we show that this expresses Oγ as an orbital integral

Oγ = OLγ (f
(P )

)

of the characteristic function f of the set Kg−1K up to a normalization factor.

2.4.3 Conclusion

The computations in Sects. 2.4.1 and 2.4.2 describe the right action of 1KgK/volΩ(K)
on the cohomology. Any K-bi-invariant function f is a linear combination of func-
tions f as above. However, we should keep in mind that so far we have used a left
action of G(Afin) on SG, where g ∈ G(Afin) acts by the formula on page 23;
hence, the cohomology becomes a right module under the Hecke algebra.
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Theorem 2.1. Assume the derived group of G is simply connected and K is small.
Then the Lefschetz number of the right action of a K-bi-invariant Hecke operator
f ∈ C∞

c (G(Afin)) on the cohomologyH•(SK(G), Vλ) is given by

L(f, Vλ) =
∑

P

∑

γ∈L(Q)/∼
χ(Lγ , dgfin)OLγ (f

(P )
) · |γ|−ρP∞ Ψ(γ, λ).

The sum extends over all standard Q-parabolic subgroups P = LN containing the
fixed minimal Q-parabolic P0 and all L(Q)-conjugacy classes γ ∈ L(Q)/ ∼ of
semisimple, strongly elliptic elements in L(Q) with P -contractive representatives.

Example 2.2. G = Gm for the representation x 	→ xr of weight λ = r on V = C,
andK maximal compact. Then SK is a single point. The element g = (gv) ∈ A∗

fin,
where gp = p and gv = 1 for v �= p, acts on Vλ by 1 × 1 	→ 1 × g−1 � pr × 1
in V ×A∗

fin. It acts on the cohomology via multiplication by p−r (right action on
cohomology) or pr (left action on cohomology).

Remark 2.6. Notice we used

OLγ−1(f
(P )

) = OLγ (f−(P )
).

For the comparison of trace formulas with those in [64] in Chap. 3, we may turn the
right action of the Hecke algebra on the cohomology groups into a left action by the
substitution f(x) 	→ f−(x) = f(x−1). This makes the formula compatible with
that in [64], p. 197.

Remark 2.7. The factor χ(Lγ , dgfin)OLγ (.) does not depend on the choice of the
fixed Haar measure dgfin on Lγ(Afin); therefore, we do not mention the choice of
dgfin in the following.

Remark 2.8. The condition imposed in Theorem 2.1 that γ ∈ L(Q)/ ∼ contains a
P -contractive representative γ ∈ P (Q) can be replaced by the stronger condition
that |α(γ)|∞ ≥ 1 holds for all positive roots α of G and |α(γ)|∞ = 1 holds if and
only if α is a root from L as explained after the definition of contractiveness. Of
course it is enough to consider Q-roots, sinceG and P are defined over Q and γ is a
Q-rational element. Therefore, the condition in Theorem 2.1 can be replaced by the
condition |α(γ)|fin ≤ 1 holds for all positive Q-roots α and |α(γ)|fin = 1 holds if
and only if α is a root from L.

Remark 2.9. For a standard Q-parabolic group P ⊇ P0 with Levi decomposition
P = LN let X∗(P )Q = X∗(L)Q = HomQ−alg(L,Gm) be the group of charac-
ters defined over Q. Then XL = Hom(X∗(L)Q ,R) can be canonically identified
with the Lie algebra of AL, and hence with AL(R)0 by the exponential map. One
defines the Harish-Chandra homomorphism

HP : L(A)→ XL
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by exp(〈HP (l), χ〉) = ‖χ(l)‖, where ‖.‖ : A∗ → R∗ is the idele norm, and χ ∈
X∗(L)Q . For the minimal Q-parabolic P = P0 we write XP = X . Let Δ be a
basis of the simple Q-roots. Then the standard Q-parabolic subgroups P = Pθ
correspond uniquely to the subsets θ ⊆ Δ. The roots in F are the roots of the
Levi componentLθ, and the simple roots in the Lie algebra of the unipotent radical
Nθ are the roots in Δ \ F . In fact, since γ is strongly elliptic, the condition for
γ ∈ L(Q) = Lθ(Q), given in Remark 2.8, could also be replaced by the condition

|α(HP (γ))|fin < 1

for all simple Q-roots α not in θ.

The Decomposition X = XL ⊕ X⊥
L [1]. Let βj denote the dual roots such that

〈βj , αi〉 = δij , both considered as elements of X . Then there exists a natural or-
thogonal decomposition X = XL ⊕ X⊥

L such that XL is the span
∑
j /∈F Rβj

and X⊥
L =

∑
i∈F Rαi. The projection prL : X → XL is pr(

∑
j /∈F xjβj +∑

i∈F yiαi) =
∑
j /∈F xjβj . The image under prL of the open positive Weyl

chamber X+ =
∑

j∈Δ R>0βj ⊆ X defines the open Weyl chamber X+
M in

XM ; the image of the obtuse Weyl chamber +X =
∑
iR>0αi ⊆ X defines

the obtuse open Weyl chamber in XL. Obviously +XL =
∑
j /∈F R>0αj . Then

X+
L = pr(X+) =

∑
j /∈F R>0βj , since 〈αi, αj〉 ≤ 0 for i �= j and 〈βi, βj〉 ≥ 0.

In fact
∑

j /∈F xjβj +
∑

i∈F yiαi ∈
∑
i∈F R>0βi therefore implies yi ≥ 0, i ∈ F ;

hence, xj > 0, j /∈ F . Also X+ ⊆ +X ; therefore, X+
L ⊆ +XL. Finally notice

X+ ∩ −+X = {0}.

2.5 Computation of an Orbital Integral

We write the termsOγ in the formula for the Lefschetz numbers as an orbital integral

OLγ (f
(P )

). This is done in steps 1–3. The final result is formulated in step 4.

Step 1. Assume measures are normalized by volG(Ω) = 1. RecallK ′ = K∩g−1Kg
and g ∈ G(Afin) is fixed. The characteristic function 1g−1K(y) of the set g−1K is
then K ′-bi-invariant. Furthermore, k−1xk ∈ g−1K ⇐⇒ x ∈ kg−1k−1kKk−1 =:
g−1
k Kk. Hence,

∫

Ω

1g−1K(k−1xk)dk = [Ω : K ′]−1 ·
∑

k∈Ω/K′
1g−1K(k−1xk)

= volΩ(K ′) ·
∑

k∈Ω/K′
1g−1

k
Kk

(x).

∫
K

1g−1K(k−1xk)dk =
∫
K

1g−1K(k−1x)dk = volΩ(g−1Kg ∩K)1Kg−1K(x) =
volΩ(K ′)1Kg−1K(x) holds for x ∈ G(Afin). Hence,

∫
Ω = volΩ(K)−1

∫
Ω

∫
K

implies
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∫

Ω

1g−1K(k−1xk)dk = volΩ(K)−1

∫

Ω

volΩ(K ′)1Kg−1K(k−1xk)dk.

Comparison of the right sides thus gives for the Ω-average

Definition 2.2. f(x) =
∫
Ω f(k−1xk)dk, x ∈ G(Afin), of the normalized

characteristic function.

Definition 2.3. f(x) = volΩ(K)−11Kg−1K(x) .

Lemma 2.7. f(x) =
∑

k∈Ω/K′ 1g−1
k Kk

(x).

Step 2. For x ∈ P (Afin) in a standard parabolic subgroup P = LN by Lemma 2.7
∫

N(Afin)

f(xn)dn =
∑

k∈Ω/K′

∫

N(Afin)

1g−1
k Kk

(xn)dn.

If xL is not in (g−1
k Kk ∩P (Afin))L, the corresponding integral on the right side is

zero. Otherwise xn0 = g−1
k k0 holds for some n0 ∈ N(Afin) and k0 ∈ Kk, and in

this case the integral becomes
∫
N(Afin)

1g−1
k Kk

(g−1
k k0n)dn = vol(N(Afin)∩Kk).

Hence, for x ∈ L(Afin) we get

Lemma 2.8. φ(x) :=
∫
N(Afin) f(xn)dn =

∑
k∈Ω/K′ vol

(
N(Afin) ∩ Kk

)·
1(g−1

k Kk∩P (Afin))L
(x).

Step 3. Next consider the orbital integral of the function φ defined on L(Afin)

OLγ (φ) =
∫

Lγ(Afin)\L(Afin)

φ(m−1γm)dm.

By the definition of φ the value of OLγ (φ) is

∑

k∈Ω/K′
vol
(
N(Afin) ∩Kk

)·
∫

Lγ(Afin)\L(Afin)

char
{
m
∣
∣
∣m−1γLm ∈

(
g−1
k Kk ∩ P (Afin)

)
L

}
dm,

or by Sect. 6.16 and the decomposition S(γ, k) =
⋃
Lγ(Afin) · ξfin ·K ′(k)Afin

∑

k∈Ω/K′
vol
(
N(Afin)∩Kk

) ·
∑

ξfin

volL(Afin)

(
K ′(k)Afin

)

volLγ(Afin)

(
ξfinK ′(k)Afin

ξ−1
fin ∩ Lγ(Afin)

) .

Step 4. To put things together. The function

f(x) =
∫

Ω

f(k−1xk)dk, f(x) = volΩ(K)−11Kg−1K(x)
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is K-bi-invariant on G(Afin). Define

f
(P )

(m) = |m|ρP

fin

∫

N(Afin)

f(mn)dn, m ∈ L(Afin)

OLγ (f
(P )

) =
∫

Lγ(Afin)\L(Afin)

f
(P )

(m−1γm)dm,

assuming that the integrals are normalized by the conventions volP (Afin)

(
Ω ∩

P (Afin)
)

= 1, vol(Ω) = 1, and volN(Afin)

(
Ω ∩ N(Afin)

)
= 1. See also [16],

p. 144. The measure on Lγ(Afin) is dgfin. Then the computation above proves that

OLγ (f
(P )

) = Oγ .

2.6 Elliptic Traces

Recall G is a connected reductive group over Q whose derived group is simply
connected. Define elliptic “traces”

TGell(f, τ) =
∑

γ∈G(Q)/∼ χ(Gγ)OGγ (f) · tr(τ(γ−1)
)

for a finite-dimensional complex representations τ ofG(Q) and f ∈ C∞
c (G(Afin)).

If τ is an irreducible complex representation defined by a highest weight λ, we
also write TGell(f, λ) instead of TGell(f, τ). Hence, we do not distinguish between
representations and their highest weights. The sum defining TGell(f, τ) extends over
theG(Q)-conjugacy classes of semisimple, strongly elliptic elements in G(Q). The
integrals OGγ (f) in this sum are orbital integrals with respect to the group of finite
adeles for functions f ∈ C∞

c (G(Afin)). The same definition defines elliptic traces
TLell for the Levi subgroups L of all standard Q-parabolic subgroups P = LNP
of G.

Let χGP = τGP ◦ HP be defined by the characteristic function τGP of the open
positive Weyl chamber of XL = X∗(AL)Q⊗R, lifted to a function on L(Afin) via
the Harish-Chandra homomorphismHL : L(Afin) → XL. Then Theorem 2.1 and
the remarks following it imply

Lemma 2.9.
L(f, Vλ) =

∑

P0⊆P⊆G
TPell(f

(P )
χGP , λ),

where
TPell(h, λ) =

∑

w∈WP

(−1)l(w) · TLell(h,w(λ + ρG)− ρL)

for h ∈ C∞
c (L(Afin)), and where P = LNP runs over the Q-rational standard

parabolic subgroups of G.
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Let χ̂GP = τ̂GP ◦ HP be the characteristic function τ̂GP of the open obtuse Weyl
chamber in XL, considered as a function on L(Afin). Notice χGP ≤ χ̂GP .

Lemma 2.10. Let the situation be as in Lemma 2.9. Then

TGell(f, λ) =
∑

P0⊆Q⊆G
(−1)rang(Q)−rang(G)LQ(f

(Q)
χ̂GQ, λ),

where the sum is over the standard Q-parabolic subgroups of G, where rang(Q)
denotes the Q-split rank of the Levi subgroup of Q, and the Lefschetz number LQ

for h ∈ C∞
c (L(Afin)) and the parabolic group Q is defined by

LQ(h, Vλ) =
∑

w∈WQ

(−1)l(w) · LL(h, Vw(λ+ρG)−ρL
),

and LL(h, .) is the Lefschetz number attached to coefficient systems for the symmet-
ric space attached to the Levi subgroup L of the (standard) parabolic subgroup Q.

Lemmas 2.9 and 2.10 were expected by Harder [39], pp. 144–145.

Proof of Lemma 2.10. Lemma 2.9 applied to the Levi subgroup L of Q = LN gives

LQ(f
(Q)
χ̂GQ, Vλ) =

∑

w∈WQ

(−1)l(w) · LL(f
(Q)
χ̂GQ, Vw(λ+ρG)−ρL

)

=
∑

w∈WQ

(−1)l(w)
∑

P0∩L⊆P ′=L′N ′⊆L
TP

′
ell

(

(f
(Q)
χ̂GQ)

(P ′)

χLP ′ , w(λ + ρG)− ρL
)

=
∑

P0∩L⊆P ′=L′N ′⊆L

∑

w′∈WP ′

∑

w∈WQ

(−1)l(w)+l(w′) ·

TL
′

ell

(

(f
(Q)

χ̂GQ)
(P ′)

χLP ′ , w′w(λ+ ρG)− ρL′

)

.

P ⊆ Q induces the parabolic group P ′ = P ∩ L in the Levi component L of Q,
and all standard Q parabolic groups P ′ are obtained in this way from the standard
Q-parabolic subgroups P ⊆ Q such that the Levi components L′ of P ′ and P co-
incide. Since sn(w) = (−1)l(w) satisfies sn(w′)sn(w) = sn(w′w), the inductivity

WP ′
WQ = WP and the formula f

(P )
χ̂GQ = (f

(Q)
χ̂GQ)

(P ′)

implies that the sum
simplifies to

LQ(f
(Q)
χ̂GQ, Vλ) =

∑

P0⊆P=L′NP ⊆Q
TPell(f

(P )
χ̂GQχ

L
P ′ , λ).

The sum is over all Q-rational standard parabolic subgroupsP ofG contained inQ.
Notice in the formula above χLP ′ is a function onXL′ , whereas χ̂GQ, which is defined
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as a function onXL, is tacitly considered as a function on XL′ via the canonical pro-
jection map pr : XL′ → XL. Summing these formulas over the standard parabolic
groupsQ, with the additional factors (−1)rang(G)−rang(Q),

∑

P0⊆Q
(−1)rang(Q)−rang(G) · LQ(f

(Q)
χ̂GQ, Vλ),

gives the desired result, by interchanging the order of summation. Fixing P , the sum
over all Q with P ⊆ Q ⊆ G gives zero except for P = G. Indeed for fixed P ⊆ G
the sum

∑
P⊆Q⊆G(−1)rang(G)−rang(Q)χ̂GQχ

L
L′ is zero except for P = L′NP = G,

where it is 1 instead. This is a well known result obtained by Arthur [1]. For the
convenience of the reader we include the argument. �
Proof. Let F ′ ⊆ F ⊆ Δ define P ′ ⊆ P ⊆ G. Since the support SuppF of
the characteristic function τ̂GQ τ

L
L′ of the subset

∑
i/∈F R>0αi +

∑
j∈F\F ′ R>0βj

of XL′ is contained in +XL′ =
∑

i/∈F ′ R>0αi (if F ′ �= Δ), SuppF = +XL′ ∩⋂
j∈F\F ′{H | αj(H) > 0} follows as an immediate consequence of the inequalities

(αi, αj) ≤ 0 for i �= j and (βi, βj) ≥ 0. For H ∈ X let ΔH denote the set of
αi /∈ F ′, for which 〈αi, H〉 > 0. ΔH is nonempty for H ∈ +X , since −X+ ∩
+X = {0}. Hence,

∑
P⊆Q⊆G(−1)rang(G)−rang(Q)τ̂GQ τ

L
L′(H) = 0 follows from

∑
T⊆ΔH

(−1)|T | = 0. �

Corollary 2.2. The elliptic trace TGell(f, λ) is

∑
P0⊆Q⊆G

∑
w∈W Q (−1)rang(Q)−rang(G)+l(w) · trs

(
f

(Q)
χ̂G

Q;H•(SLQ
, Vw(λ+ρG)−ρL

)
)
.

Corollary 2.3. The Lefschetz number L(f, Vλ) is

∑
P0⊆P⊆G

∑
w∈WP (−1)l(w) · TLell(f

(P )
χGP , w(λ+ ρG)− ρL) .

2.7 The Satake Transform

For a connected reductive groupG over a non-Archimedean local field Fv letA be a
maximal Fv-split torus in the center ofG. Let Gab be the maximal Abelian quotient
of G. Write Gv = G(Fv), etc.

ordG. There is a canonical homomorphism ordG : Gv → X∗(G) = HomFv−alg
(G,Gm) (see [16], p. 134). We also write ordG for the induced homomorphism
Gv → XGv = X∗(G) ⊗ R, and 0G for the kernel. The homomorphism ordG is
functorial inG and induces the field valuation in the caseG = Gm. It factorizes over
the quotient Gab, and is trivial on compact subgroups. The kernel of the canonical
map Av → Gabv is contained in the maximal compact subgroup 0Av. Hence, the
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quotient group Av/0Av , which can be identified with the Fv-rational cocharacter
lattice X∗(A) of the torus A, is injected into Gabv /

0Gabv as a subgroup of finite
index. Hence, the canonical maps XAv → XGv → XGab

v
induce isomorphisms,

which allows us to identify these vector spaces.

The Map S. Now assume Gv = G(Fv) to be quasisplit, and split over a finite
unramified extension field ofFv such that the derived group is simply connected. Let
Ωv be a good maximal compact subgroup and P = MN be a minimal Fv-rational
parabolic subgroup of G such that Gv = Pv · Ωv. To be precise, we demand Ωv to
be admissible relative to Mv in the sense of [7], p. 9. The Ωv-bi-invariant functions
on Gv with compact support define the spherical Hecke algebra H(Gv,Ωv) of Gv .

Put Λ = 0Mv \Mv. For fv ∈ C∞
c (Gv) define f

(Pv)

v (m) = |m|ρPv
v

∫
Nv
f(mn)dn

as on page 36 now locally for Fv . For elements fv in the spherical Hecke algebra of
Gv the Satake transform S is defined by (see [16], p. 146, formula (19))

fv 	→ S(fv) = f
(Pv)

v

and defines a function S(fv) on Mv(Qv)/Mv(Qv) ∩ Ωv = Λ. The group Λ is a
lattice, which contains and is commensurable with the cocharacter lattice X∗(A) of
the torusA (see [16], p. 135) inXAv = X∗(A)⊗R. The Satake transform defines an
isomorphism between the spherical Hecke algebra of the group Gv and the algebra
C[Λ]W (W -invariants in the group ring C[Λ] [16], Theorem 4.1). Furthermore, for
γ regular in Mv the Satake transform S is given by the orbital integral up to a
normalization factor

S(fv)(γ) = DG(γ)1/2OGv
γ (fv).

For an arbitrary function χ : XGv → R multiplication by χ determines a C-linear
endomorphism fv(x) 	→ χ(ordL(x))fv(x) of the Hecke algebra of Gv , which pre-
serves the spherical Hecke algebra such that for the orbital integral

OGv
γ (fvχ) = χ(ordG(γ)) ·OGv

γ (fv)

holds, and also for the Satake transform S(χfv)(m) = χ(ordG(γ)(m))S(fv)(m).

Standard Fv-parabolic Groups. Let Q be a Fv-rational standard parabolic sub-
group of G with Levi component L. Let AQ be the maximal Fv-split torus in Q.
The natural map Av → Lv → XL factorizes over the quotient Av/0Av , and hence
induces a canonical R-linear map

pr : XMv → XLv .

The following two properties characterize the projection pr. Firstly, the embedding
AQv ↪→ Av induces a canonical embedding i : XLv = X∗(AQ) ⊗ R ↪→ XMv =
X∗(A) ⊗ R such that pr : XMv → XLv restricts us to the identity map on the
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subspace XLv ⊆ XMv . Secondly pr is zero on the subspace X∗(A′
Q)⊗R ⊆ XMv ,

where A′
Q denotes the split torus Lder ∩A.

This gives the following formulation in terms of the Killing form. Let αi ∈
Δ(Gv, Av) denote the simple Fv-roots attached to Pv ⊆ Gv , let 〈 , 〉 denote the
Killing form, and let βj denote the dual basis 〈αi, βj〉 = δij . Use the Killing form
to identifyX∗(A)⊗R with its dualX∗(A)⊗R. The Fv-rational standard parabolic
subgroups are in one-to-one correspondence with the subsets F ⊆ Δ(Pv, Av). For
Q = QF the space XLv = X∗(AQ) ⊗ R is given in XMv = X∗(A) ⊗ R by the
equations 〈 ., αi〉 = 0, αi ∈ F (or i ∈ F by abuse of notation) for a subset F of
the simple roots. XMv splits into the orthogonal direct sum of the two subspaces
XLv =

∑
j /∈F Rβj and the orthocomplement

∑
i∈F Rαi. pr is the orthogonal pro-

jection defined by pr(
∑

j /∈F xjβj +
∑

i∈F yiαi) =
∑

j /∈F xjβj .

Transitivity. Let Q = LN be an Fv-rational parabolic subgroup of G. Let σv
be an irreducible admissible representation of Lv. The Hecke algebra C∞

c (Gv) of
locally constant functions with compact support on Gv acts by convolution on the
unitary normalized induced representationπv = IndGv

Qv
(σv) such that (for measures

suitably normalized) the adjunction formula (see, e.g., [44], Sect. 2, Lemma 1, the
slightly different definition involving f∗

v in the pairing in loc. cit. has no effect) holds

tr IndGv

Qv
(σv)(fv) = tr σv(f

(Q)

v ),

where fv ∈ C∞
c (Gv) and by definition f

(Q)

v (m) = |m|ρQv
v

∫
Nv
f(mn)dn.

The group Ωv ∩Lv = (Ωv ∩Qv)Lv is a good maximal compact subgroup of Lv,
i.e., admissible with respect to Mv (see [7], p. 9). Lv is again quasisplit and splits
over a unramified extension field. Hence, the spherical Hecke algebra H(Lv,Ωv ∩
Lv) is defined. For fv ∈ H(Gv,Ωv) the function SGL (fv) = f

(Q)

v is bi-invariant
under Ωv ∩ Lv, and hence the partial Satake transform S = SGM : H(Gv,Ωv) →
H(Mv,

0Mv) factorizes over the spherical Hecke algebraH(Lv,Ωv ∩ Lv)

S = SGM = SLM ◦ SGL .

Absolute Support. In the following, a cone C in Euclidean space is understood to
be an open submonoid stable under multiplication by R>0 which does not contain
a real line.

Lemma 2.11. Fix an arbitrary nonempty open cone C ⊆ XM , which is contained
in the positive Weyl chamber attached to Pv . Let πv = IndGv

Pv
(σv) be an unramified

induced representation attached to an unramified character σv ofMv with spherical
constituent π0

v . Choose x0 ∈ C. Then there exist spherical Hecke operators fv with
the properties:

1. tr πv(fv) = tr π0
v(fv) = 1.

2. The support of the Satake transform S(fv) of fv is contained in the Weyl group
orbit

⋃
w∈W w(x0 + C) of the translated cone x0 + C.
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Proof. It suffices to find fv ∈ H(Gv,Ωv) with tr πv(fv) �= 0 such that (2) holds.
tr πv, considered as a functional on the spherical Hecke algebra C[Λ]W , is a finite
sum of characters on the group Λ. Up to a twist by δ1/2(x) these characters are in the
W -orbit of the character σv . This character sum is conjugation-invariant, and hence
W -invariant. If the assertions of the lemma were false, there would exist finitely
many different characters χi, i = 1, . . . , r, of Λ and ni ∈ C such that

r∑

i=1

niχi(x) = 0, (n1, · · · , nr) �= 0

holds for all x ∈ Λ ∩ (x0 + C). To see that this is impossible we can assume
x0 = 0, changing the coefficients ni to niχi(x0), and then use induction on r.
Since x, y ∈ C implies x + y ∈ C we can lower the length r of such a nontrivial
character relation on C by considering

∑
i ni(χi(y) − χ1(y))χi(x) = 0, provided

there exists y ∈ C with χr(y) �= χ1(y) if, say, nr �= 0. Because χ = χr/χ1 is a
nontrivial character on Λ, such a y exists, since otherwise χ vanishes on C ∩Λ, and
hence on the generated group (C ∩Λ)− (C∩Λ). However, (C ∩Λ)− (C∩Λ) = Λ
holds for any nonempty open cone of X . This proves the lemma. �
Relative Support. For fv ∈ C∞

c (Gv) consider the support Σ of the orbital integral

OLγ (f
(Q)

v ) as a function of γ ∈ Lv. Notice the support of f
(Q)

v itself is contained
in Σ. The image of Σ in XL of the regular, semisimple subset of this support under
ordL : Lv → XLv will be called the relative support of fv with respect to Qv. The

relative support contains the image of the support of f
(Q)

v in XLv under the map
ordL. Since the regular semisimple elements are dense in Σ, and since the maximal
compact subgroup of Lv is in the kernel of ordL, one could replace the support Σ
by the regular, semisimple support ofOLγ (f

(Q)

v ) for the definition of relative support
above.

The relative support of fv with respect to Qv is a finite subset of the vector

space XL. Notice that f
(Q)

v has compact support on Lv, and ordL is invariant under
conjugation. Hence, the image ordL(Σ) is relatively compact in XLv . On the other
hand ordL(Lv) is contained in a sublattice of XLv .

Lemma 2.12. Let fv ∈ H(Gv,Ωv) be a spherical function. Let Q = LNQ be
an Fv-rational standard parabolic subgroup of G containing the minimal Fv-
parabolic subgroup P = MN . Then x ∈ XLv is in the relative support of

OLγ (f
(Q)

v ) if and only if x is in the image of the support of the Satake transform
S(fv) ∈ H(Mv,

0Mv) under the map pr ◦ ordM , where pr : XMv → XLv is the
canonical projection.

Proof. Let χx(λ) be the function on XL, which is not zero for λ = x and is zero
otherwise. Then by definition the following statements are equivalent. By abuse of
notation we consider χx as a function on Lv using the map ordL. Then x ∈ XL is
in the relative support of fv if and only if

χx(γ)OLv
γ (f

(Q)

v ) = OLv
γ (χx · f (Q)

v )
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does not vanish identically for all semisimple, regular elements γ ∈ Lv. Since fv is

a spherical function on Gv , f
(Q)

v = SGL (fv) is spherical on Lv; hence, χx · f (Q)

v =

χx ·SGL (fv) is again spherical onLv. IfOLv
γ (χxf

(Q)

v ) does not vanish identically for

all semisimple, regular elements γ ∈ Lv, then χxf
(Q)

v does not vanish identically on

Lv. Since χxf
(Q)

v is spherical, this implies SLM (χxf
(Q)

v ) �= 0; hence,OLv
γ (χxf

(Q)

v )
does not vanish identically for all semisimple, regular elements γ ∈ Mv ⊆ Lv. In

other words, x ∈ XL is in the relative support of fv if and only if SLv

Mv
(χxf

(Q)

v ) �= 0.

Obviously SLv

Mv
(χxf

(Q)

v ) = χxS
Lv

Mv
(f

(Q)
) = (χx ◦ pr ◦ ordM ) · SLM (SGL (fv)) =

(χx ◦ pr ◦ ordM ) · S(fv). This does not vanish identically if and only if x is in the
image of the support of S(fv) in XMv under pr. This proves the lemma. �

2.7.1 Subdivision of the Weyl Chambers

SupposeQ = LNQ is an Fv-rational standard parabolic subgroupQ = QF defined
byF ⊆ Δ(Gv, Av), containing the minimalFv-parabolic groupP = MN . Then an
element x =

∑
i∈Δ(Gv,Av) xiαi in XMv is contained in the support of the function

χ̂GQF
= τ̂GQF

◦ pr ◦ ordM
if and only if its projection pr(x) =

∑
i/∈F xiαi ∈ XLv is in the obtuse Weyl

chamber +XLv =
∑

i/∈F R>0αi, which means xi = 〈x, βi〉 > 0 for all i /∈ F .
The equations αi(x) = 0 and βi(x) = 0 for αi ∈ Δ(Gv, Av) define hyperplanes

in XMv . The images of these hyperplanes under the action of the Weyl group on
XMv define finitely many hyperplanes. The complement of these hyperplanes in
XMv is a union of open connected cones. Each of these cones is the image under
the Weyl group of a subcone of the open Weyl chamber X+

Mv
. Pick one of these

cones C.

Example 2.3. For Gv = Sl(3, Fv) the positive Weyl chamber contains two such
cones.
Support Conditions. Suppose fv is a spherical function onGv such that its Satake
transform is contained in the W -orbit of x0 + C ⊆ XMv for some x0 ∈ C, as in

Lemma 2.11. Then a regular semisimple element γ is in the support ofOLγ (f
(Q)

v χ̂GQ)
if and only if x = ordL(γ) is in pr(

⋃
w∈W (x0 + C)). If this is the case then

xi = βi(x) > 0 for all i /∈ F . But then moreover, by our specific choice of the
cone, we even get xi > const(x0) > 0 for all i /∈ F . Similarly, if γ is not in

the support of OLγ (f
(Q)

v χ̂GQ), then xi < −const(x0) holds for at least one i /∈ F .
The constant const(x0) which appears in these formulas of course depends on the
choice of x0 ∈ C. By a suitable choice of x0 it can be made arbitrarily large. A
similar statement holds for the condition that x = ord(γ) ∈ XL′

v
is in the support

of OL
′
(f

(P )
χ̂GQχ

L
L′) for L′ ⊆ L, P = L′NP , and Q = LNQ. In fact all values
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αi(w(x)) , βj(w(x)) w ∈ W, i, j ∈ Δ(Gv , Av)

are different from zero, and either > const(x0) or < −const(x0).

Preferred Places S′. These facts can now be used in the global context to concen-
trate the effect of the adelic cutoff functions χ̂GQ, as they appear in the formula of
Corollary 2.2, to a finite set S′ of “preferred” local non-Archimedean places in the
sense that

trs(f
(Q)

χ̂GQ;H•(SLQ , V )) = trs(f
(Q)

(χ̂GQ)S′ ;H•(SLQ , V ))

holds (in a suitable context). For this it would suffice to know that

TL
′

ell

(
f

(P )
χ̂GQχ

L
P ′ , .
)

= TL
′

ell

(
f

(P )
(χ̂GQχ

L
P ′)S′ , .

)

holds for all L′ ⊆ L, where L′ is a Levi component of P = L′NP ⊆ Q = LNQ
(Corollary 2.2). Alternatively (Corollary 2.3) it would be enough to know that

OL
′

γ

(
f

(P )
χ̂GQχ

L
P ′
)

= OL
′

γ

(
f

(P )
(χ̂GQχ

L
P ′)S′

)
.

Before we explain under which conditions this holds, we first recall certain
definitions.

2.7.2 Global Situation

For Q-rational parabolic subgroupsP andQ of T the global cutoff function χ̂GQχ
L
P ′

on L′(Q), which occurs in Corollary 2.3, was defined for P = L′NP using the
Harish-Chandra map HP via

L′(Q) � � �� L′(A)
HP �� XL′ .

In fact, by the product formula HP (γ) = log|γ∞|∞ −
∑

v �=∞ qv · ordL′(γv), the
global cutoff condition can be written as the condition on the point

∑

v �=∞
qv · ordL′ (γv) ∈ XL′

to lie in the support of τ̂GQ τ
L
P ′ .

Notation: γ = (γv)v ∈ L(Afin). qv denotes the cardinality of the residue field, and
ordL′(γv) the image of the local element ordL′(γv) ∈ XL′

v
in XL′ under the natural

projection map XL′
v
→ XL′ (notice that locally the maximal Fv-split torus may be

larger than the maximal Q-split torus AL′ ).
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Assumptions. To be more specific about the concentration at specific places, let us
assume f =

∏
v �=∞ fv. Furthermore, suppose there are two finite disjoint sets S

and S′ of non-Archimedean places such that fv is the unit element of the spherical
Hecke algebra for all v /∈ S ∪ S′. Suppose fS =

∏
v∈S fv has support in a fixed

compact subset of G(AS). Finally, suppose that all fv for v ∈ S′ are spherical such
that the Satake transform S(fv) has the following property.

Property (∗). For all roots α and all dual roots β in the set of Q-rational simple roots
of (G,P0) and all elements w ∈W the absolute value of the linear forms α ◦w and
β ◦ w on ∑

v∈S′
qv · ordL′(γv) ∈ XL′

is larger than a fixed constant c > 0.

If c is sufficiently large compared with the support of fS , we obviously get

Lemma 2.13. Under the assumptions above, if the constant c is large enough de-
pending only on the support of fS , the truncation condition concentrates on the
places in S′

OL
′

γ (f
(P )
χ̂GQχ

L
P ′) = OL

′
γ (f

(P )
(χ̂GQχ

L
P ′)S′).

Notation. Let Eν denote the set of irreducible constituents ρ = ρS′ ⊗ ρS′ ∈ Eν of
the admissible representation of G(Afin) on the cohomology group Hν(SL, V ).

Corollary 2.4. Let the situation be as in Lemma 2.13. Then the truncated Lefschetz

number trs(f
(Q)

χ̂GQ;H•(SL, V )) is given by trs(f
(Q)

S (χ̂GQ)S′ ;H•(SL, V )), or al-
ternatively by a sum

∑

ν

(−1)ν ·
∑

ρ∈Eν

tr
(
fS

′
; IndG(AS)

L(AS) (ρS)
)
· tr
(
f

(Q)

S′ (χ̂GQ)S′ ; ρS′
)
,

where now fS
′
= fS

∏
w/∈S′,w �=∞ 1w.

Proof. The first statement follows from Corollary 2.3 together with Lemma 2.13,
which implies TLell(fχ̂

G
Q, τ) = TLell(fS · (fS(χ̂GQ)S′), τ). The second formula then

follows from the first assertion via the adjunction formula. �

2.8 Automorphic Representations

Fix λ and a compact open subgroup K =
∏
v �=∞Kv ⊆ Ω of G(Afin),

which defines the “level,” the level group. The G(Afin)-module given by
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the limit H•(S(G), Vλ) is an admissible representation of G(Afin). Only
finitely many irreducible constituents π with the property πK �= 0 occur. The
same holds for the finitely many Levi subgroups L, the induced level groups
KL = (K ∩P (Afin)L, and the induced coefficient systems attached to the highest
weights λ′ = w(λ + ρG)− ρL. Thus, the admissible representation

Π(λ) =
⊕

P0⊆Q⊆G

⊕

w∈WQ

⊕

i

IndQ(Afin)G(Afin)(H i(S(L), Vw(λ+ρG)−ρL)),

the “halo” of the G(Afin)-module H•(S(G), Vλ), again contains only finitely
many irreducible G(Afin)-constituents π with the property πK �= 0. Let P be
the set of equivalence classes of these representations of level K .

Remark 2.10. Π(λ) should be considered as a superspace whose grading is induced
by the sign defined by the parity of the sum of the number rank(G) − rank(Q),
the length l(w) for w ∈WP , and the degree i.

Let S0 be the set of places for which Kv �= Ωv (level primes). Outside S0 repre-
sentations in P are unramified. Fix a prime p /∈ S0, the “Frobenius” prime. For π
in P consider the representation πp of G(Ap

fin) defined by π = πp ⊗ πp. The set
of places S0 can be enlarged to a finite set S of places not containing p such that
πp1
∼= πp2 ⇐⇒ (π1)S ∼= (π2)S . There exists fS ∈ C∞

c (G(AS)), so tr πS(fS) = 0
holds for all representations π′ in P for which (π′)p is not isomorphic to πp, where
π is some fixed representation in P . Furthermore, we can assume tr πS(fS) = 1.
For a suitable choice of K (in a cofinal system, where KS is a product of special
good maximal compact open subgroups), one can assume in addition that fS isKS-
bi-invariant (see the Remark 4.3 on page 79). Now fix the πp-projector fS . For a
non-Archimedean place v /∈ S consider functions

f = fS · hp · fv ·
∏

w �=∞ else

1w

in C∞
c (G(Afin)), where hp and fv are suitable functions in the spherical Hecke

algebraH(Gp,Ωp), respectively,H(Gv,Ωv). fv is chosen subject to the conditions:

• Property (∗) (see the assumptions preceding Lemma 2.13) holds for S′ = {v}
with respect to the fixed function fS or more precisely its fixed support inG(AS).

• trπv(fv) = 1 holds for the unramified component πv of our fixed representation
πp = ⊗w �=p,∞ πw.

Such functions fv exist, as explained on page 42, as a consequence of Lemma 2.11
choosing x0 in the cone C to be sufficiently large. The function hp is chosen to be
either:

• hp = 1p (unit element ofH(Gp,Ωp)) or

• h
(n)
p = b(φn) (the local cyclic base change of the Kottwitz function φn onG(Ep)

of [51] under the unramified base change map homomorphism b of spherical
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Hecke algebras for some unramified local field extensionEp/Qp of degree [Ep :
Qp] = n) in the context where G is attached to a Shimura variety as in [51] with
reflex field Q (for simplicity)

We claim that either for hp = 1, S′ = {v}, or for hp = h
(n)
p , S′ = {p, v}, and for

sufficiently large n � 0, the assumptions preceding Lemma 2.13 are satisfied. For
hp = 1 this has already been explained. The case hp = h

(n)
p and n � 0 can be

reduced to the ensuing Lemma 2.14. We leave this as an exercise. So taking this for
granted, now assume n� 0 or hp = 1.

Then we get from Corollary 2.4 an expression for the truncated Lefschetz
numbers

trs(f
(Q)
χ̂GQ, H

•(SL, V ))

in terms of

∑

ν

∑

ρ∈Eν

(−1)ν · tr
(
fS

′
, Ind

G(AS)
L(AS) (ρ

S′
)
)
· tr
(
f

(Q)

S′ (χ̂GQ)S′ , ρS′
)
.

This allows us to apply a theorem of Franke [27] which states that all irreducible

representations ρ of L(Afin) which occur in Eν as constituents of the cohomology
group Hν(SL, V ) are automorphic representations of L(Afin). Hence, all induced
representations in

Ind
G(AS)
L(AS) (ρ

S′
)

are automorphic representations of G(AS′
), and are Eisenstein representations for

L �= G.
Therefore, if the fixed representation π ∈ P is cuspidal and not CAP, πp does not

occur as a constituent in P from these induced representations in the case L �= G.
Since f and f areKS-bi-invariant, the trace of f on Π(λ) involves only constituents
in P , i.e., for the fixed level K . Since fS is a projector for πp among the represen-
tations in P , this implies tr

(
fS , Ind

G(AS)
L(AS) (H

ν(SL, V ))
)

= 0. Hence, the truncated
Lefschetz numbers

trs

(
f

(Q)
χ̂GQ, H

•(SL, V )
)

all vanish except for the case G = Q, where the truncated Lefschetz number is the

trace trs(f,H•(SL, V )) of f on the cohomologyH•(SL, V ). Notice f = f
(G) �= f

in general. However, f and f have the same trace on every irreducible admissible
representation. This follows from OG(f) = OG(f), since vol(Ω) = 1. But then
we can replace f by f . Then, since f is KS-bi-invariant, the remaining Lefschetz
number is the trace of f on the finite-dimensional space H•(SK(G), V ) for fixed
level K , and it only involves the representations in P . Since fS is a πp-projector,
the trace of hpfv on this space is the trace of hpfv on the generalized πp-eigenspace
of the cuspidal cohomology. Since tr πv(fv) = 1, this simplifies the formula for
TGell(fSfvhp, λ) of Corollary 2.2, and leaves only the term for Q = G and w = 1.
This proves
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Theorem 2.2. Suppose π is an irreducible cuspidal representation of G(Afin) and
not CAP (see [69, 97]). Then for f = fSfvhp

∏
w �=∞ else 1w, where fS , fv, and

hp = 1 or hp = h
(n)
p and n � 0 is chosen as above, we get for the trace on the

πp-constituents

trs

(
hp, H

•(SK(G), Vλ)(πp)
)

= TGell

(
fSfvhp, λ

)
.

This theorem will be used in Chap. 3 for the “Frobenius” prime p.

Notice that fSfv again is a projector on πp among the representations in P . We
write fSfv = fπp , and call it a “good πp-projector.”

Lemma 2.14. Let C ⊆ V be a cone in Euclidean space, W a finite group acting
on V , and L1, . . . , Lr a W -stable set of linear forms in V ∗ nonvanishing on C.
For x0 ∈ C and x ∈ V and a bounded set M ⊆ V , there exists a integer m
depending on M and an integer N depending on m and M such that the following
holds. Suppose v = v1 + v2 + v3 for v1 ∈

⋃
w∈W {n · w(v) | n ≥ N}, v2 ∈⋃

w∈W w(m · x0 + C), and v3 ∈ M . Then Li(v) > 0 for some i = 1, . . . , r holds
if and only if Li(v1 + v2) > 0 holds.

Proof. Obvious. �

Remark 2.11. In the case hp = 1, we may also omit the auxiliary prime p or choose
p to be large so that the formula in Theorem 2.2 becomes

∑

ν

(−1)νdimC(Hν(SK(G), Vλ)(π)) = TGell(fπ, λ)

for a good π-projector fπ ∈ C∞
c (G(Afin)).

Remark 2.12. In the Hermitian symmetric case there exists a formula analogous to
Theorem 2.2 for the L2-cohomology instead of the Betti cohomology. In this case
the L2-cohomology is finite-dimensional, so one can define the traces of Hecke
operators on the L2-cohomology. Using the results in [33], one obtains a formula
for the L2-Lefschetz numbers analogous to the one of Corollary 2.3. The relevant
change in this case amounts to a subtler substitute of WP , which in the case of
L2-cohomology also depends on the elements γ. In fact one obtains the following
formula for the L2-Lefschetz number:

∑

P0⊆P=LN⊆G

∑

w∈WP

(−1)#I(w) · TLell(f
(P )
χGP (w), w(λ + ρG)− ρL),

where the cutoff functions χGP (w) now depend on w ∈ WP . They are defined as
follows: χGP (w) is the characteristic function of the set of all γ ∈ L(Q), which sat-
isfy I(γ) = I(w), for certain finite sets I(w) depending only on w, P , G, and λ
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(see [33], p. 474), and where I(γ) is the set of simple roots α of AP in NP such
that |α(γ)|−1

f = |α(γ)|∞ ≤ 1 (see [33], p. 471). Let χP,i denote the character-
istic function of the set of all γ ∈ L(R) such that |αi(γ)|∞ > 1 for the sim-
ple root αi. Then the characteristic function χGP (w) can be expressed in the form∏
i/∈I χP,i

∏
j∈I(1 − χP,j) for I = I(w). It can therefore be expanded into a finite

linear combination of the functions χK =
∏
i∈K χP,i for K ⊆ Δ(G,A). For these

finitely many global cutoff functions χK , which now appear in the L2-Lefschetz
formula, the effect of the cutoff can now be concentrated at some preferred non-
Archimedean places v ∈ S′ by the choice of a suitable good πS-projector, modified
at a single place S′ = {v} as in the discussion above using a variant of Lemma 2.13.
This implies

Corollary 2.5. Suppose G∞ is of Hermitian symmetric type. Suppose π is an irre-
ducible cuspidal representation of G(Afin) and not CAP. Then there exists a good
π-projector fπS such that the L2-Lefschetz number of the π-constituents is

trs(H•
(2)(S(G), Vλ)(π)) = TGell(fπ, λ).

In particular, the alternating sums of the π-multiplicities on the cohomology and the
L2-cohomology coincide.

2.9 The Discrete Series Case

This is the case considered in [4]. Suppose G is a connected reductive group over
Q, Gder is simply connected, and G contains a maximal R-torus B, for which
B(R)/AG(R)0 is compact (see [4], p. 262).

Notation. Let 2q(G) denote the real dimension of the symmetric domain attached
to G∞ and d(G) the cardinality of the packets of discrete series representations
of G∞. Let τ be an irreducible complex representation of G(Q) defined by the
highest weight λ ∈ X∗(B)C. λ defines a representation of G(C), and hence of
the compact inner form G of G over the field R. Let τ∗ denote the contragredient
representation. Attached to the representation τ ofG is a packet Πdisc(τ) of discrete
series representations π∞. Let π∗

∞ denote the contragredient. Attached to τ and λ is
the function

f∞ =
fλ
d(G)

,

where fλ ∈ Hac(G∞, ξ−1
λ ) (in the notation in [4], Lemma 3.1) is the stable cus-

pidal function (i.e., supported in discrete series, see [4], Sect. 4) defined by Clozel
and Delorme. f∞ is compactly supported modulo AG(R)0 and is K̃∞-invariant.
Then using the notation in [4], p. 271, formula (4.3), tr ρ∗(f∞) = tr ρ∗(f∞) =
(−1)q(G∞)tr π∗

∞( fλ

d(G) ) for π∞ ∈ Πdisc(ρ) becomes d(G)−1 if π∗
∞ ∈ Πdisc(τ)

and is zero otherwise (see [4], Lemma 3.1). Notice π∗
∞ ∈ Πdisc(τ) if and only if

ρ∗ ∼= τ . Hence,
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tr ρ∗(f∞) = d(G)−1

if ρ ∼= τ∗, and tr ρ∗(f∞) = 0 otherwise.
The orbital integral OGγ (f) =

∫
Gγ(R)\G(R) f(x−1gx)dx, considered for fixed

γ ∈ G(R) as a distribution onHac(G(R), ξ−1
λ ), is denoted ΦG(γ, f) in [4], p. 269,

and in [5], p. 325. Theorem 5.1 in [4] gives a formula valid for all γ ∈ G(R) which
expresses the orbital integral of stable cuspidal functions f∞ ∈ Hac(G∞, ξ−1

λ ) in
terms of the distributions ρ∗(f) discussed above,

OGγ (f∞) = (−1)q(G)d(Gγ)vol(Gγ,∞/AG(R)0)−1
∑

ρ

ΦG(γ, ρ) · tr ρ∗(f∞),

for certain coefficients ΦG(γ, ρ). The sum runs over irreducible representations ρ of
G(R) in Π(G(R), ξλ). In particular, OGγ (f) is zero unless γ is semisimple and γ ∈
T (R) for some maximal R-torus of G such that (R)/AG(R)0 is compact. Notice
T (R) ∼= B(R). On the regular part Treg(R) the function is ΦG(γ, ρ) = tr ρ(f)
(see [4], p. 271). Since ΦG(γ, ρ) extends to a continuous function on T (R) (see [4],
Lemma 4.2), this holds for all γ ∈ T (R). Hence, if OGγ (f) does not vanish a priori,
one has γ ∈ T (R), where T is a maximal R-torus in G such that T (R)/AG(R) is
compact. And for all γ ∈ T (R) one has the formula

OGγ (f∞) = (−1)q(G)d(Gγ)vol(Gγ,∞/AG(R)0)−1tr τ∗(γ)d(G)−1,

since only ρ ∼= τ∗ contributes to the sum over all ρ. Notice tr τ(γ−1) = tr τ∗(γ)
for the contragredient representation. Next, from the formula for the Euler numbers
(see, e.g., [4], p. 281, formula (6.3), and also p. 282)

χ(G, dgf ) = (−1)q(G) ·d(G)·vol(G(Q)AG(R)0\G(A))·vol(G(R)/AG(R)0)−1,

one obtains for ffin ∈ C∞
c (G(Afin))

χ(Gγ) · tr τ(γ−1) ·OGγ (ffin)

= (−1)q(Gγ)d(Gγ)vol(Gγ(R)/AG(R)0)−1τ(Gγ) · tr τ∗(γ) ·OGγ (ffin)

= d(G)τ(Gγ )OG∞
γ (f∞)OGγ (ffin)

= d(G)τ(Gγ )OG(A)
γ (ffinf∞),

provided the measure dg∞ is chosen such that dg∞dgfin is the Tamagawa measure
on G(A). Hence, from the definition of TGell(ffin) we obtain

Lemma 2.15.

TGell(ffin, τ) = d(G)
′∑

γ∈G(Q)/∼
τ(Gγ)OG(A)

γ (ffinf∞).
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The summation is over all semisimple, strongly elliptic conjugacy classes of G(Q).
Here τ(Gγ) is the Tamagawa number vol(GγAG(R)0\Gγ(A)), where the measure
dg∞ is chosen such that dg∞dgfin is the Tamagawa measure on G(A).

Corollary 2.6. With the assumptions and the notation used in Theorem 2.2 we get
for ffin = hpfπp

tr(hp, H•(SK(G), Vλ)(πp)) = d(G)
′∑

γ∈G(Q)/∼
τ(Gγ)OG(A)

γ (hpfπpf∞).

The summation is over all semisimple, strongly elliptic conjugacy classes of G(Q).
The measures defining the orbital integrals are assumed to be Tamagawa measures
on G(A) and Gγ(A).

Remark 2.13. The term OGγ (fSfπSf∞) is independent of the chosen measures dgf
and dg∞ provided dg∞dgf is the Tamagawa measure on G(A). This follows from
the definition of ffin and f∞. Hence, in applications we are now free to normalize
the measures dgf and dg∞, e.g., such that voldgf

(K) = 1 following the convention
of [51].

Remark 2.14. Assume that ZG/AG is anisotropic over R. If one considers a
Shimura variety attached to G (as in [51]) one replaces SK(G) = G(Q) \
G(A)/K̃∞K by G(Q) \ G(A)/Zentr(h)∞K , where h is the underlying struc-
ture homomorphism of the Shimura variety. For small K this multiplies the trace
by the index [K̃ : Zentr(h)∞]. See also the remark on page 21 In fact γε∞ ∈
KZentr(h)∞ for ε∞ ∈ K̃∞, and γ ∈ G(Q) implies γ ∈ ZG(Q) (K is small)
and γ ∈ KK̃∞. Hence, γ is finite, and hence is 1 (K is small). Therefore,
ε∞ ∈ Zentr(h)∞.

Appendix 1

Let G be a reductive connected group over Q. Let K ⊆ G(Afin) be a compact
open subgroup. For g ∈ G(Afin) put K ′ = Kg = g−1Kg ∩ K ⊆ K . Consider
M = G(Q)\G(A), or some compactification, with continuousG(Afin) left action
m 	→ mg−1, g ∈ G(Afin) together with the maps p(m) = m and p′(m) = mg−1

p : M/K ′ →M/K

p′ : M/K ′ →M/K.

The map p (or the map p′) is equivariant with respect to the map q (or the map q′)
from K ′ = Kg to K , defined by k 	→ k or k 	→ gkg−1. Two points mK and m′K
in M/K are related by the correspondence underlying p, p′ if there exists a point
m′′K ′ ∈M/K ′ such that
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p(m′′K ′) = mK and p′(m′′K ′) = m′K in M/K.

This means that there exist k, k′ ∈ K, k′′ ∈ K ′ such that mkk′′ = m′′ and
m′′g−1 = m′(k′)−1 holds. Hence, mkk′′g−1k′ = m′. Stated in other terms, m′ =
mx−1 for some x ∈ KgK . There exists a finite decomposition KgK =

⊎
j Kgj .

Hence,
m′K = mg−1

j K

for some j. Conversely, suppose m′K = mkg−1K for some k ∈ K . Then for
m′′ := mkKg, we tget p(m′′Kg) = mkK = mK and p′(m′′Kg) = mkg−1K =
m′K .

Put Γ = K ∩ G(Q). In general for γ ∈ G(Q) the double coset ΓγΓ =
⊎
i Γγi

decomposition gives KγΓ =
⊎
iKγi, again a disjoint union. Since k1γ1 = k2γ2

implies k−1
2 k1 = γ2γ

−1
1 ∈ G(Q) ∩ K = Γ, we get Γγ1 = Γγ2. Passing to the

closure defines the subset KγΓ =
⊎
iKγi of KγK =

⊎
j Kgj , which might be

smaller than KgK if Γ �= K . Therefore, to relate fixed points of the adelic cor-
respondence to its classical analogue, one has to ensure that fixed points belong to
cosets gK of the form γK for some γ ∈ G(Q) and in particular KgK = KγK .
However, this is the case (see page 24). Only rational cosets γK contribute to the
fixed points of the Goresky–MacPherson trace formula for the Lefschetz numbers.

Appendix 2

Let G∞ be the group of real points of a reductive group over R. Let K∞ be a
maximal compact group, and let V1 ⊆ Z∞ be a vector group in the center Z∞.

Claim 2.1. Then for every y ∈ K∞ ·V1, the set S of all x ∈ G∞, such that x−1yx ∈
K∞ · V1, is either empty or

S = Gy,∞ ·K∞.

Here Gy,∞ denotes the centralizer of y in G∞.

Proof. The proof of this assertion is easily reduced to the case V1 = 1. In fact,
G∞ = 0G · V , where V is the maximal vector group in the center of G∞ and 0G
is the normal subgroup of G∞ with 0G ∩ V = {e} chosen as in [98], p. 19. Notice
K∞ ⊆ 0G∞.

This allows us to reduce the proof to the case where y ∈ K∞ and x satisfies
the equation x−1yx ∈ K∞. In fact, if x−1

0 yx0 = k · v1 holds for some x = x0

and k ∈ K∞, v ∈ V1, we simply replace y by y1 = x0yv
−1
1 x−1

0 ∈ K∞ and x by
x1 = x−1

0 x. Then x−1
1 y1x1 ∈ K∞V1 is equivalent to x−1yx ∈ K∞ · V1. However

x−1
1 y1x1 ∈ K∞V1 if and only if x−1

1 y1x1 ∈ 0G∞∩(K∞V1) = K∞. So we assume
y ∈ K∞ and x−1yx ∈ K∞.

Choose a Cartan involution θ of G∞ such that g ∈ K∞ if and only if θ(g) = g
(see [98], Proposition 5). For x as above, the element z = θ(x)x−1 is in Gy,∞, and
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satisfies θ(z) = z−1. One can write x = s · κ for κ ∈ K∞ and s = exp(σ) and
θ(σ) = −σ ∈ Lie(G∞) (follows from [98], Proposition 5). Then z = exp(−2σ) ∈
Gy,∞. Since y ∈ K∞, y and hence also Gy,∞ is θ-stable. Therefore, there exists
a symmetric one-parameter subgroup in Gy,∞ passing through z. See, e.g., [98],
p. 20. In other words we find a symmetric root r = exp(−σ) ∈ Gy,∞, θ(r) = r−1

of z = r2 for θ(σ) = −σ ∈ Lie(Gy,∞). We conclude 1 = r−1θ(x)x−1r−1 =
θ(rx)(rx)−1 . Thus, rx = k ∈ K∞ and x = r−1k ∈ Gy,∞ ·K∞, which proves the
claim. �

Corollary 2.7. S/(K∞ · V1) is either empty or Gy,∞/(Gy,∞ ∩ K∞)V1, where
Gy,∞ ∩K∞.

Proof. Notice V1 ⊆ Gy,∞. �

Remark 2.15. Finally, there exists a diffeomorphism G∞/(K∞ · V1) ∼=
(0G∞/K∞) × V/V1. In particular for V1 ⊆ AG(R)0, we see that G∞/(K∞ · V1)
is homotopic to XG = G∞/(K∞ · AG(R)0).



Chapter 3
The Ramanujan Conjecture for Genus 2 Siegel
Modular Forms

In this chapter we apply the results obtained in Chaps. 1 and 2 and work of Kottwitz
in the special case of the symplectic group of similitudes GSp(4). The main result
obtained in this chapter is the proof of the Ramanujan conjecture forGSp(4) for co-
homological automorphic forms which are not cuspidal representations associated
with parabolic subgroups (CAP). We will assume certain statements regarding the
trace formula, the proof of which occupies Chaps. 6–10.

For the moment let G be a connected reductive group over Q, whose derived
group is simply connected. Assume that the maximal Q-split torus AG in the center
coincides with the maximal R-split torus in the center. Let K ⊆ G(Afin) be a
sufficiently small compact open subgroup (see Sect. 2.2).

Shimura Varieties. Let

h : RC/R(Gm)→ GR

be the structure homomorphism of a Shimura variety attached to G (i.e., satisfying
the conditions of [65] and [51], p. 162). Let X∞ = G(R)/Zentr(h)∞ denote the
G(R)-conjugacy class of the homomorphism h. The Shimura variety

SK(C) = G(Q) \ (X∞ ×G(Afin)/K

is a smooth algebraic variety over C. Let K∞ denote a maximal compact subgroup
in G∞ = G(R) and put K̃∞ = AG(R)0K∞. Then Zentr(h)∞ ⊆ K̃∞ is a sub-
group of finite index by our assumptions.

The Manifolds SK(G). LetXG = G∞/K̃∞ denote the connected symmetric space
attached to G. There is a finite covering map X∞ → XG. The cardinality of the
fibers is equal to the index [K̃∞ : Zentr(h)∞]. At the beginning of Chap. 2 we
defined the topological space

SK(G) = G(Q) \ (XG ×G(Afin)/K).

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 53
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 3,
c© Springer-Verlag Berlin Heidelberg 2009
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Obviously
SK(C)→ SK(G)

is a covering map of degree [K̃∞ : Zentr(h)∞]. The trace formulas in Chap. 2 carry
over to the spaces SK(C) instead of SK(G), except that they have to be multiplied
by this index (see the remark on page 21 and the second remark on page 50).

Example 3.1. For G = GSp(4,Q) X∞ = H is the Siegel upper half-space.

Example 3.2. For G = GSp(4) and the standard choice of structure morphism h
this index is [K̃∞ : Zentr(h)∞] = 2. In fact, K̃∞ is generated by Zentr(h)∞ and
the block diagonal matrix

ε∞ = diag(id,−id).
Hence,

X∞ = G(R)/Zentr(h)∞ = XG ∪ −XG , XG = H.

The spaces SK(C) are the (nonconnected) Siegel modular varieties of genus 2. The
canonical model of the Shimura variety SK(C) over Q can be identified with the
moduli space over Q of principally polarized Abelian varieties of level N for a
suitable choice of K (Sect. 1.2). In the following we restrict ourselves to studying
these particular cases, since the corresponding groups define a cofinal system of
compact open subgroupsK ⊆ G(Afin).

Relevant Constants. For G = Sp(2g,Q) the number of discrete series represen-
tations d(G) in a fixed L-packet for the group G∞ is 2g; for G = GSp(2g,Q) this
number is 2g−1. In particular, d(Gl(2,Q)) = 1; hence, d(M) = 1 for the group
M = Gl(2,Q)2/Z1. The group Z1

∼= Gm is embedded via t 	→ (t · id, t−1 · id).
Tamagawa Numbers. There is the general formula τ(G)=|π0(Z(Ĝ))Γ|/|ker1
(Q, Z(Ĝ))|, which holds for all connected reductive groupsG, whose derived group
is simply connected. For the groups G=GSp(2g) we have Z(Ĝ)=C∗, considered
with trivial Galois action; hence,

τ(G) = 1.

In the case g = 2, we also consider the group M = Gl(2)2/Z1, where Z1
∼= Gm

is embedded in Gl(2)2 via the map x 	→ (x · id, x−1 · id). The derived group
Mder = Sl(2)2/(±1) is not simply connected. Oesterle [67], p. 40, showed that
τ(M)τ(Q∗)/τ(Gl(2,Q)2) is the product of

#Koker(HomQ−alg(Gl(2)2,Gm)→ HomQ−alg(Z1,Gm))

and [M(A)/M(Q)Gl(2,A)2] divided by

#Ker(ker1(Q, Z1)→ Ker1(Q, Gl(2)2)).

The first factor is 2 and the second and third factors are 1 by Hilbert theorem 90.
Thus,

τ(M) = 2.
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The Endoscopic Factor i(G,M). An endoscopic datum (M, LM, s, ξ) for G is
a quasisplit connected reductive Q-group M (called an endoscopic group for G),
an element s in the center of the dual group M̂ , and an embedding ξ : M̂ → Ĝ
of groups, satisfying the following conditions: (a) ξ(M̂) = (Ĝξ(s))0; (b) the Ĝ-
conjugacy class of ξ is fixed by the Galois group, which defines an extension LM →
LG also denoted ξ; and (c) the image of s in Z(M̂)/Z(Ĝ) is fixed by the Galois
action and is contained in the group K(M/Q), i.e., has a locally trivial image in
π0((Z(M̂)/Z(Ĝ))ΓQ ). Such an endoscopic datum is called elliptic if ξ(Z(M̂)ΓQ )0

is contained inZ(Ĝ). For further details and the notion of equivalence of endoscopic
data we refer to [54], p. 17ff.

It is not hard to see that up to equivalence there exists a unique nontrivial elliptic
endoscopic datum (M, LM, s, ξ) for the group G = GSp(4,Q), namely,

ξ : M̂ =
{
⎛

⎜
⎜
⎝

∗ 0 ∗ 0
0 ∗ 0 ∗
∗ 0 ∗ 0
0 ∗ 0 ∗

⎞

⎟
⎟
⎠

}

↪→ Ĝ = GSp(4,C)

for the choice
s = diag(1,−1, 1,−1).

See also Sect. 6.3. The group M is the group Gl(2)2/Z1 defined above. For an
elliptic endoscopic datum there is the constant

i(G,M) = τ(G)τ(M)−1λ−1,

where λ is the order of a group Λ(M, s, η) = Aut(M, s, η)/Mad(Q) attached to
the elliptic endoscopic groupM .Aut(M, s, η) is the group of those automorphisms
ϕ of M which preserve the embedding η up to Ĝ equivalence and the element s ∈
K(M/Q) under the map K(M/Q) → K(M/Q) induced by ϕ. See [60] and [53],
p. 630, for these definitions and further details.

The case G = GSp(4). Any automorphism of PGl(2) is an inner automorphism;
therefore, an automorphism ρ of M which does not switch the two factors of
Mad can be modified by an inner automorphism such that it induces the iden-
tity on Mad. Since ρ preserves the center ZM ∼= Gm, the restriction ρ0 of ρ
to ZM is either the identity or the inversion. Automorphisms ρ : M → M ,
which induce the identity on Mad and induce some fixed homomorphism ρ0 on
the center ZM , are of the form g 	→ gψ(g) for an algebraic character ψ ∈
Homalg(M,ZM ) ∼= Z (generated by (g1, g2)/(t · id, t−1 · id) 	→ det(g1g2)−1)
such that ψ(z) = ρ0(z)z−1 holds for z ∈ ZM ; hence, ρ0 uniquely determines ρ.
For ρ0 = id, therefore, ψ(z) = 1 and ρ = id. For ρ0(z) = z−1 the automorphism
ρ is (g1, g2)/ ∼ 	→ (g1det(g1)−1, g2det(g2)−1)/ ∼. Its dual ρ̂ is not induced by
an inner automorphism of Ĝ. There it does not contribute to Λ(M, s, ξ). Hence,
up to an inner automorphism, there is a unique further automorphism of M given
by (g1, g2)/∼ 	→ (g−t2 , g−t1 )/∼, which contributes nontrivially to Λ(M, s, ξ) and
switches the two factors ofMad. The induced map on M̂ is the restriction of an inner
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automorphism of G, which stabilizes s modulo the center of Z(Ĝ). Therefore,
λ = 2. Since τ(G) = 1 and τ(M) = 2, this implies

i(G,M) =
1
4

for the nontrivial elliptic endoscopic datum of the group GSp(4).

3.1 Results Obtained by Kottwitz, Milne, Pink, and Shpiz

In the following we consider principal congruence subgroups K = KN in
GSp(4,Afin) for N sufficiently large. Then the moduli space of principally
polarized Abelian varieties of level N structure defines a scheme SK over
Spec(Z[1/N ]), which gives the canonical model denoted M on page 7. Fix a
prime p such that (p,N) = 1. Then p is a prime of good reduction for the Siegel
modular variety SK . We write as usual K = KpK

p, where Kp = GSp(Zp). By
abuse of notation we write SK(Fp) for the variety overFp obtained by the extension
of scalars from Fp to the algebraic closure Fp of the reduction of SK modulo p.
The Hecke correspondences and the Frobenius act on the etale cohomology groups
of the variety SK(Fp).

Counting Points. In [51], (3.1), Kottwitz states a conjectural formula for the “P =
G-part” of the Lefschetz number (or supertrace) of a correspondence

f × Frobnp
on the etale intersection cohomology groups IH•(SK(Fp), Vλ). The sheaves Vλ
extend to smooth l-adic sheaves on the reduction of the Shimura variety, temporarily
viewed as a variety over the algebraic closure Fp of the prime field of characteristic
p. See Sect. 1.4. In this chapter we use the unitary normalization (see page 3). In
other words, we normalize these sheaves by a half-integral Tate twist so that they
become Weil sheaves on SK(Fp), which are pure of weight zero. In this formula
the Hecke operator f =

∏
v fv is supposed to be a product of local Hecke operators

coming from the primes outside p. In fact, there is no other restriction except that
f = fpf

p is K-bi-invariant and induces at the place p the local Hecke operator
fp = 1p, which is the unit element of the local spherical Hecke algebra at p. See
loc. cit. p. 163. We simply write fp instead of fp1p. To provide evidence for his
formula, Kottwitz computed in loc. cit. Sect. 4 the cardinality of the number of fixed
points of Fpn -rational points of SK(Fp), and showed that this cardinality is given
by his predicted formula (3.1) in the special case f × Frobnp = Frobnp , where
the Hecke correspondence is trivial, and where the coefficient system is Vλ = Ql.
Hence, by the Weil conjectures this computation of Kottwitz gives a formula for the
Lefschetz number of Frobnp on the etale cohomologyH•

c (SK(Fp), Vλ).
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Conjecture of Deligne. The immediate question is whether this calculation extends
to cover the cases where Vλ is nontrivial and where f = 1p⊗fp is a Hecke operator,
which has trivial component at p. In this case the supertrace trs(f × Frobnp ) on
H•
c (SK(Fp), Vλ) can be calculated by the Lefschetz trace formula of Grothendieck

and Verdier. It computes this Lefschetz number as a sum over the fixed points in
terms of contributions, which are defined purely locally. However, in general, these
local terms of the Grothendieck–Verdier fixed-point formula may be complicated,
and in addition there appear possible additional “boundary contributions” owing to
the fact that the variety is not proper over the base field [65], p. 258f. On the other
hand, Pink [73] has shown that for fixed fp and all large enough powers n � 0
of the Frobenius Frobnp , the Lefschetz number of the correspondence fp × Frobnp
on the cohomology with compact support can be calculated by a “naive” Lefschetz
number, in which the local terms at the fixed points of the correspondence are the
obvious local traces. A similar result was obtained, independently, by Shpiz [65],
Theorem C.4. Hence, again one can compute the Lefschetz number by a counting
argument involving the fixed points of the correspondence [65], Theorem C.6. In
fact the computation of Kottwitz in [51], Sect. 12, gives a stronger result. This was
further refined by Milne [64] or [65], (0.1). As explained in [65], p. 157, his refined
result [65], (0.1), gives a formula for the “naive” Lefschetz number of fp × Frobnp
on the etale cohomologyH•

c (SK(Fp), Vλ), stated in [65], (0.5). In fact, this formula
coincides with the formula (3.1) in [51]. Hence, combined with [65], Theorem C.4,
this implies

Theorem 3.1 (Kottwitz–Milne). For f = 1pfp and Kp = GSp(Zp) the following
holds: there exists n0 such that for all n ≥ n0

trs(fp×Frobnp ;H•
c (SK(Fp), Vλ)) =

∑

γ0

∑

(γ,δ)

c(γ0; γ, δ)OGγ (fp)TOδ(φn)tr τ(γ),

subject to the summation conditions and the notation in [51], p. 171.

For the formula of the last theorem we assume that the Hecke operators f act on
the cohomology groups by a left action, following Milne’s convention. This differs
from the conventions in the last chapter. To make a comparison with the last chapter,
where the right action was used, simply replace f = f(x) by f− = f(x−1).

Remark 3.1. In the following we do not need to know the rather complicated de-
scription of the terms in this formula. It is enough for us to know that the term
TOδ(φn) is a local twisted orbital for the group G(E), where E is the unramified
extension of Qp of degree n. A warning concerning different normalizations in the
literature is in order. In [51] the function φn denotes the local spherical function
defined by the characteristic function of the double coset GSp(oE) · a · GSp(oE)
on GSp(E) for a = μh(π−1

F ), where μh : (Gm)C → GC is defined by h as usual.
In [64], p. 202, however it is the characteristic function GSp(oE) · a ·GSp(oE) for
the inverse a = μh(πF ), where the action of Hecke operators is induced by a right
action of G(Ap

fin) on the variety and the induced left action on cohomology, which
was also our choice above.
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3.1.1 Stabilization

In [51] Kottwitz rearranged the summation terms in the formula [51], (3.1), which
appears in Theorem 3.1 under the assumption of certain conjectures on (twisted) en-
doscopy. These conjectures are described in loc. cit. p. 178 (existence of matching
functions; an extension of matching to (G,M)-regular elements; the fundamental
lemma for the unit element at almost all places) and on p. 180 (twisted fundamen-
tal lemma for the function φn). These assumptions are needed to construct the re-
quired functions hp ∈ C∞

c (H(Ap
fin)) and hp in the spherical local Hecke algebra

of H(Qp), which match, respectively, with the function fp (endoscopic matching
condition) and φn (twisted endoscopic matching1), whereH denotes the elliptic en-
doscopic groups of G. For G = GSp(4), therefore, either H = G or H = M .
The required twisted versions of the fundamental lemma follow from the untwisted
fundamental lemma, which is proven in Chaps. 6–10.

Archimedean Case. Similarly, using the theory of characters of the discrete series,
Kottwitz constructed functions h∞ on H(R) in loc. cit. pp. 182–187. In the case
H = G the construction is as follows. Consider the L-packet Π(ϕ) of discrete
series representations ofG(R), having the same2 central and infinitesimal character
as τ = τλ:

hG∞ = (−1)q(G)h(ϕG) = (−1)q(G)d(G)−1
∑

π∞∈Π(ϕ)

fπ∞ ,

where fπ∞ is a pseudocoefficient for π∞. This slightly differs from [51], top of
p. 185. The choice of Kottwitz coincides with the function f∞ defined on page 48.
We use the dual since we follow the conventions of Milne [65], p. 214(c).

Concerning the Assumptions. One further remark is in order. The matching con-
ditions, among others, depend on the choice of transfer factors Δv . In [51], p. 188,
Kottwitz assumes the global hypothesis, i.e., the product formula Δ =

∏
v Δv = 1

for global elements (Sect. 7.15). Furthermore, the other assumptions are not un-
related. The fundamental lemma at almost all places implies the fundamental
lemma (Hales [35]) at all places. See also Sect. 10, where we give a proof of this
which includes the twisted endoscopic case, using the method of Labesse [57] and
Clozel [20]. In the case of the group GSp(4) the existence of matching func-
tions was shown by Hales [36], Sect. 6, Corollary 3. In general, it was shown by
Waldspurger [108] that the existence of matching functions is already a consequence
of the fundamental lemma. (Finally, it is possible to extend statements from regu-
lar to (G,M)-regular elements along the lines of [76], Proposition 8.1.3 and [50].)

1 This matching condition is a priori not the same as the twisted endoscopic matching condition
of [54]. The condition is described in Lemma 9.7. However, it is equivalent to the twisted endo-
scopic condition in general, and can be deduced from the ordinary endoscopic fundamental lemma.
See Corollary 9.4.
2 Well defined also for the unitary normalization.
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Therefore, it enough to prove the fundamental lemma in the regular cases. Hence,
since these assumptions are therefore fulfilled in our case of the group GSp(4),
Theorem 7.2 of Kottwitz [51] implies

Theorem 3.2. Under the assumptions above and of Theorem 3.1, the following for-
mula holds for f = 1pfp and Kp = GSp(Zp) and all n� 0:

trs

(
fp × Frobnp ;H•

c (SK(Fp), Vλ)
)

=
∑

E
i(G,M)ST ∗

e (h).

This requires some explanations:

1. First, E refers to a set of representatives of elliptic endoscopic triples. For exam-
ple, in the case of the group G = GSp(4,Q), the cardinality of E is 2. There is
the trivial triple (G, 1, id) and the triple (M, s, η) considered above.

2. Second, the constants i(G,M) are the rational numbers defined already. ForG =
GSp(4) they are 1 and 1

4 , respectively.
3. Third, the symbol ST ∗

e ( ) stands for the (G,M)-regular, Q-elliptic part of the
stable trace formula

ST ∗
e (h) = τ(M)

∑

γM

|(MγM /M
0
γM

)(Q)|−1SOMγM
(h).

Summation is over a set of representatives for the (G,M)-regular semisimple
Q-elliptic stable conjugacy classes in M(Q) [51], p. 189. The terms SOMγM

(h)
are the corresponding stable orbital integrals. A semisimple element γM ∈
M(Q) is (G,M)-regular if the corresponding element γ ∈ G(Q) satisfies the
following: γα = 1 for a root α of G implies that α is already a root of M .
Q-elliptic means that ZGγ/ZG is Q-anisotropic.

Recall that the functions h =
∏
v hv have been carefully attached to the given

correspondence fp × Frobnp for each M . In the following we often write hv = hMv
for the corresponding function fv. Notice hv = fv for M = G except for v ∈
{p,∞}. We write fp := hp in the case H = G. This defines (!)

hG = h∞fpfp and hM = hM∞h
M
p h

M,p.

Remark 3.2.Suppose G = Gm, K =
∏
v Zv , and λ = r ∈ Z. Then the Frobenius

Frobp acts on H0
c (S(Fp), Vλ) ∼= H0(S(Fp), Vλ) ∼= Ql in the same way as the

Hecke operator (with left action on cohomology) defined by g = (1, . . . , p, 1 . . .) ∈
A∗
fin, namely, by pr. This seems to be in discrepancy with [40], p. 55. But notice

that this depends on certain conventions, such as the normalization of the reciprocity
law, the reciprocity law for the Shimura variety, and in particular on whether the
absolute Galois group of the reflex field is considered to act by a left or a right
action on the base field extension to Q of the canonical model.
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Let us Specialize for The Case G=GSp(4,Q). Assuming the local conjectures on
the endoscopic lifts, which will be proved in Chaps. 6–9, we get the formula

trs

(
fp × Frobnp ;H•

c (SK(Fp), Vλ)
)

= ST ∗
e (hG) + i(G,M)ST ∗

e (hM ) .

Let us consider the first term on the right-hand side. SinceGder is simply connected,
it is

ST ∗
e (hG) = τ(G) ·

∑

γG

SOGγG
(hG).

Summation is over representatives of the semisimple Q-elliptic stable conjugacy
classes of G(Q). The condition of (G,G)-regularity is void.

3.2 Destabilization

Theorem 9.6 of Kottwitz [53] gives the stabilization of the elliptic part of the trace
formula – again using certain endoscopic conjectures [53], pp. 380 and 384, which
for G = GSp(4) are covered by the results proved in the chapters on the funda-
mental lemma. Notice that in these chapters only regular elements are considered.
This will cause no problems since the extension to the (G,M)-regular case can be
obtained along the lines of [76], Proposition 8.1.3 and [50]. So this allows us to
destabilize the last formula for the Lefschetz number. Destabilization [53] gives

ST ∗∗
e (hG) = T ∗

e (hG)− i(G,M)ST ∗∗
e

(

(hG)M
)

.

Here, following the notation of Kottwitz [53, p. 393], the double index ∗∗ instead of
the single index ∗ should remind us that in the case G = M one should not con-
sider the (G,M)-regular stable conjugacy classes, but should exclude those coming
from central elements. Notice (G,G)-regularity is the empty condition. We need
not go through the full process of destabilization to observe that the second term
ST ∗∗

e

(
(hG)M

)
vanishes.

The Vanishing Term. In fact, ST ∗∗
e

(
(hG)M

)
is the product over the local sta-

ble orbital integrals on M(A). These are, up to some transfer factors, equal to the
so-called κ-orbital integrals OG,κγ (hH) of the functions hG on G(A). For the van-
ishing term it is therefore enough to see that at the Archimedean place the global
κ-orbital integral vanishes, unless κ = 1. By a continuity argument similar to that
in [51], p. 186, one should reduce this to the regular case. Since the sum defining
ST ∗∗

e ((hG)M ) is indexed by stable conjugacy classes, all of which can be assumed
to have R-elliptic representatives γM ([51], p. 188), Gγ is an R-anisotropic torus
modulo AG(R). Hence, the global element κ ∈ K(Gγ/Q) is trivial if and only if
its image in K(Gγ/R) is trivial. In fact both groups are cyclic of order 2 and are



3.2 Destabilization 61

generated by κ = κs, where κs is attached to the endoscopic element s. But this
is enough since for nontrivial κ ∈ K(Gγ/R) the Archimedean κ-orbital of hG∞
vanishes, simply because

hG∞ = (−1)q(G)d(G)−1
∑

π∈Π(ϕ)

fπ∞

is the sum over the pseudocoefficients fπ∞ of discrete series representations π∞ in
the Archimedean L-packet attached to an irreducible (finite-dimensional) represen-
tation of the compact form G. Hence, hG∞ is stable ([51], Sect. 7), and therefore has
vanishing κ-orbital integrals at the Archimedean place for κ �= 1. We conclude

ST ∗∗
e (hG) = T ∗

e (hG),

T ∗
e (hG) =

∑

γG

|(GγG/G
0
γG

)(Q)|−1τ(G0
γG

)OGγG
(hG).

The sum is over representatives of the G(Q)-conjugacy classes of semisimple,
Q-elliptic elements in G(Q), however with central elements removed. See [53],
p. 391ff, in particular Theorem 9.6. In these formulas the global orbital integrals
are defined using the canonical measures on G(A), respectively, G0

γG
(A) (i.e., the

volumes on the adele quotients give the Tamagawa numbers).

Adding the Central Terms. In the stable trace ST ∗∗
e (hG) the omitted summands

are of the form τ(G)hG(γG) for central elements γG. Also in T ∗
e (hG) the omitted

terms are the terms τ(G)hG(γG) for central elements γG. This implies ST ∗
e (hG) =

TGell(h
G), i.e.,

ST ∗
e (hG) =

∑

γG

|(GγG/G
0
γG

)(Q)|−1τ(G0
γG

)OGγG
(hG) =

∑

γG

τ(GγG )OGγG
(hG),

where now the summation is over representatives of all G(Q)-conjugacy classes of
semisimple Q-elliptic elements in G(Q). Notice GγG = G0

γG
, since Gder is simply

connected. In the situation of Theorem 3.2 we therefore get from the result at the
end of Sect. 3.1

trs

(
fp × Frobnp ;H•

c (SK(Fp), Vλ)
)

= TGell(h
G) + i(G,M)ST ∗

e (hM ) .

Notice the orbital integral over hG∞ at the Archimedean place is zero unless the
element γG is R-elliptic [51], p. 182. This allows us to compare the summands on
the right side of this formula with the terms in the topological trace formula of
Goresky and MacPherson. In Sects. 3.3 and 3.4, we discuss the two terms on the
right side of this formula.
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3.3 The Topological Trace Formula

Assume that the level groupK is small in the sense of Chap. 2. In the following, all
measures are again supposed to be canonical measures. So the measure on G(A)
is the canonical measure. We may in addition assume the Haar measure to be suit-
ably normalized on G(Afin). Now we apply Theorem 2.2. To be compatible with
Milne’s conventions, we have to convert the action of the Hecke algebraC∞

c (Ap,∞)
on the cohomology from a right action to a left action. This is done by replacing fπp

by f−
πp . However, to come closer to the formulas in [65], it is better to make the addi-

tional substitution γ 	→ γ−1 for the summation index. Notice OGγ−1(f−) = OGγ (f)
for f = fp. At the infinite place the effect is OGγ−1(f∞) = OGγ (f−

∞), where now the

function f∞ becomes the function f−
∞ = hG∞. Recall that fp is a good π-projector

for an irreducible automorphic representation πp of GSp(4,Ap
fin) with respect to

the fixed level K in the sense of Chap. 2, Theorem 2.2.
If π is not CAP in the sense of Piatetski-Shapiro, we get from Theorem 2.2 the

following expression for TGell(h
G):

TGell(h
G) = (d(G)[K̃G,∞ : Zentr(h)])−1

∑

ν

(−1)νtr
(
hGp ;Hν(SK(C), Vλ)(πp)

)

=
1
4
·
∑

ν

(−1)νtr
(
hGp ;Hν(SK(C), Vλ)(πp)

)
.

This needs some explanation. First, observe hGv = fv for all v not in {p,∞}. At
the archimedean place the definition of hG∞ has already been given. The function
hGp depends on the Frobenius power n and can be understood in terms of a cyclic
base change of degree n [51, 52]. For the moment it is enough to remember the
dependence of hGp on n. Hence, we will sometimes write hGp = h

(n)
p .

On the other hand, for trivial reasons the choice of a good πp-projector (π not
CAP) also localizes the etale trace formula involving the Frobenius trace. Hence,

Lemma 3.1. Let G = GSp(4,Q) and let π be irreducible cuspidal, but not CAP.
Let K be a fixed small level subgroup with corresponding set S of primes of bad re-
duction. Then for n� 0 (depending on K and p) the Kottwitz functions hGp = h

(n)
p

define spherical Hecke operators such that under the assumptions of Theorem 3.2

4 · trs
(
Frobnp ;H•

c,et(SK(Fp), Vλ)(πp)
)− trs

(
h(n)
p ;H•

Betti(SK(C), Vλ)(πp)
)

= ST ∗
e (hM∞h

M
p f

M
πp ).

Proof. Multiply the identity above by 4 and observe that the two coefficients
were both equal to 1

4 . For that see the introductory remarks on constants in this
chapter. �

Remark 3.3. By Theorem 1.1(1b) and its dual, our assumption that π is not CAP im-
plies that all generalized πp-eigenspaces of the cohomology groups (with or without
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compact support) with respect to πp can be replaced by the corresponding spaces
H•

! (SK , Vλ)(πp), where Hν
! (SK , Vλ) is the image of Hν

c (SK , Vλ) in Hν(SK , Vλ).
This shows that we might drop the index c and replace both cohomology groups by
the cohomology groups Hν

! (SK , Vλ)(πp)

Hν
c (SK , Vλ)(πp)

∼ �� Hν
! (SK , Vλ)(πp) .

Furthermore, by Lemma 1.2 the two cohomology groups in characteristic p (coef-
ficients in the etale Ql-sheaf Vλ) and characteristic zero (coefficients in the com-
plex coefficient system Vλ), which appear in Corollary 3.1, can be identified by the
choice of an isomorphism ι : Ql

∼= C.

Corollary 3.1. Under the assumptions of Lemma 3.1 we obtain

4 · trs
(
Frobnp ;H

•
!,et(SK(Fp), Vλ)(πp)

)− trs
(
h(n)
p ;H•

! (SK(C), Vλ)(πp)
)

= ST ∗
e (hM∞h

M
p f

M
πp ).

For further applications of Corollary 3.1, it remains to simplify the right-
hand side of its formula. For that we should first understand the meaning of the
terms which were removed by the condition (*), namely, the condition of (G,M)-
regularity.

3.4 (G, M)-Regularity Removed

What does it mean for an R-elliptic, semisimple element t of M(Q) to be (G,M)-
regular? Of course it is enough to deal with this over the field R of real num-
bers. Suppose t is represented by (t1, t2) modulo Z1(R) in the notation in Chap. 6,
page 217. Not to be (G,M)-regular then means (see page 277) x = xσ or
x, = (x,)σ , where x = t1t2 and x, = t1(t2)σ , and where σ denotes the non-
trivial R-automorphism of C. In other words, t is not (G,M)-regular if and only if
t1/t

σ
1 = (t2/tσ2 )±1 holds.

Lemma 3.2. SOMγ (hM∞) = 0 for all R-elliptic, semisimple γ which are not
(G,M)-regular.

Proof. hM∞ is defined in [51], Sect. 7. Remember that M is of adjoint type; hence,
d(M) = 1. Each packet of discrete series representations of M(R) has cardinality
1. Furthermore, q(G) = 3. Therefore, according to [51], p. 186, and Lemma 8.4

hM∞ = 〈μh, s〉 ·
∑

ω∗∈ΩM\Ω
det(ω∗(φM ))(−1)q(G)h(φM )

or in our case hM∞ = −〈μh, s〉 ·
∑

ω∗∈{id,w} det(ω∗(φM ), X∗(T ))h(φM ). The term
in front of the sum is a sign factor, and id and w are representatives of the cosets of
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the complex Weil groups ΩM and Ω of M and G, respectively. w interchanges the
two factors of the group M . If φM : WR → LM is a Langlands parameter for M
for the discrete series representation πM onM(R) determined by λ, h(πM ) denotes
one of its pseudocoefficients. Hence, up to a sign determined later in Lemma 8.4,

±hM∞ = h(πr1 ⊗ πr2)− h(πr2 ⊗ πr1), (r1 > r2).

Here, by abuse of notation we regard the discrete series representation πM as
given by a pair of discrete series representations πr1 , πr2 for the group Gl(2,R).
The weights r1 and r2 (highest K-types) are numbers greater than or equal to
2 determined by the assumption that the composite map WR → LM → LG
gives the discrete series packet on G(R) corresponding to τ , i.e., to the coefficient
system Eλ under consideration. Similarly for the central character. For example,
if Vλ corresponds to classical Siegel modular forms of weight k – which means
λ1 = λ2 = k − 3 – then we get r1 = 2k − 2 and r2 = 2. More generally, for
λ1 ≥ λ2 ≥ 0 and ki = λ3 + 3 with k1 ≥ k2 ≥ 3 [58], p. 212,

r1 = k1 + k2 − 2, r2 = k1 − k2 + 2.

The stable orbital integral onM(R) is essentially the product of two orbital integrals
on the groupGl(2,R).

Consider an R-elliptic element in M(R). Notice γ is conjugate to an element
which is up to some central element contained in a fixed maximal compact subgroup
ofM(R). Suppose γ = (γ1, γ2) mod Z1(R). If det(γi) < 0, thenOGl(2,R)

γi (hπr ) =
0 for all r. In particular, SOMγ (hM∞) vanishes. For this recall that the restriction of
an irreducible discrete representation π ofGl(2,R) decomposes into the direct sum
of two irreducible subrepresentations π+ ⊕ π−, after restriction to Gl(2,R)+ =
{g ∈ Gl(2,R) | det(g) > 0}. Furthermore, an irreducible representation π′ of
Gl(2,R) is isomorphic to π if and only if the restriction of π′ toGl(2,R)+ contains
π+. Therefore, if f+ is a pseudocoefficient of the discrete series representation π+

of G+, extend f+ to a function on Gl(2,R) which is zero on the complement of
Gl(2,R)+. Then, evidently, f becomes a pseudocoefficient for the discrete series
representation π of Gl(2,R). Since the support of f is in G+, our claim follows.

Hence, to prove the lemma, we can assume that γ1, γ2 are both contained in
Gl(2,R)+, and by conjugation

γi = λi ·
(

cos(αi sin(αi)
−sin(αi) cos(αi)

)

, λi ∈ R∗

is contained in a fundamental torus, and ti/tσi = exp(2iαi). Since now γi are con-
tained in an elliptic torus, up to some constant (−1)q(M

0
γ )d(M0

γ )/d(M)vol(Z0
Mγ,∞\

M
0

γ,∞)−1 (Sect. 2.9), the orbital integral OGl(2)γi (hπr) can be expressed by

(
tr (τr1−2 ⊗ τr2−2)− tr (τr2−2 ⊗ τr1−2)

)
(γ),
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where τr is a finite-dimensional irreducible complex representation of Gl(2,C).
In fact τr = Symmr(st), and tr τr(γi) = ω(λi) · P (ti) for P ∈ C[X,X−1] with
P (X) = P (X−1) and P (−X) = (−1)rP (X). That γ is not (G,M)-regular means
t21 = t±2

2 , or equivalently t1 = ±t2 or±t−1
2 . Therefore, tr τr1−2(t1)·tr τr2−2(t2)−

tr τr2−2(t2) · tr τr1−2(t1) = 0, since r1 − r2 = 2k2 − 4 is an even integer. This
completes the proof of the lemma. �

Corollary 3.2. The term ST ∗
e (hM∞h

M
p f

M
πp ) on the right-hand side in the formula of

Corollary 3.1 is

TMell (h
M
∞h

M
p f

M
πp ) =

∑

γM

[Mγ : M0
γ ]−1τ(M0

γ )OMγ (hM∞h
M
p f

M
πp ).

Summation is over all conjugacy classes of R-elliptic, semisimple elements of
M(Q).

Proof. M does not have nontrivial elliptic endoscopic groups, and the no-
tions of conjugacy and stable conjugacy coincide; hence, ST ∗

e (hM∞h
M
p f

M
πp ) =

TMell (h
M
∞h

M
p f

M
πp ). This proves the corollary. In the sum TMell (h

M
∞h

M
p f

M
πp ) one

could also remove the central terms, which are zero owing to the presence of
the Archimedean orbital integrals of hM∞ . �

3.5 CAP Localization Revisited

At this point we apply the trace formula for M to write the sum in Corollary 3.2
in terms of automorphic representations of M(A). Recall that the functions hMv for
v �= p,∞ are locally constant with compact support and independent of the twist n.

Concerning the Archimedean Place. Both the Frobenius trace formula of
Kottwitz and the topological trace formula of Goresky and MacPherson (in the
form of Chap. 2) were considered by us only under the simplifying assumption that
the derived group is simply connected. Since Mder is not simply connected, we may
nevertheless use the trace formula in the L2 version given by Arthur [4]. This is
possible since the functions hM∞ at the Archimedean place are linear combinations
of pseudocoefficients of discrete series representations ofM∞. Arthur’sL2-formula
can be brought into a CAP localized form in the same way as the topological trace
formula. This gives a spectral expression for the term in Corollary 3.2 similar to the
one in Corollary 2.2. In fact we have more than that. For n� 0 the parabolic terms
automatically vanish by our assumption that π is not CAP. The reason for this is the
same as the one in Sect. 2.8. We sketch the argument.

Concentration at Preferred Places. In Chap. 2 we saw that the trace formula is
simplified considerably if one discards CAP representations in the discrete spec-
trum. This can be achieved by inserting suitable test functions into the trace formula
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called good projectors in Chap. 2, which concentrated the truncation at preferred
places. In the construction of a good π-projector in Chap. 2 we specified one place
v (not in S ∪ {p}) where the support of the Satake transforms is “very” regular in
addition to the Frobenius place p. This projector fπp was chosen for G = GSp(4)
such that for n� 0 truncation concentrates at two preferred places p, v. By transfer
fromG toM we now have to consider the local Hecke operators hMp and fMπp for the
group M . These transferred functions do not define a good projector on M in the
precise meaning of Chap. 2. Nevertheless, they act in the same way. For n� 0 trun-
cation concentrates again at the preferred places p and v. Therefore, the argument
of Sect. 2.8 carries over verbatim. In fact

The Bad Places. For the finite set S of ramified primes w, where Kw �=
GSp(4,Zw), the existence of hMw is guaranteed by [36]. Except for their exis-
tence we need not care further about these fixed Hecke operators.

The Frobenius Prime p. Here, up to a constant c(n) depending on n, the Satake

transform of h(n)M
p turns out to be obtained by a rescaling (Lemma 10.2)

S(h(n)M
p )(λ) = c(n) · S(h(1)M

p )(n · λ)

for λ ∈ Λ.

The Unramified Places. For the places v �= p,∞, where Kv = GSp(4,Zv),
the fundamental lemma established in Chaps. 6–9 gives us precise information on
the functions hMv . Recall hGv are in the spherical Hecke algebra H(Gv,Ωv) for
the good maximal compact subgroup Ωv = GSp(4,Zv). The homomorphism
b : H(Gv,Ωv) → H(Mv,ΩMv ) between the local spherical Hecke algebras, de-
fined by the commutative diagram

H(Gv,Ωv)

∼S

��

b �� H(Mv,ΩMv )

∼ S

��
C[Λ]WG

� � �� C[Λ]WM

,

describes for v �= p the spherical lift (Sect. 10.1)

hMv = b(hGv ).

Hence, at the chosen preferred place v �= p the function hGv can be chosen such that
S(hMv ) has sufficiently regular support in Λ ⊆ XMv with respect to the fixed Hecke
operators hM at the bad places and such that S(hGv ) has sufficiently regular support
in Λ ⊆ XGv with respect to the fixed Hecke operators hG at the bad places.

CAP Localization. The functions fMπp do not project onto a single irreducible rep-
resentation of M . For instance, they cannot distinguish representations which are
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conjugate under the outer automorphism of M , which switches the two simple fac-
tors. However, they still allow us to eliminate the parabolic contributions to the trace
formula. Without restriction of generality we can choose fπp in such a way that, by
the endoscopic fundamental lemma, any irreducible automorphic representation of
M which is a constituent of a globally induced representation from an automor-
phic representation of a proper parabolic subgroup ofM is annihilated by fMπp . This
follows from the description of b given above, which describes the spherical endo-
scopic lift. We skip the details since we have to give the details of the argument later
anyway (Lemma 4.27).

Concerning Finiteness. Irreducible representations of M(Afin) are given by pairs
of irreducible automorphic representations π1, π2 of Gl(2,Afin), whose central
characters ω1 = ω2 coincide. As fMπp∪S is spherical, it is enough for us con-
sider the case where π1 and π2 are unramified representations of Gl(2,Af ), where
Afin = Af ×

∏
v∈p∪S Qv . If one of the two representations is of Eisenstein type

including the one-dimensional case, then the endoscopic lift of the representation
π1⊗π2 gives an automorphic irreducible spherical representation Π ofGSp(4,Af ).
From the endoscopic fundamental lemma it is clear that Π is then induced from an
automorphic representation of the Levi subgroup of the Siegel parabolic subgroup
(Lemma 4.27). As π was assumed to be not CAP, the π-projector fπp can be chosen
such that it is orthogonal to all such lifts Π similar to the eliminations of induced
representations coming from the halo. There are only finitely many possibilities for
Π, because without restriction of generality the representations π1⊗ π2 can be con-
sidered to have fixed discrete series components at the Archimedean place of some
fixed level depending only on the fixed Hecke operators hMw for w ∈ S. Since the
level is determined by the functions hMv for v ∈ S, and is independent from n,
we get from the L2-trace formula of Arthur for M after the process of CAP lo-
calization, which in the present case obviously also throws away all terms in the
L2-cohomology in cohomology degree different from 2, the following corollary

Corollary 3.3. Suppose that the coefficient system is chosen subject to the unitary
normalization. Then for n� 0 and a suitable choice of the good projector fπp , the
right-hand side of the formula in Corollary 3.1 is equal to

∑

π1⊗π2

tr(π1 ⊗ π2)(hM∞h
M
p f

M
πp ).

The sum runs over all irreducible cuspidal automorphic representations π1 ⊗ π2 of
M(A) (described by a pair of cuspidal automorphic representations of Gl(2,A)
with the same central character ω1 = ω2) such that ωi,∞ restricted to AM (R)0 is
trivial.

Remark 3.4. That ωi,∞ restricted to AM (R)0 is trivial comes from our unitary
normalization considered on page 3, which makes Eλ pure of weight zero. In
fact Eλ ∼= Vλ becomes self-dual. By this twist the central characters become
ω∞,i = signri . Notice r1 ≡ r2 modulo 2. In the L2-trace formula π1 and π2,
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in general, need not be unitary without this normalization. They become unitary by
a suitable twist with the idele norm character of M(A).

Proof of Corollary 3.3. From the preceding discussion this is now a routine calcula-
tion. Recall

±hM∞ = h(πr1 ⊗ πr2)− h(πr2 ⊗ πr1)
is the difference of two pseudocoefficients of discrete series representations of
M(R). Hence, the expression in Corollary 3.2 becomes the difference of two L2-
Lefschetz numbers for certain coefficient systems

±(Lμ1⊗μ2 − Lμ2⊗μ1).

Since CAP localization eliminates the parabolic terms except forP �= M in Arthur’s
formula ([4], Theorem 6.1) for the L2-Lefschetz number Lμ = Lμ(hMp fMπp ), only
the terms from the elliptic M(Q)-conjugacy trace remain:

Lμ(hMp fMπ ) = d(M)
∑

γ∈M(Q)/∼
τ(M0

γ )[Mγ : M0
γ ]−1OM(A)

γ (fμhMp f
M
πp ) + . . . ,

where the sum is over all semisimple, R-elliptic conjugacy classes in M(Q), and
where fμ = (−1)q(M)d(M)−1h(μ). Since d(M) = 1, the function h(μ) on M(R)
is a pseudocoefficient for the discrete series representation attached to μ. Since
q(M) = 2, f∞ = h(μ).

To understand the L2-cohomology, observe that fMπp eliminates all spectral con-
tributions except those coming from cuspidal cohomology in degree 2 (the under-
lying space is the product of two modular curves). From [4], Proposition 2.1, we
get

Lμ(hMp fMπp ) =
∑

πM

m(πM ) · χμ(πM∞ ) · tr πMfin(hMp f
M
πp ).

The sum runs over all irreducible representations πM of M(A) in the discrete
spectrum of L2(M(Q) \M(A), ξμ) (see [4], p. 263; i.e., the space of measurable
functions with the property f(zg) = ξμ(z)f(g) for z ∈ AG(R)0, where ξμ is the
character of AM (R)0 defined by the central character λ(zg) = ξμ(z)−1λ(g) of the
representationλ, whose restriction toM1(A) also denoted f(g) is square-integrable
on M1(A); recall M(A)=M1(A) × AM (R)0). The multiplicity 1 theorem for
Gl(2) implies m(πM )= 1. The trace of fMπ eliminates all π1 ⊗ π2 which are not
cuspidal. The cohomological Euler characteristic χμ(πM∞ ) vanishes unless πM∞ =
πr1 ⊗ πr2 is the unique discrete series representation of M(R), determined by
μ = μ1 ⊗ μ2. If it is nonvanishing, the Euler characteristic is (−1)q(M) = 1 [4],
Lemma 2.2. Hence, the claim follows owing to the presence of the pseudocoeffi-
cients which enter in the formula for hM∞ , since the representation λ determines the
Archimedean component of the central characters. �
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3.6 The Fundamental Lemma

The function fMπp is chosen to be any locally constant function with compact support
onM(Ap

fin), which is attached to the function fπp onGSp(4,Ap
fin) by a matching

condition, which is given by an equality between orbital integrals:

Δ(η, (t1, t2))Oκη (fπp) = SOM(t1,t2)(f
M
πp ).

The factor Δ is a transfer factor (see Chaps. 6, 7), and (t1, t2) is a representative
in Gl(2,Ap

fin)
2 of a semisimple (G,M)-regular element in M(Af ), and η is a

corresponding element in GSp(4,Ap
fin). For the precise definition of η, we refer

again to Chaps. 6 and 7.

Symmetry at v �= p,∞. Let us see what happens if we interchange t1 and t2? This
interchange defines an outer automorphism of M , which is trivial on the center
of M .

In case 2 (the situation considered in Chap. 7) the element η and the transfer
factor depend only on the product t1t2 and the left side is therefore a priori sym-
metric. In case 1 (considered in Chap. 6) this is not a priori clear. Interchanging t1
and t2 corresponds to a change of variables x, x′ 	→ x, (x′)σ , considered in Chap. 6.
This changes η within its stable conjugacy class by the “factor” χL/F (−1). The
transfer factor Δ, which depends only on x, x′, thereby changes in the following
way: Δ(x, (x′)σ) = χL/F (−1)Δ(x, x′). This means that the right-hand side of the
matching condition, stated above, is invariant under the interchange of the variables
t1 and t2 in both cases.

In other words, if fMπp satisfies the matching identity above, then also the new
function, which is obtained from the twist by the outer automorphism (g1, g2) 	→
(g2, g1) of M , satisfies the matching identity. Hence, we may replace fMπp by the
arithmetic mean, and we can therefore assume that the function fMπp is symmetric
under the considered automorphism of M .

Asymmetry at p,∞. The functions hHp and hH∞, however, are not symmetric.
They are antisymmetric. For hM∞ this is evident from the formula given in the

proof of Lemma 3.2. For hMp the antisymmetry follows from Kottwitz’s descrip-
tion. If we simultaneously change s to −s and η by precomposing with the outer
automorphism, which switches the factors, then hMp does not change. So the effect
of the outer automorphism is the same as that of the change of s to −s. However,
changing s by −1 ∈ Z(Ĝ) changes hMp by the factor μ1(−1)−1 = −1 from the
remarks in [51] following formula (7.3).

Satake Parameters. The Satake transform of φn on GSp(4, E) is q〈δ,μ〉E tr rμ(ϕ
(σE)) by Theorem 2.1.3 in [52]. Notice qE = pn. The spherical function h(n)

p is
obtained from φn by cyclic base change, and hence corresponds to tr πϕ(hp) =
pnd/2tr rμ(ϕ(σnF )). See loc. cit. formula (2.2.1), where d = 3 is the dimension.
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In terms of symplectic Satake parameters α0, α1, α2, which describe ϕ, the Satake
transform of h(n)

p is

p3n/2

(

(α0)n + (α0α1α2)n + (α0α1)n + (α0α2)n
)

.

From this we can also compute the Satake transform of (h(n)
p )M , which is obtained

from φn by a twisted cyclic base change. The twisted endoscopic lemma implies
(Lemma 10.2)

tr(π1,p ⊗ π2,p)((h(n)
p )M ) = tr π1,p(f (n))− tr π2,p(f (n)),

which up to a constant f (n) is the analogue for Gl(2,Qp) of the spherical Hecke

operator h(n)
p for GSp(4,Qp). Again, this shows the asymmetry of this function.

For spherical representations π1,p and π2,p of Gl(2,Qp) with Satake parameters

α, β and α′, β′, where αβ = α′β′, the trace of (h(n)
p )M on π1,p ⊗ π2,p is

p3n/2

(

(α)n + (β)n − (α′)n − (β′)n
)

.

This uniquely describes the spherical endoscopic lift πp of the unramified rep-
resentation π1,p × π2,p. The symplectic Satake parameters of πp are α0 = α,
α0α1α2 = β, α0α1 = α′, and α0α2 = β′, which are well defined up to the ac-
tion of the Weyl groups.

Conversely, two unramified representations π1,p ⊗ π2,p and π′
1,p ⊗ π′

2,p of Mp

have the same symplectic unramified lift πp if and only if they are conjugate under
the outer automorphism, which switches the two factors of M .

Let us put things together. As both contributions from place p and place∞ are
antisymmetric and all the other contributions are symmetric, we can assume, by
switching the two factors of M , that

π1,∞ = πr1 , π2,∞ = πr2

normalized such that
r1 > r2.

Recall the weights r1 = k1 + k2 − 2 and r2 = k1 − k2 + 2 satisfy r1 − r2 =
2(k2 − 2) ≥ 2, and hence are different. From this normalization we now obtain
every summand twice, which gives an additional factor 2. Furthermore, the trace of
pseudocoefficients gives tr(πr1 ⊗πr2)(hM∞) = ±1. The sign will be obtained later.3

Corollary 3.1 now implies

Corollary 3.4. Under the assumptions of Lemma 3.1 and Corollary 3.3

4 · trs
(
Frobnp ;H•

!,et(SK(Fp), Eλ)(πp)
) − trs

(
h(n)
p ;H•

! (SK(C), Eλ)(πp)
)

3 The reader might wonder why the sign ± is left undetermined. The reason is that at the end it
most naturally comes out from the global multiplicity formula via Theorem 4.3 and Sect. 5.3.
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is equal to

±2 ·
∑

πM=π1⊗π2

tr
⊗

v �=p,∞
πMv (fMπp )·(tr π1,p(f (n)

p )− tr π2,p(f (n)
p )
)
.

The summation is over all cuspidal irreducible automorphic representations π1 and
π2 of Gl(2,A) with unitary central characters ωi (for the unitary normalization of
Eλ) such that:

1. ω1 = ω2.
2. π1,∞ = πr1 and π2,∞ = πr2 belong to the discrete series of Gl(2,R) with fixed
r1 > r2.

Remark 3.5. One may ask how many representations πM contribute to the sum for
the fixed choice of a good π-projector fπp . If there is a contribution at all, we call
π a weak M -lift or a weak lift from π1 ⊗ π2, otherwise we say that π is not an
M -lift. To analyze this, check the orbits of Weyl groups. Suppose πM = π1 ⊗ π2

and π′M = π′
1 ⊗ π′

2 are two cuspidal automorphic representations that contribute
to the sum. Then locally for all unramified places v �= p either π1,v

∼= π′
1,v and

π2,v
∼= π′

2,v holds or in reversed order π1,v
∼= π′

2,v , π2,v
∼= π′

1,v . This implies the
same for the global representations π1, π2 and π′

1, π
′
2. By the strong multiplicity 1

theorem it is enough to show this outside a finite set of places. Suppose π′
1 is not

isomorphic to π1 or π2. Then the quotient of the partial L-series with a suitable
finite set S of places omitted

LS
(
(π′

1 ⊕ π′
2)⊗ (π′

1)∗, s
)

LS
(
(π1 ⊕ π2)⊗ (π′

1)∗, s
)

is by assumption (1). At s = 1 the numerator has a pole, but the denominator does
not have one. This gives a contradiction. Hence, π′

1
∼= π1 or π′

1
∼= π2. But then

π′
1
∼= π1 by looking at the Archimedean place. Therefore, also π′

2
∼= π2.

Let us return to the formula in Corollary 3.4. It holds for all n � 0. Assume
πf is automorphic but not CAP. Then we know from Chap. 1 that the πp-isotypic
component is concentrated in the middle cohomology of degree 3. By our “uni-
tary” normalization, Eλ as a Weil sheaf is pure of weight 0; therefore, the mod-
ule H3

!,et(SK(Fp, Eλ) is pure of weight 3 by the Weil conjectures. Hence, by the
Ramanujan conjecture for holomorphic discrete series representations in the case of
Gl(2), Corollary 3.4 implies that

p−3n/2 · tr(h(n)
p , H•

! (SK(C), Eλ)(πp)
)

is a finite linear combination of powers of complex numbers of absolute value 1.
Therefore, every representation πp of GSp(4,Qp) in this module, which necessar-
ily is spherical, has Satake parameters α0, α0α1, α0α2, and α0α1α2 of absolute
value 1. We thus obtain

Theorem 3.3. Let π = ⊗′πv be an irreducible cuspidal automorphic representa-
tion of GSp(4,A) with unitary central character and which is not CAP. Assume
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π∞ belongs to the discrete series. Then at all places where πv is spherical the gen-
eralized Ramanujan conjecture for π holds. In other words, the corresponding local
Satake parameters α0,v , α1,v , and α2,v of the spherical representation πv are com-
plex numbers of absolute value 1.

3.6.1 Odds and Ends

In this section let π now be an irreducible cuspidal automorphic representation
which is neither CAP nor a weak M -lift in the sense above. Then the right side
of the formula in Corollary 3.1 or Corollary 3.4 vanishes. Write π = π∞⊗πp⊗πp,
where p denotes some chosen spherical place. Assume there is another irreducible
cuspidal automorphic representation π′ = π′

∞ ⊗ π′
p ⊗ π′p of GSp(4,A) such that

πp ∼= π′p are isomorphic. If π′
p is also spherical, then it also contributes to the

formula stated in Corollary 3.1, which now reads

(∗) 4 · trs
(
Frobnp ;H3

!,et(SK(Fp), Eλ)(πp)
)

=
∑

π′
m(π′)tr π′

p(h
(n)
p ).

The sum runs over all irreducible automorphic representations π′ counted with their
multiplicities m(π′) such that π′

v
∼= πv for v �= p,∞ for unramified π′

p and π′
∞ be-

longing to the L-packet of discrete series representations determined by Eλ. Notice
m(π′) is the multiplicity of π′

p in H3
! (SK(C), Eλ)(πp).

If we now vary p, but keep π fixed, we see that for almost all p the previously
given representation π is uniquely determined by πp. This follows from the finite-
ness of the number of isomorphism classes of automorphic representations with
fixed level and fixed representations at infinity. Hence, for almost all primes p the
right side of formula (*) consists of the single summand m(π) · tr πp(h(n)

p ).
The semisimplification ρl of the Ql-adic Galois representation of ΓQ on the iso-

typic spaceH3
! (SK ×Q Q, Eλ)(πp) is determined by the Frobenius traces at almost

all places p, by the generalized Tchebotarev density theorem. So let us vary the
prime p for the moment. The finiteness theorems imply that for almost all p the sum
in (*) involves only one representation π′, since π′

p is unramified. See also Sect. 4.1.
So we get for all p large enough

4 · tr ρl(Frobnp ) = m(π) · tr πp(h(n)
p ).

This holds for all large n, and therefore for all integers n. The formula implies
that p−3/2Frobp has the eigenvalues αp,0, αp,0αp,1, α0αp,2, and αp,0αp,1αp,2 on
H3

! (SK(Fp), Eλ)(πp) each with multiplicity m(π) for almost all primes p. Hence,
for almost all primes p

(∗∗) det(1− t · ρl(p−3/2Frobp))4 = Lp(πp, t)−m(π),

Lp(πp, t)−1 = (1− αp,0t)(1 − αp,0αp,1t)(1− αp,0αp,2t)(1− αp,0αp,1αp,2t).
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In particular, the semisimplification ρl of the Galois representation only depends on
the weak (or near) equivalence class of π. In [115] it is shown that the semisimplifi-
cation is an isotypic multiple of a four-dimensional representation. This, of course,
raises the question whether this Galois representation is irreducible and of dimen-
sion 4. The latter means that the multiplicity m(π) is 1. This is expected and proofs
have been announced by Arthur and Weselmann.



Chapter 4
Character Identities and Galois Representations
Related to the Group GSp(4)

In this chapter we study the l-adic representations attached to cohomological Siegel
modular forms. To understand their associated l-adic representations defined by the
Galois action on the etale cohomology, one needs to understand the endoscopic
lifts and vice versa, since for all automorphic representations in this lift the asso-
ciated l-adic representations turn out to be smaller than what would be expected
a priori.

The simple version of the Lefschetz trace formula used in Chap. 3 suffers from
the particular restriction that for one specific prime – the chosen Frobenius prime
p – the corresponding local Hecke operators at p always have to be deleted from
consideration. As a consequence, this particular chosen Frobenius prime p together
with the Archimedean place play a distinguished role. This situation in fact looks
similar to the situation in Arthur’s simple trace formula. Of course this is not a
mere coincidence, but is definitely forced by the failure of the strong multiplicity
1 theorem for automorphic forms on GSp(4). To bypass the technical difficulties
that result from this, the l-adic representations of the absolute Galois group on the
cohomology turn out to be very helpful. With their help we analyze the endoscopic
lift. This allows us to understand the failure of the strong multiplicity 1 theorem
caused by it.

In the second part of this chapter we describe the local endoscopic character
lift in some more detail in terms of local representation theory. The local character
identities in the trace formula define localL-packets. In some easy special cases they
can be understood by local considerations alone. In the more complicated cases the
local character identities of the endoscopic lift are obtained from global character
identities through the global trace formula. Since this construction is unfortunately
rather indirect, we explain at the end of this chapter how the underlying irreducible
representations can be obtained alternatively from theta lifts as considered in [41].

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 75
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 4,
c© Springer-Verlag Berlin Heidelberg 2009
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4.1 Technical Preliminaries

In the following we consider automorphic cuspidal irreducible representations π
of the group GSp(4,A), and we assume that π is not a cuspidal representation
associated with a parabolic subgroup (CAP representation).

In this chapter we are interested in those representations which contribute to the
cohomology of Siegel modular threefolds; hence, we assume for π = π∞πfin that
π∞ is contained in the L-packet of the Archimedean discrete series representations,
say, of weight (k1, k2). Then, in particular, k1 ≥ k2 ≥ 3. Consider the corre-
sponding local coefficient system E = Eλ on the Shimura variety SK(G), where
λ1 = k1 − 3 ≥ λ2 = k2 − 3 ≥ 0. For a suitable normalization depending only
on λ or the weight (k1, k2), the representation π is unitary (as already explained
in Chap. 1). Changing this normalization only amounts to twisting π by a suitable
power of the idele norm character. By assumption, the representation π contributes
to the cohomology of H3

! (SK(C), Eλ) for any principal congruence level subgroup
K ⊆ G(Afin) such that πK �= 0.

Now let us fix λ and K for the moment.
We are interested in the classes of the irreducible cuspidal automorphic represen-

tations π′ weakly equivalent to π, i.e., locally isomorphic to π at almost all places.
Since π is not CAP, such π′ are again cuspidal and not CAP.

The Set R. Among the classes weakly equivalent to π consider the subset
R defined by those π′ which nontrivially contribute to some cohomology group
Hν(SK(G), Eλ) for our fixed K and λ. Then (π′)K �= 0. Although only the
group G(Afin) acts on the cohomology, all these representations are automor-
phic. Well-known results of continuous cohomology imply that π′∞ belongs to the
Archimedean local L-packet of the fixed representation π∞ (for L-packets as de-
fined in [91]). In particular, π′∞ belongs to the discrete series. By the finite dimen-
sionality of the cohomology groups, the setR is a finite set depending on π and K .

Frobenius Primes. In the situation above we would now like to apply the trace
formula to obtain information on the representations in R. For instance, we would
like to obtain information on all those representations π′ ∈ R which are isomorphic
to our fixed π outside some given finite set of primes S. Of course we would like to
prescribe the set S. At the beginning it seems reasonable to exclude the set of primes
dividing the level (notice at the moment the Archimedean place will be excluded a
priori). Let S0 temporarily denote this set of primes. But again the naive attempt
to apply the trace formulas to control all representations π′ in R isomorphic to π
outside S0 must fail. The reason is the trace formula in the form we consider it
involves the Frobenius substitution at some unramified place p. By the choice of a
prime p /∈ S0 we lose control over the representations π′ at this specific place. This
disturbing fact fortunately is not really a serious obstruction. SinceR is finite there
exists a prime p0 such that π′

p
∼= πp holds for all π′ in R and all p ≥ p0. We can

therefore enlarge the set S0 of exceptional places in such a way that for every prime
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p outside S the unramified local representation π′
p for π′ ∈ R satisfies π′

p
∼= πp.

Such a finite set S can be chosen, and will be called saturated.

Saturation of S. The use of saturated sets of exceptional places will be abandoned
soon by Lemma 4.3. For the moment we choose S to be saturated and as small as
possible. So

π′S ∼= πS

for all π′ inR. In other words all π′ = π′
Sπ

′S inR have the form

π′ ∼= π′
∞ ⊗ π′

S ⊗ πS ,

where π′∞ is in the discrete series L-packet determined by (k1, k2).
This being said, we now define a preliminary notion of the endoscopic lift. The

following definition of a representation π attached to a pair σ = (σ1, σ2) with re-
spect to S in the sense below is a technical definition. It will be abandoned in two
steps. It will soon be replaced by the notion of weak lift on page 87. However, in this
chapter, where we study the cohomology of Siegel modular threefolds, we will al-
ways place a restriction on the Archimedean type σ1,∞ and σ2,∞. These restrictions
will then also be abandoned in Chap. 5 by Definition 5.1.

4.1.1 Representations Attached to σ and S and p

Suppose we have a pair
σ = (σ1, σ2)

of irreducible automorphic cuspidal representationsσ1 and σ2 of the groupGl(2,A)
with the same central characters ωσ1 = ωσ2 . Suppose σ∞,1 and σ∞,2 belong to
the discrete series representations, which define holomorphic elliptic cusp forms of
weight

r1 = k1 + k2 − 2 and r2 = k1 − k2 + 2

(note r > r2 ≥ 2), respectively. Notice these are the conditions that also occur in
Sect. 3.6.

The pair σ = (σ1, σ2) defines an irreducible automorphic representation of the
groupM(A) for

M = Gl(2)2/Z1

and the antidiagonal central subgroup Z1
∼= Gm.

Definition 4.1. Let S be a finite set of non-Archimedean places which contain the
ramified primes of π. Then we say that the representation π, or more generally a
representation π′ with class in the setR defined by π, is attached to σ and S, if:

1. σ is unramified whenever πv is unramified at v (v non-Archimedean).
2. The spinor L-series of π satisfies
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Lv(πv, s) = Lv(σv,1, s)Lv(σv,2, s)

for all non-Archimedean places v /∈ S.

In the applications S will be saturated.

Notation. The Satake parameters of σv,1 and σv,2 at the unramified places v /∈
S ∪ {p} are denoted αv, βv and α′

v, β
′
v, respectively. Then for v /∈ S

Lv(πv, s) = (1 − αvp−sv )−1(1− βvp−sv )−1(1− α′
vp

−s
v )−1(1 − β′

vp
−s
v )−1.

Main Assumption. Assume π is attached to σ for some S. This assumption will
be maintained in this chapter except at the end of Sect. 4.4. Notice that under this
assumption π is a weak lift of σ in the sense of the more flexible Definition 5.1. See
also page 87.

Remark 4.1. The auxiliary finite set of places S in this definition is introduced
for technical reasons only and will be abandoned later. The Frobenius prime p will
vary outside S. Hence, for representations π′ inR which are attached to σ and S ∪
{p}, the local representations π′

p might a priori depend on the prime p considered.
However, if the set S is chosen to be saturated and π′

p is unramified, this will not be
the case, as explained above.

Remark 4.2. If π is attached to σ and S, then by the strong multiplicity 1 theorem
for the group Gl(2,A) the representation σ is uniquely determined by the weak
equivalence class of π. The converse is false. There exist different choices for π′

attached to the same σ owing to a failure of the strong multiplicity 1 theorem for
GSp(4) as we will see. All such π′ are contained in the same weak equivalence
class, and if S is saturated the unramified representation outside S

πS = πS(σ) = πS(σS)

is uniquely attached to σ. We will therefore say πS is attached to σS .
We will also see soon that at places where σv is spherical the local representation

π′
v for π′ ∈ R is uniquely determined by σv (see Lemma 4.3) and does not depend

on the π′
v chosen. This in fact implies that it was not really necessary to saturate

the set of places S0. This will not be true for the set of ramified places of π. Here
the situation is more complicated. More precise information at these places will be
obtained in Sect. 4.10.

4.2 Galois Representations

Consider a model SK over Q of the Shimura variety SK(C) as in Corollary 3.4. The
absolute Galois group ΓQ = Gal(Q : Q) acts on the direct limit
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lim
K=KSKS

→

H3
! (SK , E)(πS),

where this direct limit is over the cofinal set of principal congruence subgroupsKS

of GSp(4,AS) with KS = GSp(4,ZS) fixed. The Galois action commutes with
the action of the Hecke operators in GSp(4,AS); hence, it respects decomposition
into irreducible representations πS of G(AS). Let m(πS) denote the multiplicity
of the constituent πS ⊗ πS in limK H

3
! (SK , E), which is a completely reducible

Ql-representation of GSp(4,AS). Then πS induces a representation

ρπS : Gal(Q : Q)→ Gl(m(πS),Ql).

By definition, it is obtained from a λ-adic representation by extension of scalars.
FixK ,E, and π. Fix a corresponding saturated set S for the subsetR of the weak

equivalence class of π. Then πS is an unramified representation. Our main object
of interest will be the finite-dimensional Ql-vector space defined by the generalized
eigenspace

V = H3
! (SK , E)(πS), K = KSK

S .

It is a module under the Hecke algebra H(G(AS)//KS) of KS-bi-invariant func-
tions with compact support on G(AS).

Remark 4.3. For irreducible πS the space πKS is an irreducible H(G(AS)//KS)
module. If it is nontrivial, this module completely determines the representation πS
if KS is a good small subgroup in the sense of [10], Corollary 3.9(ii). The groups
KS form a cofinal system. In the following we can assume KS to be a good small
congruence subgroup.

Finite Levels. Fixing such compact open level groups K , one can already deter-
mine the semisimplification of the finite-dimensional Galois representation ρπS de-
fined above by the direct limit of cohomology groups at some level K for a suit-
able good small level group K , provided πKS �= 0 holds. We therefore obtain the
decomposition

V = H3
! (SK , E)(πS) =

⊕
π′

S
ρπ′

S
⊗ π′K

S .

The sum is over the finitely many representatives π′
S , for which the class of π′

fin =
π′
S ⊗ πS is inR, i.e., π′ ∈ R for π′ = π′

∞π
′
fin, and for which π′

∞ is in the discrete
series L-packet attached to (k1, k2).

4.2.1 The Classical λ-Adic Representations

Suppose π is attached to σ = (σ1, σ2). We want to relate the λ-adic representation
ρπS defined for πSπS to the λ-adic representations ρ1, ρ2 defined by Deligne for σ1
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and σ2. The representations ρ1, ρ2 are irreducible Ql-representations of dimension
2 and are obtained by scalar extension from two-dimensional λ-adic representations

ρλ,1, ρλ,2

attached to σ1 and σ2. The representations ρλ,i are absolutely irreducible by a result
obtained by Ribet. Since they are irreducible, ρ1 and ρ2 are characterized by their
character, and hence by

trρλ,1(Frobp) = p(r1−1)/2(αp + βp), detρλ,1(Frobp) = pr1−1αpβp,

trρλ,2(Frobp) = p(r2−1)/2(α′
p + β′

p), detρλ,2(Frobp) = pr2−1α′
pβ

′
p.

This holds for all unramified primes of σ and σ′, and so, in particular, for all p /∈ S.

Remark: Here Frobp denotes the geometric Frobenius. In fact, we consider Galois
representations dual to the ones usually considered in the literature.

Comparison with Hodge Structures (see Chap. 1). For the algebraic normaliza-
tion Ealgλ1,λ2

of the underlying coefficient system, the Hodge structure of the gener-
alized eigenspace of πS was computed in Chap. 1. It is of the Hodge type:

(

V (r1−1,0) ⊕ V (0,r1−1)

)

⊕
(

V (r2−1,0) ⊕ V (0,r2−1)

)

(2 − k2).

Since (r1 − 1) − (r2 − 1) = 2(k2 − 2), this defines a Hodge structure on the
generalized eigenspace which is pure of weight k1 + k2 − 3 = r1 − 1.

4.2.2 Weak Reciprocity Law

We show that the representation ρπS is related to the representations ρ1 and ρ2 ⊗
νk2−2
l in a rather easy way. Let νl denote the dual cyclotomic character νl : ΓQ →

Q∗
l defined by

νl(Frobp) = p.

The semisimplification (ρπS )ss is determined by the characteristic polynomials of
the Frobenius elements Frobp for p /∈ S chosen from a set of Dirichlet den-
sity 1. From the Frobenius relation proved by Chai and Faltings [19], p. 264, one
knows that the characteristic polynomial det(id− tFrobp; ρπS ) of the Frobenius on
the generalized πS-eigenspace divides a suitably high power of the local L-factor

Lp(πp ⊗ |.|−r−
3
2

p , t). Notice that πp is unitary by normalization. This explains the

twist with the character ν−r−
3
2 = |.| k1+k2−3

2 , where ν = |.|p is the local character
normalized by ν(p−1) = p.
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Since σS is attached to πS , the automorphicL-factor of πp at the prime p is

Lp(πp ⊗ ν−r− 3
2 , t)−1 = det

(
id− Frobpt; ρ1

⊕(
ρ2 ⊗ νk2−2

l

))

for all p /∈ S. Up to permutations with elements from the Weyl group this im-
plies for the Satake parameters αp,0, αp,1, αp,2 of the unramified representation πp
and for the Satake parameters αp, βp and α′

p, β
′
p of (σ1)p and (σ2)p the identities

α = αp,0,

β = αp,0 · αp,1 · αp,2,
α′ = αp,0 · αp,1,
β′ = αp,0 · αp,2.

Hence, the eigenvalues of the Frobenius elements Frobp for p /∈ S on the gener-
alized πS eigenspaces have to be among those four numbers. Since Ramanujan’s
conjecture holds for holomorphic elliptic modular forms, these numbers have abso-
lute value 1. Therefore, Ramanujan’s conjecture holds for πp and all primes p /∈ S.
Hence, by purity, π only contributes to the cohomology of degree 3. See Chap. 1.

By the trace formula we show in the next sections the existence of integers
m1(πS),m2(πS) such that

(ρπS )ss = m1(πS)ρ1

⊕
m2(πS)(νk2−2

l ⊗ ρ2) .

To prove this, it suffices to have an equality of characteristic polynomials for the
Frobenii of all primes p /∈ S in a set of Dirichlet density 1. Let us collect some facts
on Complex Multiplication (CM) representations, which will be needed to show this.

4.2.3 CM Representations

By definition an irreducible cuspidal automorphic representation σ of Gl(2,A) is
a CM representation if there exists a character χ �= 1 such that σ ⊗ χ ∼= σ. This
implies χ2 = 1. Hence, χ defines a quadratic extension field F of Q. If σ is a
representation that comes from holomorphic elliptic modular forms of weight 2 or
more, then F is an imaginary quadratic field extension of Q.

Lemma 4.1. There exists a set primes of positive Dirichlet density for which the
Satake parameters αp, α′

p, βp, β
′
p are different from each other.

Proof. For a number field L the absolute Galois group is denoted ΓL. σ1 and σ2

are representations of Gl(2,A) attached to holomorphic cusp forms of weights
r1 > r2 ≥ 2. Then σ1 �∼= κ⊗σ2 for all Dirichlet characters κ. Therefore, ρλ,1⊗κ �∼=
ρλ,2 ⊗ νk2−2

l . The same holds for all Galois conjugates of these representations.
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Hence, by a Goursat-type argument for the representation τ = ρλ,1⊕(ρλ,2⊗νk2−2
l )

(see, e.g., [110], p. 121 and Behauptung 5.3) either both representations σ1, σ2 are
of CM type or the image of ΓQ under the representation τ has a Lie group of di-
mension greater than the dimensions of the Lie groups of the images of ΓQ for
the two corresponding single representations ρλ,i. In this latter case we can apply
Theorem 10 of [86]. If both σi are not of CM type, then the set of primes p for which
σp,1 ∼= σp,2 holds has Dirichlet density 0. In fact, if none of the representations are
CM, then conditions (a)–(c) of [86] are satisfied. Theorem 10 of [86] shows that the
natural density is zero; hence the analytic Dirichlet density is zero (see [84], p. 76,
for this notion).

In the case where both representations are CM with corresponding CM fields F1

and F2, both λ-adic representations are induced:

ρλ,i = Ind
ΓQ
ΓFi

(ψi).

The ψi are grössen characters of A∗
Fi
/F ∗

i whose infinite type (reflex type) is de-
termined by the weights ri. The set of places Ω where both the quadratic exten-
sions F1/Q and F2/Q split is a set of Q-primes with Dirichlet density 1

4 or greater.
Now restrict the λ-adic characters ψi to the Galois group ΓF of the composite field
F = F1 · F2. Since the infinite types of ψ1 and ψ2 are determined by r1 �= r2,
the quotient of the restricted λ-adic characters ψi is a one-dimensional λ-adic rep-
resentation of ΓF with infinite image. This implies σ1,p �∼= σ2,p for a subset of Ω of
density 1

4 or greater.
Finally, αp = βp for p /∈ S is equivalent to

ρλ,1(Frobp) �= 1

for the associated “projective” representation ρλ,1 : ΓQ → PGl(2, Eλ) attached to
ρλ,i. Since ρλ,1 does not have a finite image ([74], Theorem 4.3), the Ql-dimension
of the Lie algebra defined by its image is positive. Hence, the set of primes p /∈ S
where αp = βp holds has density 0. Similarly for α′

p and β′
p. �

4.3 The Trace Formula Applied

We still suppose π is attached to σ and S for some cuspidal representation σ =
(σ1, σ2) and some saturated set S. Consider the generalized πS-eigenspace V of
the cohomology as in Corollary 3.1. The Frobenius Frobp acts on this space with
eigenvalues (normalized by the factor pr+

3
2 ), say, γi, of absolute value 1 for all

primes p /∈ S. Let mi denote the multiplicity of the eigenvalue γi. We may as-
sume that the eigenvalues γi for the subsets i ∈ I = {1, 3} and i ∈ Ic = {2, 4}
correspond to the Satake parameters of the representations σi,p:

(γ1, γ2, γ3, γ4) = (αp, α′
p, βp, β

′
p).
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Since S was chosen to be saturated, πS is unramified outside S and only depends on
σS and not on the particular representation in R. This allows us to apply the trace
formula in the following form.

The Trace Formula. Recall that π = πSπ
S only contributes to cohomology in

degree 3, since it satisfies the Ramanujan conjecture. From the trace formula in
Corollary 3.4 we therefore obtain for n� 0 the trace identity

4 ·
∑

πS

trπS(fS) ·
(

m1(πS)αn
p + m2(πS)(α′

p)n + m3(πS)βn
p + m4(πS)(β′

p)
n

)

−
∑

πS

tr(πS)(fS)·
(

m1(πS)+m2(πS)+m3(πS)+m4(πS)

)

·
(

αn
p +(α′

p)n+βn
p +(β′

p)
n

)

= ±2 · trσS(fM
S ) ·

(

αn
p + βn

p − (α′
p)n − (β′

p)n

)

.

Here fS is an arbitrary KS-bi-invariant function onGSp(4,AS) with compact sup-
port. The sum is over the finitely many πS , which extend to an irreducible automor-
phic representation π∞πS ⊗ πS and represent the set of classes of representations
R attached to σ. Notice πS only depends on σS .

The Character Lift. The transfer fS → fMS defines a pullback of distributions
α → αG for stable distributions α. See Rogawski [76], p. 183ff. Working with the
group Gl(2)2, we can drop the stability assumption. Thus, we obtain a distribution
lift for invariant distributions. In particular for the distribution α = χσS defined by
the character of representation σS of Gl(2,AS)2, this defines the distributions χGσS

as follows:
χGσS

(fS) = tr σS(fMS ).

See also Sect. 4.4.
For a suitable choice of p /∈ S and a suitable choice of n, the factor αnp + βnp −

α′n
p−β′n

p is different from zero (Lemma 4.1). So, by the corresponding trace identity
above, we can express χGσS

(fS) as a linear combination of the characters χπS(fS)
which appear on the left side of the trace identity. This gives an expression of the
form

χGσS
(fS) =

∑

πS

n(πS) · χπS(fS)

for allKS-bi-invariant functions with compact support. Here n(πS) are certain com-
plex numbers, and the sum is over all the finitely many πS that occur in R.

If we substitute this into the right side of the trace identity above, we obtain new
character identities. They hold for all primes p /∈ S and all integers n � 0. Since
the representations πS in R satisfy πKS

S �= 0, and since we haven chosen KS to
be good small subgroups, linear independency of characters implies that we obtain
identities of the form
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(∗)
4∑

i=1

4miγ
n
i − (

4∑

i=1

mi)(
∑

i

γni ) = c
∑

i∈I
γni − c

∑

i/∈I
γni

for all n� 0, where

mi = mi(πS) and c = ±2 · n(πS)

for fixed πS and the normalized eigenvalues γi of the Frobenius Frobp on (V, ρπS )
for p /∈ S. Notice, the mi ≥ 0 are integers.

Remark 4.4. Any identity like (∗) that holds for all n� 0 and γi �= 0 is an identity
that holds for all n. (To show this, multiply by tn, take the sum from n = 0 to∞,
and consider its poles at t→ γi.)

Now we vary p /∈ S and discuss several cases.

First Assume σ1,p �∼= σ2,p. Since the central characters of σ1, σ2 coincide, this is
equivalent to {αp, βp}∩{α′

p, β
′
p} = ∅. Then, if αp �= βp, by the linear independence

of characters
4m1 = m1 +m2 +m2 +m4 + c,

4m3 = m1 +m2 +m2 +m4 + c,

and similarly
4m2 = m1 +m2 +m2 +m4 − c,
4m4 = m1 +m2 +m2 +m4 − c.

Hence, m1 = m3 and m2 = m4 and

m1 =
dim(V ) + c

4
∈ N,

m2 =
dim(V )− c

4
∈ N.

Since

m1 −m2 =
c

2
, m := m1 +m2 =

dim(V )
2

,

c and dim(V ) are even integers.

Remark 4.5. By Lemma 4.1 there exist p /∈ S for which σ1,p �∼= σ2,p. From this
we deduce 1

4 (dim(V ) ± c) ∈ N, and that dim(V ) = 2m is of even dimension, by
considering just one of these places. The numbers c and dim(V ) and also mi are
independent of the place p /∈ S considered; hence, in particular, the coefficients

±n(πS) = m1(πS)−m2(πS) ∈ Z

are integers.
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Definition 4.2. Using the integers m1 = m1(πS) and m2 = m2(πS) just defined,
we set

τ = m1ρ1 ⊕ m2(νk2−2
l ⊗ ρ2).

We claim that the normalized Frobenius has the same characteristic polynomial
for the two representations τ and (V, ρπS ) for all p /∈ S. For σ1,p �∼= σ2,p and
αp �= βp this has been shown already.

Now assume σ1,p �∼= σ2,p, but αp = βp. Then, by the arguments above, we only
get

4(m1 +m3) = 2(m1 +m2 +m3 +m4) + 2c.

But still m1 + m3 = 1
2 · (dim(V ) + c). Hence, τ and V again have the same

characteristic polynomial for Frobp.

Next Assume σ1,p
∼= σ2,p. Then by reordering, we can achieve αp = α′

p and
βp = β′

p. Then the c terms cancel in the comparison, and for αp �= βp we get

4(m1 +m2) = 2(m1 +m2 +m3 +m4) = 4m,

4(m3 +m4) = 2(m1 +m2 +m3 +m4) = 4m.

Hence, m1 + m2 = m = m3 + m4, and the characteristic polynomial of the
normalized Frobenius on V yields

(1− αpt)m(1− βpt)m = (1− αpt)m1(1− βpt)m3(1− α′
pt)

m2(1− β′
pt)

m4 ,

which again is the characteristic polynomial of τ .
Needless to say, the same also holds in the final case where all eigenvalues coin-

cide, since m1 +m2 +m3 +m4 = dim(V ) = dim(τ). By the Cebotarev density
theorem this implies

Lemma 4.2. If π is attached to σ, then with our previous notation

(ρπS )ss = m1(πS)ρ1

⊕
m2(πS)(νk2−2

l ⊗ ρ2).

Local Character Lifts. The local transfers fv → fMv
v define local distributions

χGσv
for each place v ∈ S, which are uniquely defined by σv once the transfer

factor Δv has been specified. Let us assume this. Then the semilocal formulas∏
v∈S χ

G
σv

(fv) = χGσS
(fS) =

∑
πS
n(πS)χπS (fS) obtained above imply local for-

mulas for each v ∈ S:

χGσv
(fv) =

∑
πv
n(σv, πv) · χπv(fv) .

The sum is over the finitely many local irreducible admissible representations πv
at v of the representations π in R. Here fv is an arbitrary Kv-bi-invariant function
with compact support on Gv .
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The numbers n(σv, πv) are uniquely defined and depend only on σv and the local
transfer factor Δv chosen. Furthermore, for any saturated finite set S of places

n(πS) =
∏

v∈S
n(σv, πv)

holds by the linear independence of characters of the Hecke algebraH(G(AS)//KS).
So far these character relations obtained are valid only for functions fS which are

KS-bi-invariant. So they involve only those representations πS which admit nontriv-
ial KS-invariant vectors. But at this stage we are now free to make KS smaller. In
the limit over a cofinal system we obtain a local character relation

χGσv
=
∑

πv

n(σv, πv) · χπv , n(σv, πv) ∈ C,

at the cost that this is only a countable sum over (unitary) characters. This is an iden-
tity of distributions on G(AS). For each locally constant function on G(AS) with
compact support inserted in the identity, almost all summands are zero. Hence, this
countable sum is absolutely convergent for such test functions. It is well known that
linear independence of characters of unitary representations holds in this setting
(see [42] and [76], Proposition 13.8.1). Thus we extract the local character relations
from these semilocal ones by the linear independence of characters. Formally we
may view the sum in the local character identity to be a sum over all unitary ad-
missible irreducible representations of Gv . Since we are free to enlarge S provided
Kv = GSp(4,Zv) holds at the added places, we obtain

Corollary 4.1. Let π be an irreducible cuspidal representation attached to some
irreducible cuspidal automorphic representation σ. Suppose πfin contributes non-
trivially to some cohomology group Hν(SKS , Eλ). Then there exists a sign ε ∈
{±1}, which only depends on λ such that for any finite saturated set S0 of non-
Archimedean primes, and for an arbitrary set S1 of unramified places v /∈ S of π
and σ where Kv = GSp(4,Zv), the following relations hold for S = S0 � S1:

n(πS) =
∏

v∈S
n(σv, πv),

m1(πS)−m2(πS) = ε · n(πS),

ρssπS
⊗ νrl ∼= m1(πS)ρ1

⊕
m2(πS)ρ2 ⊗ νk2−2

l .

Now we want to get rid of the technical assumptions which we still have to make
regarding the set S (namely, to contain a saturated set S0 as above). The next corol-
lary shows that without restriction of generality, S can be chosen to be an arbitrary
set of non-Archimedean places containing the ramified primes of the given repre-
sentation π.

Lemma 4.3. Suppose π and π′ are inR, then π′
v
∼= πv if πv and π′

v are spherical.
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Proof. For spherical Hecke operators fv, i.e., Kv = GSp(4,Zv)-bi-invariant func-
tions with compact support, we have

χGσv
(fv) =

∑
n(σv, π′

v)(π
′
v)
Kv(fv),

considered as an identity on the spherical Hecke algebra. The left-hand side satisfies

χGσv
(fv) = χσv (fMv ) = tr σv(fMv ) = tr π+

v (fv).

The first two equalities hold by definition. The last identity (Shintani identity) holds
for the canonical endoscopic ring homomorphism of spherical Hecke algebras fv →
fMv (provided the local transfer factor Δv was chosen properly, which we tacitly
assume) and for a canonical unramified representation

π+
v = π+(σv),

whose Satake parameters are defined by the endoscopic L-embedding. (Recall that,
in particular, this implies σv is unramified.) This is an immediate consequence of
the fundamental lemma (see Chaps. 6, 7). Inserting this formula into the left-hand
side of the character identity, linear independence of characters implies π′

v
∼= π+

v

for all spherical π′
v for which n(σv, π′

v) �= 0 holds. �

Remark 4.6. The last lemma allows us to choose the set S to be arbitrary. In fact,
to obtain something nontrivial, we should take S to be the set of places where σ
ramifies. It is now convenient to abandon the notion that “π is a attached to σ” and
S, and replace it by the following.

Definition 4.3. Given a pair σ = (σ1, σ2) of unitary irreducible cuspidal automor-
phic representations of Gl(2,A) whose central characters coincide, we call an irre-
ducible cuspidal automorphic representation π of GSp(4,A) a weak lift of σ if for
almost all places

LS(πS , s) = LS(σ1, s)LS(σ2, s)

holds. (These places can be assumed to be unramified without restriction of gen-
erality. Recall that in this chapter we still retain our assumptions regarding the
Archimedean places of σ1 and σ2.)

Suppose π = π∞πfin is an irreducible cuspidal automorphic representa-
tion of the group GSp(4,A), which is cohomological (with respect to Eλ).
By this we mean that some generalized eigenspace of some cohomology group
limK H

ν
! (SK , Eλ)(πS) is nontrivial. Then, up to a twist by some power of the idele

norm character, giving the unitary normalization, π is a preunitary representation.

Corollary 4.2. Let πfin be an irreducible constituent of the admissible preunitary
representation

lim
K

H3
! (SK , E(r))(πS) =

⊕

πfin

ρπfin
⊗ πfin
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of G(Afin). All π = π∞πfin in this sum are cuspidal irreducible automorphic
representations with infinite component π∞ in the Archimedean L-packet of the
holomorphic discrete series representations of weight (k1, k2) = (λ1 + 3, λ2 + 3).
Suppose π (with unitary normalization in the sense of Chap. 1) is a weak lift of
some irreducible automorphic representation σ = (σ1, σ2). Then σi are cuspidal
automorphic representations of Gl(2,A) attached to holomorphic elliptic modular
forms of weight r1 > r2 ≥ 2, where r1 = k1 + k2 − 2 and r2 = k1 − k2+2.
In particular, π is not CAP. Furthermore, the semisimplification of the finite-
dimensional Ql-representation ρπfin

(in the algebraic normalization) is isomor-
phic to

ρssπfin
⊗ νrl ∼= m2(πfin)(ρ2 ⊗ νk2−2

l )
⊕

m1(πfin)ρ1.

The integers m1(πfin) and m2(πfin) are related by

m1(πfin)−m2(πfin) = ε ·
∏

v �=∞
n(σv, πv) , πfin =

⊗

v �=∞
πv,

where n(σv, πv) are complex numbers uniquely determined (for fixed transfer fac-
tors) by the local character identities

χGσv
=
∑

n(σv, πv)πv.

The sign ε = ±1 is a fixed sign. (It is an Archimedean contribution. We show ε = −1
in Chap. 8.) The sum is a countable, absolutely converging sum over the unitary
spectrum of GSp(4,Qv). If σv is spherical, then there exists a unique spherical
representation πv such that n(σv, πv) �= 0. For this representation n(σv, πv) = 1
holds.

Remark 4.7. In Chap. 5 we prove m1(πfin) + m2(πfin) = 1. Since Shelstad
[90, 91] has shown

χGσ∞ = π+(σ∞)− π−(σ∞)

for the nonholomorphic discrete series representation π+(σ∞) and the holomor-
phic discrete series representation π−(σ∞) of the Archimedean L-packet of weight
(k1, k2), this gives the global multiplicity formula for weak lifts π:

m(π) =
1
2
(
1 +
∏

v

n(σv, πv)
)

π weak lift of σ, σ generic .

The product is now over all places including the Archimedean. In fact, in
Corollary 4.4 the following multiplicity formulas will be shown:

m
(
π+(σ∞)⊗ πfin

)
= m2(πfin),

m
(
π−(σ∞)⊗ πfin

)
= m1(πfin).
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Remark 4.8. If σ is ramified at a unique non-Archimedean place v, Lemma 4.3
and Corollary 4.2 force all n(σv, πv) to be integers. One can easily show that this
implies n(σv, πv) is integral for all unitary generic representations σv . By character
twists, one easily reduces some local calculations for induced representations σv to
the case of discrete series, which are handled by embedding techniques. Details are
given in Sect. 4.5. For a more uniform approach, see also Sect. 5.1.

4.4 Rationality

For a weak lift π of some representation σ for M , the Galois representation ρπS

is a direct sum of two-dimensional Galois representations ρ1 and ρ2 attached to
certain elliptic modular forms. The characteristic polynomials of the Frobenius el-
ements have their coefficients in some fixed number field Eσ . This follows from
Corollary 4.1, since the same is true for the Galois representations ρ1 and ρ2 at-
tached to σ1 and σ2.

On the other hand, the representation π is realized on a cohomology group
with complex coefficients. Considering the Q-structure defined by the Betti real-
izations of these representations, we see that the induced natural action of the group
Aut(C/Q) on the coefficients of the cohomology group permutes the isotypic au-
tomorphic subspaces. Since πK �= 0 implies (πτ )K �= 0 for τ ∈ Aut(C/Q), this
action ofAut(C/Q) has finitely many orbits. Its fixed fieldE will be called the field
of rationality for πfin. The character of π has values in this field E since

τ ∈ Aut(C/E) ⇐⇒ χπ is E-valued.

However, it is not clear whether the representation π can be defined over E owing
to the possible effect of Schur multipliers. We will show

E ⊆ Eσ
(an immediate consequence of Lemma 4.10 and Theorem 4.5).

Consider the set ΣE of embeddings τ : E → Q. Choose some fixed embeddings
of Q, into C and into Ql and the completion Cl. Then one can consider the action
of the absolute Galois group ΓQ on the coefficients of the corresponding cohomol-
ogy theories. This allows us to recover the λ-adic representation attached to π in
terms of the λ-adic representations attached to σ1, σ2 using the isomorphism of Ql-
representations given in Lemma 4.2. Here we use the well-known fact that there is
no problem with Schur multipliers for the two-dimensional Galois representations
attached to elliptic modular forms.

Matching Conditions. The (not uniquely defined) assignments f 	→ fM are de-
fined by the matching conditions

SOMt (fM ) = Δ(t, η)Oκη (f).
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Here t ∈ TM (F ) ⊆ M(F ) and η ∈ TG(F ) ⊆ G(F ) must be related by an ad-
missible homomorphism between tori TM and TG. The precise description of these
matching conditions is quite involved, and therefore we do not want to give it here.
See, e.g., [54], (5.5.1). However, let us make some general remarks:

(a) The transfer factors Δ(t, η) and the κ-integrals Oκη (f) are defined for elliptic
endoscopic data (M,M, s, ξ), where in our case except for the maximal datum
(G, LG, 1, id) there is up to equivalence only one elliptic endoscopic datum
given by (M, LM, s, ξ). See [36]. It is described in Sect. 6.3.

(b) For any maximal F -torus TM inM this datum, in particular, defines a character
κ and, roughly speaking, the κ-orbital integrals as a certain average of orbital
integrals.

(c) Whenever the set DG(T ) = ker(H1(F, T ) → H1(F,G)) is trivial, the char-
acter κ becomes trivial and Oκt (f) becomes the orbital integral OGt (f) =∫
Gt\G f(g−1tg)dg/dgt, and also the transfer factor Δ(t, η) becomes easy to

describe.
(d) In our case the maximal F -tori TM of M are determined by a pair (L1, L2)

of quadratic etale algebras Li over F . TM is anisotropic if and only if both
Li are quadratic field extensions of F . Notice TM is isomorphic to G3

m, or
Gm × ResL/F (Gm) or [ResL1/F (Gm) × ResL2/F (Gm)]/Gm for quadratic
extension fields L or L1, L2, respectively, of F . A glance at the list of maximal
F tori in G (see page 94) implies that only the tori T of types (4)–(7) can be
F -isomorphic to one of the maximal tori TM of M . Furthermore, if this is the
case, H1(F, T ) is trivial (Hilbert 90) except for the anisotropic cases. In the
anisotropic cases the exact sequence

1→ H1(F, TM )→ H2(F,Gm)→ H2(F,ResL1/F (Gm)×ResL2/F (Gm))

forces the group H1(F, TM ) = Br(F )[2] to be cyclic of order 2 (for the
anisotropic tori TM ). Therefore, since H1(F,GSp(4)) = 1, we obtain for
DG(T ) = ker(H1(F, T )→ H1(F,G) the following:

Lemma 4.4. For maximal F -tori in G coming from M the group DG(T ) is

DG(T ) = Z/2Z

for F -anisotropic tori, and is trivial otherwise.

(e) For the anisotropic tori we give explicit formulas for the transfer factors Δ(t, η)
for t ∈ TM and anisotropic tori TM in Chaps. 6–8. The transfer factors for the
remaining tori, which are not anisotropic, are very easy to determine, and this
will be skipped.
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4.4.1 Character Transfer

The matching conditions define a distribution lift α 	→ αG (see also Hales [36]) via
∫

G(F )/Z(F )

f(g)αG(g)dg =
∫

M(F )/Z(F )

fM (h)α(h)dh.

Here α is an invariant distribution on M(F ), which transforms with respect to a
character ω under the center Z(F ), and f is a locally constant function, compact
modulo the center, which transforms according to the character ω−1 under Z . We
will replace M by its z-extension Gl(2)2, also denoted M by abuse of notation,
in the following. Similar assumptions will be made regarding fM . Notice that in
general the central characters of f and fM need not coincide, owing to the transfor-
mation properties of the transfer factor Δ. However, in our case they are equal by
an inspection of the transfer factor. See Theorems 6.1 and 7.1.

Following [76], p. 182, one can compute αG.

Stability for M. Let F be a non-Archimedean local field of characteristic zero in
the following: For a maximal F -torus T in a reductive F -groupG one defines

D(T ) = DG(T ) = Ker(H1(F, T )→ H1(F,G)).

Notice DGSp(4)(T ) = H1(F, T ), since H1(F,GSp(4)) = 1. On the other hand
DM (T ) = 1.

Proof: For any maximal F -torus T in M , its preimage in Gl(2)2 is of the form
ResL1/F (Gm) × ResL2/F (Gm). Since the Galois cohomology of this torus van-
ishes and since H1(F,Gl(2)) = 1, we obtain a diagram

1

��

�� H1(F, T )

��

� � �� H2(F,Gm)

1 �� H1(F,M) � � �� H2(F,Gm)

which proves the injectivity H1(F, T ) ↪→ H1(F,M). Hence, for sufficiently regu-
lar semisimple elements t we have

SOMt (fM ) = OMt (fM ).

We only consider sufficiently regular elements t in the following, since this suffices
for our purposes.

Notation.

1. Let T ⊆ G be a maximal F -torus. Let t ∈ T (F ) be a sufficiently regular el-
ement. Then for δ ∈ DG(T ) = Ker(H1(F, T ) → H1(F,G)) one can define
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tδ ∈ T δ(F ) (another maximal F -torus of G uniquely defined up to F -conjugacy
in G) by tδ = g−1tg if δ is represented by the cocycle a(σ) = gσg−1,
g ∈ G(F ) (as in [76], p. 183). Recall H1(F,G) = 1 for G = GSp(4); hence,
DG = H1(F, T ). The result above implies

DM (T ) = 1.

For the convenience of the reader we recall some of the definitions:

2. Fix an admissible embedding T → G in the sense of [60]. It comes together
with a homomorphism ρT of the Galois group of the splitting field of T to the
abstract Weyl group WG. In this way the Galois group Γ = Gal(F : F ) acts
by conjugation with ρT on the Weyl group WG (since the group G is split). Let
WF (T,G) denote the subgroup of Γ-invariant elements in WG. It contains the
relative Weyl group W (T,G) = NG(T )(F )/T (F ). By the non-Abelian Galois
cohomology sequence

W (T,G)→WF (T,G) d→ H1(F, T )→ H1(F,NG(T ))→ H1(F,WG),

attached to the normalizer NG(T ) of T in G, the coboundary map d maps
w ∈ WΓ

G = WF (T,G) with representative n ∈ NG(F ) to the class of
d(w) = nσn−1. More generally w ∈ WF (T,G) with representative n acts on
D(T ), and sends δ ∈ D(T ), represented by the cocycle δ = a(σ) = g−1gσ (split
by g ∈ G(F )), to the cohomology class of the cocycle w(δ) = nσgσg−1n−1

in D(T ). Notice w(δ) ∈ D(T ) and image(δ) = image(δw) in H1(F,NT ).
Furthermore, wδ ∈ D(T ) is independent of the choice of representative n and
the choice of splitting element g. In general this defines an action of WF (T,G)
on the set D(T ). But this action need not respect the group structure defined by
D(T ) ⊆ H1(F, T ) in general.

3. Ker(H1(F,NG(T )) → H1(F,G)) can be identified with the set CG of G(F )-
conjugacy classes of maximal F -tori T in G. The image C(T ) of D(T ) under
H1(F, T )→ H1(F,N(T )) is the set ofG(F )-conjugacy classes ofF -tori which
are stably equivalent to T . Furthermore, the fibers of the natural map induced by
the Galois cohomology sequence

D(T ) −→
{
G(F )-conjugacy classes
of maximal F -tori in G

}

can be identified with the left cosets

W (T,G) \WF (T,G).

If we choose representatives [T ′] ∈ C, and representatives T in each stable equiv-
alence class, then for a function f on C

∑

[T ′]∈C

f(T ′)
W (T ′, G)

=
∑

C(T )∈C

1
WF (T,G)

∑

δ∈D(T )

f(T δ).
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Similarly, we have formulas for M .
4. Let

τ = Δ ·DM/DG

be the product over the transfer factors ΔIΔIIΔIII in the sense of Langlands
and Shelstad [60].

The ∗-Invariance. We define the outer automorphism t 	→ t∗ of M by

t = (t1, t2) ∈ Gl(2, F )2/F ∗ 	→ t∗ = (t2, t1) ∈ Gl(2, F )2/F ∗.

Obviously t∗∗ = t. For a distribution α on M put α∗(f(t)) = α(f(t∗)). Define
ε(T ) to be 1 if T ∗ is M(F )-conjugate to T in M , and otherwise ε(T ) = 2.

Lemma 4.5. (α∗)G = αG.

Remark on the Proof. The first guess would be to check whether the right side of

SOMt (fM ) = Δ(t, η)Oκη (f)

is invariant under t 	→ t∗. If this were the case, we could simply replace fM by its
average 1

2 (fM (t∗) + fM (t)), since in principal we are free to choose any matching
pair of functions (f, fM ). This would immediately imply αG = (α∗)G.

However, this thought is somewhat too naive. The matching condition of Lang-
lands and Shelstad specifies the relation between t and η: η is linked with t via some
admissible embedding. This condition will be destroyed by simply replacing t by t∗.
In general, the assignment t∗ 	→ η will not be given by an admissible embedding
any more. In fact, this phenomenon occurs for one type of torus (namely, in elliptic
case I, if in addition χL/F (−1) = −1 holds; see type (4) in the list of tori below). In
this sense the tori of type (4) are rather curious. They will be examined in Chap. 8.
For all other cases of tori the relevant admissibility condition is preserved under re-
placement of t by t∗, and also Δ(t, η) = Δ(t∗, η) holds in these other cases. See
Lemmas 6.5 and 7.3. In fact, the proof of Lemma 4.5 is given in Sect. 4.5 as a side
result of the proof of Lemma 4.6.

An Assumption. The space of invariant distributions α on M splits into two sub-
spaces, those anti-invariant α(t∗) = −α(t) and those invariant α(t∗) = α(t) under
the involution ∗. By the last lemma αG = 0 holds for anti-invariant distributions α.

In the following we therefore always assume α to be ∗-invariant. Hence, suppose
α is a ∗-invariant distribution on M . Then the argument for [76], Lemma 12.5.1,
implies

Lemma 4.6. For δ ∈ D(T ) and sufficiently regular t ∈ T (F ) and all maximal
F -tori of G coming from M
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(DGα
G)(tδ) = κ(δ) · τ(t)DM (t) · (α+ α∗)(t)

= ε(T ) ·
∑

w∈WF (T,M)\WF (T,G)

τ(wtw−1)κ(w(δ))(DMα)(wtw−1).

In particular, (DGα
G)(tδ) = κ(δ) · (DGα

G)(t) for δ ∈ D(T ).

Proof Postponed. See Sect. 4.5. �

Support. For further use let us discuss the support of the distribution αG(t). For
this we list the different G(F )-conjugacy classes of maximal F -tori of G. This list
contains seven distinct types. Notice that the Galois group G(L/F ) of the splitting
field L of a maximal torus T is a subgroup of the abstract Weyl group. Hence tori in
Gl(2) split over a quadratic extension field L and are isomorphic to ResL/F (Gm).
This easily gives a description of all maximal F -tori of the groupGl(2)2, and hence
for M . Notice the support of αG (considered for sufficiently regular semisimple
elements) is contained in the union of the F -tori of G that come from M by an
admissible embedding.

4.4.2 The List of Maximal F -Tori of G

Maximal F -Tori of G that do not come from M by an admissible embedding:

1. T (F ) is isomorphic to {x ∈ E∗ | NormE/E+(x) ∈ F ∗}, where E/F is an
extension of F of degree 4, whose splitting field is either cyclic of degree 4 or
dihedral of degree 8 over F . E contains a quadratic extension field E+ of F .

2. T (F ) ∼= {x = (x1, x2) ∈ L∗
1 × L∗

2 | NormL1/F (x1) = NormL2/F (x2)} for
two nonisomorphic quadratic field extensions L1/F and L2/F .

3. T (F ) ∼= L∗ × F ∗ ⊆ Q(F ), where Q ⊆ G is the Klingen parabolic subgroup.

Elliptic maximal F -tori of G that come from M by an admissible embedding:

4. Elliptic case I: T (F ) ∼= {x = (x1, x2) ∈ L∗ × L∗ | NormL/F (x1) =
NormL/F (x2)} for a quadratic field extension L/F . These tori (see Chap. 6)
come from the tori L∗ × L∗/F ∗ of M . We have DG(T ) = H1(F, T ) ∼= Z/2Z
and ε(T ) = 1. The Galois action is via wmax, which is the longest element
of WG. The Weyl group is the semidirect product of 〈w1, w2〉 and the reflec-
tion ι attached to the short root. We have wmax = w1w2 and ιw1 = w2ι.
Furthermore, WF (T,G) = WG and WF (T,M) = WM . The embedding
WF (T,M) ↪→ WF (T,G) is an isomorphism onto the subgroup generated by
the permutation ι and the element wmax. The outer automorphism ∗ acts on
T like w2 ∈ WF (T,G). We have W (T,M) = WF (T,M). Finally, we have
W (G, T ) = WF (G, T ) iff χL/F (−1) = 1, in which case T δ is not F -conjugate
to T for the nontrivial element δ ∈ DG(T ). In the case χL/F (−1) = −1 we have
T δ and T are G(F )-conjugate, and we can even assume T = T δ by choosing a
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suitable representative. In this case, if ψ : TM (F ) � t 	→ η ∈ T (F ) is an ad-
missible embedding, then ψ(t∗) = tδ holds. Finally, W (G, T ) = WF (T,M) ⊆
WF (T,G) in this case.

5. Elliptic case II: These tori are T (F ) ∼= (L∗
1 × L∗

2)/F ∗ for two nonisomorphic
quadratic field extensions L1/F and L2/F (see Chap. 7). They come from M
with ε(T ) = 2. Then WF (T,G) is the subgroup of WG generated by the two
elements wmax, ι (image of Galois), which can be identified with the image of
WF (T,M) = WM . Also DG(T ) ∼= Z/2Z.

Nonelliptic maximal F -tori of G that come from M by an admissible embedding:

6. These tori are T (F ) ∼= L∗ × F ∗ ⊆ P (F ) for quadratic extension fields L/F ,
contained in the Siegel parabolic P ⊆ G. They come from the tori TM = (L∗ ×
(F ∗)2)/F ∗ of M via the embedding

(x, diag(t2, t′2))/(t · id, t−1 · id) 	→ blockdiag(t′2det(x)x
−t, t2x).

Here x ∈ L∗ ⊆ Gl(2, F ) and t2, t
′
2 ∈ F ∗. We have ε(T ) = 2 and

DG(T ) = 1. Furthermore,WF (T,G) is generated by wmax, ι and WF (T,G) =
WF (T,M) = WM .

7. The split torus T (F ) ∼= (F ∗)3 obviously comes from M with ε(T ) = 1. Fur-
thermore, W (T,G) = WF (T,G) = WG and W (T,M) = WF (T,M) = WM ,
which maps to the subgroup 〈ι, wmax〉 of WG. The admissible embedding is the
one used in (6) for diagonal matrices x = diag(t1, t′1). The involution ∗ acts
on the diagonal split torus T in M . This action corresponds to the action of the
element w2 ∈WG.

Lemma 4.7. For all maximal F -tori T in M the following holds:

#W (T,M) = #WF (T,M)

and
ε(T ) ·#(WF (T,M) \WF (T,G)

)
= 2.

Proof. This is done by a case-by-case inspection, and will be skipped. �

Remarks Concerning the Weyl Groups. Over the algebraic closure F of F all
underlying admissible homomorphisms of tori TM → TG becomes conjugate to the
homomorphism

(
diag(t1, t′1), diag(t2, t

′
2)
)
	→ diag

(
t′1t

′
2, t1t

′
2, t1t2, t2t

′
1

)

by Lemma 8.1. This isomorphism induces the isomorphism 〈WM , ∗〉 ↪→ WG re-
ferred to in the list of tori given above.

Character Twists. Let us denote νM (g1, g2) = det(g1g2) for (g1, g2)/(t id,
t−1 id) ∈ M and let νG denote the symplectic similitude factor νG : G(F ) → F ∗.
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Then in cases (4)–(7) an admissible isomorphism of tori ψ : TM ∼= TG satisfies
νG(ψ(t)) = νM (t)

M ⊇ TM ψ ��

νM ����������� TG ⊆ G

νG�����
��

��
��

Gm

It is enough to show this over the algebraic closure F , where this follows from
Lemma 8.1. Furthermore, νG(tδ) = νG(t) for δ ∈ DG(T ). Both statements are
easy to verify, and together they imply

(
χ(νM (t)) · α(t)

)G = χ(ν(t)) · αG(t).

Therefore, we have

Lemma 4.8. χσv =
∑
n(σv, πv)χπv implies χσv⊗χv =

∑
n(σv, πv)χπv⊗χv .

Lemma 4.9. Suppose σv = (σv,1, σv,2). Then n(σv, πv) �= 0 implies that the rep-
resentations πv , σv,1, and σv,2 have the same central character.

Proof. The admissible isomorphism TM → TG maps (t, t)×(1, 1) and (1, 1)×(t, t)
to (t, t, t, t). Furthermore, the transfer factors do not change the central character.
Hence, Lemma 4.6 proves the claim. �
This being said, we come back to what we already formulated at the beginning of
this section, the rationality statement E ⊆ Eσ .

Since τ has values±1, and κ is a quadratic character (see Corollaries 6.1 and 7.1)
all coefficients of the formula for αG stated in Lemma 4.6 are in Q except possibly
the terms α = χσv . Therefore, the first statement of the next lemma follows.

Lemma 4.10. Suppose χGσv
=
∑
n(σv, πv)χπv so that for compact open K there

are only finitely many n(σv, πv) �= 0 for which πKv �= 0 holds. Then

χGστ
v

= (χGσv
)τ

and n(σv, πv)τ = n(στv , πτv ).

Proof and explanation. For an irreducible admissible representation πv of Gv and
τ ∈ Aut(C/Q) or Aut(Ql/Q) the representations πτv are defined as follows.
Choose an admissible basis (extending the bases of the fixed spaces of a cofinal
decreasing system of compact open groups) of the representation space W and con-
sider the Q-vector space generated by it. This choice of basis induces an action
of τ on the C-vector space W , preserving the fixed spaces of a cofinite system of
compact open subgroups of the representation. Then πτv (g) = τ ◦ πv(g) ◦ τ−1 is
again a C-linear irreducible representation ofGv onW . ForK in the cofinal system
the subspace WK is stable under τ . Hence, Wπτ

v (K) = τ(W πv(K)) = Wπv(K),
so πτv is admissible. The character is χπτ

v
= χτπv

. The isomorphism class of πτ
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is independent of the choice of the admissible basis. Since χτσv
= χστ

v
, we get∑

n(σv, πv)τπτv =
∑
n(στv , π

τ
v )π

τ
v . For a fixed compact open subgroup K ⊆ Gv

assume that only finitely many representations satisfy πKv �= 0 and n(σv, πv) �= 0
and n(στv ) �= 0. Then this implies

n(σv, πv)τ = n(στv , π
τ
v ).

Since we do not assume that the representations πv are preunitary (in fact for the
representations that arise from the trace formula they are), we may not be able to
apply linear independence of characters directly. But we can argue as follows. We
can consider the spaces of fixed vectors under small compact open subgroups. If the
coefficient relation held, this would contradict the linear independency of a finite
number of irreducible characters of the Hecke algebra of K-bi-invariant functions
with compact support. �

Remark 4.9. We will show in Sect. 4.11 for tempered σv that χGσv
= χπ1 − χπ2

holds for two irreducible representations π1 and π2; hence, χGστ
v

= χπτ
1
− χπτ

2
by

the last lemma. If στv ∼= σv , then πτi ∼= πi by linear independence of characters.
This implies the rationality statement E ⊆ Eσ .

4.4.3 Concerning Ql-Rationality

Let us return to the representation on etale cohomology with coefficients Ql on
H3

! (SK , E). It decomposes into a direct sum

⊕

πfin

ρπfin
⊗ πfin

as a representation under ΓQ ×G(Afin). Let V (σ) be the subspace corresponding
to all weak lifts πfin of σ. For constituents of V (σ) the representation ρπfin

is a
finite-dimensional Ql-representation of ΓQ of the form

ρssπfin
= m1(πfin)ρ1 ⊕m2(πfin)(ρ2 ⊗ νl).

For τ ∈ Aut(C/Q) = Aut(Ql/Q) obviously V (σ)τ = V (στ ).

Corollary 4.3. In the situation of Corollary 4.2 the set of representations πfin with
the property n(σfin, πfin) =

∏
v n(σv, πv) �= 0 is Galois stable with finite orbits

in the sense of
n(σfin, πfin) �= 0⇔ n(στfin, π

τ
fin) �= 0.

Furthermore, m1(πτfin) = m1(πfin) and m2(πτfin) = m2(πfin).

Proof. The first assertion follows from Lemma 4.10 and n(σS , πS) = n(σfin,
πfin) =

∏
v n(σv, πv) and the integrality of n(σfin, πfin) = ε(m1(πfin) −

m2(πfin)) (Corollary 4.1). It implies
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n(σfin, πfin) = n(στfin, π
τ
fin).

For the last assertion notice that conjugation by τ induces a τ -linear isomorphism

τ : πfin ⊗ ρπfin
→ πτfin ⊗ ρτπfin

.

Hence, obviously ρτπfin
= ρπτ

fin
and dim(ρπfin

) = dim(ρτπfin
) = dim(ρπτ

fin
).

This implies

m1(πfin) +m2(πfin) = m1(πτfin) +m2(πτfin).

Together with ε(m1(πfin)−m2(πfin)) = ε(m1(πτfin)−m2(πτfin)), since ε does
not depend on πfin, this implies mi(πτfin) = mi(πfin) for i = 1, 2. �

Corollary 4.4. In the situation of Corollary 4.2 we have

m1(πfin) =dimC

(
Hk1+k2−3,0(S(C), EC(r))(πfin)

)
,

m2(πfin) =dimC

(
Hk1−1,k2−2(S(C), EC(r))(πfin)

)
.

Proof. Notice the generalized πfin-eigenspace is cuspidal by our assumptions. For
weak endoscopic lifts π = π∞ ⊗ πfin we defined the field E = E(πfin) of ratio-
nality, a finite extension field of Q. The subspace

H̃p,q
C =

⊕

τ∈ΣE

(
Hp,q(S(C), EC(r))(πτfin)⊕Hq,p(S(C), EC(r))(πτfin)

)

is stable underAut(C/Q). Hence, the H̃p,q define a Q-rational sub-Hodge structure
of the Q-rational pure Hodge structure defined by cuspidality on the inner Betti
cohomology group H3

! (S(C), E(r)). The dimension of each summand indexed by
τ is twice the dimension

dimC

(
Hp,q(S(C), EC(r))(πτfin)

)

by well-known results of continuous cohomology.Hence,dimC

(
Hp,q(S(C), EC(r))

(πτfin)
)

and dimC

(
Hq,p(S(C), EC(r))(πτfin)

)
are equal. Since Aut(C/Q) simply

permutes the summands (Hp,q(S(C), EC(r))(πτfin)⊕Hq,p(S(C), EC(r))(πτfin))
for the different πτfin, this implies

dimC

(
Hp,q(S(C), EC(r))(πfin)

)
= dimC

(
Hq,p(S(C), EC(r))(πτfin)

)

for all p, q, and τ .
Similarly for the subspace H̃l =

⊕
τ∈ΣE

H3
et,!(S(C), EQl

(r))(πτfin) of the Ql-
adic cohomology. This space is defined over Ql. It arises from a Ql-subspace of the
Ql-adic cohomology group H3

et,!(S,El(r)) by extension of scalars to Ql. Hence, it
is of Hodge–Tate type since it is a direct summand of a Hodge–Tate representation
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(using Chai and Faltings [19], Chapter VI, Theorem 6.2(i)). From loc. cit. further-
more, after tensoring coefficients with Cl, the Hodge–Tate weights can be read off
from the de Rham cohomology using the comparison isomorphism and an identifi-
cation C = Cl. The comparison isomorphism between the cohomology induces an
isomorphism of the subspaces

(H̃l ⊗Ql
Cl) ∼= (H̃k1+k2−3,0 ⊗ C)⊕ (H̃k1−1,k2−2 ⊗ C).

Since the Hodge–Tate decomposition of ρ1 is of type (r1 − 1, 0) and (0, r1 − 1)
and the Hodge–Tate decomposition of ρ2 is of type (r2 − 1, 0) and (0, r2 − 2),
Corollary 4.2 therefore implies

∑
τ m1(πτfin) =

∑
τ dimC H

k1+k2−3,0(πτfin) and
similarly for

∑
τ m2(πτfin) and

∑
τ dimCH

k1−1,k2−2,0(πτfin). Since the multiplic-
ities mi(πτfin) are independent of τ (Corollary 4.3), and since the corresponding
statement was shown for the dimensions dimC

(
Hp,q(S(C), EC(r))(πfin)

)
, this

implies the stronger formulas of Corollary 4.4, which hold for each constituent
πτfin. �

4.5 Orthogonality Relations

Let F denote the local non-Archimedean field Qv.
The multiplicity formulas for weak endoscopic lifts fromM are encoded in char-

acter identities
χGσv

=
∑

n(σv, πv)πv,

which are defined locally. In special cases we were able to prove the existence of
such an identity. Indeed this holds whenever σv is the local representation of a global
representation σ = (σ1, σ2), where σi,∞ are in the holomorphic discrete series of
weight ri. This proves the local identities for a large class of local representations,
but not for all. Hence, this is not enough. To show that such a local character identity
holds for an irreducible admissible representation σv of Mv = M(F ) one could
replace σv = (σv,1, σv,2) by σv ⊗ χv = (σv,1 ⊗ χv, σv,2 ⊗ χv) for some arbitrary
character χv (see Lemma 4.8). Let us assume this for the moment.

Our first aim in Lemma 4.11 is to show that such a local character identity holds
for all local irreducible representations σv in the discrete series. To show that it is
enough to find a global representation σ for which σv is the corresponding local
representation, at least up to a local character twist. This is the strategy of the proof.
However, we show more. We also prove that the coefficients n(σv, πv) are all in-
tegers. By the global multiplicity formulas already obtained, and by the way these
coefficients were defined, this would immediately follow if we can find the global
representation σ in such a way that for all non-Archimedean places w �= v the
local character identities χGσw

=
∑
n(σw, πw)πw involve only coefficients with

n(σw, πw) ∈ {−1, 0, 1}. This would suffice, since
∏
w �=∞ n(σw, πw) are inte-

gers by Corollary 4.1. However, so far the only representations where we know
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n(σw, πw) ∈ {0, 1} by Lemma 4.3 are the spherical representations. So we could
try to choose σ to be unramified outside v. This is a possible strategy. For those
who do not like to waste energy on this, we prefer to invoke Lemmas 4.12 and 4.27
(an obvious extension of Lemma 4.3, whose proofs are elementary and local) to be
more flexible with the construction of σ.

To prove the next lemma, let us therefore assume that σv is a representation of
Mv in the discrete series.

Global Embeddings. Consider unitary irreducible cuspidal automorphic repre-
sentations σ of the group Gl(2,A). Since A∗/Q∗ = R∗

>0 ×
∏
v Z

∗
v, the central

character ω of σ can be viewed as a character of
∏
v Z

∗
v → C∗. Given a local char-

acter χv : F ∗ → C∗ at a non-Archimedean place, one can extend χv|Z∗
v to a global

character χ ramified only at v. Hence, χv can be written as a product of a local un-
ramified character χ0

v and a global character ramified only at v. Hence, for given σv ,
by replacing σv with the unramified character twist σv ⊗ (ω0

v)
−1/2, one can find an

extension ω of the central character of σv to a global Dirichlet character ω, which is
ramified only at∞ and v. So we can assume without restriction of generality that
the central character of σv is the local component of an idele class character ω.

Now consider some representations σ∞ and σv from the discrete series at the
Archimedean place and at the fixed non-Archimedean place v whose central char-
acters are given by the global character ω. Hence, σ∞ is in the holomorphic discrete
series of weight r. And r is even or odd, depending on whether the Dirichlet char-
acter ω is even or odd:

1. For cuspidal σv there always exist global cuspidal automorphic representations
σ in L2

cusp(G(Q) \G(A), ω) which realize the local representation at the places
v and at ∞ such that σw is unramified at all other places w �= ∞, v. See [25],
p. 110ff.

2. If σv is not cuspidal, then σv = Sp(χ0) = Sp ⊗ χ0 is a special representation.
By a local character twist we may assume χ0 = 1. Then the central charac-
ter is trivial, so we could choose the trivial global character ω. One could ask
whether there exists again a global cuspidal automorphic representation σ in
L2
cusp(G(Q)ZG(A) \ G(A)) which realizes σv , and a fixed discrete series rep-

resentation with trivial central character at ∞ such that σw is unramified at all
other places w �= ∞, v. This is not true in general, since otherwise the space of
elliptic cusp forms of level 2 would be nonzero. In other words the conjecture
formulated in [25], p. 110, does not hold. But for our purposes it is enough to
have this result not for a fixed discrete series representation but rather for some
discrete series representation σ∞, say, of weight r sufficiently large, and up to
a local character twist at the place v. In this weaker form the statement above
holds. We will give a proof.

Proof. σv = Sp has nontrivial fixed vectors for Iwahori subgroups of Gl(2, F ).
Since the supercuspidal and ramified induced representations do not have a nontriv-
ial I-fixed vector, the only admissible irreducible representationsσv with trivial cen-
tral character ωv and nontrivial Iwahori fixed vector are unramified representations
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or the special discrete series representations Sp⊗χ0,v (where χ0,v is an unramified
quadratic character). Hence, the space of new forms in [Γ0(p), r]0 (classical elliptic
cusp forms of even weight r for the group Γ0(p)) is realized by automorphic forms,
whose local representation space σp at the prime p is Sp or Sp(χ0,v). One could
distinguish them by the Fricke involution w. For our purposes it is enough to realize
one of the local representations Sp or Sp(χ0,v) as the local component of a global
cuspidal representation. Hence, it suffices to have

dim([Γ0(p), r]) > 2 · dim([Sl(2,Z), r]0)

for r ≥ r0(p) at a given prime p = pv, which is a well-known fact. In fact, this
is true for r = 2 except in the cases p = 2, 3, 57, 13 where the genus g of the
corresponding modular curve X0(p) vanishes. If g = 0, then vol(H/Γ0(p)) =∑r
i=1

ei−1
ei

> 0, since there are two inequivalent cusps [92], Theorem 2.20. Hence,

dim([Γ0(p), 2k]0) = −1 +
∑r

i=1[k · ei−1
ei

] > 0 for either k = 3 or k = 4 [92],
Theorem 2.23.

It is obvious that the weight r can be chosen to be arbitrarily large.
The next step is to extend these results to the group M(A) instead of Gl(2,A).

Of course a representation σv = (σ1v, σ2v) of Mv is in the discrete series if and
only if both σiv are in the discrete series. Again by an unramified character twist we
can assume that the central character ωσ1,v = ωσ2,v comes from a global idele class
character ω. The results above immediately carry over, except in the case where
σ1,v and σ2,v are both special, but not isomorphic. Then σ2,v = σ1,v ⊗ χ0,v for
some local character χ0,v with the property χ2

0,v = 1. Hence, χ0,v defines a local
quadratic field extension Lv/Fv . Choose a global L/Q, which locally gives Lv.
This defines a global character χ0 = χL/F which extends χ0,v. Without restriction
of generality we can assume that σ1,v is the local component of a global cuspidal
representation σ1, which is unramified at all places outside v. Then σ2 = σ1 ⊗ χ0

globally realizes σ2,v . The local components σw,2 = σw,1 ⊗ χ0,w for w �= v are
ramified if and only if χ0,w ramifies. Fortunately, for σw = (σ1,w, σ1,w ⊗χ0,w) the
character lift χGσw

is the character χπ+w(σw) of a single irreducible representation
π+(σw) for all w �= v,∞. This follows from local computations, for which we refer
to Lemma 4.12. See also case 2 in the list on page 154 for an even more precise
result. For σw = (σ1,w, σ2,w) and w �= v this implies

n(σw, πw) = 1 or n(σw, πw) = 0

for all πw.
Thus, up to a local character twist, any discrete series representation σv, v ∈ S

of Mv can be realized as the local component of a global cuspidal representation
σ, which is an induced representation σw for all non-Archimedean w �= v and is
a representation of the discrete series at w = ∞. Therefore, the local character
expression stated in Corollary 4.2 exists for all discrete series representations σv of
Mv in the following strong form. �
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Lemma 4.11. If σv belongs to the discrete series ofMv, then χGσv
=
∑
n(σv, πv)πv

holds with integer coefficients n(σv, πv).

4.5.1 Elliptic Scalar Products

Consider scalar products on the set of elliptic regular elements (= elliptic locus) as
in Rogawski [76] or Kazhdan [44]. For the moment fix some central characters. Let
α = χσv be a ∗-invariant distribution on M .

Assume σv to be irreducible or to be of the form

σv = (σv,1, σv,1)

or
σv = (σv,1, σv,2)

⊕
(σv,2, σv,1)

for irreducible discrete series representations σv,1, σv,2 ofGl(2, F ), where σv,1 and
σv,2 are supposed to have the same central character. Then the L2-norm on the
elliptic locus is

〈χσ, χσ〉M,e = 1 or 2, respectively,

depending on the cases considered, by the well-known orthogonality relations for
discrete series representations [44].

Similarly, for the character χπ of irreducible discrete series representations π of
G (see also [76], Proposition 12.5.2) we have

〈χπ, χπ〉G,e = 1.

Scalar Product Formulas. Let α be a ∗-invariant class function on M . Similarly
to in [76], p. 183ff, for distributions α the endoscopic lift satisfies

〈αG1 , αG2 〉G,e = 4〈α1, α2〉M,e.

For this result (see Lemma 4.14) besides an explicit formula for αG two further
ingredients are needed:

1. |τ(t)|2 = 1, where τ = ΔIΔIIΔIII , which can in this case be directly checked
(without explicit computation) or by using the explicit formulas given later.

2. [DG(T ) : DM (T )] = 2 for all elliptic tori in M .

4.5.2 The Formula for αG

We first prove the formula for the distribution αG(t), which was already stated
in Lemma 4.6. Obviously the support of αG(t) is contained in the union of
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G(F )-conjugacy classes of tori T of types (4)–(7). For this terminology we re-
fer to the list of maximal F -tori given after the statement of Lemma 4.6. For our
purposes it is enough to consider elements t ∈ T (F ) which are sufficiently regular.
Cases (6) and (7) are trivial and are left to the reader. The cases of elliptic tori are
the relevant cases, and we do the calculations case by case.

Elliptic Case I for χL/F(−1) = 1. This is type (4) in the list of tori. There is one
M(F )-conjugacy class of type T in M . A representative of this class can be chosen
with T ∗ = T . Notice W (T,M) = WM has order 4.

There are two stably conjugate, but not G(F )-conjugate classes of such tori in
G. Fix representatives T and T ′ = T δ, where δ generates the group DG(T ) of
order 2. The map H1(F, T ) → H1(F,N(T )) is injective. Its “kernel” is trivial
WF (T,G)/W (T,G) = 1, where WF (T,G) has order 8. The Weyl integration for-
mula gives

1
4

∫

T/Z

DM (t)2α(t)OMt (fM )dt =
1
8

∫

T/Z

DG(t)2αG(t)OGt (f)dt

+
1
8

∫

T ′/Z
DG(t′)2αG(t′)OGt′ (f)dt′.

Notice
∫
T/Z here actually means integration over T (F )/Z(F ).

Now we insert the matching conditionOMt (fM ) = SOMt (fM )=Δ(t, η)Oκη (f),
where η is obtained from t by an admissible embedding of tori. By abuse of notation
we identify TM = T = TG via such an embedding. Then this formula becomes

(τDG/DM )(t) · (OGt (f)−OGt′ (f)),

where t′ ∈ T ′(F ) is stably conjugate to t, but not G(F )-conjugate to t. This gives

1
4

∫

T/Z

DM (t)DG(t)τ(t)α(t)(OGt (f)−OGtδ (f))dt=
1
8

∫

T/Z

DG(t)2αG(t)OGt (f)dt

+
1
8

∫

T ′/Z
DG(t′)2αG(t′)OGt′ (f)dt′.

Orbital integrals OGt (f) of test functions f ∈ C∞
c (G(F )) only separate the

W (G, T ) = WG = 〈WM , ∗〉 orbits in T (F ). But they separate the tori T and
T ′. Hence, we can assume OGt′ (f) = 0 near t′ = tδ for a suitable choice of f (t and
t′ are not G(F )-conjugate). Thus,

1
4

∫

T/Z

DM (t)DG(t)τ(t)α(t)OGt (f)dt =
1
8

∫

T/Z

DG(t)2αG(t)OGt (f)dt.

After making the left side W (T,G) = WG invariant, we can compare both sides
at the (sufficiently regular) point t in T (F )/W (T,G). Since WG is generated by
W (T,M) = WM and ∗, we obtain
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DG(t)αG(t) = τ(t)DM (t)α(t) + τ(t∗)DM (t∗)α(t∗)
= τ(t)DM (t)(α(t) + α(t∗)).

A similar argument for tδ = t′ gives

αG(tδ) = κ(δ)αG(t) = −αG(t).

Notice τ(t∗) = χL/F (−1)τ(t) = τ(t).

Elliptic case I for χL/F(−1) = 1. Then there is a unique M(F )-conjugacy
class of T in M , and the representative T = TM can be chosen to be invari-
ant under ∗; furthermore, there is a unique G(F )-conjugacy class of such tori in
G. The map H1(F, T ) = DG(T ) → H1(F,N(T )) is trivial; hence, DG(T ) =
WF (T,G)/W (T,G) (via the exact non-Abelian Galois cohomology sequence at-
tached to WG = N(T )/T over F ). Furthermore, W (T,G) = WF (M,T ) = WM

andWF (T,G) = WG = 〈WM , ∗〉. Since #W (T,G) = #W (T,M) = 4, the Weyl
integration formula implies

1
4

∫

T/Z

DM (t)2α(t)OMt (fM )dt =
1
4

∫

T/Z

DG(t)2αG(t)OGt (f)dt.

Hence, again by insertion of the matching condition for OMt (fM )

1
4

∫

T/Z

DM (t)DG(t)τ(t)α(t)(OGt (f)−OGt′ (f))dt=
1
4

∫

T/Z

DG(t)2αG(t)OGt (f)dt.

Notice t, t′ ∈ TG without restriction of generality in this case, and t′ = tδ for an
element δ in the Weyl group WF (T,G). Recall TM = T ∗

M . If the underlying fixed
admissible isomorphism maps t ∈ TM to t ∈ TG (notice the abuse of notation that
results from our identifications TM = T = TG using this admissible isomorphism),
then t∗ ∈ TM maps to t′ under the same admissible embedding. See the example at
the end of Sect. 6.2.

Hence, we obtain t′ = t∗. By (t∗)∗ = t, after making a substitution t → t∗, we
obtain

1
4

∫

T/Z

DG(t)DM (t)τ(t)α(t)OGt (f)dt−1
4

∫

T/Z

DG(t∗)DM (t∗)τ(t∗)α(t∗))OGt (f)dt

=
1
4

∫

T/Z

DG(t)2αG(t)OGt (f)dt.

Thus, since the OGt (f) separate the W (T,G)-orbits in T (F ),

DG(t)αG(t) = τ(t)DM (t)α(t)−τ(t∗)DM (t∗)α(t∗) = τ(t)DM (t)(α(t)+α(t∗)).

Notice DG(t) = DG(t∗) and DM (t∗) = DM (t) (see Sect. 6.3), and (by
Lemma 6.5)
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τ(t∗) = χL/F (−1)τ(t) = −τ(t).
Of course, this also implies αG(tδ) = αG(t∗) = κ(δ)α(t).

Elliptic tori II. These are the tori of type (5) in the list of maximal F -tori of
G. In this case there are two F -conjugacy classes of such tori in M , with rep-
resentatives TM and T ∗

M (the image of T under the involution ∗ of M ). An ad-
missible embedding ψ of TM into G defines an admissible embedding ψ ◦ ∗ of
T ∗ = T ∗

M into G. Note that these define the same Δ-factor (see Lemma 7.3).
Thus, the argument in [76], pp. 183–184, gives (with an additional contribution by
combining the contribution for TM and T ∗

M in M !) the desired formula. In fact,
W (T,M) = W (T ∗,M) = WM and WF (T,G) = W (T,G) = WM ⊆ WG

now all have order 4. Since ΔT∗,TG(t∗, t) = ΔT,TG(t, t) = Δ(t, t) for t∗ ∈ T ∗
M

(Lemma 7.3)
1
4

∫

T/Z

DM (t)(α + α∗)(t)τ(t)DG(t)Oκt (f)dt

=
1
4

∫

T/Z

D2
M (t)α(t)Δ(t, t)Oκt (f)dt+

1
4

∫

T∗/Z
D2
M (t)α(t)Δ(t∗, t)Oκt (f)dt.

By the Weyl formula this is

=
1
4

∫

T/Z

DG(t)2αG(t)OGt (f)dt+
1
4

∫

T ′/Z
DG(t′)2αG(t′)OGt′ (f)dt.

Since the test functions f separate the tori T and T ′ inG, we can compare the terms
for t ∈ T (F ) and t′ ∈ T ′(F ) separately. This gives

DG(t)αG(tδ) = κ(δ)τ(t)DM (t)(α(t) + α(t∗)).

Since WF (T,M) = WF (T,G), this could also be written in the form

DG(t)αG(tδ) =
∑

w∈WF (T,M)\WF (T,G)

τ(tw)DM (tw)κ(w(δ))(α + α∗)(tw).

Notice α+ α∗ = 2α = ε(T ) · α if α = α∗ in this case.

Split Tori. Here κ is trivial and W (T,G) = 〈W (T,M), ∗〉 is of order
8 and ε(T ) = 1. Notice 1

8

∫
T/Z DM (t)(α + α∗)(t)τ(t)DG(t)OGt (f)dt =

1
4

∫
T/Z

D2
M(t)α(t)Δ(t, t)Oκt (f)dt. By the Weyl integration formula this is

1
8

∫
T/Z D

2
G(t)αG(t)OGt (f)dt. Hence,

(DGα
G)(t) = DM (t)(α + α∗)(t),

since evidently τ(t) = 1 in this case, as follows from the definition of τ =
ΔIΔIIΔIII given by Langlands and Shelstad [60].
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Semisplit Tori. Notice T (F ) ∼= L∗ × F ∗ and ε(T ) = 2 and W (T,M) =
WF (T,M) = WF (T,G) = W (T,G); hence, TM and T ∗

M give contributions. Now
κ is trivial, and τ(t) = ΔIΔIIΔIII = 1, since ΔI = 1 (Hilbert 90), ΔII = 1 (the
Galois group stabilizes the set of positive roots outside M and the corresponding
χ-subdata can be chosen trivially), and henceforth ΔIII = 1 is the trivial character.
Again

(DGα
G)(t) = DM (t)(α+ α∗)(t)

in this case.
So now we come to the end. Adding the terms from all types gives the desired

identity, which proves Lemma 4.6. Since all the terms only depend on α + α∗, this
also proves Lemma 4.5.

4.5.3 Induced Representations

Assume σv ∼= IndMBM
(ρv) is induced from a character ρv of the Borel subgroup

BM of M . The character χσv of σv has the regular semisimple support contained
in the conjugates of the split torus TMs ⊆ BM . On the split torus Ts = TMs itself
the character of σv is given by the sum of four conjugates ρwv of the character ρv of
Ts(F )

DM (t)χσv (t) =
∑

w∈WM

ρv(tw), t ∈ TMs (F ).

From Lemma 4.6 and its proof we obtain for α = χσv

DG(t)χGσv
(t) = DM (t)(α + α∗) =

∑

w∈WM\WG

DM (tw)χσv (tw),

where t ∈ TGs (F ) is identified with t ∈ TMs (F ) by an admissible isomorphism.
Observe that in this case κ is trivial and WF (T,M) = WM and WF (T,G) = WG

and τ = 1.
Fix an admissible isomorphism of split tori of M and G, respectively. This also

includes a choice of Borel subgroupsBM andB containing the split torus. View ρv
as a character of both split tori via the chosen admissible isomorphism. Because χGσv

vanishes on the nonsplit conjugacy classes of tori in G, the formulas above imply

Lemma 4.12.
(χIndM

BM
(ρv))G = χIndG

B(ρv) .

A similar formula holds for representations σv = IndMPM
(ρv) induced from a

Levi subgroup of a proper maximal parabolic subgroup PM of M , where

ρv

(
(x, diag(t2, t′2))/(t id, t

−1id)
)

= τv(x)χ1,v(t2)χ2,v(t′2).
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Here PM is a parabolic subgroup in M with Levi quotient Gl(2, F ) × (F ∗)2/F ∗,
and of course (x, diag(t2, t′2)) ∈ Gl(2, F )× (F ∗)2 denotes representatives in PM
modulo the unipotent radical. Assume the central character ωτv of τv satisfies

ωτv = χ1,vχ2,v.

In that case, we will see that the lifted character χGσv
= 1

2χ
G
σv+σ∗

v
is the character

of a corresponding representation of GSp(4, F ) induced from the Levi subgroup of
the Siegel parabolic P . As above by Lemma 4.6DG(t)χGσv

(t) = DM (t)(α+α∗) =
DM (t)χσv+σ∗

v
(t) for all t in the nonanisotropic tori. For t ∈ T (F ) ∼= L∗ × F ∗ ⊆

PM (F ) one of the two distributions χσv (t) and χσv (t∗) vanishes by the choice of
σv . Furthermore, the factor ΔIV = DG/DM = DP /DPM compensates for the
factors appearing in the character formula for induced representations. Hence,

(χIndM
PM

(ρv))G = χIndG
P (ρ̃v) ,

where ρ̃v is the representation of the Siegel parabolic subgroup P (F ) ⊆ G(F )
given by the representation

ρ̃v(blockdiag(λg−t, g)) = τv(g)χ2,v(λ/det(g)), λ ∈ F ∗, g ∈ Gl(2, F ),

of its Levi subgroup of block diagonal matrices in G(F ). It remains to check
semisimple regular elements in the split torus Ts. For that observe that the char-
acter χIndG

P (ρ̃v) is invariant under w2 ∈ WG, which corresponds to the involution ∗
on the split torus of M . This compensates for the factor 1/2.

Corollary 4.5. For any irreducible admissible representation σv of the local group
Mv the lift χGσv

can be expressed as a (locally finite) sum χGσv
=
∑
n(πv)χπv of

irreducible characters of the group Gv with integral coefficients n(πv) ∈ Z.

Proof. It is enough to consider generators of the Grothendieck group up to char-
acter twists. For the group M elliptic tempered representations necessarily belong
to the discrete series. Hence, every irreducible character χσv can be written as a
finite integral linear combination of discrete series characters and a finite number
of induced representations. For discrete series representations σv the statement has
already been given (Lemma 4.11). For induced representations the claim follows
from the remarks above. Hence, the coefficients n(πv) are integers. That moreover
the sum is locally finite (see the definition on page 110) is obvious. This proves the
claim. �

4.5.4 Scalar Product Formula

For invariant distributions β1, β2 on G(F ) one formally defines

〈β1, β2〉G,e =
∫

Ge

β1(g)β2(g)dg
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whenever the integral on the right side is well defined. Integration is over the regular
elliptic subset Ge of G(F ). Hence, by the Weyl integration formula

〈β1, β2〉G,e =
∑

T elliptic tori ⊆Gfrom M
modulo G(F )-conjugacy

1
#W (T,G)

∫

T/Z

DG(t)β1(t)DG(t)β2(t)dt.

Suppose DGβi(tδ) = κ(δ)DGβi(t) for all δ ∈ D(T ) and all elliptic maximal tori
T in G. Then the integrand is invariant under DG(T ), meaning that

〈β1, β2〉G,e =
∑

T elliptic tori⊆Gfrom M
modulo stable conjugacy

#DG(T )
#WF (T,G)

∫

T/Z

DG(t)β1(t)DG(t)β2(t)dt.

See Sect. 4.4.2 for an explanation.

The Scalar Product Formula. Assume αi are invariant distributions on M(F )
such that αi = α∗

i for i = 1, 2. Then both distribution lifts (DGα
G
i )(t) =

2 · τ(t)(DMαi)(t) satisfy DGαi(tδ) = κ(δ)DGαi(t) for all δ ∈ D(T ) and all
maximal elliptic F -tori T in G (Lemma 4.6). Hence,

〈αG1 , αG2 〉G,e = 4·
∑

T elliptic tori⊆Gfrom M
modulo stable conjugacy

#DG(T )
#WF (T,G)

∫

T/Z

|τ(t)|2DM (t)2α1(t)α2(t)dt.

The sum is over all stable conjugacy classes of elliptic maximal F -tori T in G
coming from M by an admissible embedding. Since |τ(t)|2 = 1 and

ε(T )
#W (T,M)

=
#DG(T )

#WF (T,G)
,

by Lemmas 4.4 and 4.7, this becomes

∑

T elliptic tori⊆M
modulo M(F )- conjugacy

4
#W (T,M)

∫

T/Z

DM (t)2α1(t)α2(t)dt = 4 · 〈α1, α2〉M,e.

Lemma 4.13. Let αi = α∗
i be ∗-invariant class functions on M(F ). Then

〈αG1 , αG2 〉G,e = 4〈α1, α2〉M,e.

4.5.5 Character Formula

Let σv = (σv,1, σv,2) be an irreducible admissible representation of M(F ), which
belongs to the discrete series. We distinguish two cases: (1) σ∗

v �∼= σv and (2) σ∗
v
∼=

σv . Since σ∗
v is defined as σv ◦ ∗ for the involution ∗ of the groupM , which flips the

two copies of Gl(2), the second case is equivalent to σv,1 ∼= σv,2.
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Lemma 4.14. We have
〈χGσv

, χGσv
〉G,e = 2

in the first case (σ is not ∗-invariant) and

〈χGσ , χGσ 〉G,e = 4

in the second case (σv is ∗-invariant).

Proof. Suppose σ∗
v �∼= σv . Put α = χσ∗

v
+ χσv . Then 〈α, α〉M,e = 2; hence

〈αG, αG〉G,e = 8. But αG = 2χGσv
by Lemma 4.5; hence, 〈χGσv

, χGσv
〉G,e = 2.

If σv ∼= σ∗
v , put α = χσv . Then 〈α, α〉M,e = 1; hence 〈αG, αG〉G,e = 4 and

〈χGσv
, χGσv

〉G,e = 1. This completes the proof. �

4.6 Exponents and Tempered Representations

In the following we use the notation and results from [44]. LetR(G) = RZ(G)⊗ZC

denote the Grothendieck group as in [44], p. 3. Let RI(G) ⊆ R(G) denote the sub-
space spanned by the classes of representations fully induced from proper parabolic
subgroups. RI(G) is generated by the images of the maps iG,L : R(L) → R(G)
defined by induction, from proper standard parabolic subgroups P of G with Levi
groupL. “Parabolic” in the following should always be understood to mean standard
parabolic, containing a fixed minimal parabolic.

It is possible to arrange the character expression χGσv
=
∑
n(σv, πv)πv in the

form

χGσv
=
∑

ñ(πv) · χπv +
∑

P �=G

∑

ρv

m(ρv) · IndGP (ρv)

with integer coefficients ñ(πv) and m(ρv) such that only tempered representa-
tions πv occur in the first summation. This uses the property that the coefficients
n(σv, πv) are integral (Corollary 4.5), and a result from [15], Sects. XI.2.11 and
XI.2.13 (see also [44], p. 6). Using the notation in [15], we sketch the argument
for the convenience of the reader. Every nontempered representation πv occurs as a
Langlands quotient J(P, ρv, χv) of a standard induced representation I(P, ρv, χv).
The multiplicity d(πv) of the Langlands quotient πv ∼= J(P, ρv, χv) in the com-
position series of I(P, ρv, χv) is 1 [15], Sect. XI.2.13. Hence, in the integral
Grothendieck group, πv can be expressed by the class of the induced representa-
tion class(I(P, ρv, χv)) ∈ RI(G), and some integral linear combination of non-
tempered or tempered representations with smaller Langlands parameter< λπ [15],
Sect. XI.2.13. The nontempered representations in this expression can again be writ-
ten as Langlands quotients. This process terminates after finitely many steps by the
finiteness of exponents of a given (induced) representation. This gives an expression
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for nontempered representations as a Z-linear combination
∑
ñ(πv)πv +RI(G) of

tempered representations modulo RI(G). Inserting this expression into the sum-
mation gives the desired expansion χGσv

=
∑
ñ(πv)χπv with integral coefficients

ñ(πv) modulo a sum whose summands are in RI(G).
However, one remark is in order. Since we have not simply reordered the summa-

tion, it remains for us to show that the new sum
∑

πv
ñ(σv, πv)πv is still absolutely

convergent. For this we write the character sums so that they are indexed by in-
finitesimal characters χ.

Infinitesimal Characters [10, 11]. An infinitesimal character χ is a G(F )-
conjugacy class of pairs (L, ρv), where L is a standard Levi subgroup and ρv
is a cuspidal irreducible representation of L. See [11], Sect. 2.1. For a representative
(L, ρv) of χ, fix some parabolicP = LN and consider all representations that occur
as irreducible constituents of representations induced from cuspidal representations
of the Levi component of P . Call the finite set of inequivalent representatives of
these classes Rχ. Then one can expand χGσv

, by reordering, in the form

χGσv
=
∑

χ

πχ,

πχ =
∑

nχ,iχπi , πi ∈ Rχ.

Locally Finite Sums. Suppose we have a cofinal system of good small open com-
pact subgroupsKν ofGv in the sense of [10] such that allKν are normal subgroups
of K0

K = Kν � K0

and such that G(F ) = P (F ) ·K0 holds for standard parabolic subgroups P of G.
In our cases GSp(2n) andGl(n) the principal congruence subgroup forms a cofinal
system Kν of normal subgroups of K0 such that G(F ) = P (F ) · K0 holds for
every standard parabolic subgroup P containing the group of diagonal matrices. An
infinite sum

∑
nχπχ, πχ =

∑
nχ,iχπi for πi ∈ Rχ is called locally finite, if for

everyK = Kν in the cofinal system there exists only a finite number of infinitesimal
characters χ represented by (L, ρv) such that ρK∩L

v �= 0 and πχ �= 0 holds:

1. By our assumptions regardingK the vanishing ρK∩L
v =0 implies IndGP (ρv)K=0.

Hence, πχ(f) = 0 for a K-bi-invariant function f unless ρK∩L
v �= 0. Thus,

ρK∩L
v = 0 implies tr πv(f) = 0 for all πv ∈ Rχ. Therefore, locally finite sums

are absolutely convergent. Furthermore, since Rχ is finite, there are only finitely
many nχ,i for which πKi is nonzero.

Conversely:

2. The summation
∑
n(πv)χπv , so that for every compact open K ⊆ G there exist

only finitely many πv for which πKv �= 0 and n(πv) �= 0 holds, is necessarily
locally finite. Obviously it is absolutely convergent, so we can write it as a sum∑

χ πχ indexed by infinitesimal characters χ by reordering. But πv ∈ Rχ and
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πKv = 0 implies ρL∩Kv = 0 [10], Proposition 3.8. Hence, ρL∩Kv �= 0 and πχ �= 0
implies πKv �= 0 and n(πv) �= 0 for some πv ∈ Rχ. But there are only finitely
such πv , and hence there are only finitely such χ.

3. The Jacquet functors are known to be compatible with infinitesimal characters
(see [11], Sect 2.4; see also the argument preceding Lemma 4.17); therefore,
they “map” locally finite sums to locally finite sums in an algebraic sense. See the
proof of Lemma 4.17. Under certain local L1-conditions, properties of the distri-
butions are inherited by this process as shown later in the crucial Lemma 4.18.

From this it is clear that χGσv
=
∑

πv
n(σv, πv)πv is a locally finite sum. If we

reorder the summation by first grouping into combinations πχ of irreducible repre-
sentations with the same infinitesimal character χ, the further splitting up into two
sums, as defined above, obviously gives two locally finite sums, since in fact we have
to split up the inner summands πχ = π̃χ + πI,χ only when they are different from
zero πχ �= 0. So both new sums, in particular the sum

∑
πv
ñ(πv)πv =

∑
χ π̃χ, are

locally finite.

Remark 4.10. It follows from [44], Theorems A and F, that the pairings 〈., .〉G,e and
〈., .〉M,e have the spaces RI(G) and RI(M), respectively, in their radical. Hence,
to compute 〈χGσv

, .〉G,e one can replace χGσv
by the sum

∑
πv
ñv(πv)χπv defined

above:
〈χGσv

, β〉G,e = 〈
∑

πv

ñv(πv)χπv , β〉G,e.

Pseudocoefficients. For irreducible local representations π = πv in the discrete
series there exist pseudocoefficients fπ [44], Theorem K, i.e., locally constant
functions with compact support such that tr π′(fπ) = δπ,π′ holds for all tem-
pered irreducible representations π′, so that furthermore OGt (fπ) = χπ(t) holds
for all regular semisimple elliptic elements t ∈ G(F ) and OGt (fπ) = 0 holds for
all regular semisimple nonelliptic elements. In loc. cit. this is stated for groups
with anisotropic center. But these statements hold in general. For cuspidal πv
the conditions imply tr π′(fπ) = δπ,π′ for all irreducible representations π′. Fi-
nally, 〈fπ, fπ′〉G = 〈fπ, fπ′〉G,e =

∑ 1
W (T,G)

∫
T/Z DG(t)2OGt (fπ′)OGt (fπ′)dt =

tr π′(fπ) = δπ,π′ .

An Application. Let f =
∑r

i=1 ñ(πi)fπi be a finite linear combination of pseu-
docoefficients fπi for discrete series representations πi. Then f is locally constant
with compact support, has vanishing orbital integrals outside the elliptic locus, and
the orbital integrals are given by characters on the elliptic locus. Hence,

∫

G

f(g)χGσv
dμ =

∫

Ge

f(g)χGσv
dμ.

Now χGσv
=
∑

πv
ñ(πv)χπv +

∑
P �=G,ρv

m(ρv) · IndGP (ρv), where both sums are
locally finite sums. Since characters of induced representations vanish on the elliptic
locus, we get
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∫

Ge

f(g)χGσv
dμ =

∫

Ge

f(g)
∑

πv

ñ(πv)χπv (g)dμ.

Since the sum is locally finite, and f isK-invariant for some compact open subgroup
K , we obtain

∫

Ge

f(g)
∑

πv

ñ(πv)χπv (g)dμ =
∑

πv

ñ(πv)χπv(f).

Since f is a finite linear combination of pseudocoefficients, and since the sum in-
volves only tempered representations, this becomes

∑r
i=1 ñ(πv)2. Therefore,

∫

Ge

f(g)χGσv
dμ =

r∑

i=1

ñ(πv)2.

By the Schwartz inequality

|
∫

Ge

f(g)χGσv
dμ|2 ≤ 〈χGσv

, χGσv
〉G,e〈f, f〉G,e = 〈χGσv

, χGσv
〉G,e

r∑

i=1

ñ(πi)2.

Equality holds if and only if χGσv
= OG(f) holds on the elliptic locus Ge. By

the formula above, the Schwartz inequality implies
∑r
i=1 ñ(πvi)

2 ≤ 〈χGσv
, χGσv

〉e.
Hence, in the limit ∑

πv∈Π2(Gv)

ñ(πv)2 ≤ 〈χGσv
, χGσv

〉e,

where the summation is over all isomorphism classes Π2(G) of discrete series rep-
resentations of G(F ). Again, equality holds if and only if χGσv

= OG(f) holds on
the elliptic locus Ge.

Now we use:

• The integrality ñ(πv) ∈ Z (Corollary 4.5).
• 〈χGσv

, χGσv
〉e ∈ {2, 4} (Lemma 4.14 for irreducible σv).

Therefore, the inequality from above implies

Lemma 4.15. For irreducible representations σv of Mv the character lift χGσv
can

be written as a locally finite sum

∑
ñ(πv)πv

of tempered representations πv , and a locally finite sum of characters of represen-
tations induced from proper parabolic subgroups P of G. The multiplicities of the
induced representations in these sums are integral. Furthermore, the coefficients
ñ(πv) are integral. ñ(πv) ∈ {−1, 0, 1} for πv in the discrete series.

Proof. If some |ñ(πv)| �= 1 for some discrete series representations πv , then
|ñ(πv)| = 2 by the inequality. But then, as explained above, Ot(fπv ) = χGσv

(t)
holds almost everywhere on Ge. Hence,
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χGσv
(t) = χπv(t), t ∈ Ge.

But this gives a contradiction looking at formal degrees (the case r = 1 below). �

Formal Degrees. Assume
∑r

i=1 ñ(πvi)2 = 〈χGσv
, χGσv

〉e holds. Then

χGσv
=

r∑

i=1

ñ(πi)χπi

holds as a character identity on the regular elliptic locusGe. χGσv
vanishes identically

on elliptic tori of G corresponding to a cyclic field extension of Qv of degree 4
(type 1 in the list of maximal F -tori of G). From Rogawski [76], pp. 194–195, any
finite character relation

∑r
i=1 ñ(πi)χπi = 0 between characters of discrete series

representations on some elliptic maximal torus implies
∑
d(πv)ñ(πv) = 0. Since

the formal degrees d(πv) of the discrete series representations πv are positive, not
all of the ñ(πi) can be positive or negative, respectively. In particular, this excludes
r = 1. This was used in the proof of Lemma 4.15.

Corollary 4.6. ñ(πv) �= 0 can occur for at most two discrete series representations
if σv is not ∗-invariant, and for at most four if σv is ∗-invariant.

In fact, if there are two or four discrete series representations, respectively, with
coefficient ±1, then this determines χGσv

on the elliptic locus in terms of these dis-
crete series representations. However, we will see that the situation is slightly more
complicated. In general, there exist limits of discrete series which compensate for
the difference on the elliptic set. Recall that tempered irreducible representations
are called elliptic or limits of discrete series if their character is nontrivial on the
regular elliptic locus Ge. For instance, irreducible tempered representations, which
are fully induced from a proper parabolic subgroup, are not elliptic.

Remark 4.11. Suppose σv is not ∗-invariant. Suppose ñ(π1), ñ(π2) = ±1 holds
for two nonisomorphic discrete series representations πv . Denote them by π+(σv)
and π−(σv). Then the argument based on formal degrees implies ñ(π+(σv)) +
ñ(π−(σv)) = 0. Without restriction of generality, we can therefore assume
ñ(π±(σv)) = ±1. But then, as explained above,

χGσv
(t) = χπ+

v
(t)− χπ−

v
(t) , t ∈ Ge

holds on the elliptic locus.
To understand what happens if the number of discrete series representations πv

with ñ(πv) �= 0 is less than or equal to one, we have to study the asymptotic behav-
ior of the distribution χGσv

at infinity.
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4.6.1 The Asymptotic Behavior

For a representation (V, π) and a parabolic subgroup P = LN , define the unnor-
malized Jacquet module V (P ) to be the space of N(F )-coinvariants, considered as
a module under L(F ). As in [10], Sect. 2.5, define

rGP (V ) = V (P )⊗ δ−1/2
P .

rGP induces a homomorphism between the Grothendieck groups rGP : R(G) →
R(L). For fixed standard parabolic subgroups P with Levi group L we also write
rLG instead of rGP .

Asymptotic Independence. Fix an infinitesimal character χ of the Bernstein cen-
ter represented by (L, ρv), PL = LN . Consider the finitely generated Z-submodule
Rχ(G) of R(G) generated by the classes πi ∈ Rχ of all irreducible representa-
tions with infinitesimal character χ. Let ADχ ⊆ Rχ(G) be the kernel of the homo-
morphism rGP : Rχ(G) → R(L). We say asymptotic independence holds for χ if
ADχ = 0.

Suppose f is a locally finite sum f =
∑

χ πχ, and suppose each πχ is a finite lin-
ear combination πχ =

∑
nχ,iχπχ,i ∈ Rχ. For a parabolic subgroupQ we associate

the locally finite sum

f(Q) =
∑

χ

πχ(Q),

where πχ(Q) =
∑

i nχ,iπχ,i(Q) ∈ R(LQ) is the sum of (the characters of) the

Jacquet module of the representations πχ,i with respect to Q.

Claim 4.1. f(Q) = 0 implies πχ(Q) = 0 for each infinitesimal character χ =
(L, ρv) of G.

Proof. (see [11], Sect. 2.4) Let M be the Levi component of Q. Then from [11],
p. 189,

rMG ◦ iGL =
∑

w∈W (M)\W/W (L)

(iM,wLw−1∩M ) ◦ w ◦ (rL∩w−1Mw,L)

for minimal length representativesw. HereW = W (Ts, G) is the Weyl group ofG,
and similarlyW (M), etc. are the corresponding Weyl groups of the Levi subgroups,
considered as subgroups of W . For irreducible admissible cuspidal representations
ρv therefore,

rMG ◦ iGL(ρv) =
∑

w∈W (M)\W/W (L),wLw−1⊆M
iM,wLw−1

(
w(ρv)

)
.
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So for irreducible admissible representations πv with infinitesimal character (L, ρv)
the class of rMG(πv) in R(M) is a linear combination of representations of
M with infinitesimal characters w(L, ρv)w−1 where wLw−1 ⊆ M , since ρv is
cuspidal. �

This Implies. Suppose πv and π′
v are irreducible admissible representations of

G(F ) with different infinitesimal characters (L, ρv) and (L′, ρ′v). Then the infinites-
imal characters of the constituents (representations ofM ) of rMG(πv) and rMG(π′

v)
are different. Otherwise there would exist w,w′ ∈ W and w′′ ∈ W (M) from the
last statement above such that w′′w(L, ρv)w−1w′′−1 = w′(L′, ρ′v)(w

′)−1. Hence,
(L, ρv) and (L′, ρ′v) would be conjugate in G(F ), i.e., πv and π′

v would have the
same infinitesimal character, contradicting the assumption.

Furthermore, for χ = (L, ρv) we get rLGiGL(ρv) =
∑

w∈W (L)\W/W (L),

wLw−1=Lw(ρv) or

rLGiGL(ρv) =
∑

w∈WL/W (L)

w(ρv),

where WL is the group of all w ∈W such that wLw−1 = L. It contains W (L) as a
normal subgroup since w ∈WL permutes the roots of L.

Lemma 4.16. Let χ be represented by (L, ρv). Then ADχ = 0 holds unless χ is
“ramified” or “irregular,” i.e., there exists a nontrivial element w ∈ WL/W (L)
such that w(ρv) ∼= ρv.

Proof. Suppose χ is not ramified. Then rGLiGL(ρv) is a multiplicity-free linear
combination of the irreducible representations w(ρv) for w ∈WL/W (L). For non-
isomorphic representations πv and π′

v with infinitesimal character χ, rLG(πv) and
rLG(π′

v) therefore have disjoint support. Therefore,ADχ = 0. �
In particular, this implies the next lemma, and since rMG is up to a normalization
just the virtual Jacquet module, it also implies the claim.

Lemma 4.17. rMG(
∑

χ πχ) = 0 implies rMG(πχ) = 0 for all χ.

Corollary 4.7. πχ(Q) = 0 implies, by inductivity of the Jacquet functor, πχ ∈ ADχ

for all infinitesimal characters χ, which are represented by (L, ρv) so that Q con-
tains a parabolic group PL = LN with Levi group L.

Hence, πχ(Q) = 0 for all proper standard parabolic subgroups Q of G implies that
eitherχ corresponds to a cuspidal representation (G, ρ) ofG(F ) itself or πχ ∈ADχ.

4.6.2 The Theorem of Deligne and Casselman

Suppose T1, T2 are distributions on G(F ) represented by locally finite sums of
irreducible representations Ti(f)=

∑
ni(πv)χπ(f). If both distributions are repre-

sented locally by anL1-function, we show in this section how to derive from the dis-
tribution identity T1 =T2 the corresponding distribution identity T1(Q)=T2(Q).
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Let G be a reductive group over a p-adic local field. Choose a minimal parabolic
subgroup P∅ with simple roots Δ. For a subset θ ⊆ Δ one defines the torus
Aθ = ∩α∈θkern(α) and Pθ = Zentr(Aθ)Ru(P∅). The unipotent radical of Pθ is
generated by the unipotent subgroups, which belong to those positive roots, which
are not linear combinations of roots in θ. There exists a reductive groupLθ such that
Zentr(Aθ) = Lθ. The roots in Δ \ θ define characters on Aθ ⊆ Lθ. An element
a ∈ Aθ is called Pθ-contractive provided

|α(a)| < 1 holds for all α /∈ θ.

Let A−
θ denote the set of Pθ-contractive elements.

Let g be a regular semisimple element of G. Let A be the maximal split torus in
ZG(g). Some power gk of g has the form gk = a · s, a ∈ A, s ∈ S, where S is the
maximal anisotropic torus in ZG(g). After replacement of g by a suitable conjugate,
there exists a standard parabolic group Pθ such that a ∈ Aθ = ∩α∈θkern(α) holds
and

|α(a)| ≤ 1 for all α ∈ Δ,

where Δ is the set of simple roots associated with the standard minimal parabolic
group P∅. Let θ(g) be the set of simple roots with the property |α(a)| = 1. No-
tice θ ⊆ θ(g) ⊆ Δ. Let Pθ (contained in P ⊆ G) denote the standard parabolic
subgroup attached to θ(g). We say, the conjugacy class of g belongs to the P -
stratum. By definition, g is a semisimple regular element contained in the Levi
component of P ; hence, g acts on the unnormalized Jacquet module πv(P ). The
Deligne–Casselman theorem gives the following formula for the character χπv of a
finitely generated admissible representation πv of G

χπv(g) = χπv(P )(g) .

See [17], Theorem 5.2. Hence, for example, the support of the character of an irre-
ducible cuspidal representation is contained in the set of topologically quasiunipo-
tent elements.

Similarly to this statement, we prove for Q = Pθ, AQ = Aθ , and LQ = Lθ (for
some θ in Δ) the following.

Lemma 4.18. Let G be a reductive p-adic group. Suppose f is an invariant distri-
bution onG(F ) defined by a locally finite sum of characters which is represented by
a locally integrable function (also denoted f ) on the set Grs of semisimple, regular
elements of G(F ). So f(φ) =

∫
Grs f(g)φ(g)dg holds for all locally constant func-

tions φ on G with compact support. Let Q = LQNQ be a parabolic subgroup of G
with Levi componentLQ and the split componentAQ. Then the following conditions
are equivalent:

(i) Let Ω ⊆ LQ be a compact subset. For all semisimple regular elements g ∈
Ω f(ag) = 0 holds for all sufficiently Q-contractive elements a ∈ A−

Q, i.e.,
|α(a)| < ε(Ω) 1 for all roots α /∈ θ.
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(i)′ For all semisimple regular elements g ∈ Ω f(ag) = 0 holds for all elements
a of A−

Q with |α(a)| < ε(Ω)  1 for α /∈ θ, for which (log(|α(a)|))α/∈θ is

contained in a fixed open cone of the Weyl chamber attached to A−
Q.

(ii) f(Q) = 0 holds (in the sense of page 114).

Proof. LetQ− = LQN
−
Q be the parabolic opposite toQ = LQNQ. Choose some

small good compact open subgroup K ⊆ G such that

K = (K ∩N−
Q )(K ∩ LQ)(K ∩N+

Q ).

Put K̃ = K ∩ LQ.
Let g ∈ LQ be regular semisimple and let a ∈ AQ beQ-contractive. By replacing

a by a suitable power and g by ang, one can assume that a and g are contained in

L−
Q = {g ∈ LQ | g(K ∩NQ)g−1 ⊆ K ∩NQ and g(K ∩N−

Q )g−1 ⊆ K ∩N−
Q }.

Let 1C denote the characteristic function of a set C. Then we obtain

(∗) f(meas(KiagKi)−11KiagKi) = f(Q)(meas(K̃iagK̃i)−11K̃iagK̃i
).

Observe that only finitely many irreducible admissible characters in the summation
defining f are relevant on both sides of the equality; thus we get this from [11],
Sect. 5.3, term by term.

Remark: If the distributions f and f(Q) are both smooth at the point ag, then – by
taking the limit K → 0 – we obtain f(ag) = f(Q)(ag).

Suppose (ii) holds. Then the identity (*) above shows that f(meas(KiagKi)−1

1KiagKi) vanishes for all a ∈ A−
Q which are highly contractive. This is independent

of K . By a covering argument this implies
∫
C
f(g)dg = 0 for all compact subsets

C contained in this range of points. This gives f(ag) = 0 (almost everywhere) for
a ∈ A−

Q which satisfy |α(a)| < ε(g), α /∈ θ. It is clear that this argument works
locally uniformly.

Conversely assume f(ag) = 0 for all highly Q-contractive a ∈ A−
Q. Assume K

is chosen to be small enough such that every element in KagK is conjugate to an
element a′g′ with a′, g′ ∈ L−

Q and g′ ∈ Ω(g) and a′ satisfying |a′| ≤ ε(Ω). Then
f(meas(KagK)−11KagK) vanishes and therefore

f(Q)(meas(K̃iagK̃i)−11K̃iagK̃i
) =
∑

niωσi(a)χσi(meas(K̃iagK̃i)−11K̃iagK̃i
)

vanishes. Summation is over the irreducible representations σi of LQ, which appear
in f(Q). This sum actually is a finite sum. Almost all summands are zero. Using
linear independency of a finite number of different central characters ωσi on cones
as in Sect. 2.7, we get the following. If this finite sum vanishes for all a in a open
subcone ofA−

Q, then the sum vanishes for all a ∈ AQ. This shows for every g ∈ LQ
and every a ∈ AQ that f(Q)(1K̃agK̃) = 0 holds.
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How do the K̃ depend on the particular elements a, g ∈ LQ we started from?
I claim that the good small subgroup K = K(a, g) can be chosen such that K̃ =
LQ ∩ K(a, g) is a suitably fixed small subgroup K̃ of LQ independent of a and
g. This would imply f(Q)(1K̃agK̃) = 0 for all ag ∈ LQ, because the regular

semisimple elements are dense. Then f(Q) = 0 follows by letting K̃ get arbitrary
small.

To construct K we use the remarks in [10], p. 16. Choose a lattice Λ to construct
K as in [10]. If we replace Λ by piΛ we get a cofinal system of good small subgroups
Ki of G with respect to Q and am and ang for suitable n,m. Now choose a small
compact open K0 in LQ, which stabilizes Λ ∩ Lie(NQ) and Λ ∩ Lie(N−

Q ) and
Λ∩Lie(LQ). ThenK0 normalizes allKi or equivalently the intersections ofKi with
NQ, N

−
Q , LQ. Therefore, we have (K0Ki)∩NQ = Ki ∩NQ and (K0Ki)∩NQ =

Ki ∩NQ, as the decompositionsN−
QLQNQ are unique. Then we also have

(K0Ki) = (K0Ki ∩N−
Q )(K0Ki ∩ LQ)(K0Ki ∩N+

Q ).

Therefore, not only Ki but also K0Ki = KiK0 satisfies the assumptions necessary
for the argument in [11], Sect. 5.3. But now

⋃
i(K0Ki) = K0. Therefore, for i

sufficiently large, K(a, g) can be chosen to be of the form K0Ki. Then K̃ = K0

for i sufficiently large. This completes the proof of the lemma. �

Corollary 4.8. If σv is a cuspidal irreducible representation ofM , then the distribu-
tion f = χGσv

defined by the endoscopic character lift is a locally finite sum of cus-
pidal characters and characters with infinitesimal character χ, for which ADχ �= 0
holds.

Proof. If σv is a cuspidal irreducible representation of M , then the distribution χσv

is a local L1-function. Hence, it is easy to see from the explicit formulas for the
transfer factor that f = χGσv

is also a localL1-distribution. The distribution f = χGσv

also satisfies condition (i) of Lemma 4.18 for all three conjugacy classes of proper
parabolic subgroups. This follows immediately from Lemma 4.6 and the cuspidality
of σv . Therefore, by the implication (i)=⇒(ii) of Lemma 4.18 we have f(Q) = 0
for all proper parabolic subgroups. Hence, χσv is a locally finite sum of cuspidal
characters and characters with infinitesimal character χ, for which ADχ �= 0 holds.
See Lemma 4.17 and Corollary 4.7. �

4.7 The Classification of Local Representations

Let F be a local field. The symplectic group of similitudes GSp(4, F ) is defined as
the subgroup of Gl(4, F ) of all matrices g which satisfy gtJg = λ(g)J, λ(g) ∈ F ∗

for

J =
(

0 −E
E 0

)

.
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The standard parabolic subgroups are supposed to contain the Borel group B con-
sisting of all matrices g = (A B

0 D ) ∈ GSp(4, F ) for which D is upper triangular.
Then A is a lower triangular matrix.

In the following ω denotes central characters, i.e., ωπ denotes the central char-
acter of π, etc. In the first two sections we consider representations induced
from cuspidal representations of maximal parabolic subgroups. According to
Shahidi [87], Theorem 6.1 and Waldspurger [106], Sect. 5, such representations
have a multiplicity 1 decomposition series. There are two maximal proper standard
parabolic subgroups, the Siegel parabolic P and the Klingen parabolic Q.

4.7.1 The Siegel Parabolic P (Results Obtained by Shahidi)

Representations induced from P sometimes contain discrete series representa-
tions [88], Proposition 6.1 and Theorem 5.1. The result in [88] is the following.
Let σ1 and χ be irreducible admissible representations ofGl(2,Qv) andGl(1,Qv),
respectively, and let

σ = σ1 � χ

be the irreducible representation of the Levi component of the Siegel parabolicM ∼=
Gl(2) × Gl(1) defined by σ(x, τ) = σ1(x) · χ(τ). For the representation I(σ) =
IndGP (σ) of G induced from P (using unitary normalization)

P �
(
x ∗
0 τ · x−t

)

	→ σ1(x)χ(τ)

we write

Short Notation. I(σ) = σ1 � χ.
Notice

(σ1 � χ)⊗ χ′ ∼= σ1 � χχ
′,

ωσ1�χ = ωσ1χ
2.

For cuspidal unitary σ1 the induced representation σ1 � χ is irreducible. More
generally, consider the representation σ1ν

s � χ for σ1ν
s(x) := σ1(x)|det(x)|s ,

where σ1 is unitary cuspidal. In the notation in [114] this is Π(σ, s) ⊗ νs.
For unitary cuspidal σ1 the representation σ1ν

s � χ is reducible if and only if the
following two conditions hold: (1) s = ±1/2 and (2) the central character ωσ1 of
σ1 is trivial ωσ1 = 1:

– In the reducible case s = 1/2 the Langlands quotient JP (ν1/2, σ1 � χ) is ir-
reducible unitary nontempered and not generic. The corresponding kernel is a
generic discrete series representation

D = δ(σ1ν
1
2 � χ)

as shown by Silberger (we refer to [87, 88]).
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The representation D is irreducible. Bruhat theory ([93], Corollary 2.12.2(1))
implies that the induced representation is multiplicity free, since σ1ν

1/2 is not stable
under the nontrivial element of the Weyl group. By the same reasoning there are at
most two exponents; therefore, there are at most two irreducible constituents. Hence,
D is irreducible.

4.7.2 The Klingen Parabolic Q (Results Obtained by Waldspurger)

Representations induced fromQwere studied by Waldspurger [106]. For irreducible
admissible cuspidal representations χ and ρ of Gl(1) and Gl(2), respectively, let σ
be χ � ρ considered as a representation of the Levi subgroup Gl(1) ×Gl(2) of Q.
Then the representation I(σ) = IndGQ(σ) induced from the representation σ (using
unitary normalization)

Q �

⎛

⎜
⎜
⎝

a 0 b ∗
∗ x ∗ ∗
c 0 d ∗
0 0 0 y

⎞

⎟
⎟
⎠ 	→ χ(x)ρ(

(
a b
c d

)

)

is multiplicity free and has at most two composition factors.

Short notation. I(χ� ρ) = χ× ρ.
Notice

(χ× ρ)⊗ χ′ = χ× (ρ⊗ χ′),

ωχ×ρ = χωρ.

For cuspidal ρ the representationχ×ρ is reducible if and only if one of the following
two conditions holds:

1. χ = 1.
2. χ = ν±1χ0 and ρ has CM multiplication by χ0. (By this we mean χ2

0 = 1, χ0 �=
1 such that ρ⊗ χ0

∼= ρ.)

Reducibility for cuspidal ρ in cases (2) yields an irreducible nontempered Lang-
lands quotient and an irreducible generic discrete series representation

δ(νχ0 × ρ).

This follows again from Silberger’s result (see [87] and [88], p. 285, Theorem 5.1).
For cuspidal ρ reducibility in cases (1) produces two tempered representations

of G, which are relatives in the sense of Kazhdan [44] called Wp+(ρ),Wp−(ρ).
Hence, the unitary representation 1× ρ decomposes

Wp+(ρ)⊕Wp−(ρ) = 1× ρ .
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Notably rGP (Wp±(ρ)) = 0 and rQG(Wp±(ρ)) = 1× ρ implies

Wp+(ρ)−Wp−(ρ) ∈ ADχ

for the infinitesimal character represented by the representation 1 � ρ of the Levi
group of Q. Exactly one of the two representations Wp±(ρ) admits a Whittaker
model (see [105], p. 64, the remark in loc. cit. following Lemma 8.2; we will give
a detailed discussion of this later). Fix Wp+(ρ) to be the representation with the
Whittaker model. The definition of representations Wp+(ρ) and Wp−(ρ) will be
extended later to include also the case where ρ is an arbitrary discrete series repre-
sentation of Gl(2, F ). For this we refer to the discussion of case (b) on page 128.

4.7.3 The Borel Group B (Results Obtained by Tadic and Rodier)

In this section we give a review of results obtained by Tadic [100] on the (nonuni-
tary) principal series representations. These are induced from representations χ1 �
χ2 � χ of the Borel group B attached to three (not necessarily unitary) characters
χ1, χ2, χ, which are defined by

B �

⎛

⎜
⎜
⎝

x 0 ∗ ∗
∗ y ∗ ∗
0 0 t/x ∗
0 0 0 t/y

⎞

⎟
⎟
⎠ 	→ χ2(x)χ1(y)χ(t).

We denote this induced representation (using unitary normalization) by

χ1 × χ2 � χ,

using the short notation used in [100]. For the reader who wants to compare with the
results in [100], it should be remarked that Tadic used a slightly different realization
of the symplectic group of similitudes, which differs by conjugation in Gl(4, F ). If
we take this into account and use corresponding choices of Borel groups, then the
definition above matches the definition in [100].

For characters χ1, χ2 we write χ1 × χ2 = IndGl2BGl2
(χ1, χ2) = χ1

χ2
� χ2.

We have the obvious isomorphism

χ1 × χ2 � χ ∼= σ1 � χ,

where

σ1 = χ1 × χ2 = Ind
Gl(2)
BGl(2)

(χ1, χ2) ∼= Ind
Gl(2)

BGl(2)
(χ2, χ1) ∼= χ1

χ2
� χ2,

and where BGl(2) is the group of upper triangular matrices in Gl(2, F ). This is
consistent with the short notation. Also observe χ0 � χ ∼= χχ0 × χ ∼= χ × χ0χ ∼=
χ0 � χ0χ for χ2

0 = 1, χ0 �= 1.
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Furthermore, there is an obvious isomorphism

χ1 × χ2 � χ ∼= IndGQ(χ1 � ρ),

where
ρ = χ2 � χ = Ind

Gl(2)
BGl(2)

(χ2χ, χ).

This is again consistent with the short notation introduced above.

Reducibility. The nonunitary principal series representations χ1 × χ2 � χ of the
group GSp(4,Qv) are irreducible unless χ1χ2 = ν±1 or χ1/χ2 = ν±1 or χ1 =
ν±1 or χ2 = ν±1 holds, where ν = |.|. See [100], Theorem 7.9 and Remark 7.10.
Observe (

χ1 × χ2 � χ

)

⊗χ′ = χ1 × χ2 � χχ
′,

ωχ1×χ2�χ = χ1χ2χ
2.

Furthermore, one has the following equalities

χ1 × χ2 � χ ≡ χ2 × χ1 � χ,

χ1 × χ2 � χ ≡ χ1 × χ−1
2 � χ2χ

valid in the Grothendieck group RZ(G) of representations of G = GSp(4,Qv). In
the reducible cases this allows us to do the determination of the irreducible compo-
sition factors in the two basic cases χ2 = ν or χ1/χ2 = ν. Hence, it is enough to
consider the two types of representation.

Basic Reducible Cases.

χ1 × ν � χ or ν1/2χ0 × ν−1/2χ0 � χ .

Regular Cases. According to results obtained by Rodier (see [100], Remark 8.3)
the induced representationχ1×χ2�χ is multiplicity free if the characters (χ1, χ2, χ)
are regular. Regularity means χ1 �= χ±1

2 and χ1 �= 1 and χ2 �= 1 (i.e., the charac-
ter is unramified for the action of the Weyl group). Condition (iii) of Tadic [100],
proposition 8.1(b) is void for n = 2. So in the regular case there are one, two, or
four constituents, and the length of χ1 × χ2 � χ is 2s ([100], Remark 8.3), where
s = s(χ1 × χ2 � χ) is the cardinality of a subset

S = S(χ1 × χ2 � χ)

of the coroots ofGSp(4) defined as follows: χ1�χ2�χ defines a character ϕ of the
maximal torus T ⊆ B of diagonal matrices. Each coroot α∨ is a cocharacter, and
hence defines a homomorphismα∨ : Gm → T . Define S(χ1×χ2 �χ) to be the set
of all coroots α∨ for which ϕ ◦ α∨ = ν holds. For the two simple positive roots the
homomorphisms are α∨

1 (t) = diag(t−1, t, t, t−1) and α∨
2 (t) = diag(t, 1, t−1, 1).

See [100], p. 36ff.
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Remark 4.12. There are eight coroots, but the cardinality of S is at most 3. The
orbits of 1�ν�χ under the Weyl group become the only cases of characters where
the cardinality of S is3 with eight irreducible constituents. This is the important case
(b), which is not regular and will be discussed later.

In the reducible regular cases there are either two or four irreducible constituents.
To determine them, we look at the basic cases.

First Basic Case. Applied to the exact sequence

0→ Sp(χ0)→ ν1/2χ0 × ν−1/2χ0 → χ0 ◦ det→ 0

of representations of the group Gl(2), induction from Q gives

0→ χ1 × Sp(χ0) → χ1 × ν � ν−1/2χ0 → χ1 × (χ0 ◦ det) → 0.

The representations L and R that occur on the left and right are irreducible for
χ1 �= 1, ν±1, ν±2.

Proof: χ1 × ν � ν−1/2χ0 is regular and #S = 2 in these cases. Similarly, the cases
χ1 = ν±2 are equivalent in the Grothendieck group

ν±2 × ν � ν−1/2χ0 ≡ ν2 × ν � ν−1/2χ0,

and for the first basic case this is the only regular case with four constituents, whereas
the other remaining cases χ1 = 1, ν±1 essentially give the nonregular cases (b) and
(c), which will be discussed later (see page 128ff).

The Second Basic Case.

0→ Sp(χ) � χ′ → ν1/2χ× ν−1/2χ � χ′ → (χ ◦ det) � χ′ → 0

is obtained by induction from P . The representations on the left and right are irre-
ducible if χ �= χ0ν

±1/2 for all χ0, χ
2
0 = 1 and χ �= ν±3/2 and χ2 �= 1.

Proof: #S = 2 and ν1/2χ × ν−1/2χ � χ′ is regular in these cases. Similarly the
remaining cases χ = χ0ν

±1/2, χ2
0 = 1, χ0 �= 1, and χ = ν±3/2 are regular

with four constituents, and have discrete series constituents. For χ = ν3/2 – the
corresponding principal series representation

ν2 × ν � χ′

already came up in the first basic case – two of its constituents are preunitary:
the Steinberg representation and the one-dimensional representation. The other two
constituents are nonunitary by a theorem of Casselman. So all regular induced rep-
resentations with more than two constituents already occur in the second basic case,
and they were just described, since the remaining cases are nonregular: Notice
χ0 = 1, χ = ν±1/2 is nonregular of type (b). The nonregular case χ2 = 1 is
case (a) below (see page 127).
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Discrete Series. Up to the obvious modifications with respect to the action of the
Weyl group described above, which gives equivalent elements in the Grothendieck
group, they occur in (nonunitary) regular principal series representations possibly
only for the cases ν2 × ν � χ or νχ0 × χ0 � χ for χ2

0 = 1, χ0 �= 1. In these cases
there exists a unique irreducible discrete series subquotient of the principal series.
This subquotient is denoted

δ(ν2 × ν � χ)

(Steinberg representations) or

δ(νχ0 × χ0 � χ)

as a constituent of Sp(χ0)ν1/2 � χν−1/2 together with the Langlands quotient
JP (ρ1ν

1/2 � χν−1/2) for the tempered representation ρ1 = Sp(χ0). Both are con-
stituents of νχ0×χ0�χ. For a proof see [100], Theorem 8.5, which uses the different
notation δ(k, f, χ), or the remark on page 132. These discrete series representations
are generic representations [100], p. 42. In the nonregular cases it turns out that the
nonunitary principal series do not have constituents in the discrete series. This will
also become clear from the subsequent discussion of the three relevant nonregular
cases (a)–(c).

Concerning Tempered Representations. No relatives are contained in unitary
principal series since they are always irreducible (e.g., [100], Corollary 7.6).

4.7.4 The Borel Group B (The Nonregular Reducible Principal
Series)

It remains for us to examine the nonregular cases of the reducible nonunitary prin-
cipal series representations. See also [75,79,100]. For later applications it is crucial
for us to determine the exponents of the irreducible constituents of these repre-
sentations. Up to equivalence in the Grothendieck group, only the three following
nonregular cases remain to be considered:

(a) ν1/2χ0 × ν−1/2χ0 � χ, χ2
0 = 1

(b) 1× ν � χ
(c) ν × ν � χ

We Start with a Short Summary. Situation (a) turns out not to be interesting
since there are only the two obvious irreducible constituents Sp(χ0) � χ (tempered)
and J = χ0 ◦ det � χ (nontempered), completely analogous to the regular second
basic case. In case (c) there are again two irreducible constituents; both are non-
tempered. In the interesting case (b) there are four irreducible constituents: J, J ′

(nontempered) and T+, T− (tempered). Warning: Temperedness for a representa-
tion ofG(F ) – here and for the rest of this chapter – will usually mean temperedness
up to a suitable character twist of the representation.
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Finally, none of the irreducible constituents in cases (a)–(c) belong to the discrete
series.

Exponents. For an irreducible admissible representation (π, V ) of a reductive
groupG over F and a standard parabolic group P one can attach charactersE(P, π)
as in [15], Chapters XI.1.8. The elements of E(P, π) are the characters of T (F ) for
the maximal split torus T in the standard Borel group B that appear in rPG(V )
as generalized eigenvalues, where P is the parabolic group opposite to P [15],
Chapters XI.3.3. T (F ) is contained in P (F ), and hence acts on the normalized

Jacquet module rPG(V ) = δ
−1/2
P ⊗ V (P ). The longest element wmax maps P

to P : hence, wmax(E(P, π)) are the generalized eigenvalues of T (F ) on rPG(V ).
The absolute values of the characters in E(P, π) define the set 0E(P, π) as in [15],
Chapters XI.1.13. Let −wmax denote the opposite involution.1 We call the ele-
ments −wmax0(E(P, π)) the exponents of π with respect to P . Let α1, . . . αl be
the simple roots attached to the standard Borel group. Let β1, . . . , βl be defined by
(αi, βj) = δij . Then the Lie algebra of the maximal split torus of the Levi group
M of P is spanned by βi, i ∈ F , modulo the center of Lie(M), for a unique subset
F ⊆ {1, . . . , l} which characterizes P = PF . Recall the following facts:

1. π belongs to the discrete series of G (up to a central character twist) if for a
minimal standard parabolic PF for which E(PF , π) �= ∅ we have (ν, βi) < 0 for
all ν ∈ 0E(P, π) and all i /∈ F [15], Chapter XI.1.14.

2. π is tempered (up to a central character twist) if for a minimal standard parabolic
PF for which E(PF , π) �= ∅ we have (ν, βi) ≤ 0 for all ν ∈ 0E(P, π) and all
i [15], Chapter XI.2.3.

3. For PF with Levi group MF and a unitary tempered representation of MF let χ
be a character of MF (F ). Suppose |χ|, considered as a character of the points
T (F ) of the maximal split torus T of G, has exponent ν such that (ν, αi) > 0
holds for all i /∈ F . Then the induced representation IndG(F )

PF (F )(χ ⊗ σ) has a
unique irreducible quotient, the Langlands quotient JPF (χ, σ) (up to a slight
change in the notation, this is [15], Chapters XI.2.6 and XI.2.7).

4. Every irreducible admissible representation is equivalent to some (essentially)
unique Langlands quotient [15], Chapters XI.2.10 and XI.2.11.

Example Gl(2). For convenience, since this is used later, consider the special and
the trivial representations Sp and 1Gl(2) of Gl(2). Let Sp(χ) be the discrete series
representation constituent (submodule) of ν1/2χ × ν−1/2χ = ν � χν−1/2. Then
Sp(χ) ∼= Sp⊗ (χ ◦ det). The diagonal matrices act on rGl(2)BGl(2)

(Sp) by

δ
1/2
BGl(2)

= ν1/2 � ν−1/2.

Recall BGl(2) is the group of upper triangular matrices. Hence,

1 For the groups considered −wmax = id.
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E(BGl(2), Sp) = {wmax(δB1/2
Gl(2)

)} = {δ
B

−1/2
Gl(2)
}

and
{E(BGl(2), 1)} = {wmax(δB−1/2

Gl(2)
)} = {δ

B
1/2
Gl(2)
}.

So the exponents are − 1
2α1 and 1

2α1.

The Case GSp(4). Now consider the group G = GSp(4) and its principal series
representations for the split torus T ⊆ B of G. For an admissible representation V
the irreducible constituents of rBG(V ) are characters μ : T (F )→ C∗. Their abso-
lute values |μ|(t), t ∈ Sp(4, F )∩T (F ), will be listed in root coordinates as a point in
the Euclidean space R2 spanned by the roots such that for t = diag(x, y, x−1, y−1)
the vector (v, w) ∈ R2 corresponds to the character

(v, w) ∈ R2 ←→ |μ| = νv � νw � χ

(for simplicity of notation we ignore similitudes, hence χ may be arbitrary). The
vector (v, w) ∈ R2 will be called the exponent of the character μ. The multiplicity
of an exponent will be the dimension of the corresponding generalized eigenspace.

The positive simple roots α1 and α2 of B correspond to the characters

μ(t) = |μ(t)| = (ν � ν−1 � 1)(t) = |x|−1|y|,

μ(t) = |μ(t)| = (1 � ν2 � ν−1)(t) = |x|2,
with the coordinates α1 = (1,−1) and α2 = (0, 2). Hence, β1 = (1, 1) and β2 =
(2, 0) up to some positive scaling factor, which we can ignore. An exponent (v, w)
is tempered if ν = wmax(v, w) = (−v,−w) satisfies (ν, β1) = −v − w ≤ 0 and
(ν, β2) = −2v ≤ 0. In other words if v ≥ 0 and v + w ≥ 0 holds, or equivalently
if (v, w) is in the closed cone spanned by α1 and α2. An exponent is called discrete
if it is in the open cone

R>0 · α1 + R>0 · α2.

α1 is the short root and α2 is the long root of Sp(4). The elementwmax of maximal
length is in the center of WG. Let sα1 , sα2 denote the simple reflections attached to
α1 and α2. Then sαi generates W (M) for the Levi component M of the parabolic
groups P (for i = 1) and Q (for i = 2).

Shuffle Formulas. Define maps from RZ(B) to RZ(B) by

sα1(χ1 � χ2 � χ) = χ2 � χ1 � χ,

sα2(χ1 � χ2 � χ) = χ1 � χ−1
2 � χ2χ.

We will use the formulas ([11], Lemma 5.4) to compute the Jacquet modules of
induced representations in cases (a)–(c). For the group GSp(4) these formulas are:

rPG ◦ iGP (V ) = V + wmaxsα1(V ) + iPB ◦ sα2 ◦ rBP (V ). (a)
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Notice wmaxsα1(σ1 �χ) = σ∗
1 �ωσ1χ andWP \WG/WP = {id, wmaxsα1 , sα2}

(representatives of minimal length), where in the following WP and WQ stand for
the Weyl groupW (L) of the standard Levi subgroup L of P and Q, respectively,.

rQG ◦ iGP (V ) = iQB ◦ rBP (V ) + iQB ◦ sα1sα2 ◦ rBP (V ) (b)

rQG ◦ iGQ(V ) = V + wmaxsα2(V ) + iQB ◦ sα1 ◦ rBQ(V ). (c)

Notice wmaxsα2(χ� ρ) = χ−1 � ρχ.

rPG ◦ iGQ(V ) = iPB ◦ rBQ(V ) + iPB ◦ sα2sα1 ◦ rBQ(V ). (d)

It is easy to see that the substitutions listed are minimal representatives of WQ \
WG/WP WQ \WG/WQ, or WP \WG/WQ.

Nonregular Case (a) (Discussion of π = ν1/2χ0 × ν−1/2χ0 	 χ
Where χ2

0 = 1)

Representations of type (a) have two irreducible constituents Π and J , where Π is

Π = Sp(χ0) � χ.

Π is tempered (up to the χ-twist) but not elliptic, whereas J is not tempered.

Proof. By a twist we may assume χ to be unitary. Partial induction with respect to
P yields two composition factors of π: the tempered Π = Sp(χ0) � χ and J =
χ0 ◦ det � χ. �

The Representation Π. By formula (a) the P -Jacquet module of Π has the follow-
ing three constituents:

rPG(Π) = 2 · Sp(χ0) � χ + (ν1/2χ0 × ν1/2χ0) � χχ0ν
−1/2,

two special ones with real exponents 1
2α1 and one with the real exponent 1

2 (α1 +
α2) (by applying rBP ). The latter occurs with multiplicity 2 in the Gl(2, F )
representation (ν1/2χ0 × ν1/2χ0). The tempered unitary representation Π is com-
pletely reducible. It cannot contain a discrete series representation δ ([44], Sect. 1,
Lemma 4) since otherwise δ could be embedded into two different representations
both induced from unitary discrete series, either induced from (G, δ) or induced
from (P, Sp(χ0)). This is impossible! Therefore, every constituent of Π must con-
tain one of the two “nondiscrete” tempered exponents 1

2α1. Thus, there are at
most two irreducible constituents, one of them must contain (ν1/2χ0 × ν1/2χ0) �
χχ0ν

−1/2, and hence contains both the exponents 1
2 (α1 + α2) (since these occur

with multiplicity 2 in (ν1/2χ0× ν1/2χ0) �χχ0ν
−1/2). Formula (b) with respect to
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the other maximal parabolic group Q implies that

rQG(Π) = ν1/2χ0 � (ν−1/2χ0 � χ) + ν1/2χ0 � (ν1/2χ0 � χχ0ν
−1/2)

has two irreducible constituents. After applying rQB , each of them has the expo-
nents 1

2α1,
1
2 (α1 + α2) with multiplicities 1. Using both results together, we con-

clude that any constituent of Π with an exponent 1
2 (α1 + α2) must contain this

exponent with multiplicity 2, and then by the last observation it must contain all
four exponents together. Hence Π is irreducible with exponents 1

2α1,
1
2 (α1 + α2),

each with multiplicity 2.

Now J = χ0 ◦ det 	 χ. The restriction of J to the symplectic group Sp(4) gives
the representation I(s, χ0) of Kudla and Rallis [55] at the special point s = 0.
According to [55], Proposition 5.1, this is an irreducible representation of Sp(4, F ).
Hence, J is irreducible. According to [55], p. 235, its exponents are −1/2α1 =
(−1/2, 1/2) and −1/2(α1 + α2) = (−1/2,−1/2), both with multiplicity 2 (be
aware that Kudla and Rallis [55] used a different choice of the minimal parabolic).

Notice that χ0ν
1/2 × χ0ν

−1/2 � χ has the same irreducible constituents as
χ0ν

1/2 × χ0ν
1/2 � χχ0ν

−1/2. We already know that these are the constituents of
J ⊕ Π. Since Π is tempered but J is not, J must necessarily be (up to a character
twist by χχ0ν

−1/2) the Langlands quotient JP (ν1/2, (χ0×χ0)�1) attached to the
tempered representation (χ0 × χ0) � 1 of the Levi component of P .

Nonregular Case (b) (Discussion of π = 1 × ν 	 χ)

This case is the most interesting case among the irregular cases. By a character
twist – without restriction of generality – we may assume χν

1
2 to be unitary. In fact,

one could make it trivial and invoke Rodier’s result [75], Sects. 6 and 6.2. We will
not do this. Since we need more information, we give an alternative proof.

Claim 4.2. There are four irreducible nonisomorphic constituents: two irreducible
nontempered representations J and J ′ and two tempered nondiscrete represen-
tations T+ and T−, where T+ and T− are relatives in the tempered induced
representation

T = T+ ⊕ T− = 1× Sp(χν 1
2 ).

Definition 4.4. The two representations T+, T− will be denoted

Wp+(ρ) , Wp−(ρ), ρ = Sp(χν
1
2 ) .

Remember that Sp(χν
1
2 ) is the special representation twisted by χν

1
2 .

Remark 4.13. Notice, with this additional definition, the representations Wp±(ρ)
are now defined for all irreducible discrete series representations of Gl(2, F ).
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Proof. Starting from

0→ Sp→ ν1/2 × ν−1/2 → 1 ◦ det→ 0,

a twist by χν
1
2 and induction from Q gives an exact sequence for π = 1× ν � χ

0→ 1× Sp(χν 1
2 )→ π → 1× (χν

1
2 ◦ det)→ 0.

This gives two constituents of π: the tempered subrepresentation

T = 1× Sp(χν 1
2 )

and the quotient 1× (χν
1
2 ◦ det). Formulas (b) and (c) on page 127 imply

rQG(T ) = 1 � Sp(χν1/2) + 1 � Sp(χν1/2) + ν � (1 � χ),

rPG(T ) = 2 · (Sp(ν1/2 � χ)) + 2 · (ν1/2 ◦ det� χ)

with the characters 2 · (1 � ν � χ) + 2 · (ν � 1 � χ) in rBG(T ). So the exponents
of the tempered constituent T are 1

2α2 and α1 + 1
2α2, each with multiplicity 2. The

exponents of 1× (χν
1
2 ◦ det) are their negatives; hence, all are nontempered. �

Hence:

1. Every irreducible constituent of 1 × ν � χ which has one of the exponents 1
2α2

or α1 + 1
2α2 is contained in T .

2. T cannot contain a discrete series representation since it is induced from a uni-
tary discrete series representation of the Levi group ofQ [44], Sect. 1, Lemma 4b.
Therefore, every constituent of T has to contain one of the tempered but nondis-
crete exponents 1

2α1.
3. The representations π = 1× ν � χ and ν × 1 � χ have the same irreducible con-

stituents. For the latter representation one has an exact sequence using induction
from P

0→ L→ ν × 1 � χ→ R→ 0,

where R = (ν
1
2 ◦ det) � χ and L = Sp(ν

1
2 ) � χ. R has a unique irreducible

(nontempered) quotient, the Langlands quotient J = JQ(ν, 1 � 1 � χν
1
2 )⊗ ν− 1

2

of ν × 1 � χ. Let T− denote the kernel of the projection from R to J

0→ T− → R→ J → 0.

The moduleL = Sp(ν
1
2 )�χ also has a unique irreducible nontempered quotient,

the Langlands quotient J ′ = JP (ν
1
2 , Sp� χ). Let T+ be the kernel

0→ T+ → L→ J ′ → 0.
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Remark 4.14. Later we also use the notation T+ = θ+(Sp), T− = θ−(1), and
J = θ+(1).

Exponents of L. Formula (b) on page 127 gives three irreducible constituents for
rQG(L),

rQG(L) = ν � (1 � χ) + 1 � Sp(ν1/2χ) + 1 � (ν1/2χ ◦ det),

and after applying rQB

(ν � 1 � χ+ ν � 1 � χ) + 1 � ν � χ+ 1 � ν−1 � νχ.

The exponents of the three summands are α1 + 1
2α2, 1

2α2, and − 1
2α2, respectively.

The last two have multiplicity 1, the first one has multiplicity 2. Thus, the constituent
T ′ of L with exponent α1 + 1

2α2 must contain this exponent with multiplicity 2,
because these belong to the irreducible representation ν � (1 � χ) of the Levi group
of Q. If we compare this with the discussion of T , we see that T ′ is contained in T ,
and therefore cannot have exponent− 1

2α2. It cannot be a discrete series constituent
either. Hence, the tempered constituent T ′ contains in addition the exponent 1

2α2.
As a consequenceL has two irreducible constituents. One of them is T+ with the

real exponents 2(α1 + 1
2α2) and 1

2α2. Hence, T+ is tempered. The other one is the
Langlands quotient J ′ with the real nontempered exponent− 1

2α2.
Finally,

rPG(L) = 2 · Sp(ν1/2) � χ+ Sp(ν−1/2) � νχ+ (ν1/2 ◦ det) � χ

has three constituents. Applying rPB gives

ν � 1 � χ+ 1 � ν−1 � νχ+ (ν � 1 � χ+ 1 � ν � χ)

with exponents α1 + 1
2α2, − 1

2α2, and 1
2α2, α1 + 1

2α2.

4. Since we already know that the tempered subrepresentation T ⊆ π contains all
irreducible tempered constituents of π, it must contain the tempered constituent
T+. By a comparison of exponents of R and T+, we see that the tempered rep-
resentation T/T+ has exponent 1

2α2 with multiplicity 1. Hence, T/T+ must be
irreducible. Since J and J ′ are irreducible and nontempered, the tempered rep-
resentation T/T+ must therefore be isomorphic to T− �= 0. Hence, J has the
remaining exponents−α1 − 1

2α2 with multiplicity 2 and − 1
2α2.

5. For the module R = (ν
1
2 ◦ det) � χ one has an alternative description by the

following.

4.7.5 Results Obtained by Kudla and Rallis

Let us temporarily work with the group Sp(4, F ) instead of GSp(4, F ). This is
enough, since the exponents in the irregular case (b) can already be distinguished
from each other on that level.
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The Sp(4, F ) analogue of the module R can be identified with the module

R = R2(2, 2) = R2(V1)

in the notation in [55]. V1 is the space underlying a split rank 4 quadratic form.
By [55], pp. 211–212, Theorem 2(v), the module R is isomorphic to the induced
representation I2(1/2, 1). The intertwining operator M∗

2 (1/2, 1) : I2(1/2, 1) →
I2(−1/2, 1) (see [55], p. 212) maps the maximal quotient J of R to the irreducible
maximal submodule R2(1, 1) of I2(−1/2, 1). See [55] p. 211, Theorem 2(i). It
therefore has a composition series of length 2 with unique irreducible quotient
R2(1, 1)

J = R2(1, 1)

and a unique irreducible subrepresentationR2(4); therefore,

T− = R2(4) = R2(V2).

V2 is the quadratic space of rank 4 for the quaternion norm form.
For the convenience of the reader we give some more details. One has to consider

the theorem in [55] for the trivial character χV and n = 2, s0 = ±1/2 in the cases:

(i) m = 2, O(1, 1)

and

(v) m = 4, where V1 = V (2, 2) is split and V2 = V (4) is quaternionic anisotropic,

both having trivial character χV . Finally, choose V1,0 = V (1, 1) to be split
of dimension 2, with trivial character χV . Then R2(4) is irreducible ([55],
Proposition 6.10), contained in R2(2, 2) = I(1/2, 1) = IndGP (ν1/2 ◦ det � χ) =
R [55], Proposition 3.4(iii) and also p. 254, bottom. The quotient is irreducible and
isomorphic to R2(1, 1). For this see pp. 211, case (i) and 255 in [55]. Hence,

0→ R2(4)→ R2(2, 2)→ R2(1, 1)→ 0.

From [55], Propositions 4.5 and 4.6, we get the real exponents of the two con-
stituents: (0, 1) for R2(4) and (−1, 0), (−1, 0), (0,−1) for J = R2(1, 1). This is
the notation in [55] and corresponds to the real exponents after the identifications
α1 = (1,−1) and α2 = (0, 2). Hence, the real exponents are 1

2α2 and −α1 − 1
2α2,

−α1− 1
2α2,−1/2α2 in accordance with what we have already obtained. This com-

pletes our sketchy argument concerning the group Sp(4, F ).

6. We return to consider representations of the group GSp(4, F ) instead of
Sp(4, F ). Let us come back to our starting point and summarize. We have
shown

T = T− ⊕ T+.

Secondly, we proved

rQG(T+) = ν � (1 � χ) + 1 � Sp(χν1/2)
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and
rQG(T−) = 1 � Sp(χν1/2).

Hence, the difference is

rQG(T+ − T−) = ν � (1 � χ) ,

which gives rBG(T+−T−) = 2 · (ν� 1�χ) by applying rQB . Comparing with
the formula obtained for rPG(T ), this gives

rPG(T+ − T−) = 2(Sp(ν1/2) � χ) .

Remark 4.15. Later it will be necessary to know the exponents of the discrete series
representations, which are contained in the regular principal series representations
and which were determined by Tadic. In fact, they are contained in χ0×χ0ν�χ. The
arguments used for case (b) can also be repeated for the representationsχ0×χ0ν�χ,
with χ2

0 = 1, χ0 �= 1 (regular case). Especially analogues of the modules L, T+,
and J can be defined. The discrete series representations δ(νχ0 ×χ0 � χν

−1/2) are
then contained in the correspondingly defined module T+ with exactly one exponent
α1 + 1

2α2 (it has multiplicity 2). It is then clear from the discussion above that

rQG(δ(νχ0 × χ0 � χν
−1/2)) = νχ0 � (χ0 � χν

−1/2),

rPG(δ(νχ0×χ0�χν
−1/2)) = Sp(ν1/2χ0)�χν−1/2)+Sp(ν1/2χ0)�χχ0ν

−1/2),

rBG(δ(νχ0 × χ0 � χν
−1/2)) = νχ0 � χ0 � χ0χν

−1/2) + νχ0 � χ0 � χν−1/2).

One can simply repeat the arguments used above for the analysis of the module L.
We skip the details.

Nonregular Case (c) (the Representation π = ν × ν 	 χ)

In this case π has two irreducible nonisomorphic nontempered constituents de-
noted J, J ′. Furthermore, the infinitesimal character (B, ν × ν � χ) satisfies
AD(B,ν×ν�χ) = 0.

Proof. π has two irreducible constituents (see [75], Sect. 6.3, in the case χ = 1). By
a character twist, the general case χ �= 1 follows as well. So it remains for us to
show the remaining assertions:

1. The representation ν × ν � χ has a unique irreducible Langlands quotient

J = JP (ν, (1× 1) � χ).
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Thus,
π = ν × ν � χ→ J → 0

for the nontempered Langlands quotient J .
2. There exists an exact sequence

0→ L→ π → R→ 0,

where the module L = ν × Sp(χν
1
2 ) admits a unique irreducible Langlands

quotient J ′ = JQ(ν, 1 � Sp)⊗ χν 1
2

L→ J ′ → 0,

which is nontempered and not isomorphic to J by the Langlands classification
theory. Of course the quotient R of π = ν × ν � χ admits a nontrivial map

R→ J → 0.

So there are at least two irreducible nonisomorphic nontempered constituents of
π. Since π has only two irreducible constituents, we are done. �

4.8 Summary

All the reducible induced representations of GSp(4, F ) were listed in the last sec-
tion. The Langlands quotients were described in those cases where the induced rep-
resentation was reducible and “ramified” (with respect to the action of the Weyl
group).

Recall an irreducible tempered representation is elliptic if its character is non-
trivial on the regular elliptic locus of the group G. An irreducible tempered elliptic
admissible representation is called a limit of a discrete series if it is not in the dis-
crete series.

Lemma 4.19. The limits of discrete series of GSp(4, F ) are the irreducible admis-
sible representations Wp+(ρ) and Wp−(ρ)

1× ρ = Wp+(ρ)⊕Wp−(ρ),

where ρ is an irreducible discrete series representation of the group Gl(2, F ).

Proof. Suppose π is a limit of a discrete series, but is not in the discrete series
itself. Then π is tempered and is a constituent of a proper induced representation.
Induction is from a unitary discrete series representation of a Levi subgroup of a
proper parabolic. If π is fully induced, it cannot be elliptic. Hence, we have to look
for reducible representations of this type. The unitary principal series are always
irreducible. Therefore, it is enough to consider representations of G induced from
one of the two maximal parabolic subgroups. If induction is from a cuspidal rep-
resentation ρ, then the only reducible case occurs for induction from Q, where the
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possible candidates for elliptic families are the representations Wp+(ρ),Wp−(ρ)
found by Waldspurger [106]. It remains for us to see that they actually are ellip-
tic. According to [44], Proposition 1, it is enough to show that W±(ρ) cannot be
linearly expressed in the Grothendieck group by properly induced representations.
See also [21], p. 116. The only induced representations containingW±(ρ) are of the
form W+(ρ) +W−(ρ) (in the Grothendieck group). Hence, W±(ρ) are elliptic for
cuspidal ρ.

To complete our discussion it remains for us to consider the cases where induc-
tion is from a unitary special representation of the Levi component of a maximal
parabolic subgroup. The special representation can be embedded into an induced
representation. By induction in steps this leaves us to consider the corresponding
principal series representations

χu × ν � χ
(in the case of the parabolicQ) and

χuν
1/2 × χuν−1/2 � χ

(in the case of the parabolic P ) where the unitary condition for the special represen-
tations implies that χu is unitary. So let us look at the composition factors of such
principal series representations. If there are only two irreducible constituents, then
these constituents themselves are fully induced from a maximal parabolic; hence,
they cannot be elliptic. In fact they are the tempered representationsχu×Sp(χν1/2)
in the first case (induction from Q),and Sp(χu) � χ in the second case (induction
from P ). So it remains for us to consider constituents of nonunitary principal series
of the type above with more than two irreducible constituents. The only cases to
consider are the nonregular cases (a)–(c). The reason is that for the basic reducible
regular cases χ1×ν �χ and ν1/2′χ×ν−1/2χ′ �χ the only two possible cases where
there are more than two constituents are ν2×ν�χ and νχ0×χ0�χ, χ2

0 = 1, χ0 �= 1
(up to changes from the action of the Weyl group). See page 123. Hence, to have a
common constituent with χu × ν � χ or χuν1/2 × χuν−1/2 � χ, the character χu
cannot be nonunitary. However, case (c) did not have tempered constituents. In case
(a) we found only one irreducible tempered constituent Π, which itself was induced
Π = Sp(χ0) � χ.

However, in case (b) we found that the tempered representation 1 × Sp(χν 1
2 )

splits into two irreducible tempered constituents T+ and T−. They are relatives in
the sense of Kazhdan and, in fact, it only remains for us to show that they are elliptic.
By Proposition 1 in [44], it is enough to show that T± cannot be expressed as a linear
combination of induced representations in the Grothendieck group. But this follows
from our discussion of the nonregular case 1(b), in particular our claim (4.2) and
its proof. What can be combined by induced representations must have the form
α(T− +J)+β(T+ +J ′)+γ(T− +T+)+ δ(J +J ′) for α, β, γ, δ ∈ Z. This shows
that T+ and T− are tempered elliptic. They define the representations W±(ρ) for
discrete series representations ρ, which are not cuspidal. This completes the proof
of Lemma 4.19. �

A similar discussion determines all infinitesimal characters for which ADχ �= 0.
For an infinitesimal character χ = (L, ρ) one has ADχ = 0 unless ρ is “ramified”
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with respect to the Weyl group. So only irregular principal series and the represen-
tations induced from cuspidal representations of the Levi components of the two
maximal parabolic subgroups P and Q are relevant. Our discussions of exponents
in cases (a)–(c) and the results mentioned by Shahidi and Waldspurger show

Lemma 4.20. Asymptotic independence only fails for infinitesimal characters

χ = (LQ, 1 � ρ),

where ρ is a cuspidal representation of Gl(2, F ). In this case χ corresponds to the
two relatives Wp+(ρ),Wp−(ρ) with ADχ = Z(Wp+(ρ)−Wp−(ρ)).

Proof. The case where ρ is special does not occur. In that case T+ = Wp+(ρ) and
T− = Wp−(ρ) have different exponents as shown in the discussion of case (b). �

4.8.1 List of Irreducible Unitary Discrete Series Representations
of G

1. The unitary irreducible cuspidal representations of G.

The second types arise as constituents of representations induced from the maximal
parabolic P (Siegel parabolic).

2. The series δ(ρ1ν
1/2 � χν−1/2) for unitary χ and for irreducible unitary discrete

series representations ρ1 �∼= Sp of Gl(2, F ), whose central character is trivial
ωρ1 = 1. The central character of δ(ρ1ν

1/2 � χν−1/2) is χ2.

Notice that either ρ1 is cuspidal or ρ1 is a special representation with trivial
central character. In the second case ρ1 = Sp(χ0) and χ2

0 = 1, but χ0 �= 1. This
second type of discrete series representation, contained in the regular principal series
representations, was found by Tadic: Recall δ(Sp(χ0)ν1/2 � χν−1/2) = δ(νχ0 ×
χ0 � χν

−1/2) for χ0 �= 1, χ2
0 = 1 and unitary χ is one of the four irreducible

constituents of the regular principal series νχ0×χ0 � χν
−1/2. See the beginning of

Section 4.7.4 and our Remark 4.15 on page 132.

0→ δ(Sp(χ0)ν1/2 � χν−1/2)→ Sp(χ0)ν1/2 � χν−1/2

→ JP (Sp(χ0)ν1/2 � χν−1/2)→ 0.

Finally, notice that the “missing” discrete series, corresponding to the forbidden
choice ρ1 = Sp and the forbidden choice χ0 = 1, comes from the nonregular
1 × ν � χν1/2 (case (b)). In this case one only has the “virtual” discrete series
counterpart T+ − T− instead of ρ1, which, however, is only defined as an element
of the Grothendieck groupRZ(G).

The third type of discrete series representation comes from constituents of repre-
sentations induced from the maximal parabolic Q.
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3. The series δ(νχ0 × σν−1/2) for unitary (automatically irreducible cuspidal) dis-
crete series representations σ of Gl(2) with CM by χ0, i.e., χ0 �= 1, χ2

0 = 1 and
σ ⊗ χ0

∼= σ. Notice that the central character of δ(νχ0 × σν−1/2) is χ0ωσ.

Notice that special representations are never CM. Finally there are:

4. The Steinberg representations δ(ν2 × ν � χν−3/2) for unitary χ. The central
character of the Steinberg representation is χ2.

4.9 Asymptotics

The Parabolic Subgroups of M. For the group M(F ) = Gl(2, F ) × Gl(2, F )/
{(t, t−1) | t ∈ F ∗} we fix the parabolic subgroups

BM (F ) = {
(∗ ∗

0 ∗
)

×
(∗ 0
∗ ∗
)

mod F ∗},

and
PM (F ) = {

(∗ ∗
∗ ∗
)

×
(∗ 0
∗ ∗
)

mod F ∗}.
With respect to the action of the automorphism group ofM these are representatives
of the proper parabolic subgroups of M . The simple roots defined by the Borel
subgroup BM are the characters of the maximal torus of diagonal matrices which
map

(diag(t1, t′1), diag(t2, t
′
2)) mod F

∗

to t1/t′1 and t′2/t2.

Parabolic Subgroups of G = GSp(4). We fix the Borel group B ⊆ G

B(F ) = {

⎛

⎜
⎜
⎝

∗ 0 ∗ ∗
∗ ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗

⎞

⎟
⎟
⎠ ∈ G(F )},

the Siegel parabolic P , and the Klingen parabolic subgroup Q, containing B. The
simple positive roots are the characters which map the diagonal matrices

diag(x1, x2, x
′
1, x

′
2) ∈ B(F )

to x2/x1 (short root) and to x1/x
′
1 (long root).

Levi Components. We identify the Levi components of the parabolic groups
PM ⊆M and P ⊆ G via the following map: ψ : Levi(PM )→ Levi(P )

ψ

(

(x, diag(t2, t′2)) mod F
∗
)

=
(
t′2det(x)x

−t 0
0 t2x

)

.
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This induces an isomorphism between the maximal split tori Levi(BM) →
Levi(B)

(diag(t1, t′1), diag(t2, t
′
2)) mod F

∗ 	→ diag(t′2t
′
1, t

′
2t1, t2t1, t2t

′
1),

whose inverse is

diag(x1, x2, x
′
1, x

′
2) 	→ (diag(x2, x1), diag(x′1/x2, 1))mod F ∗.

In the list of maximal F -tori of G (see page 94), those which come from M
via an admissible embedding and which are also contained in a proper parabolic
subgroup of G, are the tori of type (6) or (7). These cases were:

6. T (F ) ∼= L∗ × F ∗ ⊆ P (F ), such that ε(T ) = 2, WF (T,G) = WF (T,M), and
DG(T ) = 1.

7. T (F ) ∼= (F ∗)3 ⊆ B(F ), such that ε(T ) = 1, WF (T,M) = WM is a subgroup
of index 2 in WF (T,M).

Among the maximal tori in Levi(Q) only the split tori come from M , but they are
already contained in B. For tori T contained in parabolic subgroups of G, which
come from M (cases 6 and 7) the formula for the character lift αG for a ∗-invariant
distribution α on M(F ) simplifies to

DG(t)αG(t) = 2 ·DM (t)α(t), t ∈ T (F ),

where DG(t) =
∏
α |α(t) − 1|1/2 for t ∈ T (F ) semisimple regular is the product

over all roots α of T .

4.9.1 The Character Lift

For σv = (σ1,v, σ2,v), where σi,v are irreducible admissible representations of
Gl(2, F ) with the same central character, we now construct distributions f =
χGσv
−D, where D is a finite sum of characters of irreducible admissible represen-

tations of GSp(4, F ) so that the Jacquet coefficients f(P) vanish for the parabolic
subgroupsP ofG. For cuspidal representations we set D = 0 (using Corollary 4.8).
For induced representations σv ofM(F ) the character lift is completely understood.
So it remains for us to consider the following cases:

σv = Sp(χ)⊗ ρ, ωρ = χ2.

Since special representations are character twists Sp(χ) = Sp⊗ χ of the Steinberg
representation Sp, the central character is a square. The endoscopic character lift
commutes with character twists (Lemma 4.8). Hence, we can assume χ = 1 or
ωρ = 1. We distinguish the cases σ∗

v �∼= σv and σ∗
v
∼= σv . Let α be the character

of σv ⊕ σ∗
v in the first case, and the character of σv in the second. So there are the

cases:
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1. σv ⊕ σ∗
v = (Sp⊗ ρ) ⊕ (ρ⊗ Sp),

where ρ is an irreducible representation ofGl(2, F ) with trivial central character,
which is either ρ cuspidal or Sp(χ0) for a quadratic character χ0 �= 1, χ2

0 = 1.
2. σv = Sp⊗ Sp.

Let α denote the character of σv ⊕ σ∗
v or the character of σv in these cases.

The Distribution f. In the first case σv = (Sp, ρ) put

f = αG − 2 · χδ(ρν1/2�ν−1/2).

Then ωρ = 1 by assumption. For a general central character write σv = Sp(χ) ⊗
ρ1χ, where ωρ1 = 1 and replace χδ(ρν1/2�ν−1/2) by the character of the discrete

series representation δ(ρ1ν
1
2 � χν−1/2) of G(F ).

In the second case σv = (Sp, Sp) put

f = αG − χ(T+−T−),

where T+ ⊕ T− = 1× Sp defines the tempered irreducible constituents of 1× ν �
ν−1/2. For general central characters, i.e., for σv = (Sp(χ), Sp(χ)), choose the
correction term D = (T+ − T−) ⊗ χ. Notice T± ⊗ χ = Wp±(Sp(χ)) are the two
irreducible summands of 1× Sp(χ) = 1× ν � ν−1/2χ (Lemma 4.19).

Lemma 4.21. For the distribution f defined above f(P ) = f(B) = f(Q) = 0
holds for the Jacquet functor of the proper parabolic subgroups P,B, and Q.

Remark 4.16. In the first case the lemma implies (χGρ⊗Sp−χδ(ρν1/2�ν−1/2))(P) = 0
for all proper parabolic standard subgroups P of G (Lemma 4.6).

Proof of Lemma 4.21. It is enough to show rPG(f) = 0 for the proper parabolic sub-
groups P of G for the normalized Jacquet functor rPG : RZ(G)→ RZ(Levi(P)).

Claim 4.3. If ag ∈ P is semisimple regular, so that a ∈ AP is sufficiently P-
contractive and g is in a fixed compact set Ω, then

rPG(αG)(ag) = (DGα
G)(ag).

To prove the claim it is enough to show

χrPG(π)(ag) = (δ−1/2
P χπ(P))(ag) = (DGχπ)(ag) = (δ−1/2

P χπ)(ag).

For that let g be semisimple regular with g ∈ T . Then there exists an integer n
such that gn = a · s, where a ∈ Aθ and s ∈ S, where S ⊆ T is anisotropic and
T = Aθ · S. Remember Δ was a fixed basis of simple roots, P = Pθ for θ ⊆ Δ
a standard parabolic with split component Aθ . Then for every root α of T we get
|α(g)| = |a · s|1/n = |a|1/n. Now suppose a ∈ AP is P-contractive and g varies in
some fixed compact set Ω ⊆ P . Then we get for a sufficiently P-contractive
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DG(ag) = DLevi(P)(g)δ
−1/2
P (a).

Together with Lemma 4.18 this proves the claim.
By a similar formula for the group M the proof of Lemma 4.21 is therefore

reduced to the calculation of the normalized Jacquet functors of certain representa-
tions. Notice that to keep track of asymptotic conditions, one has to consider ele-
ments ag ∈ T as elements of the two different groups M and G. To keep track of
this we deal with the two cases σ∗

v �∼= σv and σ∗
v
∼= σv separately.

Discussion of the First Case, ρ Cuspidal. For the Siegel parabolic P ⊆ G we
identified the Levi components of PM ⊆ M and P ⊆ G via an isomorphism ψ.
This identifies elements t = (x, diag(t2, t′2)) mod F ∗ in PM (F ) with elements of

P (F ), also denoted t. With this notation one obtains δ
1
2
PM

(t) = |t′2/t2| = δP (t)1/6

for t = (x, diag(t2, t′2)) mod F
∗. Thus, δ(ρν1/2 � ν−1/2) = δ(ρδ1/6P � ν−1/2).

The Siegel parabolic P ⊆ G is the standard parabolic group attached to the short
root α1. For t = ga with g ∈ Ω ∩ P and a ∈ AP and a = diag(t′2c, t

′
2c, t2c, t2c)

with |α2(a)| = |t′2/t2| < ε(Ω) 1 Lemma 4.18 implies

rPG

(

χδ(ρν1/2�ν−1/2)

)

(t) = χ
ρν

1
2 �ν−1/2

(ag), |α2(a)|  1,

since δ(ρν1/2 � ν−1/2) is one of two irreducible constituents of the induced rep-
resentation ρν1/2 � ν−1/2. The normalized Jacquet module of the induced repre-
sentation has the two irreducible constituents ρν1/2 � ν−1/2 and ρν−1/2 � ν1/2.
The discrete series representation corresponds to the tempered exponent. Hence,
rPG(δ(ρν1/2 � ν−1/2)) = ρν1/2 � ν−1/2. So for sufficiently P-contractive ele-
ments a, g ∈ Ω and t = ag

rPG(δ(ρν1/2 
 ν−1/2))(t) = χρν1/2(t2det(x)x−t)ν−1/2(t2t
′
2det(x)) = χρ(x)|t′2/t2|1/2

using ωρ = 1. On the other hand, rPG(αG)(ag) = (DGαG)(ag) is equal to

2 ·DM (ag)
(

χρ⊗Sp + χSp⊗ρ

)

(ag) = 2 · rPMM

(

χρ⊗Sp + χSp⊗ρ

)

(ag)

for |α2(a)| = |t′2/t2|  1. This is equivalent to the condition |β(ψ−1(a))| =
|t′2/t2|  1, where β is the positive root of PM . Hence,

rPG(αG)(ag) = 2 · rPMM

(

χρ⊗Sp + χSp⊗ρ

)

(ag)

= 2 · rPMM

(

χρ⊗Sp

)

(ag)

= 2 · χ
ρ⊗δ1/2

PM

(ag) = 2χρ(x)|t′2/t2|1/2
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for |β(a)|  1 and g staying in some fixed compact subset Ω. Therefore, for all
such a

(rGP (f))(ag) = 0.

This implies rGP (f) = 0, or equivalently f(P ) = 0. In particular, f(B) = 0
(Lemma 4.18).

First Case, ρ = Sp(χ0) Noncuspidal. We briefly indicate which modifications
have to be made in the noncuspidal case ρ = Sp(χ0). For δ = δ(ρν1/2 � ν−1/2)

rPG(δ)(t) = (1 + χ0(t2t′2det(x)))χρ(x)|t′2/t2|1/2,

since rPG(δ) = ρν
1
2 � ν−1/2 + ρν

1
2 � χ0ν

−1/2. Since, furthermore,

rPG(αG)(ag) = 2 · rPMM

(

χρ⊗Sp + χSp⊗ρ

)

(ag)

= 2χρ(x)|t′2/t2|1/2 + 2χSp(x)χ0(t2t′2)|t′2/t2|1/2,
which coincides with the expression for rPG(δ)(ag), we get the same conclusion as
for cuspidal ρ.

First Case, but Second Maximal Parabolic Q. Now we show f(Q) = 0 or equiv-
alently rQG(f) = 0. By definition the difference f(t) of the two distributions αG

and δ(ρν1/2 � ν−1/2) vanishes for elliptic semisimple regular elements t in the Levi
group of Q. So it suffices to consider regular elements t in the split tori

t = (diag(t1, t′1), diag(t2, t
′
2)) mod F

∗ ∈ BM (F ) ⊆M(F )

and the image (under the isomorphism ψ)

t = diag(t′1t
′
2, t1t

′
2, t1t2, t

′
1t2) ∈ B(F ) ⊆ G(F ).

Then

(rQGf)(t) = (rQGαG)(t) − 2 · χrQG(δ(ρν1/2�ν−1/2))(t) = (rQG(αG))(t),

since rQG(δ(ρν1/2 � ν−1/2)) = 0 as a consequence of the shuffle formula
(page 126).

For rGQ(f)(t) = 0 it is enough to consider elements t = ag with the property
|α1(a)|  1, g in some fixed compact subset of Q (Lemma 4.18). These conditions
imply |α1(t)| = |t1/t′1|  1 and 0 < const1 < |t′1t′2/t1t2| ≤ const2 for t. In other
words |t′2/t2| < const2|t1/t′1|  1. For such elements t = ag with the property
|α1(a)|  1, g in some fixed compact subset of Q, we have

(rQGf)(t) = (rQGαG)(t) = DG(t)αG(t)

= 2 ·DM (t)(χρ⊗Sp + χSp⊗ρ)(t).
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Notice, t = ag is also BM -contractive under the assumptions made. Hence,

(rQGf)(t) = 2 ·DM (t)(χρ⊗Sp + χSp⊗ρ)(t) = 0

for elements t chosen as above, since ρ is cuspidal. This implies f(Q) = 0 for
cuspidal ρ.

If ρ = Sp(χ0) and χ2
0 = 1, χ0 �= 1, it is again enough to consider regular

elements t ∈ Q in a split torus. A similar computation gives

rQG(f)(t) = 2 · (χrMP M (ρ⊗Sp+Sp⊗ρ))− 2 · χrBG(δ(ρν1/2�ν−1/2).

This difference vanishes since the first term in parentheses is χ0ν�χ0�ν−1/2(t)+
χ0ν � χ0 � χ0ν

−1/2(t), whereas the second term is |t1t′2/t′1t2|1/2(χ0(t1t′1) +
χ0(t2t′2)). See the remark on page 132.

The Second Case (ρ = Sp and α = χSp⊗Sp). The vanishing f(P ) = 0. We
already got (see page 132)

rPG(T+ − T−) = 2 ·
(

Sp(ν
1
2 ) � ν−1/2

)

.

We know DG(t)αG(t) = 2 · DM (t)α(t) holds for all regular semisimple t ∈ G
coming from M . For (x, diag(t2, t′2)) ∈ PM with |t′2/t2|  1 and x in a fixed
compact set Ω therefore

rPG(αG) = 2 · rPMM (α).

Hence,
rPG(αG − χ(T+−T−)) = 0,

as a consequence of Lemma 4.18 and the formula

rPMM (α)(x, diag(t2, t′2)) = rPMM (χSp⊗Sp)(x, diag(t2, t′2)) = χSp(x)|t′2/t2|
1
2

together with (already used in the first case)

χSp(ν1/2)×ν−1/2(diag(t′2det(x)x
−t, t2x)) = χSp(x)|t′2/t2|1/2,

where both formulas hold in the above-mentioned range for x, t2, t′2.
The vanishing f(Q) = 0 is shown as in the first case. We only used the fol-

lowing two facts: f(B) = 0 as a consequence of f(PQ) = 0, and rQG(f) as
a character of Levi(Q)(F ) vanishes on the elliptic regular elements. The ana-
logue of the first statement has been shown already. The second assertion holds
for f = αG − χT+−T− since it holds for the distribution αG by the defining for-
mula (Lemma 4.6) and since it holds for the character of rQG(T+ − T−). Recall
T+ ⊕ T− ∼= 1× Sp and (by the formula on page 132)
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rQG

(

T+ − T−
)

= ν � (1 � ν−1/2).

This formula implies that rQG(T+ − T−) vanishes on the elliptic locus of
Levi(Q)(F ) since it is represented by the character of a representation induced
from its Borel subgroup. This completes the proof of Lemma 4.21. �

Lemma 4.22. For all irreducible discrete series representations ρ of Gl(2, F )

〈Wp±(ρ),Wp±(ρ)〉G,e = 1;

hence,
〈Wp+(ρ)−Wp−(ρ),Wp+(ρ)−Wp−(ρ)〉G,e = 4.

Proof. W± = W±(ρ) are elliptic irreducible representations (Lemma 4.19). There-
fore, 〈W+,W+〉G,e = a > 0. W+ ⊕ W− is induced; hence, its character van-
ishes on Ge. Therefore, 〈W+,W−〉G,e = −a. Then also 〈W−,W−〉G,e = a; thus,
〈W+ −W−,W+ −W−〉G,e = 4a. The scalar products 〈π, π′〉G,e are integers (see
Theorem 21 in [80] in the essential case of groups with an anisotropic center). Sup-
pose W+ occurs nontrivially in the endoscopic character lift (see Theorem 4.4 in
Sect. 4.10), then a ∈ Z and 4a ≤ 4 by Lemma 4.14. This implies the claim
a = 1. Alternatively this follows from [2]: since the R-group in this situation is
Rρ = Wρ = Z/2Z, its central extension R̃σ (in the notation in [2]) can be assumed
to be R̃σ = Rσ , as the Schur multiplier of cyclic groups is trivial. Then, by formula
(1*) in [2], we get

a = |Rρ|−1
∑

r∈Rρ,reg

|d(r)| = 1,

since d(r) = 2 holds for the nontrivial element r ∈ Rρ,reg = Rρ \ {1}. �

Corollary 4.9. (a) Suppose σv = σ1,v ⊗ σ2,v is an irreducible cuspidal series rep-
resentation of M(F ) which is not invariant under the outer automorphism ∗.
Then

χGσv
= χπ+(σv) − χπ−(σv)

for two irreducible cuspidal representations π+(σv), π−(σv).
(b) If σv is irreducible cuspidal and invariant under ∗, either χGσv

= ñ(πv,1)χπv,1 +
ñ(πv,2)χπv,2 + ñ(πv,3)χπv,3 + ñ(πv,4)χπv,4 where the representations πv,i are
irreducible admissible nonisomorphic cuspidal representations with coefficients
ñ(πv,i) ∈ {1,−1}, or alternatively

±χGσv
= χWp+(ρv) − χWp−(ρv),

where ρv is a irreducible cuspidal representations of Gl(2, F ).

Proof. Once we have determined the infinitesimal characters which contribute to the
character expression for χGσv

, this follows from the integrality of the coefficients
ñ(πv) (Corollary 4.5) and the elliptic scalar product formula (Lemma 4.14). In
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fact, for cuspidal σv only cuspidal representations πv contribute or infinitesimal
characters χ for which ADχ �= 0 (Corollary 4.8). These noncuspidal contribu-
tions are integral combinations of the form Wp+(ρv) − Wp−(ρv) with cuspidal
ρv (Lemmas 4.19 and 4.20). This gives an expression χGσv

of the form

χGσv
=

∑

πv cuspidal

ñ(πv)χπv +
∑

ρv cuspidal

n(ρv)
(
χWp+(ρv) − χWp−(ρv)

)

on regular semisimple elements, where πv are irreducible cuspidal and ñ(πv) ∈{0,±1} and where n(ρv) ∈ Z and ρv runs over cuspidal irreducible admissible
representations of Gl(2, F ) (Lemma 4.15 and Corollary 4.8). Since χGσv

is an in-
tegral linear combination of characters of cuspidal discrete series representations
and an integral linear combination of terms Wp+(ρv) − Wp−(ρv) for cuspidal
ρv’s, the remaining statements follow from the formula 〈χGσv

, χGσv
〉G,e = 2 or 4 in

cases (a) and (b), respectively (Lemma 4.13). This together with Lemma 4.22 im-
plies n(ρv) = 0 in case (a). In case (b) σ∗

v
∼= σv it implies that n(ρv) �= 0 holds

for at most one representation ρv . But then again by Lemmas 4.13 and 4.22 we
obtain χGσv

= ±(Wp+(ρv) −Wp−(ρv)) on the elliptic locus. For the remaining
assertion see Corollary 4.6 and the remark thereafter. This completes the proof of
Corollary 4.9. �

If σv is not cuspidal but belongs to the discrete series, then use Lemma 4.21.
If we replace χGσv

by the distribution f of Lemma 4.21, Lemma 4.21 plays a role
similar to that of Corollary 4.8 for the character lift for cuspidal σv . Again we get
an expansion

f =
∑

πv cuspidal

ñ(πv)χπv +
∑

ρv cuspidal

n(ρv)
(
χWp+(ρv) − χWp−(ρv)

)
,

where πv are irreducible cuspidal and ñ(πv) ∈ {0,±1} and where n(ρv) ∈
Z and ρv runs over irreducible cuspidal admissible representations of Gl(2, F )
(Lemma 4.15 and Corollary 4.8). Using this, we can express χGσv

as a character
sum in such a way that the arguments from the cuspidal case carry over verbatim.
This proves

Corollary 4.10. A similar statement holds for σv in the discrete series, but for σv
not cuspidal. In this situation the statements of Corollary 4.9 carry over with the
following replacements:

(a) For σv = (ρ1,v ⊗ χv)⊗ Sp(χv) = (ρ1,v ⊗ χv, Sp(χv)), where ωρ1,v = 1 and
ρv = ρ1,v ⊗ χv �∼= Sp(χv) is in the discrete series, put π+(σv) = δ(ρ1,vν

1/2 �
χvν

−1/2) (see the list of discrete series on page 135). Then

χGσv
= χπ+(σv) − χπ−(σv)

for some cuspidal irreducible representation π−(σv).
(b) For σv = Sp(χv)⊗ Sp(χv) = (Sp(χv), Sp(χv)) put ρv = Sp(χv). Then

χGσv
= (χT+ − χT−)⊗ χv = χWp+(ρv) − χWp−(ρv).
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4.10 Whittaker Models

In this section global arguments are used, and the relation between the endoscopic
lift and theta lifts plays a role.

Let π = ⊗πv be a global cuspidal irreducible automorphic representation of
GSp(4,A). Then π is ψ-generic if it has a global Whittaker model with respect
to the character ψ. Since any two nondegenerate characters ψ are conjugate for
the group GSp(4), we fix ψ and do not mention it further. Generic will mean ψ-
generic. Under the assumption that π = ⊗πv is globally generic, all πv are locally
generic, i.e., have a Whittaker model. Conversely, assume all local components πv
are generic. If the degree 5 standard L-function ζ(π, s) of π does not have zeros on
the line Re(s) = 1, then π is globally generic [9], p. 49.

Suppose π is a weak lift fromM attached to an irreducible cuspidal automorphic
form σ with holomorphic infinite component σ∞ = σ1,∞×σ2,∞ of weights ki ≥ 2,
then the σi are all tempered by the Ramanujan conjecture. Furthermore, the degree
5 standard zeta function is ζ(π, s) = ζ(s)L(σ1 ⊗ σ∗

2 , s). It does not have a zero on
the line Re(s) = 1. See [8], p. 200, and [89]. Since the zeta function of a weak lift
does not vanish on Re(s) = 1, we get

Theorem 4.1. A weak endoscopic lift from M is generic if and only if it is locally
generic for all places v.

Theorem 4.2 ([95], p. 295). Two cuspidal, irreducible generic representations of
GSp(4,A) which are locally isomorphic for almost all places v are isomorphic.

By a theorem of Waldspurger, Moeglin, and Rodier for irreducible admissible
representations σv of a quasisplit reductive group over a local field Fv the following
assertions are equivalent [87], p. 325:

1. σv is generic.
2. The germ expansion of the character of σv has a nontrivial (positive) contribution

from at least one of the maximal (regular) nilpotent orbits.

By the character formulas this implies that for generic irreducible representa-
tions on a (quasisplit) Levi component, the corresponding induced representation
has at least one generic irreducible constituent. Notice that this does not imply that
the induced representation itself has a Whittaker model. However, in the case of
the completely reducible induced representation 1 × ρ = Wp+(ρ) ⊕Wp−(ρ) it
implies that one of the representations Wp±(ρ) has a Whittaker model. On the
other hand, considering the double cosetsB(F )\G(F )/Q(F ), one can easily show
dim(HomB(F )(1 × ρ, ψ)) ≤ 1 (an independent and stronger result will be proved
later; see Corollary 4.16). Hence,

Lemma 4.23. For fixed ρ exactly one of the two representationsWp+(ρ),Wp−(ρ)
is generic.
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Another consequence is

Lemma 4.24 ([87], Proposition 9.6). For tempered irreducible generic represen-
tations σv of Mv at least one of the coefficients ñ(πv,i) of χGσv

=
∑
ñ(πi)πv,i

in Corollaries 4.9 and 4.10 is positive n(πv,i) > 0, and the corresponding πv,i is
locally generic for GSp(4, Fv).

Notation. Fix one such generic πv,i as in Lemma 4.24, and denote it by

π+(σv) σv generic, irreducible .

Inspecting Corollaries 4.9 and 4.10, we see that π+(σv) is obviously unique ex-
cept possibly in the situation of Corollary 4.9(b). However, in this case we will
show in the proof of Theorem 4.4 via a global argument, using Lemma 4.26 and
Theorem 4.3, that the first alternative in the statement of Corollary 4.9(b) cannot
occur. Hence, the generic representations π+(σv) turn out to be uniquely defined by
the tempered representation σv , which justifies the notation.

4.10.1 Theta Lifts

The connected component of the group of similitudes of a split quadratic form in
four variables

GSO(2, 2) = (Gl(2)×Gl(2))/{(t, t−1), t ∈ F ∗}

is isomorphic to the group M . To determine the generic representation π+(σv)
we consider the local theta lift from M = GSO(2, 2) to G = GSp(4) stud-
ied by Soudry [94], [96], p. 363ff, and [70] (loc. cit. p. 514 local theory). For the
corresponding global lift see [71], p. 416, and [94]. From general properties of
theta lifts one knows that for a global generic cuspidal automorphic representa-
tion σ = σ1 × σ2 of M(A) the theta lift, denoted Θ+(σ), contains an automorphic
representation θ+(σ) of GSp(4), which does not vanish and has a global Whit-
taker model. Notice σ = (σ1, σ2) is generic if it is nondegenerate in the sense
dim(σi) �= 1 for i = 1, 2 (locally or globally).

Of course (GSO(2, 2), GSp(4)) is not an honest dual reductive pair in the sense
of Howe. The underlying dual reductive pair (O(2, 2), Sp(4)) was studied in [41].
In fact, the restriction of the representation Θ+(σ) to Sp(4,A) is a sum of repre-
sentations of the type stated in Theorem 8.1 in [41], up to character twists μ in the
notation in [41].

The global representations Θ+(σ) attached to a generic cuspidal automorphic
representations σ are cuspidal representations, provided the corresponding theta lift
of σ from GSO(2, 2) to Gl(2) vanishes. This can be proved for GSp(4) similarly
as for Sp(4) [41], Theorem 8.1 and p. 78ff. The lift of σ to Gl(2) vanishes for
σ = σ1 × σ2 if σ1 �∼= σ2. Therefore, for σ1 �∼= σ2 the lift of σ to Gl(2) vanishes
and Θ+(σ) is cuspidal. Then every irreducible constituent π of Θ+(σ) is a weak
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cuspidal lift (in our sense) attached to the automorphic cuspidal representation σ
fromM . This is a consequence of Theorem 2.4 in [70] or formula (*) in [71], p. 417.
In fact formula (*) in [71] computes the degree 4 standard L-series of π at almost
all places v:

Lv(θ+(σ), s) = Lv(σ1, s)Lv(σ2, s).

Soudry [97] implied that π is not CAP if σ = (σ1, σ2) is generic (i.e., if none of
the σi are one-dimensional). Recall that there is at least one irreducible cuspidal
automorphic constituent π of Θ+(σ) which has a global Whittaker model. Denote
this constituent

θ+(σ).

θ+(σ) is irreducible and furthermore uniquely defined by σ by the generic strong
multiplicity 1 Theorems 4.1 and 4.2 stated above.

Theorem 4.3. Suppose σ = (σ1, σ2) is a (generic) irreducible cuspidal automor-
phic representation of M(A) with σ1 �∼= σ2. Then the global theta lift Π+(σ) is
cuspidal and contains a unique irreducible generic representation

θ+(σ)

called the global theta lift. This cuspidal irreducible representation is not CAP, and
is a weak endoscopic lift attached to σ. Its local components

θ+(σ)v

have Whittaker models.

The local representations θ+(σ)v in fact will be shown to depend only on σv ,
and they will turn out to be uniquely determined by the local theta correspondence
and their property to have a local Whittaker model. See Lemma 4.25(b). Hence, we
write θ+(σ)v = θ+(σv).

4.10.2 The Local Theta Lift

According to the Howe conjecture, there should exist a well-defined local corre-
spondence between irreducible representations

σv 	→ θ+(σv),

where θ+(σv) denotes the unique irreducible quotient of the local theta lift Π+(σv)
considered in [96]. However Howe’s conjecture is only proved for dual reductive
pairs when the residue characteristic is different from 2. But we do not consider
an honest dual reductive pair and we furthermore need to include the case of odd
residue characteristic 2. Therefore, we remark that fortunately there are two impor-
tant cases where the local theta lift θ+(σv) is locally defined in a unique way.
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Lemma 4.25. Let σv be an irreducible admissible representation of M =
GSO(2, 2)v. Then up to isomorphism there is at most one irreducible quotient
πv of the local theta lift Θ+(σv) if we impose the following restrictions on σv and
πv . Either

(a) if σv ∼= Ind(χ̃1, χ̃2) × Ind(χ1, χ2) is irreducible unramified and the quotient
πv of Θ(σv) is assumed to be unramified. Then

πv ∼= χ̃1χ
−1
1 × χ̃2χ

−1
1 � χ1.

(b) or if σv is generic and the quotient πv is also assumed to be generic.

Proof. See [71], p. 417ff, and [96], Theorem 3.1. The second part of Lemma 4.25
allows us to define a local theta lift

σv irreducible, generic 	→ θ+(σv) irreducible, generic

for all generic σv for which the theta representation Π+(σv) admits an admissible
irreducible generic quotient. This local assignment then obviously commutes with
character twists. It remains for us to examine under which conditions the local theta
representation Π+(σv) admits an admissible irreducible generic quotient. �

Existence of Generic Quotients. By Theorem 4.3 Π+(σv) admits an admissible
irreducible generic quotient if σv can be realized as the local component of a global
generic cuspidal automorphic representation σ of M(F ). Up to a local character
twist this is the case for all representations of M(F ) in the discrete series (see
the arguments preceding Lemma 4.11). Hence, using the compatibility with local
character twists, this allows us to define the local theta lift θ+(σv) for all discrete
series representations σv of Mv.

The local theta lift θ+(σv) is also defined for all irreducible induced representa-
tions

σv = Ind(χ̃1,v, χ̃2,v)× Ind(χ1,v, χ2,v)

for unitary characters χ̃1,v, χ̃2,v, χ1,v, χ2,v. Notice unitary principal series of
GSp(4, Fv) are irreducible (e.g., [100], Corollary 7.6). The assertion made is a
generalization of the assertion of Lemma 4.25(a) in the spherical case. The argu-
ment for the proof of the latter assertion given in [71], p. 417, can be extended to
hold also in a more general case, where one allows one of the characters to ramify.
In this case the map ν constructed in [70], p. 418, still properly exists (not just as the
value of a meromorphic function). By Tate theory the integration over b and t in loc.
cit. remains well defined in the sense of analytic continuation. In fact, we only have
to assume χ̃2,v/χ1,v(a) �= 1 to make the integral in loc. cit. well defined. Without
restriction of generality, this can be assumed unless χ̃1,v = χ̃2,v = χ1,v = χ2,v

holds. This exceptional case is, however, a character twist of the spherical case,
which is already known. The map ν induces a nontrivial intertwining operator

Tv : (big Weil representation)⊗ σv → χ̃1,vχ
−1
1,v × χ̃2,vχ

−1
1,v � χ1,v,
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where we refer to [71], p. 417, for details. If the image of Tv has a generic quo-
tient, we are done. Since the unitary principal series of GSp(4, Fv) are irreducible,
and since representations induced from generic representations contain a generic
constituent, this finishes the argument.

There is a further case of particular importance.

Lemma 4.26. Suppose σv = (ρv, ρv), where ρv is an irreducible cuspidal represen-
tation of Gl(2, Fv). Then Θ+(σv), and its quotient 1 × ρv, admit a unique generic
irreducible quotient θ+(σv)

θ+(σv) = Wp+(ρv).

Proof. See [106], Lemma 8.2 and p. 64. Recall Y ′ in loc. cit. pp. 62–63 is Y ′ = D2
v,

whereDv = M2,2(Fv). The spaceDv can be identified with the quadratic space of a
split quadratic form, realized by the quadratic form det (the determinant on the space
Dv of 2 × 2-matrices). The group M = GSO(2, 2) acts by (h1, h2) ◦ x = h1xh

′
2

for (h1, h2) ∈M and x ∈ Dv .
It is shown in [106] that the Weil representation on the Schwartz space S(D2

v ×
F ∗) admits a nontrivial map

ζ : S(D2
v × F ∗

v )→ IndGQ(1 � ρv)⊗ σv, σv = ρv × ρv,

equivariant with respect to the action of the group GSp(4, F ) and the group
M(F ) = Gl(2, F )2/F ∗, where M(F ) acts through the Weil representation on
the left and by the representation σv = ρv × ρv on the right. The image of ζ
is one of the two irreducible constituents Wp±(ρv) of the induced representation
IndGQ(1 � ρv) [106], Lemma 8.2(2). We know already that exactly one of them –
namely Wp−(ρv) by definition – is generic.

We claim that the image of ζ is generic; hence, it is the generic constituent
Wp+(ρv). This was already expected by Waldspurger (remark after Lemma 8.2
in [106]). The uniqueness statement then follows from Lemma 4.25(b) above.

Proof of the claim. Suppose the image of ζ is not the generic representation
Wp+(σv). From a result shown in Corollary 4.15 in Sect. 4.12, Wp−(σv) is in
the image of the anisotropic theta lift, also defined in Sect. 4.12. More precisely

θ−(σ2,v × σ2,v) ∼= Wp−(σ2,v).

In fact, this statement, proved later, excludes the possibility that θ+(σv) is isomor-
phic to Wp−(σ2,v), and therefore proves the claim, since otherwise the restrictions
of θ+(σv) and θ−(σv) to the subgroup Sp(4, Fv) would have a common irreducible
component. But by Theorem 9.4 in[41], the (big) anisotropic and isotropic Weil rep-
resentations attached to the dual reductive pairs (O4, Sp(4)) and (O(2, 2), Sp(4))
have exactly one common irreducible representation of Sp(4, Fv). The proof of
Theorem 9.4 in [41] implies more: This common representation is related to the
trivial representation of SO(4, Fv) under the Howe correspondence. For this notice
that the proof in [41] was obtained by studying Sp(4, Fv)-invariant distributions on
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the tensor product of the big Weil representations. Such distributions factorize over
the Dirac distribution of the point zero in the compact Schrödinger model. The group
SO(4, Fv) therefore acts trivially on this distribution. This being said, we only have
to exclude the property that the anisotropic Weil representation θ−(σv) with respect
to a cuspidal representation σv = (ρv, ρv) under restriction to Sp(4, Fv) contains
the trivial representation of SO(4, Fv). This could only happen if ρ were a spe-
cial representation. But this is excluded since ρv is cuspidal by assumption. This
completes the proof of the claim and the proof of Lemma 4.26. �

4.10.3 The Local L-Packets

For an irreducible admissible representation σv of M(F ) we define the local
packet attached to σv to be the set of classes of irreducible admissible represen-
tations πv of GSp(4, F ) for which n(σv, πv) �= 0 holds in the expansion χGσv

=∑
πv
n(σv, πv)χπv . With this definition the local packets are finite (Lemma 4.12

and Corollaries 4.9 and 4.10). If σ is generic and preunitary, then we call this packet
the local L-packet.

Remember the previously used notation (introduced after Lemma 4.24) to denote
π+(σv) as any generic irreducible representation πi in the local packet, defined by
σv , which occurs in the character expansionχ(σv) =

∑
n(σv, πv)πv with a positive

coefficient n(σv, πv) > 0.

Theorem 4.4. Let σv belong to the discrete series representation ofM(F ). Suppose
πv is in the local packet of σv . Suppose πv is generic with the property n(σv, πv)
> 0. Then

π+(σv) ∼= θ+(σv).

In particular, π+(σv) is uniquely defined by these properties.

Hence, by Lemma 4.26 we have

Corollary 4.11. For cuspidal representations ρv of Gl(2, Fv) and σv = (ρv, ρv)

π+(σv) ∼= Wp+(ρv).

Proof of Theorem 4.4. We may assume v is non-Archimedean (for the Archimedean
case, see [4]). We realize σv = (ρv, ρv) as the local component of some cuspidal
irreducible automorphic representation of M(A) such that σ∞ = (σ∞,1, σ∞,2),
where σ∞,i are holomorphic of weight r1 �= r2 sufficiently large (see page 100).
Then σ is automatically generic, since none of the two local factors σv,i can be
one-dimensional. It is tempered by results obtained by Deligne and Carayol. Fur-
thermore, σ1 �∼= σ2 globally. Therefore, the global theta lift θ+(σ) is irreducible,
cuspidal, nonvanishing, and generic. It is not a CAP, and a weak lift attached to σ
(Theorem 4.3). π = θ+(σ) contributes to cohomology (Corollary 4.2); hence, it is
detected by the multiplicity formula (Corollaries 4.2 and 4.4).



150 4 Character Identities and Galois Representations Related to the Group GSp(4)

On the other hand consider the local packets attached to the local representations
σw of the global representation σ at all other places w �= v. For each w there exists
at least one representation πw = π+(σw) in the local packet of σw for which πw is
generic with n(σw, πw) > 0 (Lemma 4.24). Fix any such local choice so that πw
is unramified at almost all places and define π = ⊗wπw. Temporarily suppose this
representation π of GSp(4,A) is automorphic. Notice σ1, σ2 are cuspidal. If this is
the case, π cannot be weakly equivalent to an automorphic Eisenstein representation
since at all unramified places (Lemma 4.3) its L-factor is

Lv(χ̃1χ̃
−1
1 × χ̃2χ

−1
1 � χ1, s) = Lv(σ1, s)Lv(σ2, s).

Then for a suitable character twist the left side has poles where the right side does
not have poles. This is a contradiction. Hence, π is cuspidal, but not CAP. Since
π∞ is in the local Archimedean L-packet of σ∞, it is in the discrete series. Hence,
the representation π contributes to the cohomology group H3

! (see Chap. 1). Since
all local components πw are chosen to be generic, the representation π is globally
generic (Theorem 4.1). By the generic strong multiplicity 1 theorem (Theorem 4.2)
therefore

θ+(σ) ∼= π+(σ).

This proves Theorem 4.4, but of course it remains for us to show that π+(σ) is
automorphic.

For this use the property that π∞ is generic. Hence, π∞ does not belong to the
holomorphic discrete series. Thus, by Corollary 4.4, the automorphic multiplicity is

m(π) = m(π∞ ⊗ πfin) = m2(πfin).

Hence, by the multiplicity formula of Corollary 4.4

m2(πfin) = m1(πfin)− ε
∏

w �=∞
n(σw, πw) ≥ −ε = 1.

This uses the fact that all πw were chosen to satisfy n(σw, πw) > 0, and it
furthermore uses the fact that the constant ε is −1, which amounts to show-
ing m1(π−(σ∞) ⊗ ∏w �=∞ θ+(σw)) = 0 (which comes out easily in Chap. 8).
Therefore, π is automorphic. This completes the proof of Theorem 4.4. The ar-
gument furthermore implies m1(π+(σ)fin) = 0 by the strong generic multiplicity
1 theorem. �
This improves our previous results and gives

Theorem 4.5. For all irreducible unitary discrete series representations σv =
(σ1,v, σ2,v) of M(F ) the non-Archimedean character lift is given by

χGσv
= χπ+(σv) − χπ−(σv)

with irreducible representations π+(σv) and π−(σv) as follows:
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(a) Suppose σv,1 �∼= σv,2. Then π−(σv) is cuspidal. π+(σv) is cuspidal if and
only if σv is cuspidal. If σv is not cuspidal but is in the discrete series, then
σv = (ρ1,v ⊗ χv, Sp(χv)), where ωρ1,v = 1 and ρv = ρ1,v ⊗ χv �∼= Sp(χv)
is in the discrete series of Gl(2, F ). In this case the representation π+(σv) is
δ(ρ1,vν

1/2 � χvν
−1/2). Hence, π+(σv) is in the discrete series of GSp(4, F ),

but is not cuspidal.
(b) Suppose σ1,v

∼= σ2,v . Then σi,v ∼= ρv belongs to the discrete series ofGl(2, F )
and π±(σv) ∼= Wp±(ρv).

Furthermore, π+(σv) ∼= θ+(σv) has a Whittaker model.2

Proof. This improves Corollaries 4.9 and 4.10 in two ways. First improvement: For
σv = (ρv, ρv) and cuspidal ρv

χGσv
= χWp+(ρv) − χWp−(ρv),

since by Corollary 4.11Wp+(ρv) must appear in the character expression. The cor-
rect signs are determined by Theorem 4.3 and Corollary 4.11:Wp+(ρv) is a generic
representation, whereasWp−(ρv) is not generic (see page 121). This argument car-
ries over to the case σ = (ρv, ρv) where ρv = Sp(χv) is a special representation.
Without restriction of generality we can assume χv = 1 by a character twist. Then
T− = Wp−(Sp) is tempered elliptic (Lemma 4.19) but does not admit a Whittaker
model. Finally T+ = θ+(Sp×Sp) = Wp+(Sp) by Theorem 4.4. Second improve-
ment: π+(σv) ∼= θ+(σv), which follows from Theorem 4.4. �

Theorem 4.6. Let πv be a discrete series representation of GSp(4, F ) over a non-
Archimedean local field of characteristic zero. If πv is not cuspidal, then πv is
generic.

Proof. The representations δ(k, f, χ) in the notation in [100], p. 42, have Whittaker
models. Furthermore, a discrete series constituent in χ1 × χ2 � χ in the regular
case is of the form δ(k, f, χ) [100], Theorem 8.5. In the nonregular cases (a)–(c)
of the nonunitary principal series, there exists no discrete series constituent. This
covers all cases that occur in the principal series. The discrete series representations
contained in representations induced from cuspidal representations of a Levi sub-
group of the Klingen parabolic are generic [88], p. 285 and Theorem 5.1. Finally
Silberger [93] proved that discrete series constituents of representations which are
induced from cuspidal representations of a Levi subgroup of the Siegel parabolic P
are generic. �

4.11 The Endoscopic Character Lift

In this section we summarize the facts that have been collected so far.

2 Notice that π−(σv) does not admit a Whittaker model. See Corollary 4.16 and Chap. 5.
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Let F be a p-adic local field. Let M be the group Gl(2) × Gl(2) and let G be
GSp(4). Let ∗ denote the involution of M , which switches the two factors. Let P
denote the Siegel parabolic in G. Let PM denote the parabolic in M , which is the
product of Gl(2) in the first factor and the group of lower triangular matrices in the
second factor. The map (x, diag(t2, t2)) 	→ blockdiag(t′2det(x)x

−t, t2x) identifies
the Levi components of PM and P , and hence relates representations

ρ(x, diag(t2, t′2)) = σ1(x)χ1(t2)χ2(t′2)

of the Levi component of PM (F ) with representations

ρ̃(blockdiag(λ · g−t, g)) = σ1(g)χ2(λ/det(g))

of the Levi group of P (F ). With these notations and identifications we construct a
homomorphism r(α) = αG

r = rGM : RZ[M(F )]→ RZ[G(F )]

between the Grothendieck groups of finitely generated admissible representations
(the endoscopic character lift) with the following properties:

1. It describes the endoscopic lift locally

α(fM ) = r(α)(f), f ∈ C∞
c (G).

2. It commutes with Galois twists (Lemma 4.10)

r(στ ) = r(σ)τ .

3. It commutes with character twists (Lemma 4.8)

r(σ ⊗ χ) = r(σ) ⊗ χ.

4. It commutes with involution ∗

r(σ∗) = r(σ).

5. It commutes with induction

r ◦ rMPM
(ρ) = rGP (ρ̃), ρ ∈ RZ[Gl(2, F )× F ∗]

(ρ̃ is defined by ρ via the identification of Levi components of PM and P above).
6. It preserves central characters, i.e., the central characters of the irreducible rep-

resentations which occurs nontrivially in r(σ) and the central character of σ (de-
fined by the central character of σ1 or σ2) coincide.

For the last statement notice that irreducible admissible representations σ of G ap-
pear in the form

σ = (σ1, σ2),



4.11 The Endoscopic Character Lift 153

where σi are irreducible admissible representations of Gl(2, F ) with equal central
character ωσi .

Here and in the following we use the convention to write r(σ) = r(χσ), etc.
In other words, we do not distinguish between irreducible representations and their
characters.

Recall. The group M̃ generated by M = GSO(2, 2) together with the outer au-
tomorphism ∗ is isomorphic to the group GO(2, 2), the group of orthogonal simil-
itudes of a split quadratic form of rank 4. In this disguise, the endoscopic lift r is
related to the local theta correspondence σv ←→ θ+(σv) between M̃ = GO(2, 2)
and G = GSp(4). For σ = (σ1, σ2) we have σ∗ ∼= (σ2, σ1).

Let us explicitly describe this local lift r on the irreducible admissible tempered
representations of M . The relevant cases are:

1. Description of r in the discrete series case. Suppose σ is an irreducible, ad-
missible representation of M(F ) which belongs to the discrete series. Under this
assumption there exists a set {π+(σ), π−(σ)} of two isomorphism classes of irre-
ducible, admissible representations of G(F ) attached to σ such that

r(σ) = π+(σ) − π−(σ).

Furthermore, the representations π+(σ) have Whittaker models, and:

(I) Either σ∗ ∼= σ. Then, although σ belongs to the discrete series, both π±(σ) do
not belong to the discrete series. They are tempered elliptic representations of
G(F ) (limits of discrete series).

(II) Or σ∗ �∼= σ. Then for σ in the discrete series, the representation π−(σ) is al-
ways cuspidal and π+(σv) belongs to the discrete series. Furthermore, π+(σ)
is cuspidal if and only if σ is cuspidal.

More precisely, the representations π±(σ) are described as follows:

1a. If σi are both cuspidal and not isomorphic, then π±(σ) are both cuspidal.
1b. The case where σ1

∼= σ2 is cuspidal. In this case π±(σ) = Wp±(σ1). Remem-
ber these representations are elliptic relatives in the sense of Kazhdan. In partic-
ular, they are not cuspidal. Only Wp+(σ1) has a Whittaker model. In Sect. 4.12
we will also show

π−(σ) = Wp−(σ1) = θ−(σ1).

Note that θ−(σ1) is an anisotropic theta lift, which in general is well defined
only up to some additional hypotheses (e.g., Howe conjecture, residue charac-
teristic not equal to 2). But by Corollary 4.17 of the next section it is defined
unconditionally:

r(σ) = Wp+(σ1)−Wp−(σ1) = θ+(σ1)− θ−(σ1).

1c. If σ1 = ρ1 ⊗ χ is in the discrete series, and σ2 = Sp(χ) �∼= σ1 is a special
representation, then π+(σ) = δ(ρ1ν

1/2 � χν−1/2) is in the discrete series, but
is not cuspidal, and π−(σ) is cuspidal
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r
(
(σ1, Sp(χ))

)
= δ(ρ1ν

1/2 � χν−1/2)− π−(σ).

1d. If σi = Sp(χ) are both the same special representation, then π±(σ) =
Wp±(σ1) = (T+−T−)⊗χwith temperedT±. By the discussion of the nonreg-
ular case (b) (in Sect. 4.7) T− = R2(4) is the anisotropic theta lift θ−

(
(1, 1)

)
.

Therefore, T− has no Whittaker model. T+ = θ+(σ) is the indefinite theta lift
(see Sect. 4.12)

r
(
(Sp(χ), Sp(χ))

)
= (T+ − T−)⊗ χ = θ+

(
(Sp(χ), Sp(χ))

)− θ−
(
(χ, χ)

)
.

This completes the description of the lift r(σ) for discrete series representations.
Now consider the tempered case and two further cases, which are important for the
Saito–Kurokawa lift. We state the results and then we give the proof:

2. Tempered, but not discrete series. Suppose σ = (σ1, σ2), where σ1 is irreducible
tempered and σ2 = Ind(χ1, χ2) is induced from a pair of unitary characters.
Then r(σ) is represented by the class of the irreducible tempered representation

r
(
(σ1, Ind(χ1, χ2))

)
= σ1χ

−1
1 � χ1.

2′. Suppose both representations σi are irreducible unitary generic. Then r(σ) =
π+(σ) is irreducible (for σ = (σ1, σ2)), except in those cases which were listed
in (1).

Definition 4.5. Suppose σ is a preunitary irreducible generic admissible represen-
tation of M(F ). Then the irreducible representations π, which occur nontrivially in
the linear combination r(σ) – viewed as a subset of the equivalence classes of irre-
ducible admissible representations ofGSp(4, F ) – will be called the local L-packet
attached to σ.

Hence, by (1) and (2′) these local L-packets have cardinality either 2 or 1.
If σ is preunitary but not generic, at least one of the two representations σi

of Gl(2, F ) defining σ is one-dimensional. In these cases the image packets de-
fined by the support of the lift r do not define “L-packets,” but rather describe
the “Arthur packets.” For the Archimedean analogue see [3], case 1.4.1, with
fM (ψ) = r

(
(σ1, 1)

)
in the notation of loc. cit. These are relevant for the Saito–

Kurokawa lift.
Hence, suppose dim(σ2) = 1. A character twist allows us to assume – without

restriction of generality – that σ2 = 1 is the trivial representation. Then the central
character is trivial, and hence ωσ1 = 1:

3. Degenerate case. If σ1 is cuspidal (ωσ1 = 1) or of the form σ1 = Sp(χ0) for
χ0 �= 1 but χ2

0 = 1, then

r((σ1, 1)) = JP (ν1/2, σ1 � 1) + π−(σ1)
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is the sum of two irreducible representations. JP (ν1/2, σ1 � 1) is nontempered,
and π−(σ1) is cuspidal. The second representation π−(σ1) := π−((σ1, Sp)) is
by definition the one that appears also in the lift r

(
(σ1, Sp)

)
= π+

(
(σ1, Sp)

)−
π−
(
(σ1, Sp)

)
.

Furthermore,
r((Sp, 1)) = J ′ + T−

is a sum of two irreducible representations, where T− is the tempered represen-
tation that also appears in the lift r

(
(Sp, Sp)

)
. Finally,

r
(
(σ1, 1)

)
= χ1 ◦ det � χ2

is irreducible nontempered if σ1 = Ind(χ1, χ2) is tempered.

Last but not least:

4. The totally degenerate case. r
(
(1, 1)

)
= J − J ′ and the remarkable case 5.

r
(
(χ0, 1)

)
= A+B − C −D

for χ0 �= 1, χ2
0 = 1 with four irreducible representations A,B,C,D described

in the proof below.

Concerning the proof. By Theorem 4.5 it is enough to consider the assertions made
for cases (2)–(4). We use compatibility of r with induction, which gives the follow-
ing explicit formulas

r
(
(Ind(χ̃1, χ̃2), Ind(χ1, χ2))

)
≡ χ̃1χ

−1
1 × χ̃2χ

−1
1 � χ1,

and more generally the induction formula, which makes the result given on page 106
more explicit

Lemma 4.27.

r
(
(σ1, Ind(χ1, χ2))

)
≡ σ1χ

−1
1 � χ1 .

Proof. The Levi components of PM and P (see pages 106ff and 136) were identified
by the comparison map ψ

(x, diag(t2, t
′
2)) ∈ PM �→ blockdiag(λg−t, g) = blockdiag(t′2det(x)x−t, t2x) ∈ P,

where in this formula t′2 is assumed normalized to be t′2 = 1, which identifies
the image of (x, diag(t2, t′2)) in M(F ) with a unique representative in Gl(2, F )×
Gl(2, F ). Via this isomorphism ψ the representation

ρ
(
x, diag(t2, t′2)

)
= σ1(x)χ1(t2)χ2(t′2)

of the standard Levi group of PM is related to the representation
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ρ̃
(
blockdiag(λg−t, g)

)
= σ1(g)χ2(λ/det(g))

of the standard Levi group of P . To make this compatible with the notation for
induction from P to G used in Sect. 4.7, we now write blockdiag(λ · g−t, g) =
blockdiag(x, τ ·x−t). Hence, g = τ ·x−t and λ = τ . So ρ̃maps blockdiag(x, τx−t)
to σ1(g)χ2(λ/det(g)) = (σ1χ

−1
2 )(g)χ2(λ) = (σ1χ

−1
2 )(τx−t)χ2(τ). Using

the contragredient representation, this gives (σ1χ
−1
2 )∗(x)(ωσ1χ

−2
2 χ2)(τ) =

(σ1χ
−1
1 )(x)χ1(τ). In the symbolic short notation used in Sect. 4.7 the lift

r
(
(σ1, Ind(χ1, χ2))

)
becomes the induced representation

σ1χ
−1
1 � χ1.

This proves the induction formula. �

Proof of case (2). By the last lemma and from the previous results it remains for us
to show that

r(σ1, Ind(χ1, χ2)) ≡ σ1χ
−1
1 � χ1

is irreducible and tempered for all irreducible tempered representations σ1 of
Gl(2, F ) and unitary characters χ1 and is at least irreducible for all unitary σ1 and
all σ2 = Ind(χ1, χ2) in the unitary complementary series.

We distinguish certain cases. First, for special or cuspidal σ1 and unitary χ1 the
representation σ1χ

−1
1 �χ1 is irreducible tempered by the results obtained by Shahidi

(σ1 cuspidal) and by Tadic (σ1 special): In fact for χ2
1 = 1, the last case is implicitly

contained in the discussion of case (a) on page 127. Ifχ2
1 �= 1 only for the nonunitary

charactersχ1 = ν±3/2 andχ1 = χ0ν
±1/2 the representationSp(χ−1

1 )�χ1 becomes
reducible. See the second basic reducible case on page 123. We leave the details as
an exercise. Hence, in fact, the representation r(σ1, Ind(χ1, χ2)) ≡ σ1χ

−1
1 � χ1

is still irreducible for Ind(χ1, χ2) in the unitary complementary series, since then
χ1 = χν−s and χ2 = χνs holds for a unitary character χ and − 1

2 < s < 1
2 .

Second, r(Ind(χ̃1, χ̃2)× Ind(χ1, χ2)) is irreducible tempered for unitary char-
acters χi, χ̃i, since the unitary principal series of G are irreducible (Rodier–Tadic).
But the representation remains to be irreducible if either σ1 = Ind(χ̃1, χ̃2) or
σ2 = Ind(χ1, χ2)), or both of them belong to the unitary complementary se-
ries. For this notice that for characters χ1, χ2, χ̃1, χ̃2 such that χ1χ2 = χ̃1χ̃2

the representation r(I(χ̃1, χ̃2), I(χ1, χ2)) ≡ χ̃1
χ̃2
× χ̃2

χ̃1
� χ1 is irreducible except

for χ̃1/χ̃2 = ν±1 ⇐⇒ χ̃1χ̃2/χ
2
1 = ν±1 (that means I(χ̃1, χ̃2) or I(χ1, χ2) is

not irreducible) or χ̃2/χ1 = ν±1 (or χ̃1/χ1 = ν±1, which amounts to an inter-
change of χ̃1 and χ̃2). The first cases need not be considered. In the latter case
we can assume χ̃2/χ1 = ν by an interchange of (χ1, χ2) and (χ̃1, χ̃2). Hence,
(χ̃1, χ̃2) = (ν−1χ2, νχ1) by χ1χ2 = χ̃1χ̃2, which gives χ̃1/χ̃2 = ν−2χ2/χ1. This
cannot happen if the σi belong to the complementary series and/or the tempered
principal series. This proves the assertions made in case (2). �
Let us turn to the degenerate case r

(
(σ1, σ2)

)
where σ2 = 1 is the trivial

representation.
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Proof of Case (3). First assume σ1 is cuspidal or σ1 = Sp(χ0), χ0 �= 1 and without
restriction of generality with central character ωσ1 = 1. Then r(σ) is

r
(
(σ1, Ind(ν−1/2, ν1/2))

)− r((σ1, Sp)
)

= (σ1ν
1/2) � ν−1/2 − r((σ1, Sp)

)

=
(
δ(σ1ν

1/2 � ν−1/2) + JP (σ1ν
1/2 � ν−1/2)

)−(δ(σ1ν
1/2 � ν−1/2)− π−(σ1)

)

= JP (σ1ν
1/2 � ν−1/2) + π−(σ1).

Here we used σ1ν
1/2 � ν−1/2 ≡ δ(σ1ν

1/2 � ν−1/2) + JP (σ1ν
1/2 � ν−1/2) in the

Grothendieck group. JP (σ1ν
1/2 � ν−1/2) is the nontempered Langlands quotient,

which arises together with the discrete series representationD = δ(σ1ν
1/2 �ν−1/2)

in (σ1ν
1/2) � ν−1/2. See page 135 for the special representations, and page 119 for

cuspidal σ1. Recall that π−(σ1) is a cuspidal representation. Hence,

r
(
(Sp(χ0), 1)

)
= JP (Sp(χ0)ν1/2 � χ0ν

−1/2) + π−(Sp(χ0)).

Next consider the case σ1 = Sp, where r
(
(Sp, 1)

)
= r

(
(Sp, Ind(ν−1/2,

ν1/2))
)− r((Sp, Sp)). r((Sp, Ind(ν−1/2, ν1/2))

)
= Sp(ν1/2) � ν−1/2 is the rep-

resentation denoted L ≡ T+ + J ′ in the discussion of the nonregular case (a) on
page 127. Recall

J ′ = JP (ν1/2, Sp� ν−1/2) = JP (Sp(ν1/2) � ν−1/2)

is an irreducible nontempered Langlands quotient. On the other hand, r
(
(Sp, Sp)

)
=

T+ − T−. Hence, r
(
(Sp, 1)

)
= J ′ + T−.

The case of induced representations σ1 = Ind(χ̃1, χ̃2) for unitary characters χ̃i
remains. Then χ̃1χ̃2 = 1, since ωσ1 = 1. In the Grothendieck group Sp + 1 ≡
Ind(ν−1/2, ν1/2). Thus, r

(
(Ind(χ̃1, χ̃2), 1)

)
= χ̃1ν

1/2 × χ̃2ν
1/2 � ν−1/2 −

r
(
(Ind(χ̃1, χ̃2), Sp)

)
by the induction formula. Also r

(
(Ind(χ̃1, χ̃2), Sp)

)
=

r
(
(Sp, Ind(χ̃1, χ̃2))

)
= Sp(χ̃−1

1 ) � χ̃1, again by the induction formula. In fact
Ind(χ̃1, χ̃2), when considered as an element of the Grothendieck group, does not
depend on the choice of the Borel group. χ̃1ν

1/2 × χ̃2ν
1/2 � ν−1/2 ≡ χ̃1ν

1/2 ×
χ̃1ν

−1/2�χ̃2 (on the level of Grothendieck groups) has two irreducible constituents.
One is Sp(χ̃1)� χ̃2. The other is χ̃1 ◦det� χ̃2, which is nontempered. See page 134.
Altogether this shows that r

(
(Ind(χ̃1, χ̃2), 1)

)
= χ̃1 ◦ det � χ̃2 is irreducible

nontempered. �

Proof of cases (4) and (5). To compute r
(
(1, 1)

)
consider r

(
(Ind(ν1/2, ν−1/2),

Ind(ν−1/2, ν1/2))
)
. By the induction formula this is ν×1� ν−1/2 ≡ 1× ν � ν−1/2

in the Grothendieck group. According to the discussion of the nonregular case (b) in
Sect. 4.7 (see page 128), this is J + J ′ + T+ + T−. Since r

(
(Sp, Sp)

)
= T+ − T−,

this implies 2 ·r((Sp, 1)
)
+ r
(
(1, 1)

)
= J+J ′ +2T−. Subtracting 2 ·r((Sp, 1)

)
=

2J ′ + 2T−, this gives r
(
(1, 1)

)
= J − J ′.

Now the final case χ0 �= 1, χ2
0 = 1:

r
(
(χ0, 1)

)
= r
(
(Ind(χ0ν

−1/2, χ0ν
1/2), 1)

)− r((Sp(χ0), 1)
)

= r
(
(1, Ind(χ0ν

−1/2, χ0ν
1/2))

)− r((Sp(χ0), 1)
)
.
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By the induction formula r
(
(1, Ind(χ0ν

−1/2, χ0ν
1/2))

)
= χ0ν

1/2 ◦det�χ0ν
−1/2.

It is a quotient of χ0ν × χ0 � χ0ν
−1/2 (second basic case on page 123 for χ =

ν1/2χ0, regular case with four irreducible constituents) and

0→ Sp(ν1/2χ0)�χ0ν
−1/2 → νχ0×χ0�χ0ν

−1/2 → (ν1/2χ0◦det)�χ0ν
−1/2 → 0.

Therefore, r
(
(χ0, 1)

)
= A+B−JP (Sp(χ0)ν1/2 �χ0ν

−1/2)−π−(Sp(χ0)) using
the earlier discussion of case (3). The first two terms denote the two irreducible
constituents A,B of χ0ν

1/2 ◦ det � χ0ν
−1/2. �

Final Remark. The local description of the endoscopic character lift carries over
to arbitrary local fields of characteristic zero. See Sect. 5.1.

4.12 The Anisotropic Endoscopic Theta Lift

Consider the inner form Mc of M , which is characterized by

Mc(F ) = D∗ ×D∗/{(x, x−1) | x ∈ F ∗} ↪→ GO(4, q)(F ),

where D is a quaternion skew field over the local field F , and where

q = NormD/F : D → F

is the norm form vv = q(v). The groupMc(F ) acts on D by

(d1, d2) · v = d1vd2, d1, d2 ∈ D∗, v ∈ D.

The kernelSO of the mapMc(F )→ F ∗, which maps (d1, d2) toNormD/F (d1d2),
is compact. Irreducible admissible representations of Mc(F ) are of the form
σ̌(d1, d2) = σ̌(d1)⊗ σ̌2(d2), where σ̌i are irreducible admissible representations of
D∗, whose central characters coincide. We write σ̌ = (σ̌1, σ̌2).

The bilinear form 2·B(v, w) = q(v+w)−q(v)−q(w) is 2·B(v, w) = vw+wv;
hence, B(v, w) = 1

2 trD/F (vw) for the reduced trace trD/F . Extend the bilinear
form B from D to the form B ⊕ B on D2. Fix some nontrivial additive character
ψ of F . Every nontrivial additive character ψ(x) is of the form ψt(x) = ψ1(tx) for
some t ∈ F ∗. Let S(D) and S(D2) denote the space of Schwartz–Bruhat functions
on the vector spaces D and D2, respectively. Mc(F ) naturally acts on S(D) and
S(D2), and hence also on its subgroup SO. For X,Y ∈ D2 and symmetric 2 × 2-
matrices with coefficients in F put

Q(T,X, Y ) = Trace

(

T ·
(
B(x1, y1) B(x1, y2)
B(x2, y1) B(x2, y2)

))

, X = (x1, x2),

Y = (y1, y2).
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The Weil Representation π. This representation of GSp(4, F ) is defined on
the Schwartz space S(D2 × F ∗), and is given for generators of the group. Since
the norm form q of D represents every t ∈ F ∗, the Weil constant ε(q, ψt) =∫
ψt(q(x))dx/|

∫
ψt(q(x))dx| does not depend on t (the integral is the limit of in-

tegrals over ℘−n
F , since ψt(q(x)) is not in L1). Hence, the general formulas of the

literature are simplified considerably in this case. They are

π(
(
E T
0 E

)

)Φ(X, t) = ψt(Q(T,X,X)) ·Φ(X, t),

where X = (x1, x2) ∈ D2. For X ◦ A = (x1a11 + x2a21, x1a12 + x2a22) and

A =
(
a11 a12

a21 a22

)

π(
(
A 0
0 A−t

)

)Φ(X, t) = |det(A)|2Φ(X ◦A, t).

Then

π(
(

0 E
−E 0

)

)Φ(X, t) = ε2(q, ψt)Φ̂(X, t),

with the Fourier transform defined by

Φ̂(X, t) =
∫

D

Φ(Y, t)ψt
(
2Q(E,X, Y )

)
dYψt .

Here ε2(q, ψt) denotes the Weil constant, and dYψt denotes the self-dual Haar mea-
sure on D with respect to this Fourier transform. Finally,

π(
(
E 0
0 λE

)

Φ(X, t) = Φ(X, tλ−1).

The representation π is a preunitary left representation on S(D2×F ∗), and defines
a unitary representation on the Hilbert space L2(D2×F ∗). The Weil representation
commutes with the unitary right action of the groupMc(F ) defined by

π((d1, d2))Φ(X, t) = |q(d1d2)|2 · Φ(d1Xd2, q(d1d2)−1t).

Notice an element λ ∈ F ∗ can be viewed as an element of the center {(λ, 1)} of
Mc(F ) or alternatively as an element diag(λE, λE) in the center of GSp(4, F ). In
both senses it acts by Φ(X, t) 	→ |λ|4Φ(λX, t/λ2). For the isotropic case, see [78].

Central Characters. For unitary characters ω of F ∗ one defines a surjective pro-
jection map

S(D2 × F ∗)→ S(D2 × F ∗, ω)

by

Φ(X, t) 	→
∫

F∗
|λ|4Φ(λX, tλ−2)ω(λ)−1d•λ.
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Notice that every equivariant map from S(D2 × F ∗) to a vector space, on which
the center of G(F ) orMc(F ) acts by ω, factorizes over this projection map. Hence,
there is an induced action of G(F ) ×Mc(F ) on the space S(D2 × F ∗, ω), which
makes the projection map equivariant with respect to G(F ) ×Mc(F ). The repre-
sentation thus obtained is a ω-representation, i.e., the center of G(F ) acts by the
character ω.

LetG0 andM0
c denote the subgroups ofG(F ) andMc(F ), respectively, of finite

index, defined by all elements whose similitude factor respectively whose norm is
in (F ∗)2. Let St0(D2 × F ∗, ω) be the subspace of S(D2 × F ∗, ω) of all functions
whose support with respect to the second variable t ∈ F ∗ is contained in the coset
t0(F ∗)2 ⊆ F ∗. By choosing representatives t0 of F ∗/(F ∗)2, we obtain a decom-
position

S(D2 × F ∗, ω) =
⊕

t0∈F∗/(F∗)2

St0(D
2 × F ∗, ω),

where the subspaces St0(D2 × F ∗, ω) are stable under the action of the subgroup
G0 ×M0

c . Let ω0 be the restriction of the character ω to the subgroup {±1} ⊆ F ∗.
Then, by specializing the value of t, we obtain identifications

evt0 : St0(D
2 × F ∗, ω) ∼= S(D2, ω0),

Φ(X, t) 	→ Φ(X, t0).

Using this isomorphisms, the action ofG0×M0
c transports to an action on the space

S(D2) denoted πt0 . Hence, as a G0 ×M0
c module,

S(D2 × F ∗, ω) ∼=
⊕

t0∈F∗/(F∗)2

(S(D2), πt0).

Lemma 4.28. The Weil representation π of GSp(4, F ) on S(D2×F ∗, ω) is admis-
sible. Its restriction to the subgroup Sp(4, F ) is preunitary.

Proof. For both statements it is enough to consider the action of the subgroup
Sp(4, F ). One is thus reduced to the finitely many representations S(D2), πt0 ),
for which the claim is easy to verify. �

The Weil Representation π̃. Similarly one defines a unitary Weil representation
π̃ of the groupGl(2, F ) on S(D × F ∗) by the formulas

π̃(
(

1 τ
0 1

)

)Φ(x, t) = ψt(τB(x, x)) · Φ(x, t),

π̃(
(
a 0
0 a−1

)

)Φ(x, t) = |a|2Φ(xa, t),

π̃(
(

0 1
−1 0

)

)Φ(x, t) = ε1(q, ψt)Φ̂(x, t),
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where now ε1(q, ψ1) = −1 for the standard additive character ψ = ψ1 of F , and
where dyψt denotes the self-dual Haar measure on D for Fourier transform with
respect to ψt

Φ̂(x, t) =
∫

D

Φ(y, t)ψt
(
2 ·B(x, y)

)
dyψt .

Again

π̃(
(

1 0
0 λ

)

Φ(x, t) = Φ(x, tλ−1).

This defines a unitary left representation of Gl(2, F ). It commutes with the unitary
right action of the group Mc(F ) on S(D × F ∗) defined by

π̃((d1, d2))Φ(x, t) = |q(d1d2)|Φ(d1xd2, q(d1d2)−1t).

Similarly, as above one can restrict oneself to a subgroup of elements whose de-
terminant or norm is contained in (F ∗)2 and describe the resulting representations
within S(D).

4.12.1 The Global Situation

Now we switch the notation. Let F be a number field with adele ring A and D a
global quaternion algebra over F . There are global analogues π and π̃ of the local
Weil representations defined above on the global Schwartz spaces S(D2

A×A∗) and
S(DA ×A∗), respectively. The theta distribution

ϑ : S(Di
A ×A∗)→ C, (i = 1, 2)

ϑΦ =
∑

(X,t)∈Di×F∗
Φ(X, t)

defines functions

ϑΦ(m, g) = ϑπ(m,g)Φ and ϑπ̃(m,g)Φ, (m, g) ∈Mc(A)×G(A)

on Mc(A)/Mc(F ) × G(F ) \ G(A) of moderate growth for G = GSp(4) and
Gl(2), respectively. For an irreducible subspace τ of the space of cusp forms on
Mc(F )\Mc(A) the theta representation Θ−(τ) is defined to be theG(A)-invariant
space of all automorphic forms onGSp(4, F )\GSp(4,A) spanned by the functions

∫

Mc(F )\Mc(A)

ϑΦ(m× g)f(m)dm,

Φ in S(D2
A×A∗), and where f runs over all functions in the representation space of

τ . Let ω denote the central character of τ . Suppose the representation space Θ−(τ)
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is contained in the space of cusp forms. Let π(τ) be some irreducible constituent
of it. By evaluation with Φ = ΦpΦp for fixed Φp outside p one obtains local maps
ϑΦp : S(D2 × F ∗)→ πp at p. They factorize over the projection map

S(D2 × F ∗)

��

ϑΦp �� πp

S(D2 × F ∗, ωp)

��

4.12.2 The Anisotropic Theta Lift (Local Theory)

LetF be local again. Irreducible left representations σ̌ of the groupMc(F ) are of the
form σ̌ = (σ̌1, σ̌2) for irreducible representations σ̌1, σ̌2 of the group D∗, whose
central characters, denoted ω, coincide. Since D∗ is compact modulo the center,
the irreducible representations σ̌i, and hence also σ̌, are finite-dimensional. Let σ̌∗

denote the contragredient representation. The Weil representation π̃ defines a right
action ofMc(F ). For the left action π̃l(h) = π̃(h−1), letW be the maximal quotient
space of S(D × F ∗), on which Mc(F ) acts from left via π̃l by the irreducible dual
representation σ̌∗. Then W is a quotient of S(D × F ∗, ω) for the central character
ω of σ̌i. Since the action π̃ of Gl(2, F ) commutes with the action of Mc(F ), W
is a module under Gl(2, F ). In fact it is isomorphic to the following Gl(2, F )-
submodule of the tensor product

S(D × F ∗, σ̌) = {Φ ∈ S(D × F ∗, ω)⊗ Vσ̌ | π̃(h)Φ = σ̌(h)Φ , ∀h ∈Mc(F )}.

In other words, the functions in this space satisfy

σ̌(d1, d2)Φ(x, t) = |q(d1, d2)| ·Φ(d1xd2, t/q(d1d2)).

In fact, Mc(F ) is compact modulo the center, and W is the maximal σ̌∗-quotient of
S(D× F ∗, ω), where the center acts by a scalar. So the last claim is a consequence
of the theorem of Peter and Weyl and Schur’s lemma.

Similarly, one defines GSp(4, F )-modules S(D2 × F ∗, σ̌).

Lemma 4.29. The Gl(2, F )-representation space S(D× F ∗, σ̌) is zero unless σ̌ ∼=
(σ̌1, σ̌2) with σ̌1

∼= σ̌2.

Proof. π̃(Mc(F )) commutes with the natural action of the center F ∗ on S(D×F ∗).
If Φ(x, t) ∈ S(D × F ∗, σ̌) is not zero, then there exists a quasicharacter χ of F ∗

such that for a preimage Φ′ of Φ in S(D × F ∗)⊗ Vσ̌ we have

Φχ(x) =
∫

z∈F∗

∫

F∗
Φ′(zx, tz−2)|z|2ω(z)−1χ(t)−1d•td•z �= 0.
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Then Φχ ∈ S(D) and Φχ(d1xd2) = (χ|.|−1)(q(d1d2))σ̌(d1, d2)Φχ(x). For
(d2)+ := (d2)−1 = d2/q(d2) without restriction of generality we can assume

σ̌∗
2(d2) = σ̌2(d+

2 )

to be defined on the same space. Then Φχ(d1xd
−1
2 ) = (χ|.|−1)(q(d1)/q(d2)) ·

σ̌1(d1) � σ̌∗
2(d2) Φχ(x). The exact sequence 0 → S(D∗) → S(D) → C → 0 and

the Peter–Weyl theorem for the compact group D∗/F ∗ and the nonvanishing of Φχ
forces σ̌1

∼= σ̌2 as in [41], Theorem 9.1a. �
The situation for the Weil representation of the groupGSp(4, F ) is different.

Lemma 4.30. For all irreducible unitary representations σ̌ the representation of
GSp(4, F ) on S(D2 × F ∗, σ̌) is nontrivial.

Proof. Follows from [41], Theorem 9.1b, and [105]. �

Definition 4.6. Let Θ−(σ̌) denote the admissible quotient representation (S(D2 ×
F ∗, σ̌), π(σ̌)) of the Weil representation π of GSp(4, F ) defined on S(D2 × F ∗).

4.12.3 The Jacquet–Langlands Lift

Jacquet and Langlands defined a lift which assigns to an irreducible representation
ρ̌ of the multiplicative group D∗ of a quaternion algebra over the local field F an
irreducible representation ρ = JL(ρ̌) ofGl(2, F ) in the discrete series. This defines
a bijection between the classes of irreducible representations of D∗ and the classes
of admissible irreducible representations of Gl(2, F ) in the discrete series.

The lift JL(ρ̌) is defined as follows. Let ω be the central character of ρ̌. Let D1

be the subgroup ofD∗ of elements of norm 1. Define a representation ρ ofGl(2, F )
(see [42], Propositions 1.3 and 1.5 for K a quaternion algebra) on the space of
functions Φ(y) in

S(D, ρ̌) = {Φ ∈ S(D)⊗ Vρ̌ | Φ(xh) = ρ̌(h)−1Φ(x) , h ∈ D1}

by

ρ(
(

1 τ
0 1

)

)Φ(y) = ψ
(
τB(x, x)

)
Φ(y),

ρ(
(
a 0
0 a−1

)

)Φ(y) = |a|2Φ(ya),

ρ(
(

0 1
−1 0

)

)Φ(y) = ε1(q, ψ)Φ̂(y),

for τ ∈ F, a ∈ F ∗, where ε1(q, ψ) = −1 for our fixed standard additive character
ψ of F , and where dyψ is the self-dual Haar measure on D for Fourier transform
with respect to ψ
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Φ̂(y) =
∫

D

Φ(z)ψ(2 ·B(z, y))dzψ.

Finally, for an arbitrary xλ ∈ D1 \D∗ with norm q(xλ) = λ

ρ(
(
λ 0
0 1

)

Φ(y) = |q(xλ)| · ρ̌(xλ)Φ(yxλ).

Then ρ(
(
λ 0
0 λ

)

Φ(y) = ω(λ)Φ(y). According to [42], Theorem 4.2(ii), the repre-

sentation ρ is isotypic, i.e., isomorphic to deg(ρ̌) copies of the irreducible represen-
tation JL(ρ̌).

4.12.4 The Intertwining Map b

Let σ̌ = (σ̌1, σ̌2) be an irreducible representation of Mc(F ) on Vσ̌ = Vσ̌1 ⊗ Vσ̌2 .
Let V ∗̌

σi
denote the dual space of Vσ̌i for i = 1, 2. Then we define a map

b : V ∗
σ̌1
⊗ S(D × F ∗, σ̌) −→ S(D, σ̌2)

by
v∗1 ⊗ Φ(y, t) 	→ v∗1(Φ(y, 1)).

b is well defined. For h ∈ D1 we have h+ = h and q(h) = 1 by definition. Hence,

b(v∗1 ⊗ Φ)(yh) = v∗1(Φ(yh, 1)) = v∗1(|q(h−1)|Φ(yh
−1
, q(h)))

= v∗1
(
π̃(1, h−1)Φ(y, 1)

)
= v∗1

(
σ̌2(h−1)Φ(y, 1)

)
= σ̌2(h−1)v∗1(Φ(y, 1))

= σ̌2(h)−1b(v∗1 ⊗ Φ)(y).

This implies b(v∗1 ⊗ Φ) ∈ S(D, σ̌2).

Equivariance. b is equivariant with respect to the representations trivV ∗
σ̌1
⊗ π̃ of

Gl(2, F ) on V ∗̌
σ1
⊗S(D×F ∗, σ̌1× σ̌2) and ρ = JL(σ̌2) on the image space. Since b

is defined by the specialization t = 1, this assertion is clear for the action of the sub-
group Sl(2, F ) by a direct comparison of the generators of Sl(2, F ). Equivariance
for the elements diag(λ, 1) follows from

b(v∗1 ⊗ π̃(diag(λ, 1))Φ(y, t)) = v∗1(ω(λ)Φ(y, λ))

and

ρ(diag(λ, 1))b(v∗1 ⊗ Φ(y, t)) = |λ|σ̌2(xλ)v∗1(Φ(yxλ, 1)), q(xλ) = λ
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= |λ|σ̌2(xλ)v∗1(Φ(yxλ, λ/q(xλ))

= σ̌2(xλ)v∗1(σ̌2(xλ)Φ(y, λ))

= σ̌2(xλxλ)v∗1(Φ(y, λ))

= v∗1(ω(λ)Φ(y, λ)).

The Kirillov Model. Assume σ̌ = (σ̌1, σ̌2) for σ̌1
∼= σ̌2 (Lemma 4.29). Then

without restriction of generality Vσ̌1 = Cd and σ̌2(d2) = σ̌1(d+
2 )−t (both acting

on Cd). This identifies Vσ̌ with the space of matrices Md,d(C) so that the action is
defined by

σ̌(d1, d2)X = σ̌1(d1)Xσ̌1(d2), X ∈ Vσ̌ = Md,d(C).

For Φ(x, t) ∈ S(D × F ∗, σ̌) and y �= 0 then

σ̌(y)Φ(1, t) = σ̌(y, 1)Φ(1, t) = |q(y)|Φ(y, t/q(y)),

Φ(1, t)σ̌(y) = σ̌(1, y)Φ(1, t) = |q(y)|Φ(y, t/q(y)).

Hence,
σ̌1(d)Φ(1, t) = Φ(1, t)σ̌1(d)

for all d ∈ D∗. Since σ̌1 is irreducible, this implies

Φ(1, t) = ϕ(1, t) · id, ϕ(1, t) ∈ C.

Hence, for all y �= 0

Φ(y, t) = ϕ(1, tq(y))|q(y)|−1 · σ̌1(y) ∈Md,d(C).

Notice dim(σ̌2) > 1 implies Φ(0, t) = 0. Hence, the last formula immediately
implies

Lemma 4.31. For d = dim(σ2) > 1 and σ̌ = (σ̌2, σ̌2), acting on Md,d(C) as
above, the map Φ(x, t) 	→ ϕ(t) = Φ(1, t) defines an isomorphism

S(D × F ∗, σ̌) =
{

Φ(x, t) = |q(x)|−1σ̌1(x)ϕ(tq(x))
∣
∣
∣
∣ ϕ ∈ S(F ∗)

}
∼= S(F ∗),

in the sense that Φ(0, t) = 0. For dim(σ̌2) = 1 the right side has codimension 1 in
S(D × F ∗, σ̌).

b is injective. Let e∗i be a basis of V ∗
σ̌1

and suppose

0 = b
( d∑

i=1

e∗i ⊗ Φi(x, t)
)

= |q(x)|−1
d∑

i=1

ϕi(tq(x))e∗i
(
σ̌1(x)

) ∈ Cd.
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For d = 1 then obviously Φ(x, t) = 0. For d > 1 we put x = 1, then
∑
i e

∗
iϕi

(t) = 0. Hence, ϕi(t) = 0 for all i, and therefore Φi(x, t) = 0 by the last lemma.
Hence, b is injective.

By Theorem 4.2(ii) in [42], the representation ρ is isomorphic to deg(ρ̌) ·JL(ρ̌),
where JL(ρ̌) is the irreducible Jacquet–Langlands lift of σ̌. Hence, the representa-
tion (π̃, S(D × F ∗, σ̌)) for σ̌ = (σ̌2, σ̌2) is irreducible and isomorphic to JL(σ̌2).
Furthermore,

Corollary 4.12. b is an isomorphism.

Lemma 4.32. Suppose σ̌ = (σ̌1, σ̌2) satisfies σ̌1
∼= σ̌2 for irreducible σ̌2. Then the

representation π̃(σ̌) of Gl(2, F ) on S(D × F ∗, σ̌) is irreducible and isomorphic to
the Jacquet–Langlands lift σ = JL(σ̌2).

4.12.5 The Q-Jacquet Module of the Anisotropic Weil
Representation Θ−(σ)

The Weil representations π of GSp(4, F ) and π̃ of Gl(2, F ), defined above, are
related as follows. For the Klingen parabolic subgroup Q of GSp(4, F ) the repre-
sentation π̃, considered as a representation of the Levi group, is isomorphic to the
normalized Jacquet module of π with respect to the parabolic Q up to a character
twist

δ
−1/2
Q π(Q) ∼= π̃ ⊗ ν.

The subgroupN ⊆ Q(F ) defined by all matrices

n(τ) =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 τ
0 0 1 0
0 0 0 1

⎞

⎟
⎟
⎠ , τ ∈ F,

is the center of the unipotent radical of Q. For Φ ∈ S(D2 × F ∗)
(
π(n(τ)) − 1

)
Φ(x1, x2, t) =

(
ψt(τB(x2, x2))− 1

)
Φ(x1, x2, t).

Since ψt(τB(0, 0)) = 1, the map p : S(D2 × F ∗) → S(D × F ∗) defined by
p : Φ(x1, x2, t) 	→ Φ(x1, 0, t) factorizes over a quotient map

p : S(D2 × F ∗)/
(
π(N)− 1

)
S(D2 × F ∗) �−→ S(D × F ∗)

such that

Claim 4.4. The induced map p is an isomorphism.
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Proof. Any Schwartz–Bruhat function with Φ(x1, 0, t) = 0 is a finite linear com-
bination of products φ1(x1, t)φ2(x2) with φ1 ∈ S(D × F ∗) and φ2 ∈ S(D) and
φ2(0) = 0. So one is reduced to showing that φ2(0) = 0 implies that there ex-
ists φ3(x2, t) ∈ S(D × F ∗) and τ ∈ F ∗ such that φ2(x2) = (ψt(τB(x2, x2)) −
1)φ3(x2, t) for all t in the support of Supp(φ1). Since this support condition re-
stricts t to be bounded |t| ≥ |t0|, this can easily be achieved by choosing τ with |τ |
sufficiently large, so ψ(tτq(x2)) = 1 implies x2 ∈ V for some fixed open subset
V of the point 0, on which φ2 vanishes. Define φ3(x2, t) to be zero on V and to be
φ2(x2)/(ψt(τB(x2, x2))− 1) on the complement.

Notice that

p ∈ HomQ(F )

(
δ
−1/2
Q ⊗ S(D2 × F ∗), S(D × F ∗)⊗ ν

)

is Q(F )-equivariant. For η ∈ Q(F )

η =

⎛

⎜
⎜
⎝

α 0 β ∗
∗ a ∗ ∗
γ 0 δ ∗
0 0 0 λa−1

⎞

⎟
⎟
⎠ ,

we get after a slightly lengthy computation, for which one has to express the em-
bedded involution in the Weyl group of Q as a product of elementary matrices in
GSp(4, F ), the formula

(
π(η)Φ

)

(X,t)=(x,0,t)
= |a|2 · π̃(

(
α β
γ δ

)

)Φ(x, 0, t).

The unipotent radical of Q(F ) acts trivially on the right side. This implies

S(D × F ∗) ∼= S(D2 × F ∗)/(π(N)− 1) ∼= S(D2 × F ∗)/(π(Rad(Q))− 1).

Since δ1/2Q (η) = |a|2|λ|−1 and λ = αδ− βγ, this computes the normalized Jacquet
module of π with respect to Q. �

Lemma 4.33. p induces a Q(F )-equivariant isomorphism δ
−1/2
Q ⊗ π(Q) ∼= 1 �

(π̃ ⊗ ν).

Concerning the Notation. On the right side of the isomorphism in the last lemma
we used the notation given on page 120. In other words the standard Levi component
ofQ is identified with the groupF ∗×Gl(2, F ) using the coordinates a and α, β, γ, δ
of η from above. In this sense, the representation is trivial on F ∗ and isomorphic to
π̃ ⊗ ν as a representation of the second factor Gl(2, F ).

Furthermore, p is Mc(F )-equivariant for trivial reasons, up to the factor
|q(d1d2)|. Hence,
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Lemma 4.34. p : δ−1/2
Q ⊗π(Q) ∼= π̃⊗ν isMc(F )-equivariant, whereMc(F ) acts

on δ−1/2
Q ⊗ π(Q) by the representation induced from π, and by the action induced

from π̃ ⊗ ν as a right module and π̃l ⊗ ν−1 as a left module.

For a given irreducible representation σ̌ of Mc(F ) we already defined the maxi-
mal quotient representation Θ−(σ̌) of S(D2 × F ∗, π), on which Mc(F ) acts from

the left by σ̌∗. Therefore, by last two lemmas δ−1/2
Q Θ−(σ̌)(Q) ∼= 1 � S(D ×

F ∗, σ̌ ⊗ ν−1) is the maximal quotient of S(D × F ∗, π̃) on which π̃ ⊗ ν acts by σ̌∗

π �� ��

����

Θ−(σ̌) = S(D2 × F ∗, σ̌)

����
δ
1/2
Q π(Q) �� �� Θ−(σ̌)(Q)

1 � (π̃ ⊗ ν) �� �� JL(σ̌ ⊗ ν−1)⊗ ν

Using JL(σ̌ ⊗ ν−1) ⊗ ν = JL(σ̌) (the Jacquet–Langlands correspondence com-
mutes with character twists), we obtain from Lemmas 4.29 and 4.32

Corollary 4.13. For an irreducible representation σ̌ = (σ̌1, σ̌2) of Mc(F ) the nor-

malized Jacquet module δ−1/2
Q Θ−(σ̌)(Q) vanishes for σ̌1 �∼= σ̌2 and satisfies

δ
−1/2
Q ⊗Θ−(σ̌)(Q) ∼= 1 � JL(σ̌)

for σ̌1
∼= σ̌2.

Therefore, p defines a nontrivial intertwining adjunction map

p(σ̌) :
(
S(D2 × F ∗, σ̌), π(σ̌)

)
→ IndGQ

(
1 � (S(D × F ∗, σ̌)), π̃(σ̌)

)

by the adjunction formula (e.g., [93], Theorem 2.4.3)

HomG((S(D2 × F ∗), π(σ̌)), IndGQ(τ)) ∼= HomQ(δ−1/2
Q π(Q), τ).

4.12.6 Whittaker Models

We claim that (S(D2 × F ∗), π) does not admit a nontrivial Whittaker functional.
Let ψ1, ψ2 be nontrivial additive characters and supposeL is a Whittaker functional,
i.e.,

L : S(D2 × F ∗)→ C, L
(
π(n(x, y, u, v, t)Φ

)
= ψ1(x)ψ2(y)L

(
Φ
)
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for all Φ ∈ S(D2 × F ∗) and all

n(x, y, u, v, t) =

⎛

⎜
⎜
⎝

1 0 x u
y 1 v τ
0 0 1 −y
0 0 0 1

⎞

⎟
⎟
⎠ ∈ Q(F )

in the unipotent radicalU(F ) of the Borel subgroup. The commutator group consists
of the matrices with x = y = 0.

Since L
(
π(n(τ))Φ

)
= L(Φ) for all τ ∈ F , the functionalL factorizes L = L◦p

over a functional L : S(D × F ∗)→ C. Abbreviate p(Φ) = Φ ∈ S(D × F ∗). Then
by the U(F )-equivariance of L and the Q(F )-equivariance of p

ψ2(y) · L(Φ) = ψ2(y) · L(Φ) = L(π(n(0, y, ∗, ∗, ∗)Φ) = L(Φ)

for all y ∈ F . Therefore, L(Φ) = 0 for all Φ; hence, L = 0.

Lemma 4.35. The spaces Θ−(σ̌) = S(D2×F ∗, σ̌) do not admit Whittaker models.

Proof. If one of these spaces admitted a nontrivial Whittaker functional, then by
composition with S(D2 × F ∗) � S(D2 × F ∗, σ̌) S(D2 × F ∗) would also admit
a nontrivial Whittaker functional, contradicting the computation above. This proves
the lemma. �

4.12.7 The Siegel Parabolic

The normalized Jacquet module of the Weil representation (S(D2 × F ∗), π) for
the Siegel parabolic P in GSp(4) is isomorphic to the representation of the Levi
componentGl(2, F )×Gl(1, F ) of P

δ
−1/2
P ⊗ π(P ) =

(
ν1/2◦det

)
�
(
ν3/2 ⊗ S(F ∗)

)
,

in the notation given on page 119.

Proof. Q(T,X,X) = 0 for all symmetric 2× 2-matrices T implies X = 0. There-
fore,

S(D2 × F ∗)/
(
π(N)− 1

) ∼= S(F ∗),

induced by
Φ(x1, x2, t) 	→ Φ(0, 0, t) ∈ S(F ∗),

whereN denotes the unipotent radical of P . The argument is similar to the one used
in the case of the Klingen parabolic. �
Since blockdiag(A, λA−t) has modulus δP = |det(A)/λ|3/2 and induces an ac-
tion on Φ(0, 0, t) in S(F ∗) defined by Φ(0, 0, t) 	→ |det(A)|2Φ(0, 0, t/λ), we
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get Φ(0, 0, t) 	→ |det(A)|1/2|λ|3/2 · Φ(0, 0, t/λ) for the action on the normalized
Jacquet module S(F ∗).

By the adjunction formula this induces a nontrivial adjunction map from
(S(D2×F ∗), π) to the induced representation IndGP (ν1/2 ◦ det� (ν3/2⊗S(F ∗)).
In short notation

(S(D2 × F ∗), π) −→ ν1/2 ◦ det � (ν3/2 ⊗ S(F ∗)
)
.

There are analogous maps for the quotient representations on Θ−(σ̌) = S(D2×
F ∗, σ̌).

Corollary 4.14. For irreducible representations σ̌1 �∼= σ̌2 and σ̌ = (σ̌1, σ̌2) the
admissible representation π(σ̌) of GSp(4, F ) on Θ−(σ̌) = S(D2 × F ∗, σ̌) is a
cuspidal representation.

Proof. For all parabolic subgroups P the Jacquet module S(D2 × F ∗, σ̌)(P) is a
quotient of the Jacquet module for the Klingen parabolic group, as the discussion
above shows. Under the assumption made for σ̌, the Jacquet module with respect
to the Klingen parabolic vanishes (Corollary 4.13). Hence, the Jacquet module with
respect to all standard parabolic subgroups is trivial. This proves the claim. �

Corollary 4.15. Suppose σ̌1
∼= σ̌2 is irreducible and dim(σ̌2) > 1. Then the image

of the adjunction map p(σ̌) : Θ−(σ̌)→ 1× JL(σ̌2) is

Image
(
p(σ̌)

)
= Wp−(σ) for σ = JL(σ̌2).

The kernel of the map p(σ̌) is an admissible cuspidal ω-representation, i.e., a cusp-
idal representation on which the center acts by the central character ω of σ̌.

Proof. Under the assumptions made, σ̌ cannot be a quotient representation of

δ
−1/2
P ⊗π(P ) =

(
ν1/2◦det

)
�
(
ν3/2⊗S(F ∗)

)
; hence, Θ−(σ̌)(P ) = 0. Therefore,

the kernel of the adjunction map for the Q-Jacquet module is a cuspidal representa-
tion. On the other hand, the image of

p(σ̌) : S(D2 × F ∗, σ̌)→ Ind
G(F )
Q(F )

(
1 � S(D × F ∗, σ̌)

)
= 1× JL(σ̌2)

is a subrepresentation of 1×JL(σ̌2) (Lemma 4.32) such that JL(σ̌2) is cuspidal by
our assumptions, and which decomposes

1× JL(σ̌2) = Wp+

(
JL(σ̌2)

) ⊕ Wp−
(
JL(σ̌2)

)

into the direct sum of two irreducible representations (Lemma 4.19). Since the im-
age of p(σ̌) does not admit a Whittaker model (Lemma 4.35) and Wp+(σ̌) does
admit a Whittaker model (Theorem 4.4 and Corollary 4.11), the image of p(σ̌) must
be Wp−(σ) where σ = JL(σ̌2). �
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4.12.8 The Anisotropic Theta Lift θ−(σ) (Global Theory)

Again consider a quaternion algebra D over some totally real number field F . Sup-
pose S0 is a finite number of places including all Archimedean places. Suppose D
ramifies at all places v in S0. The global groupMc is anisotropic modulo the center
over the global field F such that Mc(F ) = (D∗ ×D∗)/F ∗. The same holds for all
local fields at places v ∈ S0.

Suppose we have admissible irreducible representations

σ̌v = σ̌1,v × σ̌2,v, (v ∈ S0)

of Mc(Fv) for all places v in S0. Assume there exists a global idele class character
ω such that ωv is the central character of σ̌1,v and σ̌2,v at all places v ∈ S0. Let us
make the following additional assumptions:

Assumption 1. There are places v′, v′′ ∈ S0 such that dim(σ̌1,v′) > 1 and
dim(σ̌2,v′′) > 1.

Assumption 2. For some place v′′′ ∈ S0 we have σ̌v′′′,1 �∼= σ̌v′′′,2.
Since Mc(Fv) is anisotropic modulo the center for v ∈ S0, the unitary represen-

tation of Mc(Fv) on S(D2
v × F ∗

v , ωv) is completely reducible:

S(D2
v × F ∗

v , ωv) =
⊕

ω(σ̌2,v)=ωv

S(D2
v × F ∗

v , σ̌v), v ∈ S0.

The functions Φv with compact support are dense in the Schwartz space at the
Archimedean places.

Suppose we have functions

Φv �= 0 ∈ S(D2
v × F ∗

v , σ̌v) (∀v ∈ S0)

such that Φv ∈ Rv , where Rv denotes some fixed admissible subrepresentation of
S(D2

v × F ∗
v , σ̌v). We can view Φv as elements in S(D2

v × F ∗
v , ωv). Choose lifts

Φ̃v ∈ S(D2
v × F ∗

v ) (v ∈ S0),

under the central projection S(D2
v × F ∗

v ) → S(D2
v × F ∗

v ) and some sufficiently
close approximations Φ′

v so that Φ′
v are functions with compact support also for

all Archimedean v ∈ S0. There exist points (Xv, tv) ∈ D2
v × F ∗

v such that
Φ′
v(Xv, tv) �= 0. Approximate these finitely many local points by a global point

(X, t) ∈ D2 × F ∗ such that

Φ′
v(X, t) �= 0 (∀v ∈ S0).

We may assume X �= 0. Then choose a function
∏
v/∈S Φ′

v at the remaining places
not in S0 with a sufficiently small support containing the global point (X, t) such
that Φ′ =

∏
v Φ′

v has the property
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supp(Φ′) ∩ (D2 × F ∗) = {(X, t)}.

Then
ϑΦ′(1, 1) = Φ′(X, t) �= 0.

In particular, the theta distribution is

ϑΦ′(m, 1) �= 0

as a function of the variable m ∈ Mc(A)/Mc(F ). Then it is easy to see that there
also exists a choice of

∏
v/∈S0

Φ̃v such that ϑΦ̃(m, 1) �= 0. Hence, by assumption
(1) there exists a cuspidal automorphic representation σ̌ = σ̌1 × σ̌2 of Mc(A) of
dim(σ̌i) �= 1 and a function f = fS0f

S0 in the representation space of σ̌ such that

Lf (Φ̃)(g) =
∫

Mc(A)/Mc(F )

ϑΦ̃(m, 1)f(m)dm �= 0.

The corresponding theta lift maps to the space of cusp forms ofG(A) by assumption
(2). It defines a subspace Θ−(σ̌) of the space of cusp forms of GSp(4,AF ). We
can therefore use orthogonal projection prπ : Θ−(σ̌) → π to (any) irreducible
automorphic quotient π of the completely reducible representation space Θ−(σ̌).
The composed map

prπ ◦ Lf : S(D2(A) ×A∗)→ π

factorizes over a map

prπ ◦ Lf : S(D2
A ×A∗

F , ω)→ π,

where ω denotes the central character of π (or of σ̌). The restriction of this map
prπ ◦ Lf to elements in S(D2

v × F ∗
v , σ̌v) ⊗

∏
w �=v Φ̃w ⊆ S(D2

A × A∗
F , ω) defines

for a suitable choice of
∏
w �=v Φ̃w a nontrivial intertwining map

Rv → πv.

In particular, πv is a quotient of Rv .
Since we are interested here in the non-Archimedean places v for the case F =Q,

assume for the rest of this section.

Assumption 3.F = Q and v �=∞ and dim(σ̌1,∞) = 1 and dim(σ̌2,∞)= k−2>1.

Assumptions (1)–(3) together imply the following. By assumption (3) the
cuspidal representation π constructed above contributes to cohomology. By
Theorem 2.4(1) in [70], it is a weak lift of σ = σ1×σ2, where σi = JL(σ̌i) are cus-
pidal (holomorphic) automorphic representations of Gl(2, F ) obtained from σ̌ by
the global Jacquet–Langlands lift. Since dim(σ̌) �= 1, the Ramanujan conjectures
holds for the representations σi by the theorem of Deligne. Hence, Theorem 2.4(1)
in [70] also implies that π is not a CAP representation.
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Now use Remark 4.4 in Sect. 4.3 (or Lemma 5.6 in Chap. 5, which follows
from the Hasse–Brauer–Noether theorem). It implies m1(π) �= m2(π). Hence,
π = ⊗vπv is “detected” by the multiplicity formula: n(σv, πv) �= 0 holds for all
places v. Therefore, πv is isomorphic to either π+(σv) or π−(σv). Since πv does
not have a Whittaker model

πv ∼= π−(σv).

Definition 4.7. We have now defined a unique irreducible quotient representation
πv of the anisotropic theta lift Θ−(σ̌v). We call this representation θ−(σ̌v), and we
also write for σv = JL(σ̌v)

πv = θ−(σv).

With this notation we obtain

Corollary 4.16. Assume that σv is an irreducible discrete series representation of
M(Fv) at a non-Archimedean place. Then

r(σv) = θ+(σv)− θ−(σv).

Furthermore, θ−(σv) = π−(σv) does not have a Whittaker model.

The Archimedean case of this is well known.

Corollary 4.17. Suppose dim(σ̌v) > 1 or σ̌1,v �∼= σ̌2,v . Then under the assump-
tions of Corollary 4.16, the Weil representation on Θ−(σ̌v) = S(D2

v × F ∗
v , σ̌v) is

isomorphic to a finite multiple of the cuspidal irreducible representation π−(σv).

Proof of Corollary 4.17. Either σ̌1,v �∼= σ̌2,v . Then Θ−(σ̌v) is cuspidal
(Lemma 4.14). In the category of smooth ωv-representations the cuspidal repre-
sentations are projective. Since Θ−(σ̌v) is cuspidal admissible, and since the center
acts by the character ωv, this representation is completely reducible. Hence, ev-
ery irreducible summand Rv ⊆ Θ−(σ̌v) must be isomorphic to π−(σv) by the
arguments preceding Corollary 4.16.

Or σ̌v,1 ∼= σ̌2,v . Then there exists an exact sequence

0→ K → Θ−(σ̌v)→ Wp−(σv)→ 0

with ωv-cuspidal kernel (Corollary 4.15). Hence, again K is completely reducible
and every irreducible summand Rv ⊆ K ⊆ Θ−(σ̌v) must be isomorphic to
π−(σv) by the arguments above. On the other hand, π−(σv) ∼= Wp−(σv) by The-
orem 4.5. But Wp−(σv) is not cuspidal. Hence, K = 0 and Θ−(σ̌v) = θ−(σv) is
irreducible. �

Remark 4.17. For the omitted case dimσ̌v = 1 and σ̌1,v
∼= σ̌2,v the representation

π−(σv) is not cuspidal. Nevertheless an analogous result was obtained by Kudla and
Rallis (see Sect. 4.12, page 130).



Chapter 5
Local and Global Endoscopy for GSp(4)

In this chapter we refine the global description of the endoscopic lift obtained in
Corollary 4.2. The main result obtained in this chapter is Theorem 5.2, which is a
special case of a global multiplicity formula conjectured by Arthur. We consider the
symplectic groupGSp(4) over an arbitrary totally real number field F . In the special
case F = Q and for irreducible automorphic representations π with π∞ in the
discrete series the proof of this theorem is given in Sects. 5.2 and 5.3. In Sect. 5.1 we
explain how the local endoscopic character lift is constructed for arbitrary local base
fields of characteristic zero. In Sects. 5.4 and 5.5 we explain how the Arthur–Selberg
trace formula can be used to extend the results obtained in Sects. 5.2 and 5.3 to the
case of arbitrary totally real number fields and arbitrary irreducible automorphic not
necessarily cohomological representations π. The proof of Theorem 5.2 is based on
two ingredients: the principle of exchange and the key formula (stated in Sect. 5.3).
The latter can be directly deduced from weak versions of the trace formula (see
Chap. 4, Corollary 4.2, or Sect. 5.5). It deals with simultaneous changes of global
representations at two places. The principle of exchange, on the other hand, deals
with an exchange of the representation at one place exclusively, and its proof boils
down to a special case of the Hasse–Brauer–Noether theorem (Lemma 5.4). This is
based on an explicit theta lift. At this point we use [56], which unfortunately forces
us to make the restrictive assumption that F is a totally real number field. Since
we apply results obtained in [56] in a rather specific case, it is very likely that this
restriction on F can be removed.

5.1 The Local Endoscopic Lift

In this section we extend the results obtained in Chap. 4 to the case of arbitrary local
fields Fv of characteristic zero. We restrict ourselves to the non-Archimedean case.
For the Archimedean case see [90, 91].

Let RZ[Gv] and RZ[Mv] denote the Grothendieck group of finitely gener-
ated, admissible representations of Gv and Mv, respectively. For a finite sum

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 175
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 5,
c© Springer-Verlag Berlin Heidelberg 2009
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α =
∑
ni · πv,i ∈ RZ(Gv) with integer coefficients ni and irreducible, admissible

representations πv,i, and a locally constant function fv with compact support onGv ,
put α(fv) =

∑
ni · tr πv,i(fv). Similarly for the group Mv. Irreducible admissible

representations σv ofMv are considered as a pair (σ1v, σ2v) of irreducible represen-
tations of Gl(2, Fv) with equal central characters ω1v = ω2v . This common central
character ωv will be called the central character of σv . For a quasicharacter χv ,
the character twist for Gv is defined via the similitude homomorphisms Gv → F ∗

v

(Lemma 4.8), and similarly σv ⊗ χv = (σ1,v ⊗ χv, σ2,v ⊗ χv). Recall σ 	→ σ∗ was
defined by (σ1,v, σ2,v)∗ := (σ2,v, σ1,v).

Theorem 5.1 (Nonarchimedean Lift). There exists a unique homomorphism

r = rGv

Mv
: RZ[Mv]→ RZ[Gv]

between the Grothendieck groups with the following properties:

(i) The lift r is endoscopic: For α ∈ RZ[Mv]

α(fMv
v ) = r(α)(fv)

holds for locally constant functions fv, fMv
v with compact support on Gv , and

Mv, respectively, and matching orbital integrals.
(ii) The lift r preserves the central character, and commutes with character twists

r(σv ⊗ χv) = r(σv)⊗ χv.

(iii) The lift r commutes with parabolic induction

r ◦ rMv

PMv
(ρv) = rGv

Pv
(ρv),

where ρv is in RZ[Gl(2, Fv) × F ∗
v ], and where PMv is a maximal proper

parabolic of Mv and Pv is the Siegel parabolic of Gv . Similarly for induction
from the Borel groups BMv , Bv of Mv and Gv, we have

r ◦ rMv

BMv
(ρv) = rGv

Bv
(ρv).

(iv) r(σ∗) = r(σ).
(v) r commutes with Galois twists

r(στv ) = r(σv)τ , τ ∈ Aut(C/Q).

In addition the refined properties of Sect. 4.11 hold.

Concerning the proof. The above-mentioned properties of the endoscopic lift have
already been shown for p-adic fields Qp. To extend this to the case of a general non-
Archimedean local field Fv of characteristic zero, again one reduces the case to that
of of irreducible representations σv in the discrete series by local arguments. For
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the global arguments we now replace the topological trace formula by the Arthur–
Selberg trace formula. Choose a totally real number field F of degree at least 2 over
Q with completion Fv at the non-Archimedean place v. Suppose one can find a
global cuspidal automorphic representation σ �∼= σ∗ extending the given discrete se-
ries σv , where σ can be chosen to be cuspidal at some additional non-Archimedean
place w �= v, belonging to the discrete series at all Archimedean places. Now
one stabilizes the Arthur trace formula for the group GSp(4, AF ), using the fun-
damental lemma for GSp(4) (see Chaps. 6–8). For this it is enough to consider a
simple version of the trace formula with a test function of the form f =

∏
w fw,

where fw is a difference of pseudocoefficients of the discrete series representations
π+(σ∞), π−(σ∞) at all Archimedean places of F . Furthermore, we may assume
fw to be a matrix coefficient of a cuspidal representation π−(σw) at some auxiliary
place w, say, where Fw = Qw splits and where σw is cuspidal. Then Arthur’s trace
formula can be stabilized with arguments analogous to those in Chap. 4 starting
from [6], Corollaries 7.2 and 7.4. For the details and further technical assumptions,
we refer to Sect. 5.5. Once the Arthur trace formula has been stabilized, one can de-
duce from it the following statement: The endoscopic lift r(σv) of the character of
a discrete series representation σv of M(Fv), a priori only defined as a distribution
satisfying properties (i) and (iii) from above, can be expressed as a finite integral
linear combination r(σv) ∈ RZ[Gv] of characters of irreducible, admissible rep-
resentations of G(Fv). The construction of this “integral” lift is the crucial step
(generalizing Lemma 4.11 or its Corollary 4.5), and it will be explained in more
detail later. Once this is known, all properties of the lift are deduced completely
analogously to the p-adic case. So, for the proof of the theorem, it remains for us to
construct the integral lift, since up to a character twist σv can be embedded globally.
See the comment on page 182. �

5.1.1 The Integral Character Lift

We want to show the existence of the integral character lift for irreducible, admis-
sible representations σv of Mv. It is enough to assume σv is in the discrete series.
The endoscopic transfer of distributions applied to the character of σv defines dis-
tributions on Gv , which will be called character lifts of the characters σv . We have
to show that the character lift is a linear combination of the characters of irreducible
representations

r(σv) =
∑

πv

n(σv, πv) · πv.

This uniquely determines the transfer coefficients n(σv, πv), once they are known
to exist, by linear independence of characters (see [76], Proposition 13.8.1). So it
remains for us to show the existence of such an expansion, and integrality of the
coefficients.
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Archimedean Case. According to Shelstad [90,91] this holds in the Archimedean
case such that, furthermore, the Archimedean transfer coefficients n(σ∞, π∞) be-
long to {±1, 0}, and only finitely many are nonzero [91], Theorem 4.1.1(i).

Non-Archimedean Case. To obtain a corresponding local character lift for an ar-
bitrary local field of characteristic zero, we copy the arguments used so far. We have
to replace the global arguments. Since these arguments involve several steps, we
first summarize for the convenience of the reader the different steps involved in the
proof of the p-adic case. Afterwards we discuss how this carries over to a non-p-adic
local field.

5.1.2 Steps (0)–(xi) of the Proof (in the p-Adic Case)

(A) Global Inputs. The stabilization of the global trace formula in Chaps. 3 and 4
was the source for the desired weak character identities r(σv) =

∑
n(σv, πv) · πv ,

with coefficients n(σv, πv) in C. A priori these sums are not finite, but are locally fi-
nite and hence absolutely convergent (see Sect. 4.6 [76]). The coefficients n(σv, πv)
are directly related to global multiplicities m(π) of automorphic representations π.
In fact, the basic result was the identity (Corollary 4.2)

(0)
∏
v �=∞ n(σv, πv) = m(πW∞ ⊗ πf )−m(πH∞ ⊗ πf ),

for a global weak endoscopic automorphic lift πf = ⊗v �=∞πv of a global irreducible
cuspidal automorphic representation σf = ⊗v �=∞σv , for which σ∗ �∼= σ holds,
where m(π) denote the multiplicity of π in the discrete spectrum, and πH∞, π

W
∞

denote the irreducible Archimedean representations defined by the Archimedean
character lift r(σ∞) = πW∞ − πH∞ defined by Shelstad [91].

Claim 5.1. Formula (0) implies for the local component σv of σ:

(i) r(σv) is an absolutely convergent sum

r(σv) = n(σv) ·
∑

πv

ε(σv, πv) · πv

for certain n(σv) ∈ C∗ such that the following hold:
(ii) (integrality) ε(σv, πv) ∈ Z and ε(σv, πv) = 1 for πv = π+(σv) (as defined

below).
(iii) (product formula)

∏
v n(σv) = 1.

(iv) (Shelstad) n(σ∞) = 1.

Proof of the Claim. Theorem 4.3 provides the existence of a globally generic cus-
pidal representation π+ = π+(σ) such that (π+)v = π+(σv) for all v, and
m(π+) = 1. Being generic implies (π+)∞ = π+(σ∞) = πW∞ (σ∞). Since
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m(π+) = m(πW∞ ⊗ (π+)f ) = 1, the principle of exchange (see Lemmas 5.4 and
5.5) implies m(πH∞ ⊗ (π+)f ) = 0. Hence,

∏
v �=∞ n(σv, π+(σv)) = 1 by formula

(0). For
n(σv) := n(σv, π+(σv))

we get n(σ∞) = 1 from [91], Theorem 4.1.1(i), and hence (iv). (iv) together
with the product formula just obtained gives (iii). Assertion (i), on the other
hand, is a consequence of the global stabilized trace formula. For ε(σv, πv) =
n(σv, πv)/n(σv, π+(σv)) obviously ε(σv, πv) = 1 for πv = π+(σv), by defini-
tion. So for (ii) only ε(σv, πv) ∈ Z has to be shown. From [91] we can assume v
is non-Archimedean. Put π̃f = πv ⊗w �=v,∞ π+(σw) and (π+)f = ⊗w �=∞ π+(σw).
By (iii) and (iv) we have

∏
w �=∞ n(σw , π+(σw)) = 1; hence,

ε(σv, πv) = ε(σv, πv)
∏

w �=∞
n(σw, π+(σw)) =

n(σv, πv)
n(σv, π+(σv))

∏

w �=∞
n(σw, π+(σw)) =

∏

w �=∞
n(σw, π̃w).

Together with formula (0) applied for the representation π̃f , instead of πf , this gives

ε(σv, πv) = m(πW∞ ⊗ π̃f )−m(πH∞ ⊗ π̃f ),

and hence (ii), since the right side is an integer. This proves the claim. �

(B) Local Inputs. A purely local investigation of the character lift, using compati-
bility with parabolic induction, gives (Lemmas 4.12 and 4.27):

(v) n(σv) = 1 for generic σv not in the discrete series.

For the elliptic scalar product < ηv, ωv >e on the elliptic regular locus of Gv write
‖ηv‖2e =< ηv, ηv >e. Then (see in particular Sect. 4.5 and Lemma 4.14) we have

(vi) (Weyl integration formula) ‖r(σv)‖2e = Av · ‖σv‖2e = Av

for irreducible σv in the discrete series of Mv, where Av = 2 or 4 depending on
whether σ∗

v �∼= σv or σ∗
v
∼= σv .

Furthermore (Sects. 4.6, 4.9, Lemma 4.20, and Corollary 4.8), for σv in the dis-
crete series the classification of irreducible, admissible representations of Gv im-
plies that there exists a second irreducible representation π−(σv) such that:

(vii)
∑

πv
ε(σv, π+(σv)) ·πv = L(σv) +R(σv) for L(σv) = π+(σv)− π−(σv)

and

(viii) ‖L(σv)‖2e = Av and < L(σv), R(σv) >= 0

with the same coefficientsAv = 2, 4 as above.
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Combining (A) and (B). For the finite set S of places, where the (suitable chosen
global cuspidal irreducible) representation σ �∼= σ∗ belongs locally to the discrete
series, statements (vi) and (vii) above imply

∏

v∈S
‖r(σv)‖2e =

∏

v∈S
n(σv)2 ·

∏

v∈S
‖
∑

πv

ε(σv, π+(σv)) ·πv‖2e ≤ 1 ·
∏

v∈S
‖L(σv)‖2e,

since
∏
v∈S n(σv)2 = 1 by (iii)–(v). The inequality obtained is in fact an equality,

since the left and the right sides are equal to
∏
v∈S Av by (vi) and (viii), respectively.

That an equality holds forces ‖R(σv)‖2e = 0 from (vii) and (viii). Therefore,

(ix)
∑

πv
ε(σv, πv) · πv = π+(σv)− π−(σv)

for σv in the discrete series (for σ) and ‖r(σv)‖2e = ‖∑ ε(σv, πv)πv‖2e. Hence,
‖r(σv)‖2e = |n(σv)|2 · ‖

∑
ε(σv, πv)πv‖2e implies Av = |n(σv)|2 · Av , or

(x) |n(σv)| = 1.

On the other hand, the local non-Archimedean theory of Whittaker models implies

(xi) n(σv) is a positive real number,

since π−(σv) does not have local Whittaker models (Lemmas 4.35 and 5.6 and
Corollary 4.16). This implies n(σv) = 1; hence, we obtain from (x) and (xi) the
final formula

r(σv) = π+(σv)− π−(σv)

for all σv in the discrete series realized in a global representation σ. Since up to a
character twist every irreducible representation σv in the discrete series of Mv can
be realized as the local component of a global cuspidal irreducible representation
σ of M(AF ), which follows from the existence of strong pseudocoefficients for
Gl(2, Fv), this completes the proof for σv in the discrete series. The general case is
reduced to this case by purely local methods (as in Sects. 4.5–4.11).

How this Generalizes. To see how this carries over to the case of an arbitrary non-
Archimedean local field of characteristic zero, observe that all the arguments above
were of general nature, and hence carry over to a non-Archimedean field of charac-
teristic zero immediately, except that the trace identity (0) needs some equivalent in
the general case, which now will be provided by the strong multiplicity 1 theorem
forM(AF ) (orGl(2,AF )) and a version of the Arthur trace formula (Lemma 5.8 in
Sect. 5.5). Formula (0) then again implies (i)–(iv), from which one deduces (v)–(xi)
as above. Finally (0)–(xi) imply all properties of the local endoscopic character lift
r(σv) as in the p-adic case. This includes the statements of Theorem 5.1.

Concerning the Proof of Formula (0). To be accurate, one has to use an avatar
of Lemma 5.8 for two reasons. On one hand, in the formulation and proof of
Lemma 5.8, the existence and properties of the local character lift will already be
used in special cases. Secondly, using an avatar gets rid of twisting by multipliers in
the proof of Lemma 5.8. By examining the different steps in the proof of Lemma 5.8,
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one sees that formula (0) can be proved by making slight changes in the argument.
First, it is enough to use the existence of the local character lift only in situations
where the formula is already known, say, for the Archimedean places [91] and for
places where the number field F splits, i.e., where Fv ∼= Qp is a p-adic field. Sec-
ond, for the proof of (0) multipliers are not needed, since in this case it suffices to
use a strongly simplified version of the trace formula of Deligne–Kazhdan type. We
sketch the main steps of the argument which gives formula (0) at the end of the
proof of Lemma 5.8 in Sect. 5.5. For the moment the reader is advised to skip this
proof at first, since arguments from Sects. 5.2–5.4 are also used. �

This being said, we return to the representations π±(σv) defining the local
L-packets. They can be further described in terms of the general classification
of irreducible admissible representations of GSp(4, Fv) as in Sect. 4.11. But they
can also be described in terms of a theta lift (Weil representation) in Sect. 4.12.

5.1.3 Complements on the Local Theta Lift

Extended Jacquet–Langlands Correspondence. Let Dv be the nonsplit quater-
nion algebra over Fv , and M̌v = (D∗

v × D∗
v)/F

∗
v . The quotient is defined by the

embedding t 	→ (t, t−1) of F ∗
v in D∗

v ×D∗
v .

The Jacquet–Langlands lift describes the irreducible discrete series representations
of the group Gl(2, Fv) in terms of the irreducible representations of the multiplica-
tive group D∗

v of the quaternion algebra. We can use this to define an extended lift,
denoted JL, from the irreducible admissible representations of the group M̌v to the
irreducible, admissible, discrete series representations of the group Mv. In fact the
description of M̌v and that of Mv as a quotient of two copies of D∗

v and Gl(2, Fv),
respectively, allows us to extend the Jacquet–Langlands lift JL in the obvious way.
By this the irreducible, admissible discrete series representations σv of Mv corre-
spond uniquely to irreducible, admissible representations σ̌v of M̌v and vice versa
via the correspondence σv = JL(σ̌v).

Quaternary Theta Lifts. Mv can be considered as the group of special orthogonal
similitudesGSO(V ) of a split quaternary quadratic form overFv . Similarly M̌v can
be considered as the group of special orthogonal similitudes GSO(V ) of the qua-
ternary anisotropic quadratic form over Fv . This defines the theta correspondence
for the groups GO(V ) and GSp(4) as in Chap. 4 for arbitrary number fields F . It
relates representations σextv and πv ofGO(V ) andGSp(4) if σextv ⊗πv is a quotient
of the big theta representation w̃ defined in [104], Sect. 4, or in Chap. 4. Although
the big theta representation in [104] is defined in a slightly different way, we will
use results obtained in [104] whenever they carry over: The groups GSO(V ) are
subgroups of index 2 in GO(V ), so in general irreducible admissible representa-
tions σv of GSO(V ) cannot be extended uniquely to irreducible representations of
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the group GO(V ). If σv ∼= σ∗
v , there exist possibly two nonisomorphic extensions

σextv of the representation σv to GO(V ). One can consider the representations on
GSp(4, Fv) attached to σextv by the theta correspondence.

Notice there is a subtlety present in the definition of the theta correspondence: Ei-
ther one deals with it on the level of representations of the groups O(V ), Sp(2n)
or one deals with it on the extended level of the groups GO(V ), GSp(2n). Both
points of view are of relevance. The representations obtained from the theta lift for
GSp(4, Fv), say, with a fixed central character of the center Zv of GSp(4, Fv),
can be obtained – via compact induction from Sp(4, Fv) × Zv ⊆ GSp(4, Fv)
– from the Sp(4, Fv) representations obtained from the (O(V ), Sp(2n)) corre-
spondence [104], p. 470. This often allows us to decide whether σextv has a lift to
GSp(4, Fv) [104], Proposition 4.11. Inversely, the restriction from G = GO(V ) to
O(V ) is multiplicity free. For this see [41], Lemma 7.2, and the remarks after it on
p. 94 for the split and the anisotropic quaternary spaces V .

The Definite Theta Lift. Using the last remarks, the statements, Theorem 9.1, and
the results obtained in [41], Sect. 10, carry over from Sp(4) to GSp(4). Hence,
the local theta correspondence for GSp(4, Fv) and GO(V ) is always nontrivial for
anisotropic V . In other words, to every irreducible representation σ̌v of M̌v the theta
lift Θ(σ̌v) is nonzero for the theta correspondence with respect to some extension
of σ̌v from M̌v = GSO(V ) to GO(V ). Let EΘ(σ̌v) denote the set of isomorphism
classes of irreducible admissible representations πv ofGv = GSp(4, Fv), for which
σ̌v × πv is a quotient of the big Weil representation of the pair GO(V )×Gv.

Lemma 5.1 (Density Lemma). (i) EΘ(σ̌v) = {π−(σv)}, and for σ̌v �∼= σ̌∗
v or

dim(σ̌v) > 1 this is a cuspidal representation.

(ii) Furthermore, given a finite set S of places w of a number field F and given
unitary representations σ̌w of the discrete series of Mw and irreducible repre-
sentations πw of Gw in EΘ(σ̌w) for all w ∈ S, suppose the central characters
ωv of σ̌v are the components of a grössen character ω of F . Then there exists a
corresponding automorphic irreducible cuspidal representation of M(AF ) and
a nontrivial irreducible cuspidal automorphic theta lift π of σ, which realizes
the given local representations πw for all places in S.

Proof. See Corollary 4.17 for (i). For (ii) see page 171, noticing the following �

Comment on Global Embeddings. One can enlarge S by a place w, and choose
some σ̌w �∼= σ̌∗

w with central character ω̃w to obtain the situation described in
Chap. 4, page 171. From the existence of very strong pseudocoefficients for Gl(2),
one can find a global cuspidal σ with central character ω realizing σv for v ∈
S ∪ {w}.

Concerning the Central Character. Let l be the order of the group of roots of
unity in F . If we choose the place w outside S of residue characteristic larger
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than l, we can always extend given unitary central characters ωv, v ∈ S to a grössen
character ω of F ∗, which is unramified outside {w} ∪ S and induces the given lo-
cal character up to an unramified character twist ωv = ω̃v|.|itvv . For this, at one
place v ∈ S we can prescribe ωv = ω̃v. [We leave this as an exercise for the
reader with the following hints: Use [102], p. 342ff. Notice that extending condi-
tion (A) of [102] can be solved by choosing a suitable character ω̃w : o∗w → C∗,
which is trivial on 1 + ℘w. Then the remaining extension of condition (B) of
[102] for the parameters tv can be solved. This defines an extension ω on the sub-
group (

∏
v∈{w}∪S F

∗
v

∏
v else o∗v)/(F ∗

S) of (A1
F /F

∗) × R∗. Since C∗ is divisible,
and hence injective, there is no obstruction to extending ω from this subgroup to
A1
F /F

∗. Notice there are only finitely many such extensions to a character unrami-
fied outside w and S and tame at w, since the S-ideal class group is finite].

Indefinite Theta Lift. If σv is an irreducible admissible representation of the group
Mv and V is the split quaternary quadratic space, one can define a corresponding
set EΘ+(σv). It consists of the classes of irreducible admissible representations πv
of Gv , for which σv × πv is a quotient of the big Weil representation of the pair
GO(V ) × Gv. From [96], proof of Theorem 3.1 on p. 366, there is at most one
generic class of representations in EΘ+(σv). Otherwise one could easily show that
the space of functionals of [96], p. 366, would have dimension 2 or more, which
would give a contradiction. A representative of this generic class will be denoted
θ+(σv) if it exists. A generic θ+(σv) exists in EΘ+(σv) if σv is in the discrete
series of Mv (see Lemma 4.25). Hence, EΘ+(σv) is nonempty in this case. This
argument also gives θ+(σv) ∼= π+(σv) for discrete series representations σv of Mv

(as in Theorem 4.4).

Definite vs. Indefinite Theta Lift. For σv in the discrete series of Mv, there exists
a unique σ̌v for which for σv = JL(σ̌v). Then we have defined θ+(σv) (indefinite
theta lift) and we define θ−(σv) to be the anisotropic theta lift θ−(σ̌v) attached to σ̌v .

σv
� Θ �� θ+(σv) unique generic class in EΘ+(σv)

σ̌v
�

JL

��

� Θ �� θ−(σv) defining EΘ−(σv) := {θ−(σv)}

Proposition 5.1. For irreducible, admissible representations σv in the discrete se-
ries of Mv the set EΘ−(σv) has cardinality 1. Furthermore, there is a unique
generic representation in EΘ+(σv), and the endoscopic lift is given by these Weil
representations

r(σv) = θ+(σv) − θ−(σv).

Proof. The proof for arbitrary Fv remains the same as that for Corollary 4.16. How-
ever, recall that the proof of Corollary 4.16 depended on Lemma 5.6, which is
proved later in this chapter. �



184 5 Local and Global Endoscopy for GSp(4)

Remark 5.1. EΘ+(σv) presumably has cardinality 1, although we have not been
able to show this. Notice since we want to include places of residue characteristic 2,
and since we consider the theta lift for the groups of similitudes, the result obtained
by Waldspurger for the Howe duality cannot be directly applied in this situation. To
overcome this – for the global applications later – we introduce the subset

EΘglr
± (σv) ⊆ EΘ±(σv)

of “globally relevant” representations. It consists of all classes of representations
πv in EΘ±(σv) for which there exists a global irreducible cuspidal automorphic
representation σ �∼= σ∗ (or σ̌ �∼= σ̌∗), for which πv is the local component of a
weak lift π attached to σ. The notion of weak lift will be explained in Sect. 5.2. The
density lemma, stated above, implies

EΘglr
− (σv) = EΘ−(σv),

in the analogous sense. Later, in Corollary 5.1, with proof in Sect. 5.3, and more
generally for F �= Q in Sect. 5.4, it is shown that for discrete series representa-
tions σv

EΘglr
+ (σv) = {θ+(σv)}.

So EΘglr
+ (σv) has cardinality 1.

5.2 The Global Situation

General Assumptions. Let F be a number field, and AF its ring of adeles. Since
we apply the findings of [56] (in the argument preceding Lemma 5.3) we assume
F to be totally real. This restriction will not be needed otherwise (and therefore is
most likely unnecessary). Let G = GSp(4) and let M = Gl(2)×Gl(2)/G∗

m be its
proper elliptic endoscopic group. Let π = ⊗vπv be an irreducible, unitary cuspidal
automorphic representation of the groupG(AF ). Recall an irreducible automorphic
cuspidal representation π is a cuspidal representation associated with a parabolic
subgroup (CAP representation) if it is weakly equivalent to an automorphic repre-
sentation associated with an Eisenstein series. Two irreducible automorphic repre-
sentations are called weakly equivalent if their local components are isomorphic at
almost all places. In the following we assume π is not a CAP representation. Then,
by the Langlands theory of Eisenstein series, π only contributes to the cuspidal part
of the discrete spectrum

mcusp(π) = mdisc(π).

Definition 5.1. An irreducible, unitary cuspidal automorphic representation π of the

group G(AF ) is called a weak endoscopic lift (from M(AF )) if there exist two
automorphic representations

σ1 , σ2
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ofGl(2,AF ) such that σi are either induced from a pair of global grössen characters
or are irreducible cuspidal such that the representations σi have the same central
character ωσ1 = ωσ2 , and such that the spinor L-series of π satisfies

Lv(πv, s) = Lv(σ1,v, s) · Lv(σ2,v, s)

for almost all places v of F . We also call π a weak lift of the irreducible automor-
phic representation σ = (σ1, σ2) of M(AF ) and Gl(2,AF ) × Gl(2,AF ) in this
situation.

Suppose π is a weak endoscopic cuspidal lift as in the definition above, which is
not CAP. Let σ be the corresponding automorphic representation of Gl(2,AF ) ×
Gl(2,AF ). Then σ = (σ1, σ2) has to be a cuspidal representation. Otherwise either
σ1 or σ2, say, σ1, has L-factors of the form Lv(σ1, s) = Lv(λ, s)Lv(λ−1ωσ2 , s)
for an idele class character λ for v /∈ S. Put τ = σ2 ⊗ λ−1. Then LS(π, s) =
LS(λ, s)L(λωτ , s)LS(τ ⊗ λ, s). If τS ∼= νS × μS (locally induced from the
unramified characters νv, μv), then this is the L-series with the local parameters
λv, λvνv, λvμv, λvνvμv or from [97], p. 85, the L-series of the induced representa-
tion νS × μS � λS of GSp(4,AS) in the short notation used in Chap. 3, page 121,
and induced from a Borel subgroup. Since νS × μS � λS = τS � λS (induction in
steps), we see that LS(π, s) would be the partial L-series of the automorphic form
τ � λ of the Levi component of the Siegel parabolic subgroup. Hence, the weak
lift would be associated with an automorphic Eisenstein representation, which is
weakly equivalent to π. Hence, π is CAP of Saito–Kurokawa type. This implies

π not CAP⇒ σ cuspidal.

Notice that σ is not uniquely defined by π. If π is a weak lift of σ = (σ1, σ2), then
it is also a weak lift of σ∗ = (σ2, σ1). These are the only possibilities.

Proposition 5.2. Suppose π is an irreducible cuspidal automorphic representation
of the group G(AF ), which is not a CAP representation. If π is a weak endoscopic
lift of the representations σ and σ̃ of M(AF ), then σ̃ is isomorphic to either σ or
σ∗ and σ is cuspidal.

Proof. Write σ = (σ1, σ2) and σ̃ = (σ3, σ4). Then σ, σ̃; hence, σ1, σ2, σ3, σ4 are
cuspidal representations, as explained above. Then for a cuspidal representation ρ
of Gl(2,A) there exists a finite set S of places of F outside of which we have an
equality of partial L-series

LS(σ1 × ρ, s) · LS(σ2 × ρ, s) = LS(σ3 × ρ, s) · LS(σ4 × ρ, s).

Since the σi are cuspidal, there exist complex numbers si for which |.|si ⊗ σi
becomes unitary. By a suitable (re)indexing, we may suppose Re(s1) =
maxi(Re(si)). For the contragredient ρ of σ1 the function LS(σ1 × ρ, s) has a
simple pole at s = 1, and LS(σ2 × ρ, s) does not vanish at s = 1 by statements
(2.2) and (2.3) in [8], p. 200. Furthermore, if σ1 is neither isomorphic to σ3 nor
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isomorphic to σ4, the right side is holomorphic at s = 1. This gives a contradic-
tion. So, possibly by switching σ3 and σ4, we may assume σ1

∼= σ3. But then
LS(σ2, s) = LS(σ4, s), and the strong multiplicity 1 theorem for Gl(2) implies
σ2
∼= σ4. �

Definition 5.2. Let π be an irreducible (unitary) cuspidal automorphic representa-
tion of the group G(AF ), which is not a CAP representation. Let π be a weak
endoscopic lift. Suppose σ is a corresponding cuspidal automorphic representation
of M(AF ). Then the set of equivalence classes of irreducible, automorphic rep-
resentations π′ of G(AF ), which are weakly equivalent to π, is called the global
L-packet of π.

Since this global L-packet consists of all the weak endoscopic lifts attached to the
given cuspidal representation σ, it will also be called the global L-packet attached
to σ. Since π was assumed not to be CAP, all representations in the global L-packet
are cuspidal.

Theorem 5.2 (Main Theorem). Suppose π is an irreducible, cuspidal automor-
phic representation of GSp(4,AF ), and suppose π is not CAP. Suppose the global
L-packet attached to the cuspidal irreducible automorphic representation σ of
Gl(2,AF )2/A∗

F is nonempty and contains π as a weak endoscopic lift. Then:

1. σ1 and σ2 are not isomorphic as representations of Gl(2,AF ) for σ = (σ1, σ2).
2. The restriction of π to Sp(4,AF ) is obtained as a Weil representation from the

orthogonal group attached to a quaternary quadratic form of a square discrimi-
nant.

3. All local representations πv of π = ⊗′πv belong to the local L-packets attached
to σv . Hence,

πv ∈ {π+(σv), π−(σv)}
if σv belongs to the discrete series, and πv = π+(σv) otherwise.

4. The multiplicity of any irreducible representation π′ = ⊗π′
v weakly equivalent

to π is

m(π′) =
1
2
(1 + (−1)e(π

′)),

where e(π′) denotes the (finite) number of representations π′
v which do not have

a local Whittaker model.
5. Let d(σ) be the number of local components σv of σ in the discrete series. The

global L-packet attached to σ contains a single representation if d(σ) < 2 and
contains 2d(σ)−1 representations, each occurring with multiplicity 1 otherwise.

In Addition. For any cuspidal irreducible automorphic representation σ =
(σ1, σ2) with σ1 �∼= σ2 the global L-packet attached to σ is nonempty.

Remark 5.2. For CAP representations a result analogous to statement (5) of the last
theorem is Theorem 2.6 in [69].

Proof. The proof of the main theorem has several steps, and it is carried out in the
remaining sections of this chapter. We deal separately with the case where π∞ be-
longs to the discrete series and F is the field of rational numbers. This situation is
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easier to begin with since we can directly refer to the multiplicity formula of Corol-
lary 4.2 in Chap. 4. For the general case we have to use the Arthur trace formula to
prove an analogous multiplicity formula, and some of the arguments therefore be-
come more complicated. See Sects. 5.4 and 5.5 for this. Although the arguments are
primarily global, they simultaneously provide us with the necessary local informa-
tion, e.g., on local Whittaker models. The relevant local information will be derived
in the subsequent Lemmas 5.4–5.6. By some kind of bootstrap, we then improve
this to complete the proof for general representations π∞ and for general (totally
real) number fields F in Sects. 5.4 and 5.5. �

We start with the proof of statements (1) and (2) of the main theorem.

Lemma 5.2 (Global Endoscopic = Theta Lift). Suppose π is an irreducible cusp-
idal automorphic representation of GSp(4,AF ), which is a weak lift in the global
L-packet attached to an irreducible automorphic representation σ = (σ1, σ2) of
M(AF ).

(A) Suppose π is not CAP. Then:

1. σ is cuspidal and
σ1 �∼= σ2 for σ = (σ1, σ2).

2. Furthermore, all irreducible constituents of the restriction of π to Sp(4,AF )
are contained in the image of theta lifts of the form Θ : Acusp(H(AF )) →
A(Sp(4,AF )), where H are orthogonal groups of similitudes over F , which are
inner forms of Gl(2, F )2/F ∗. Hence, H(F ) = D∗ × D∗/{(x, x−1)|x ∈ F ∗},
where D∗ is either the multiplicative group of a quaternion algebra over F or
Gl(2, F ).

3. For each local component πv of π there exists a quadratic character μv such that
πv ⊗ μv is contained in

EΘglr
+ (σv) ∪ EΘglr

− (σv).

(B) Conversely, suppose σ is cuspidal and σ1 �∼= σ2. Then the weak lift π of σ is
not CAP.

Concerning the notation. A will denote packets of irreducible automorphic repre-
sentations.

Proof. Concerning (A) it is enough to prove the global statements (1) and (2). The
local statement (3) then follows by Frobenius reciprocity [104], Proposition 4.12(c),
using compact induction. So let us prove (A)(1) and (2). Let ω = ωπ denote
the central character of the irreducible representation π of GSp(4,AF ). The stan-
dard L-function of π corresponds to the four-dimensional standard representation
st of the L-group LG of G. The alternating square of the standard representation
is a six-dimensional representation

∧2(st) of the L-group LG. The corresponding
L-series of π outside a finite set S of ramified places is a product ζS(π,

∧2(st), s) =
LS(ω, s)·ζS(π, ω, s) of the DirichletL-seriesL(ω, s) for the characterω and a twist
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of the degree 5 standard L-series ζ(π, ω, s) of the restriction of π to Sp(4,AF ).
Here, by abuse of notation, we again let π denote any of the irreducible constituents
of its restriction to Sp(4,AF ). Then in fact, the degree 5 L-series ζ(π, ω, s) is the
standard L-series attached to the representation π × ω of Sp(4,AF )×Gl(1,AF ),
at least if we consider partial L-series at almost all unramified places. Since π is a
weak lift, we get from this

The Partial L-series. If we omit a suitable chosen finite set of places S depending
on σ and π, then

ζS(π,
2∧

(st), s) = LS(ωσ1 , s) · LS(ωσ2 , s) · LS(σ1 ⊗ σ2, s).

Hence, from ωσ1 = ωσ2

LS(ωπω−1
σ2
, s)ζS(π, ωπω−1

σ2
, s) = ζS(s)2 · LS(σ1 ⊗ σ2 ⊗ ω−1

σ2
, s)

= ζS(s)2 · LS(σ1 ⊗ σ2̌, s)

for the contragredient representation σ2̌ of σ2. For cuspidal σi the L-series
LS(σ1⊗σ2̌, s) does not vanish at s = 1. By a character twist the σi become unitary.
A twist of the cuspidal representations σi becomes unitary if and only if their cen-
tral character ωσi becomes unitary. Since this is a common character, one can take
the same character twist in both cases. So without restriction of generality, we can
assume that σ1 and σ2 are both unitary. Notice the representations have the same
central character. If ωΠ �= ωσi , this implies that ζS(π, ωπω−1

σ2
, s) has a pole of order

2 at s = 2. This is impossible, as will be explained below. Therefore,

ωπ = ωσ2

holds. Then the partial degree 5 standard L-function ζS(π, s) = ζ(π, 1, s) of π
is given by the formula

ζS(π, s) = ζS(s) · LS(σ1 ⊗ σ2 ⊗ ω−1
σ2
, s) = ζS(s) · LS(σ1 ⊗ σ2̌, s).

Then LS(σ1 ⊗ σ2̌, 1) �= 0 holds at s = 1 for cuspidal unitary representations σi.
Hence,

ords=1ζ
S(π, s) ≥ 1.

For σ1
∼= σ2 the pole order would be 2 or more. Hence, the first assertion of

Lemma 5.2 comes from the next result obtained by Soudry.

Review of a Result Obtained by Soudry.

ζS(π, χ, s) has at most a simple pole at s = 1 for unitary cuspidal π.

In fact, this is proved in [97] for a special character χ = χT . Indeed, this is the
most difficult case. For other characters one can use the same approach. Then again
as in [97], the order of the pole at s = 1 can be estimated by the pole order of
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an Eisenstein series. Up to a factor LS(χ2, 2s)LS(χ, s + 1), which is irrelevant
at s = 1, the L-series ζS(π, χTχ, s) is (except for an unimportant function A(s)
with A(1) �= 0,∞) an integral

∫
ϕ(g)θφT,ψ(g, 1)E(fs,χ; g)dg by (2.2) and (2.5)

in [97]. The poles of E(fs,χ; g), therefore, give an upper bound for the poles of
ζS(π, χχT , s). From [97], Theorem 2.4, the poles of these Eisenstein series are con-
tained in the poles ofL(χ2, 2s)L(χ, s+1),L(χ2, 2s)L(χ, s), L(χ2, 2s−1)L(χ, s),
L(χ2, 2s − 1)L(χ, s − 1) counted with multiplicity. There is no pole at s = 1 for
χ2 �= 1 and at most a simple pole for χ �= 1. The difficult case is χ = 1. In this case
there is no pole according to [97], Theorems 3.1 and 4.4(b). Therefore, the claim
follows.

Now Apply Kudla–Rallis–Soudry Theorem 7.1 [56]. This is now the point where
we have to restrict ourselves to the case of totally real number fields. This assump-
tion regarding the number field is made in [56]. Under this assumption the existence
of a pole for the partial degree 5 L-series ζS(π, s) at s = 1 implies that π – or more
precisely any irreducible constituent of π as a representation of Sp(4,AF ) – is a
constituent of a suitable theta lift

Θ(A(O(V ′,AF ))

attached to a quadratic space V ′ of discriminant 1 over F :

Δ(V ′) = Δ(VT ) ·Δ(VT ′ ) = 1.

This formula for the discriminants follows from χTχT ′ = 1 = ( . ,Δ(VT )) ·
( . ,Δ(VT ′)) using Theorem 7.1(ii) in [56] if χT �= 1 or Theorem 7.1(i) if χT = 1.

Remark 5.3. The assumption F is totally real is most likely unnecessary since it
is needed only for the case of split discriminant. In fact, looking at the integral
representation in [97], formula (2.2), it would suffice to show that the residues of the
nonholomorphic Siegel Eisenstein series E(fs; g) at s = 1 ([97], 2(b)) are binary
theta series. A partial result in this direction – namely, the local case of this statement
– is Lemma 3.3 in [97].

Structure of V′. The quaternary quadraticF -spaces V ′ of discriminant Δ(V ′) = 1
are classified by their local Hasse invariants, or in this case alternatively by the
structure of their orthogonal groups of similitudes

GSO(V ′)(F ) ∼= D∗ ×D∗/F ∗.

Here D is the corresponding quaternion algebra or Gl(2, F ), having invariants de-
termined by the signs of the local Hasse invariants of V ′. This proves part (A) of
Lemma 5.2, and it also proves statements (1) and (2) of the main theorem.

For the converse part (B) of Lemma 5.2 we may assume σ has unitary cen-
tral character. Notice LS(π, s) = LS(σ1, s)LS(σ2, s) and ζS(π ⊗ χ, s) =
LS(χ, s)LS(σ1 ⊗ σ2̌ ⊗ χ, s) outside a suitable finite set S. The known CAP
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criteria for π in terms of poles of these L-series (Soudry and Piatetski-Shapiro) ex-
clude the possibility that π is CAP for cuspidal σ, since the known analytic behavior
of L-series of cuspidal forms for Gl(2) or Gl(2)×Gl(2) excludes the existence of
poles at s = 3/2 for the degree 4 L-series and poles at s = 2 for degree 5 L-series
(for unitary central characters and unitary χ). This proves part (B), and completes
the proof of Lemma 5.2. �

Lemma 5.3. We have
⋃

σv

EΘ+(σv) ∩
⋃

σv

EΘ−(σv) = ∅,

where the union is over all generic irreducible admissible representations σv of Mv

on the left, and over all generic irreducible admissible discrete series representa-
tions σv of Mv on the right. In other words, the two theta lifts attached to Mv (split
case) and M̌v (anisotropic case) have no irreducible representation of GSp(4, Fv)
in common. The same statement also holds globally or after restriction to the sub-
group Sp(4, Fv).

Proof. It is enough to consider the restrictions to Sp(4, Fv). Here we refer to Howe
and Piatetski-Shapiro [41], Theorem 9.4, where it is shown that there is at most one
representation in common. In the proof of Lemma 4.26 we saw that the common
representation corresponds to a one-dimensional representation σv . However, this
is not a generic representation, and therefore it is excluded in the statement above.
This proves Lemma 5.3. �

Lemma 5.4 (Principle of Exchange). Suppose the cuspidal irreducible automor-
phic representation π = ⊗πv of GSp(4,AF ) is a weak endoscopic lift, but is not
CAP. Let σ denote the corresponding cuspidal representation of M(AF ):

1. Fix some place v0. Then πv0 is in EΘglr
ε (σv0⊗μv0) for some quadratic character

μv and some ε ∈ {±}. Suppose π′
v0 �∼= πv0 is an irreducible representation of

GSp(4, Fv0) and consider

π′ = π′
v0 ⊗

⊗

v �=v0
πv.

Make the assumption: π′
v0 �∈ EΘglr

ε (σv0 ⊗ μ′
v0) for all quadratic characters μ′

v .
Under this assumption π′ has global multiplicity

mdisc(π′) = 0.

2. If d(σ) < 2 (d(σ) is defined in Theorem 5.2(5), then πv = θ+(σv ⊗ μv) for all v
and certain local quadratic characters μv . In particular, πv is generic.

Proof. Suppose that to the contrary m(π′) ≥ 1 holds. Then π′ is in the global
L-packet of π, and hence it is a weak endoscopic lift attached to the same irreducible
representation σ of M(A) as π. According to Lemma 5.2 all constituents of π′
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and π, after restriction to the group Sp(4,AF ), are in the image of some theta
lifts Θ. These theta correspondences lift automorphic forms from orthogonal groups
arising from global simple algebras of rank 4 to automorphic forms on GSp(4). In
our case let D and D′ be the corresponding algebras, respectively. From the known
local properties of the theta lift it follows that

Dv
∼= D′

v (∀v �= v0),

since by Lemma 5.3 we would otherwise get a contradiction to the fact that

πv ∼= π′
v (∀v �= v0).

But then Dv0
∼= D′

v0 , as a consequence of the theorem of Hasse–Brauer–Noether.
Dv0

∼= D′
v0 implies that the constituents of both πv and π′

v (after restriction to
Sp(4, Fv)) either both belong or both do not belong to the local theta lift EΘglr

ε (σv).
Since this contradicts the assumptions, the proof of the first part of Lemma 5.4 is
complete.

The second part is shown similarly. Now D splits globally. Then [41], Theorem
5.7b or 8.1b, implies that the restriction of πv to Sp(4, Fv) is generic. By compact
induction also πv ⊗ μv, and hence πv is generic. This implies πv ∼= θ+(σv ⊗μv) =
θ+(σv)⊗ μv for some quadratic character. This proves part (2) of the lemma. �

The principle of exchange can be applied for an Archimedean place in the sit-
uation of Lemma 5.5, since in this case the assumption made in Lemma 5.4(1)
is satisfied. In fact, assume Fv0 = R and let πv0 and π′

v0 be representations in
the local Archimedean L-packet {πW∞ , πH∞} = {π+(σ∞), π−(σ∞)} attached to a
discrete series representation σ∞ of M∞. By Lemma 5.5 πW ∈ EΘ+(σ∞) and
πH ∈ EΘ−(σ∞ ⊗ μ∞); hence, πH /∈ EΘ+(σ∞ ⊗ μ∞) for all μ∞ by Lemma 5.3.
Hence, the principle of exchange can be applied.

Lemma 5.5. Let Fv = R and π′
v = πW∞ and πv = πH∞, then the constituents of

π′
v restricted to Sp(4,R) have Whittaker models, whereas the constituents of πv

restricted to Sp(4,R) do not have a Whittaker model. Furthermore, πW ⊗ μv ∼=
πW , πH ⊗ μv ∼= πH for all quadratic characters μ∞, and also πW ∈ EΘ+(σ∞ ⊗
μ∞) and πH ∈ EΘ−(σ∞ ⊗ μ∞) for all quadratic characters μ∞.

Proof. Well known. �

5.3 The Multiplicity Formula

The main results obtained in this section are the following: the local–global principle
(Lemma 5.6) and the key formula. Under the assumptionF = Q and the assumption
that in the global L-packet of the representation π a representation exists for which
the Archimedean component π∞ belongs to the discrete series, Lemma 5.6 and the
key formula are proven in this section. This of course suffices for the applications in
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Chap. 2. The proof of Lemma 5.6 and key formula for general totally real number
fields and arbitrary cusp forms π is contained in Sects. 5.4 and 5.5. In this section we
also show that the local–global principle (Lemma 5.6) and the key formula imply
for arbitrary F and π certain corollaries (Corollaries 5.1–5.5), from which the main
Theorem 5.2 follows.

Let π be a cuspidal irreducible weak endoscopic lift attached to some irreducible
cuspidal representation σ of M(AF ). Write π = π∞ ⊗ πf , where π∞ denotes the
tensor product over all Archimedean components. Assume π is not CAP. Then σ is
cuspidal and σ �∼= σ∗ (Lemma 5.2(1)). For irreducible automorphic representations
of the group Gl(2,AF ) cuspidal implies generic. So the same is true for the group
M(AF ).

So Lemma 5.6 proves assertion (3) of the main theorem.

Lemma 5.6 (Local–Global Principle). Let π be a weak endoscopic lift contained
in the global L-packet attached to some generic, irreducible cuspidal automorphic
representation σ of M(A). Suppose π is cuspidal but not CAP. Then for all places
v of F the local components πv of π belong to the local L-packets {π±(σv)} and
{π+(σv)} of σv .

Proof of Lemma 5.6 for F = Q and π∞ in the discrete series (for the general case
see Sects. 5.4 and 5.5). By assumption π∞ is contained in some local Archimedean
L-packet {πW , πH} attached to a discrete series representation of M∞. From the
topological trace formula we have the

Weak Multiplicity Formula (Corollary 4.2). For F = Q and πf as above

m(πW∞ ⊗ πf )−m(πH∞ ⊗ πf ) = n(πf ),

where n(πf ) is zero if there exists a non-Archimedean place v for which πv is not
contained in the local L-packet of σv, and where n(πf ) is equal to (−1)e(πf ) other-
wise. Here e(πf ) denotes the number of non-Archimedean places v for which πv ∼=
π−(σv) holds. Since e(πf ) < d(σ), this number is finite. Some comments: The mul-
tiplicity m(π) is the multiplicity of π in the discrete spectrum of G(AQ) or equiva-
lently the multiplicity in the cuspidal spectrum since π is not CAP. We remark that
the multiplicity formula above is a reformulation of Corollary 4.2. In fact we used
Corollary 4.4 to identify the multiplicities m1(πf ),m2(πf ) used in Corollary 4.2
with the multiplicities m1(πf ) = m(πH∞ ⊗ πf ) and m2(πf ) = m(πW∞ ⊗ πf ). We
also used the property that the normalizing sign ε from Corollary 4.2 is ε = −1
(Lemma 8.4). Also recall that in Corollary 4.2 the value n(πf ) =

∏
v �=∞ n(πv) is

defined in terms of the multiplicities n(πv) of πv in the local character expansion
r(σ(σv)) =

∑
n(πv) · πv for the local endoscopic lift r : RZ(Mv) → RZ(Gv).

The expression for n(πf ) in the form stated above follows from the structure of
the local L-packets of the local endoscopic lift r(σv) of a generic representation
σv of Mv. This was described in Sect. 4.11 and also in Sect. 5.1 of this chapter
in the non-Archimedean case and in Lemma 5.5 in the Archimedean case. The
L-packets consist of two representations π+(σv), π−(σv) if σv belongs to the dis-
crete series, and of one representation π+(σv) if σv does not belong to the discrete
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series. Among these only the representations π−(σv) do not have Whittaker models.
Hence, n(πv) = 0 unless πv is in the local L-packet of σv . Furthermore, n(πv) is
+1 or −1 otherwise, and the sign depends on the existence of a Whittaker model.

If πv is not in the local L-packet of σv , then v is non-Archimedean and the weak
multiplicity formula implies m(πW∞ ⊗ πf ) = m(πH∞ ⊗ πf ). But then m(π) > 0
and m(π′) > 0 for π = πW∞ ⊗ πf and π′ = πH∞ ⊗ πf . But this contradicts the
principle of exchange. By Lemma 5.5 the assumptions of Lemma 5.4 are satisfied
for the place v0 = ∞. Hence, Lemma 5.6 follows under the assumptions F = Q
and π∞ is in the discrete series.

Now let us return to the general case. In fact, suppose that Lemma 5.6 holds as-
suming the results obtained in Sects. 5.4 and 5.5. From Lemma 5.6 we now deduce
the next three corollaries. First recall from Sect. 5.1 the global (GSp(4), GO(V ))-
theta correspondence: For discrete series representations σv we constructed a global
irreducible automorphic cuspidal representation σ of M(AF ) and a nonvanishing
global theta lift π of σ with local components πv such that πv ∈ EΘ−(σv) which
do not have local Whittaker models. Hence, πv �∼= π+(σv) since π+(σv) has Whit-
taker models. This implies πv = π−(σv) (Lemma 5.6). In particular, π−(σv) is
in EΘ−(σv) and does not have local Whittaker models. Since we also know that
π+(σv) = θ+(σv) is generic, we obtain from Lemma 5.6 �

Corollary 5.1 (Local Endoscopic Lift = Theta Lift). Under the assumptions of
Lemma 5.6 the representations π±(σv) of the local L-packet attached to a discrete
series representation σv of Mv are the two Weil representations θ±(σv):

(a) Θglr
+ (σv) = {π+(σv)} = {θ+(σv)} for split D.

(b) Θ−(σv) = {π−(σv)} = {θ−(σv)} for nonsplit D.

In particular, π+(σv) has a local Whittaker model, whereas π−(σv) does not have
local Whittaker models.

Notice Lemma 5.6 and its Corollary 5.1 imply Proposition 5.1.

Corollary 5.2 (Whittaker Models). Suppose the assumptions of Lemma 5.6 are
satisfied. Let v be a place where σv belongs to the discrete series. Then π+(σv) ∈
Θ+(σv) has local Whittaker models, whereas π−(σv) ⊗ μv �∈ Θ+(σ) for all
(quadratic) characters μv, and these representations are cuspidal and do not have
local Whittaker models.

Proof. Follows from Corollary 5.2 and Lemmas 4.17 and 5.3. �

Corollary 5.3 (Refined Principle of Exchange). Suppose the assumptions of
Lemma 5.6 are satisfied. For the weak automorphic lift π = ⊗vπv of σ put
π′ = π′

v ⊗v �=v0 πv for an irreducible admissible representation π′
v of Gv . Then

for π′
v �∼= πv

m(π′) = 0.
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Proof. Supposem(π′) > 0 and π′
v �∼= πv . Then both π and π′ are weak automorphic

endoscopic lifts of σ. Hence, πv, π′
v ∈ {π+(σv), π−(σv)} by Lemma 5.6. Since

they are not isomorphic, we can apply the principle of exchange (Lemma 5.4),
because Corollaries 5.1 and 5.2 imply that all the assumptions of Lemma 5.4 are
now satisfied. Hence, m(π′) = 0 (Lemma 5.4), which completes the proof of
Corollary 5.3. �

Proof of the Remaining Assertions (4) and (5) of the Main Theorem. Suppose π is
an automorphic representation of G(AF ) as in the main theorem. π is irreducible,
cuspidal automorphic but not CAP, and π is a weak lift attached to some irreducible
automorphic representation σ ofM(AF ). Then, as already shown, σ is cuspidal and
its local components σv are generic. �

Conversely for an irreducible cuspidal automorphic representation σ = (σ1, σ2) of
M(AF ) consider the global L-packet of all weak endoscopic lifts attached to it.
Since we are mainly interested in cuspidal automorphic representations, assume

σ1 �∼= σ2

because otherwise the global L-packet attached to σ does not contain a cuspidal
representation (Lemma 5.2). See also Corollary 5.5. In fact, recall from Theorem 4.3

The Base Point of the L-packet. From a result obtained by Soudry this global
L-packet is nonempty and contains the representation π+(σ) =

∏
v π+(σv) as a

cuspidal automorphic representation with multiplicity m(π+(σ)) = 1.

In fact the situation in Theorem 4.3 is slightly more restrictive. So for the conve-
nience of the reader we sketch the argument.

Sketch of Proof. π+(σ) is the theta lift EΘ+(σ) (for the split case). By the assump-
tions regarding σ this theta lift does not vanish, and it is cuspidal since σ1 �∼= σ2.
Hence, m(π+(σ)) > 0. Then from a result obtained by Soudry

m(π+(σ)) = 1,

since every cuspidal representation which is isomorphic to π+(σ) has a global
Whittaker model. This follows from another result obtained by Soudry, namely,
since by construction π+(σ) is locally generic at all places v, it is enough to show
the nonvanishing of ζS(π+(σ), s) at Re(s) = 1 (if ω is normalized to be unitary).
But this nonvanishing follows immediately from the computations made in the proof
of Lemma 5.2, since under our assumptions the L-series LS(σ1 × σ̂2, s) does not
vanish on the line Re(s) = 1. This completes the proof of the claim. �

Corollary 5.1 now implies that for every representation π in the global L-packet
there exists a finite set of places S of F where πv does not have a Whittaker model
and such that
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π =
⊗

v∈S
π−(σv) ⊗

⊗

v/∈S
π+(σv).

Let e(π) = #S be cardinality of this uniquely defined set

S = S(π).

This is a subset of the finite set of places, where σv belongs to the discrete series.

Corollary 5.4. Suppose the assumptions of Lemma 5.6 are satisfied. Also suppose
the key formula (stated below) holds. Then for any π in the global L-packet of a
cuspidal irreducible representation σ with σ �∼= σ∗ the multiplicity mcusp(π) =
mdisc(π) is

m(π) =
1
2
(1 + (−1)e(π)), e(π) = #S(π).

In Other Words: m(π) = 1 for even e(π), and m(π) = 0 otherwise.

Proof. As in the proof of Lemma 5.4(2) this is true for e(π) < 2. So we may assume
e(π) ≥ 2. Pick two places v1 �= v2 which contribute to e(π). �

If some Archimedean πv belongs to the discrete series we assume v1 to be
Archimedean. More generally, let S be the set of places v where πv is in the
discrete series. Then we may assume v1 to be some fixed place of S. Now consider
the representation π′ of G(AF ), which is obtained from π by replacing the two
local representations πv1 and πv2 within their local L-packets. Since πv is in the
discrete series for v = v1, v2, the local L-packets both have cardinality 2 at v1 and
at v2. With this notation we formulate the

Key Formula. Let π be a weak endoscopic lift of a cuspidal automorphic represen-
tation σ with σ∗ �∼= σ. Suppose π is not a CAP representation and suppose e(π) ≥ 2.
Let π′ be defined as above by replacements at two places v1, v2, where π belongs to
the discrete series. Then m(π) +m(π′) > 0 implies that e(π) is even, and implies

m(π) +m(π′) = 2.

Continuation of the Proof of Corollary 5.4. It is clear that with this key formula
we can prove Corollary 5.4 by induction on e(π), by reduction to the known cases
e(π) = 0, 1, since every set S′ of even cardinality of the set of places where σv
belongs to the discrete series can be obtained by a finite number of exchanges at two
places of this set. It is of no harm to assume, in addition, that at one of the places,
say, v1 (for F = Q, e.g., the Archimedean place, if π∞ belongs to the discrete
series), σv1 remains unchanged. This impliesm(π′) = 1 orm(π′) = 0 by induction,
depending on whether e(π′) is even or odd. This proves Corollary 5.4. �

Proof of the Key Formula. We now prove it for F = Q and π∞ in the discrete series.
The general case is done in Sect. 5.4. Put π = πε2(σv2 )⊗ πε1(σv1) ⊗ πv1,v2 . Then
by the weak multiplicity formula, applied twice,
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(
m(πε2 (σv2)⊗ πε1(σv1 )⊗ πv1,v2)−m(πε2(σv2)⊗ π−ε1(σv1 )⊗ πv1,v2)

)

−(m(π−ε2(σv2)⊗ πε1(σv1 )⊗ πv1,v2)−m(π−ε2(σv2 )⊗ π−ε1(σv1 )⊗ πv1,v2)
)

= (−1)e(π) − (−1)e(π)±1 = 2 · (−1)e(π) = 2 · (−1)e(π).

By the principle of exchange, two of these multiplicities always vanish. If
m(πv1v2) > 0 or m(π) > 0, then m(π−ε2(σv2) ⊗ πε1(σv1) ⊗ πv1,v2) =
m(πε2(σv2 )⊗ π−ε1(σv1)⊗ πv1,v2) = 0 vanishes (Corollary 5.3). Hence,

m
(
πε2(σv2)⊗πε1(σv1)⊗πv1,v2

)
+m

(
π−ε2(σv2)⊗π−ε1(σv1)⊗πv1,v2

)
= 2 · (−1)e(π).

The left side is nonnegative by assumption, so e(π) is even andm(π)+m(π∞,v) =
2. This proves the key formula, and hence Corollary 5.4 and the main theorem (in
the special case). �

Corollary 5.5. Suppose that σ is a (generic) irreducible cuspidal representation of
M(AF ) = Gl(2,AF ) × Gl(2,AF )/A∗

F . Suppose σ = JL(σ̌) is the Jacquet–
Langlands lift of an irreducible representation σ̌ of some inner form D∗(A) ×
D∗(A)/A∗ of M(A), where D is a quaternion algebra. Then the corresponding
theta lift ΘD(σ̌) does not vanish.

Remark 5.4. The corresponding statement for D∗ = Gl(2) is easier and follows
from the existence of Whittaker models. See [41] or Chap. 4. See also the discussion
preceding Corollary 5.4.

Proof of Corollary 5.5. Suppose σ1
∼= σ2. Consider the theta lift ΘD(σ) and its

zero Fourier coefficient with respect to the maximal parabolic Q, which is not the
Siegel parabolic. In the classical theory of Siegel modular forms this corresponds to
considering the Siegel φ-operator. As a representation of theGl(2,AF )-factor of the
Levi component, this Fourier coefficient essentially defines the Jacquet–Langlands
lift attached to the automorphic representation σ̌1

∼= σ̌2 of D∗(AF ) (for details
we refer to [41] and Chap. 4, Corollary 4.13). Since the Jacquet–Langlands lift is
always nontrivial, this implies that the theta lift ΘD(σ) is not trivial. In particular, it
is not cuspidal under the assumption σ1

∼= σ2.
To prove the first assertion we can now assume σ1 �∼= σ2. We will then show

that the theta lift ΘD(σ) does not vanish. Let S be the set of nonsplit places of
the quaternion algebra D. As the cardinality of S is even, the multiplicity of the
representation π =

∏
v∈S π−(σv)⊗

∏
v/∈S π+(σv) is 1 by Corollary 5.4. Hence, in

particular, it is not zero, and π is therefore a cuspidal automorphic representation.
As π is a weak endoscopic lift by definition, Proposition 5.1 implies that π is a
theta lift. The set S of places where πv does not have a Whittaker model is the
set of nonsplit places of the corresponding algebra by Corollary 5.1. Hence, this
algebra is D. But then by Proposition 5.2 π is a theta lift of type ΘD(σ) or ΘD(σ∗).
But ΘD(σ) = ΘD(σ∗) since the theta lift was originally defined by passing from
M = GSO(4) to GO(4) (we refer to the remarks at the end of Sect. 5.1). Hence the
claim follows. This proves Corollary 5.5. �
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5.4 Local and Global Trace Identities

We say a locally constant function fv on Gv with compact support on Gv satis-
fies the condition (RS), if its support is contained in the locus of regular points.
A semisimple element of Gv is called elliptic if it is an element of an elliptic
Cartan subgroup. The set of regular elliptic points is open in Gv . For locally con-
stant functions fv on Gv with compact support we say condition (ES) holds if
the support is contained in the regular elliptic locus. Condition (ES) implies that
all the orbital integrals OGv

γv
(fv) of fv vanish for Gv-regular nonelliptic elements

γv ∈ Gv = GSp(4, Fv)

OGv
γv

(fv) = 0 for γv regular and not elliptic.

Hence, fv ∈ A(Gv) in the sense of [44]. And fv ∈ A(Gv) implies that fv is
cuspidal in the sense of [6], p. 538. By definition, this means (fv)Mv = 0 for all
Levi subgroups Mv �= Gv of Gv , or equivalently by the adjunction formula for
induced representations

tr πv(fv) = 0, for all πv = IndGv

Pv
(σv).

Here πv runs over all induced representations of tempered representations σv ofMv

for proper parabolic subgroups Pv = MvNv. See [5], p. 328.
We say condition (∗)v holds for fv if the stable orbital SOGv

γv
(fv) of fv vanishes

for all regular semisimple γv ∈ Gv
(∗)v SOGv

γv
(fv) = 0 (for all γv regular semisimple).

Since unstable tori of the group Gv = GSp(4, Fv) are elliptic, the orbital integrals
and stable orbital coincide for regular points outside the elliptic locus. Hence, con-
dition (∗)v implies OGv

γv
(fv) = 0 for all regular nonelliptic γv .

Let G̃v ⊆ Gv denote the subgroup of elements whose value under the similitude
character is a square in (Fv)∗. Then tr (πv ⊗ μv)(fv) = tr πv(fv) for all quadratic
characters μv , if supp(fv) ⊆ G̃v . Note G̃v = Zv ·Sp(4, Fv), and G̃v is open inGv .
Every element in Gv, which is stably conjugate to an element of G̃v , is contained
in G̃v .

Remark 5.5. We later use the following auxiliary result, which is related to
Proposition 5.3. For Fv = R there exists some σv in the discrete series and
some K-finite infinitely differentiable function fv with compact support satisfying
(∗)v and tr π−(σv)(fv) > 0. This is constructed by smooth truncation of a func-
tion fπ+(σv) − fπ+(σv), where fπ±(σv) are pseudocoefficients. We leave this as an
exercise. See also [91], (4.7.1).

Lemma 5.7 (Stability). For σv in the discrete series of Mv, the character T of
π+(σv) ⊕ π−(σv) is a stable distribution. In other words, for any locally constant
function fv on Gv , condition (∗)v implies T (fv) = 0.
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Proof of Lemma 5.7. In the Archimedean case this follows from [90], Lemma 5.2.
In the non-Archimedean case one can argue as in [76], Proposition 12.5.3 and
Corollary 12.5, to show that the stability of a distribution T is equivalent to the
statement < T, r(ρv) >e= 0 for all discrete series representations ρv of Mv. Since
for T = tr π+(σv) + tr π−(σv) the latter means < π+(σv) + π−(σv), π+(ρv) −
π−(ρv) >e = 0, this follows from the scalar product formulas proved in Chap. 4,
Lemma 4.22. There are two cases that have to be distinguished. Either σv �∼= σ∗

v .
Then we can apply the orthogonality relations, since both π±(σv) belong to the dis-
crete series, and since furthermore πε(σv) ∼= πε′ (ρv) implies σv ∼= ρv and ε = ε′.
Or σv ∼= σ∗

v . Then < πε(σv), πε′(ρv) >e = 1 for σv ∼= ρv and is zero otherwise as
shown in Chap. 4. So this gives the proof. �

Remark 5.6. The same argument proves stability for the traces T = tr πv of dis-
crete series representations πv of Gv for which πv is not isomorphic to one of the
representations π±(σv), σv in the discrete series.

Lemma 5.7 implies the existence of auxiliary functions fv ∈ A(Gv) as follows

Proposition 5.3 (Instability). For σv in the discrete series of Mv, there exists a
locally constant function fv with condition (ES) and support in G̃v such that (∗)v
holds and such that tr π−(σv) > 0.

Proof of Proposition 5.3. We can assume v is non-Archimedean. Recall fv ∈
A(Gv), and this implies T (fv) = 0 for T = tr π+(σv)+ tr π−(σv) by Lemma 5.7.
Therefore, tr π−(σv)(fv) > 0 and tr r(σv)(fv) < 0 are equivalent statements.
Hence, it is enough to show tr σv(fMv

v ) < 0 for a matching function fMv
v . The

character of σv does not vanish in any neighborhood of the identity element for
at least one elliptic torus Tv in Mv. Such a Tv defines two conjugacy classes of
tori in Gv , which are stable conjugate, together with admissible isomorphisms be-
tween Tv and these tori. Since regular points are smooth points of the conjuga-
tion map, one can easily construct matching functions fv and fMv

v with support in
these tori sufficiently near to the identity such that (∗)v holds for fv, but such that
tr σv(fMv

v ) < 0. This is done by the implicit function theorem. Simply consider
bump functions fv with small support near γv ∈ Tv such that SOGv

γv
(fv) = 0 and

such that Oκγv
(fv) = SOMv

γv
(fMv
v ) �= 0 for a corresponding bump function with

sufficiently small support near γv . Then the support of fv is in G̃v, and fv satisfies
(ES). Furthermore, tr r(fv) < 0 and fv ∈ A(Gv). This proves the claim. �

We now prove the following results.

Proposition 5.4. For irreducible σv in the discrete series EΘ−(σv) = {π−(σv)}.

Proposition 5.5. Suppose σv is irreducible and generic. Then πv ∈ EΘglr
+ (σv) im-

plies πv ∼= θ+(σv).

In some cases these statements are known already, for instance, in the Archimedean
case. For p-adic fields (completions of Q), Proposition 5.3 follows from the density
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lemma (Chap. 4, Sect. 5.1) and Lemma 5.6 in Sect. 5.3. Still another case: If σv is
cuspidal non-Archimedean such that σv ∼= σ∗

v , then EΘ+(σv) = {π+(σv)} (see
Chap. 4 and [106], p. 64, lines 10-15, and p. 55), which is stronger than Proposi-
tion 5.5. The distribution T of Lemma 5.7 is stable in this case for a trivial reason.
Namely π+(σv) and π−(σv) are the two constituents of an induced representation
called 1 × σv (Lemma 4.19). Since the orbital integral of any fv ∈ A(Gv) has el-
liptic support, this implies T (fv) = 0 since the trace of the induced representation
1× σv vanishes on the regular elliptic locus. In particular, we obtain

Auxiliary functions. For non-Archimedean p-adic local fields Fv and given an
irreducible cuspidal representation σv with σv ∼= σ∗

v , there exist functions fv ∈
A(Gv) with support in the regular elliptic point of G̃v such that tr πv(fv) > 0
holds for all πv ∈ EΘ−(σv ⊗ μv), μv quadratic.

Proof of Proposition 5.4. The Archimedean case is well known, so assume v is non-
Archimedean.

Suppose for some σv in the discrete series of Mv the assertion of Proposition 5.4 is
false. Then there is a πv ∈ EΘ−(σv) not isomorphic to π−(σv). Choose a global
field F for the given local field Fv such that the central character of σv is induced
from a grössen character ω of F . For reasons to become clear soon, we write v′′ for
the place v from now on.

We choose additional auxiliary non-Archimedean places v, v′, for which F/Q is
split. Choose σv, σv′ at these auxiliary places in the discrete series such that σv ∼= σ∗

v

and σv′ ∼= σ∗
v′ with central characters ωv ωv′ , respectively. Then we fix auxiliary

functions fv ∈ A(Gv) and fv′ ∈ A(Gv′) with condition (ES) and support in G̃v
and G̃v′ , respectively, as constructed above (Proposition 5.3).

By the density lemma formulated in Sect. 5.1 and the appropriate choice of cen-
tral characters, we find a global cuspidal automorphic representation σ of M(AF )
such that σ �∼= σ∗ realizes the given discrete series representations σv , σv′ , and σv′′
at the places v, v′, and v′′. Consider the set C of classes of irreducible cuspidal
automorphic representation π′ in the global L-packet of σ, which specialize to the
given representations π−(σv), π−(σv′), and πv′′ at the places v, v′,and v′′. Such a
π′ is never CAP , and by the density lemma we can assume C is nonempty.

We now apply Lemma 5.8 from Sect. 5.5 for the auxiliary functions fv, fv′ cho-
sen above. Hence, conditions (ii), (iv), (v), and (vi) of Lemma 5.8 hold for w = v.
For our choice of π (i) and (iii) are also satisfied. Furthermore, fv′′ may be arbi-
trary. Then all assumptions for Lemma 5.8 are satisfied. We get – since fv′′ is now
arbitrary –

∑

π′,(π′)v,v′=πv,v′
m(π′) · tr π′

v(fv) · tr π′
v′ (fv′) = 0.

The right side vanishes, since πv′′ �∼= π±(σv′′ ) at the local place v′′, where we orig-
inally started from. Furthermore, as we know, the summation is over theta lifts.
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Hence, every π′
v is in EΘ±(σv) up to a quadratic character twist (Lemma 5.2,

part 1), and similarly for π′
v′ .

Since the places v, v′ are split in F , they are p-adic. Hence EΘ−(σv) =
{π−(σv)} from Sect. 5.3, and similarly EΘ−(σv′ ) = {π−(σv′)}. From our choice
of fv, fv′ (Proposition 5.4), therefore,

tr π′
v(fv) · tr π′

v′(fv′) > 0

holds for all relevant π′ in the sum, unless either πv ∈ EΘ+(σv) or πv′ ∈ EΘ+(σv′)
holds up to quadratic character twists. But then the principle of exchange at v or v′,
respectively (Lemma 5.4), implies that πv and πv′ must be both in the plus space.
From the assumption σv ∼= σ∗

v and σv′ ∼= σ∗
v′ , we know from [106] that EΘ+(σv) =

{θ+(σv)} and EΘ+(σv′ ) = {θ+(σv′ )}. Hence, tr π′
v(fv) = tr π′

v ⊗ μ′
v(fv) =

tr π+(σv)(fv) = −tr π−(σv)(fv), and similarly at the place v′. Since the signs of
v and v′ cancel, again

tr π′
v(fv) · tr π′

v′(fv′) > 0.

In other words, this term is positive for all relevant π′ appearing in the trace formula
stated above. Furthermore, m(π′) ≥ 0 and m(π) ≥ 1. Since the total sum of the
terms tr π′

v(fv) · tr π′
v′(fv′) is zero, this gives a contradiction and completes the

proof of Proposition 5.4. �

Proof of Proposition 5.5. Fix a global cuspidal representation σ �∼= σ∗ of M(AF )
for some number field F . An irreducible cuspidal automorphic representation π in
the global L-packet of σ will be called strange if for some place it is strange locally,
i.e., if πv ∈ EΘglr

+ (σv) for πv �∼= π+(σv). Notice such a v is never Archimedean,
since in this case the theta lift is understood well enough. We therefore have to show
that strange representations π cannot arise at non-Archimedean places.

For any π′ in the global L-packet attached to σ let S = S(π′) be the set of places v
where π′

v ∈ EΘ−(σv) holds up to some quadratic character twist. If strange π exist
in this L-packet, we choose π to be minimal with respect to the cardinality of S(π)
among all the strange π in this L-packet. For this π there exists a non-Archimedean
place v′′ where πv′′ is strange locally.

We claim the cardinality of S(π) is 2 or more. Otherwise the underlying quater-
nion algebraD = D(π) would be split and S = ∅ (second assertion of Lemma 5.4).
In this situation the corresponding theta lift is locally and also globally generic ac-
cording to results obtained by Howe and Piatetski-Shapiro [41] and also by Soudry.
But this implies πv ∼= θ+(σv) for all v, which contradicts the strangeness assump-
tion. For this recall from [96] and Sect. 5.1 that there is at most one class of irre-
ducible generic representation in Θ+(σv). It follows that #S(π) ≥ 2.

Fix two different places v, v′ in S = S(π). Choose fv, fv′ to be cuspidal with
supp(fv) ⊆ G̃v and supp(fv′) ⊆ G̃v′ such that fv, fv′ satisfy (∗)v ad (∗)v′ , respec-
tively. Furthermore, suppose tr πv(fv) > 0 and tr πv′(fv′) > 0 (Proposition 5.3).

Furthermore, choose an auxiliary non-Archimedean place w �= v, v′, v′′ of
residue characteristic different from 2, where σw and πw = π+(σw) are unramified.
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In particular, w �∈ S(π). Choose fw with regular support contained in G̃w such that
tr π+(σw)(fw) > 0. For example, take a bump function with support in the max-
imal split torus concentrated at a regular point near the origin, where the character
of the unramified representation π+(σw) is nontrivial. Then, in particular, condition
(RS) holds.

With these data fixed we apply Lemma 5.8 from Sect. 5.5. This gives
∑

π′,(π′)v,v′,w=πv,v′,w

m(π′) · tr π′
v(fv) · tr π′

v′(fv′) · tr π′
w(fw) = 0.

The right side vanishes since πv′′ �∼= π±(σv′′ ) at the place v′′ where πv′′ is locally
strange.

The minimality of π and Propositions 5.3 and 5.4 imply π′
v ∈ EΘ−(σv)

(up to quadratic character twists) for all π′ which contribute to the trace for-
mula above, i.e., those π′ which are isomorphic to π outside v, v′. The same as-
sertion is true at the place v′. Hence, tr π′

v(fv) = tr π−(fv) > 0 and also
for the place v′, by our choice of test functions. It remains for us to consider
the auxiliary place w. Here π′

w ⊗ μw ∈ EΘ+(σw) holds up to some quadratic
character μw. The unramified Sp–O Howe correspondence matches unramified
representations with unramified representations. Hence, the restriction of π′

w to
Sp(4, Fw) contains an unramified representation since σw was unramified by as-
sumption. Hence, up to a quadratic character twist both πw and π′

w are constituents
of IndGw

Zw·Sp(4,Fw)(π̃
′
w) for the same irreducible unramified representation π̃′

w of

G̃w. This implies π′
w = χw ⊗ πw for some quadratic character χw [104], p. 480,

line 5. Therefore, tr π′
w(fw) = tr πw(σw) > 0 holds independently of π′, because

the support fw is contained in G̃w. This gives a contradiction, since in the trace
formula above all these nonnegative terms should sum to zero with at least one of
them being positive (for π itself). Hence, there are no strange representations π in
the global L-packet of σ. Proposition 5.5 is proven. �

To complete the proof of Theorem 5.2 and also to obtain all the results stated in
Sects. 5.2 and 5.3 in full generality, it remains to prove the key formula and the
local–global principle (Lemma 5.6) stated in Sect. 5.3. The essential part of the
local–global principle is stated in Propositions 5.4 and 5.5. What remains to ob-
tain Lemma 5.6 will be shown below together with the key formula (as stated in
Sect. 5.3). So once more we exploit the trace formula.

Proof. Let σ �∼= σ∗ be a cuspidal irreducible automorphic representation ofM(AF ).
Then any π in the global L-packet attached to σ is not CAP. Fix π and suppose
e(π) ≥ 2. Choose two places {v, v′} in S(π) and consider Lemma 5.8 in Sect. 5.5
in the special case where the assumptions (∗)v and (∗)v′ hold simultaneously. In
particular, the functions fv, fv′ are cuspidal. We choose fv and fv′ so that a+ �= 0
and a′+ �= 0, respectively, and condition (ES) holds in addition with supports in
G̃v and G̃v′ , respectively. This is possible by Proposition 5.3. Lemma 5.7 im-
plies a− = −a+ �= 0 and a′− = a′+ �= 0, where we used the abbreviations
a± := tr π′

±ε(σv)(fv) and a′± := tr π′
±ε′(σv′ )(fv′). To satisfy assumption (vi)
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in Sect. 5.5, if both v and v′ are Archimedean, we also choose some additional non-
Archimedean place w and some function fw as in the proof of Proposition 5.5.

The semilocal trace identity of Lemma 5.8 in this case is simplified considerably.
This means that in the sum

∑′
adisc(π′

vπ
′
v′π

′
wπ

vv′w) · tr π′
v(fv) · tr π′

v′(fv′) ·
trπ′

w(fw) only those representations π′ contribute whose local components are in
the local L-packet of σ at least up to a quadratic character twist. In particular, πw is
unramified up to a quadratic character twist. In fact all this follows from the last two
propositions, and the arguments used for their proof. By the support conditions of
fv, fv′ , and fw, quadratic character twists do not have an effect on the trace. There-
fore, the contribution tr π′

w(fw) = tr π+(fw) �= 0 is independent of π′ and can
be canceled from both sides of the semilocal identity. Similarly, the nonvanishing
terms a+ = −a− �= 0 and a′+ = −a′− �= 0 are independent of π′. Canceling these
terms therefore gives M++ +M+− +M−+ +M−− = 2(−1)e(π).

Here Mε,ε′ is the sum over all multiplicities m(π′) over all π′ such that π′ ⊗
μvμv′μw ∼= πε(σv)πε′(σv)πvv

′
for some local quadratic characters μv, μv′ , and

μw. Since the right side 2(−1)e(π) equals the left side, which is zero or more, we
get 2|e(π). Furthermore, by the principle of exchange, the conditionM++ > 0 (note
m++ > 0 by assumption) implies M−+ = M+− = 0. Hence, M++ + M−− = 2
and e(π) is even. This almost completes the proof of the key formula. In fact we
know M(π′) = 1 from Lemma 5.4 part 2, if the cardinality of S(π′) is 0, 1. So
by induction on this cardinality, the argument surrounding the statement of the key
formula in Sect. 5.3 proves M++ = M−− = 1. It only remains for us to show
m(π′) = 0 unless πv and πv′ are in the local L-packet of σv and σv′ , respectively.
For πv ∈ μv ⊗ Θ+(σv) this follows with the same argument used in the proof of
Proposition 5.5. In particular, we always get π′

w
∼= π+(σw) at the auxiliary place w.

(This could also be seen by moving this place around, i.e., changing to some other
place where σw is unramified and where π′ = πw(σw) holds.) So by the symmetry
of v, v′ it only remains to show m(π′) = 0 whenever π′

v
∼= μv ⊗ π−(σv) holds for

some quadratic character μv but π′
v �∼= π−(σv) . Assume this were not true. To obtain

a contradiction, again apply the trace formula with fv′ , fw as above, but now with fv
satisfying only condition (ES) but being arbitrary otherwise. Still the assumptions
of Lemma 5.8 in Sect. 5.5 are satisfied. From this we obtain a contradiction, pro-
vided the characters χ1 and χ2 of μv ⊗ π−(σv) and π−(σv) are linear-independent
on the regular elliptic locus of Gv (the support of fv). Notice the first character,
χ1, appears on the left side of the trace identity, whereas the other character, χ2,
appears on the endoscopic left side of the assertion in Lemma 5.8. So it remains
for us to show that linear independence holds on the elliptic locus. For σv �∼= σ∗

v

both representations are cuspidal and the claimed linear independence follows from
the orthogonality relations for cuspidal characters with respect to the elliptic scalar
product. If σv ∼= σ∗

v , both representations do not belong to the discrete series. But
in this case the distribution T of Lemma 5.7 vanishes on the regular elliptic locus.
Hence, −2χ1 = r(μv ⊗ σv) and −2χ2 = r(σv) holds on the regular elliptic locus,
so the linear independence of χ1, χ2 on the elliptic locus follows from the corre-
sponding linear independence of μv ⊗ σv and σv . Since these representations are in
the discrete series, and since they are not isomorphic by our assumptions, they are
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linear-independent on the regular elliptic locus of Mv. This contradiction implies
that any π′ in the global L-packet with m(π′) > 0 has its local components π′

v in
the local L-packet attached to σv for all places v of F . In other words, the local–
global principle holds. This, together with the multiplicity result obtained above,
implies the key formula. �

Remark 5.7. If we relax the assumptions on σ = (σ1, σ2) in definition 5.1, we
can similarly consider the case where σ1 is one-dimensional. If σ2 is in the discrete
series, this is the situation considered in [3]. With the results on L-series shown
in [69] (instead of the results obtained by Soudry used in the non-CAP case), the
coefficients adisc can be worked out directly, and the arguments from above should
extend to give a characterization of the CAP representation in terms of the local
Arthur packets. This indeed would give a refined description of the Saito–Kurokawa
lift in term of local Arthur packets.

5.5 Appendix on Arthur’s Trace Formula

In this appendix we apply the Arthur trace formula. We deduce from it certain lo-
cal character identities, whose coefficients contain global information. We therefore
refer to them as semilocal character relations. This semilocal character identities
are useful for several reasons. First, they are the starting point for the proof of the
local character identities of the endoscopic lift r in Sect. 5.1. Next, we used them
in Sect. 5.4 to show local statements like the stability lemma. Finally, they provide
global information, once the local concepts are well understood. For this reason, and
to be flexible enough for all these applications, we formulate a number of technical
conditions. Under these conditions we prove the semilocal character identities in
Lemma 5.8.

Make the following assumptions (i)–(vi):

(i) Let σ be an irreducible automorphic representation of M(AF ) with σv , σv′ in
the discrete series for at least two different places v, v′.

(ii) Suppose that σ is cuspidal and σ �∼= σ∗. Then the global L-packet of σ contains
cuspidal representations. These are not CAP representations, since otherwise
there would exist poles for partial degree 4 or 5 L-functions of π, which contra-
dict the cuspidality of σ. See Sect. 5.2.

Choose signs ε, ε′ ∈ {±}. Consider the representations π = πε(σv) ⊗ πε′(σv′ ) ⊗
πv,v

′
and π′ = π−ε(σv)⊗ π−ε′(σv′ )⊗ πv,v′ in the global L-packet of the weak lift

of σ. We write π = π++, π′ = π−− in the following. Let m = m++ = m(π) and
m′ = m−− = m(π′) denote their multiplicity in the discrete spectrum of G(AF ).
Assume:

(iii) m++ +m−− > 0.

From (iii) it follows that either π or π′ is an automorphic representation. By switch-
ing ε, ε′ into their negatives, we can assume without loss of generality m(π) > 0.
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Then the restriction of π to Sp(4,AF ) is a theta lift and is cuspidal (Lemma 5.2). It
is not CAP by assumption (i). So π and π′ only contribute to the cuspidal spectrum.
Every automorphic representation in the discrete spectrum isomorphic to π or π′ be-
longs to the cuspidal spectrum. This follows from Langlands results on spectral de-
composition and the fact that π is not CAP . Therefore, putm = m++ = mcusp(π)
and m′ = m−− = mcusp(π′).

Now the essential conditions:

(iv) Let fv, fv′ be locally compact functions with compact support on Gv and Gv′ ,
respectively, which are in the Hecke algebra in the sense of [6]. Assume that
both functions have vanishing orbital integrals at regular nonelliptic semisim-
ple elements. In particular, they are cuspidal.

(v) Assume that either condition (∗)v or condition (∗)v′ holds.

Furthermore, suppose:

(vi) Condition (RS) holds for the test function fw at least at one auxiliary non-
Archimedean place w, and the case w ∈ {v, v′} is not excluded.

Lemma 5.8. Suppose assumptions (i)–(vi) hold. Then

′∑

π′
adisc(π′

vπ
′
v′π

′
wπ

vv′ ) · tr π′
v(fv) · tr π′

v′(fv′) · tr π′(fw)

is either zero if for a place v′′ �= v, v′, w the class of πv′′ satisfies πv′′ �∈ {π±(σv′′ )},
or equal to

1
2
(−1)e(π)(a+ − a−)(a′+ − a′−) · T̃ (fw)

otherwise. Here T̃ = tr π+(σw) − tr π−(σw) if σw is in the discrete series and
T̃ = tr π+(σw) otherwise.

Concerning the Notation. In these formulas the summation
∑′ is over all classes

of global representations π′ in the global L-packet of σ for which (π′)v,v
′,w ∼=

πv,v
′,w holds. Here a± and a′± are abbreviations for a± = tr π′

±ε(σv)(fv) and
a′± = tr π′

±ε′(σv′ )(fv′), respectively. The coefficients aεε′ are zero unless the cor-

responding multiplicities mεε′ of the weak lifts πε(σv)πε′ (σv′ )πv,v
′

in the discrete
spectrum are nonzero. In fact they are equal to the multiplicities of these represen-
tations. This follows from [6] (see the references given below) and the Langlands
theory of spectral decomposition, since by assumption (ii) all these representations
are not CAP, as explained above. In fact a++ := aGdisc(π) = mcusp(π) for any π in
the weak lift of σ, which is in the discrete spectrum and is similar for all π′ in the
global L-packet of σ.

Proof. For simplicity we suppose for the proofm(π) > 0, as above.

We apply the results obtained by Arthur [6] concerning the trace formula for
G(AF ). Choose any test functions fλ for the places λ �= v, v′, w and put f =
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∏
λ fλ. By assumption fv and f ′

v are cuspidal. So the orbital integrals of these two
functions vanish outside the regular elliptic locus and these functions are cuspidal
in the sense of [6], p. 538. Since f is cuspidal at the two different places v, v′, the
Arthur trace formula is simplified. The spectral side is a sum over the traces of the
discrete spectrum suitably ordered using the Archimedean infinitesimal characters
([6], Theorem 7.1 and Corollary 7.2) using the notation from [6]

∑

π′
aGdisc(π

′) · IG(f).

Notice IG(π′, f) = tr π′(f) in the notation in [5], p. 325. The coefficients aGdisc(π
′)

are complex numbers, and by grouping together the linear combinations of weighted
characters defined in [6], formula (4.3), we have

∑

M0⊆L0⊆G0

|WL0
0 ||WG

0 |−1
∑

s

|det(s−1)|−1
aG

L0

· tr
(

MQ0|sQ0(0)◦ρQ0,t(s, 0, f
1)
)

.

Here ρQ0,t is an induced representation, induced from the partL2
disc,t(L0(F )AL0,∞

\L0(AF )) of the discrete spectrum of the Levi subgroupL0. If π′ is cuspidal but not
CAP, only L0 = G0 contributes to the coefficient adisc(π) and the sum becomes the
trace of f on L2

disc,t(L0(F )AL0,∞ \ L0(AF )). Hence, adisc(π) = mcusp(π) holds
in this case. In general, of course, adisc(π) = 0 unless mdisc(π′) �= 0.

Concerning the geometric side of this trace formula, we obtain from [6],
Corollary 7.2, ∑

γ∈(G(F ))G,S

aG(S, γ)IG(γ, f).

Here IG(γ, f) is the global orbital integral OGγ (f) =
∏
v O

Gv
γv

(fv) of f (see [6],
p. 325). Moreover, by our assumption (vi) regarding fw, the orbital integral at w
vanishes unless γw is regular semisimple. This implies γ is regular semisimple.
Moreover, by our assumption (iv) regarding fv, fv′ , the geometric side only involves
regular elliptic terms (as in [6], Corollary 7.4). But in this case one can express
aG(S, γ) explicitly. As in [6], Corollary 7.4, one obtains the simpler expression for
the geometric side

∑

γ∈(G(F )ell)

vol(G(F, γ)AG,∞ \G(AF , γ))
∫

G(AF ,γ)\G(AF )

f(x−1γx)dx.

Here G(F, γ) = Zent(γ,G0)(F ). In our case G = G0. Furthermore, in our case
Gder is simply connected.

Stabilization of the elliptic terms of the geometric side as in [53], using the fun-
damental lemma proved in Chaps. 6–9, gives for the geometric side of the Arthur
trace formula a rearrangement in terms of stable orbital integrals for G and stable
orbital integrals for the endoscopic groupM
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∑

π′
adisc(π′) · tr π′(f) = STG,∗∗(f) +

1
4
STM,∗∗(fM ).

The ∗∗-condition on central terms in [53] can be ignored by the regular support
condition (vi) at the places w. Moreover, the global stable orbital STG,∗∗(f) =
STG(f) = 0 vanishes by the local assumption (∗)v or (∗)v′ of assumption (v)

STG,∗∗(f) +
1
4
STM,∗∗(fM ) =

1
4
STM,∗∗(fM ).

SinceM is quasisplit, the terms omitted in STM,∗∗(fM ) are again the central terms
of the stable (semisimple) trace STM(fM ) or preferably of a suitable stable trace
on the z-extension M̃ = Gl(2) × Gl(2). One of the functions fv, fv′ , fw satisfies
condition (RS). Without restriction of generality, suppose it is fv′ . Then there is a
matching function fMv′ with regular support by the implicit function theorem using
the smoothness of the regular locus of an elliptic torus. Furthermore, we can assume
that for the two places v, v′ the corresponding functions fMv , fMv′ have vanishing
orbital integrals for regular nonelliptic elements. Then

STM,∗∗(fM ) = STM (fM ).

The z-extension M̃ of M does not have nontrivial endoscopy. The strong cuspidal
condition (iv) is inherited by fM , as well as condition (vi). So again the geometric
side of Arthur’s trace formula for fM̃ is simple, and in particular only involves
elliptic regular terms. Hence, stabilization gives

1
4
STM,∗∗(fM ) =

1
4
T M̃ (fM̃ ).

If we compare the geometric terms T M̃ (fM̃ ) with the spectral side, the simple form
of the Arthur trace formula now applied for M̃ yields the character expansion

1
4
T M̃ (fM̃ ) =

1
4

∑

σ

adisc(⊗′
vσv) ·

∏

v

tr r(σv)(fv)

for the geometric side. The right side is a sum with σ running over the discrete
spectrum of M̃(AF ), suitably ordered. To obtain this formula we used the local
character identities tr σv(fM̃v

v ) = r(σv)(fv). By the multiplicity 1 theorem for
Gl(2) and M̃ and the spectral theory forGl(2), we get adisc(σ) = 1 for all cuspidal
representations σ = ⊗′

vσv . See [29, 42].
Notice the expansion for 1

4T
M̃ (fM̃ ) above is a character expansion in terms of

representations of G(AF ). It involves only representations π which are weak lifts
coming fromM . All local components πv that appear are in the localL-packet of an
underlying global representation σ in the discrete spectrum of M(AF ). Comparing
this character expansion with the one obtained from the trace formula for G(AF )
gives the
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Formula (CharIdent).

∑

π′
adisc(π′) · tr π′(f) =

1
4
·
∑

σ

adisc(σ) ·
∏

v

tr r(σv)(fv).

A fixed representation πv,v
′,w of G(Av,v′,w

F ) belongs to the global L-packet of a
fixed pair σ, σ∗ of representations of M(AF ). This follows from Proposition 5.2
and the strong multiplicity 1 theorem for M̃ . So the last character identity should
imply – so to say from the linear independence of characters of G(Av,v′,w

F ) and by
separating the component πv,v

′,w – the following semilocal identity: The term

′∑
adisc(π′

vπ
′
v′π

′
wπ

vv′w) · tr π′
v(fv) · tr π′

v′(fv′) · tr π′
w(fw)

is equal to

=
1
2
(−1)e(π)adisc(σ) · (a+ − a−) · (a′+ − a′−) · T̃ (fw)

if all local components of πv,v
′,w are in the localL-packets, and it is zero otherwise.

Since σ and σ∗ were supposed to be not isomorphic, and since both σ and σ∗

contribute (Proposition 5.2), we got the factor 1
2 instead of the factor 1

4 from the
sum over the σ on the right side. In the sum the representations vary over all π′ with
πv,v

′,w fixed up to isomorphism.
Since the Arthur trace formula is not known to converge absolutely, an easy argu-

ment which implies the linear independence of characters in the sense above is not
known at present. However, assumptions (vi) or (vi) put us into a situation where
the above semilocal identity can nevertheless be extracted from the global trace
formula.

To extract the semilocal identity stated above from the global Arthur trace for-
mula in this case one uses multipliers at the Archimedean places.

Multipliers. Let f∞ ∈ C∞
c (G∞,K∞) be a K∞-finite test function at the

Archimedean places. A W -invariant distribution α with compact support on the
Lie algebra of the standard Cartan subgroup h1 is called a multiplier. In our
cases h1 is the Lie algebra of a maximal split torus; for the general case see [6],
Sect. 6. Typical examples are elements in the center of the universal enveloping
algebra or W -invariant smooth functions with compact support. Multipliers α act
on C∞

c (G∞,K∞) in a natural way as shown by Arthur. Let f∞ 	→ (f∞)α de-
note this action. For an irreducible admissible unitary representation π∞ of G∞
let νπ denote its infinitesimal character viewed as a W -orbit in h1. Let tπ denote
the length of its imaginary part with respect to a suitable norm on h1 [6]. Then
π∞((f∞)α)) = α̂(νπ)π∞(f∞) for the Fourier transform α̂ of the distribution α.
Indeed this formula uniquely characterizes the action.
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Notice (f∞)α is cuspidal if f∞ is cuspidal. This is true since cuspidality is
characterized by the vanishing of the traces tr π∞(f∞) for all representations
π∞ which are properly induced from irreducible tempered representations. Since
tr π∞((f∞)α)) = α̂(νπ)tr π∞(f∞), this property is preserved.

Furthermore, the condition (∗)∞ is preserved by the action of multipliers.
See [97] and [6], Definition 1.2.1. Without restriction of generality Fv = R. Then
(∗)∞ is equivalent to T (f) = 0 for all characters T = tr π∞ of discrete series repre-
sentations ofGv not isomorphic to π±(σv), and for all T = tr π+(σv)+ tr π−(σv)
attached to discrete series representations σv of Mv and all characters T of repre-
sentations properly induced from tempered representations. This follows from [90],
Lemma 5.3. Furthermore, for an irreducible unitary representation σ∞ the infinites-
imal character νσ∞ determines the infinitesimal character ν± of the representations
π±(σ∞). Indeed

ν+ = ν− = ξ(νσ∞)

for a suitable “linear” map ξ, up to some shift. This follows from the description of
the endoscopic lift in terms of the theta correspondence or from [91], Lemma 4.2.1.
The precise nature of the map ξ is of no importance here. For νv = ξ(νσv ) this
implies for the Archimedean places v

T ((fv)α) = α̂(ξ(νv)) · T (fv) = ̂̃α(νv) · T (fv)

for α̃ = α ◦ ξ.
Multipliers act on the global K-finite test function f =

∏
v fv in C∞

c (G∞ ×
G((AF )f )) via their action on the Archimedean component f∞. Hence, the non-
Archimedean condition (vi) is preserved by the action of multipliers for trivial rea-
sons.

The infinitesimal character ν = νπ∞ of a unitary irreducible admissible repre-
sentation π∞ defines a W -orbit. Given ν, a smooth multiplier α is constructed on
p. 182ff of [8] such that for αm = α ∗ . . . ∗ α (m-fold convolution) the following
holds:

limm→∞
∑

π′
adisc(π′) · tr π′(fαm) =

∑

π′, νπ′=ν

adisc(π′) · tr π′(f).

Recall the left side is the spectral side of the Arthur trace formula in a simple form
(for our purposes f is supposed to satisfy the assumption of the trace hypothesis;
under the second assumption of condition (vi) this assumption is stable under the
action of multipliers). This sum is not necessarily absolutely convergent, so summa-
tion is with respect to a suitable ordering using the parameter tπ′ . The sum on the
right is absolutely convergent owing to the admissibility statement [6], Lemma 4.1.
Hence, linear independence of the characters involved holds in the sense of [42],
Lemma 16.1.1. We recall that for the above limit formula it suffices to know that
α̂(ν) = 1 and |α̂(νπ′)| < 1 unless the W -orbits of νπ′ and ν coincide.

A similar separation of the infinitesimal character can be obtained for the spectral
side of the simple trace formula for the endoscopic group. In fact, one can do better.
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For an irreducible unitary representation σ∞ the infinitesimal character νσ∞ deter-
mines the infinitesimal character ν± of the representations π±(σ∞), as explained
above: ν+ = ν− = ξ(νσ∞) for a suitable “linear” map ξ. For νv = ξ(νσv ) this
implies for the Archimedean places v

tr r(σv((fv)α)= α̂(ξ(νv))·tr r(σv)(fv)= α̂(ξ(νv))·tr σv((fv)Mv )= tr σv((fv)α̃)

for α̃ = α ◦ ξ. If we identify the domains of the functions α and α̃, as we may do,
we can symbolically write

(
(fv)α

)Mv =
(
fMv
v

)
α
.

In other words, the action of multipliers commutes with the endoscopic matching
condition. Since the Weyl group of Mv is a subgroup of the Weyl group of Gv , the
smooth multiplier α for Gv can therefore be considered as a smooth (∗-invariant)
multiplier for Mv. This being said, we can consider the formulas (CharIdent) from
above for the various test functions fαm . From the spectral limit formulas both for
G and for M we obtain for m→∞

∑

π′,νπ′=ξ(ν)

adisc(π′) · tr π′(f) =
1
4
·
∑

σ, νσ=ν

adisc(σ) ·
∏

v

tr σv((fv)Mv )

=
1
4
·
∑

σ, νσ=ν

adisc(σ) ·
∏

v

tr r(σv)(fv).

From this formula [6], Lemma 4.1, and [42], Lemma 16.1.1, the semilocal identity
follows. This completes the proof of Lemma 5.8. �

Proof of formula (0). See page 180. We now explain how to obtain formula (0) in
the non-p-adic case as a complement of the proof of Lemma 5.8. For this choose
v, v′ as in Lemma 5.8 to be Archimedean for a suitable chosen auxiliary number
field F , and a suitably chosen auxiliary global irreducible cuspidal automorphic
representation σ �∼= σ∗ of M(AF ), and we choose w to be some auxiliary “harm-
less” place, where the global representation σ is unramified and for which the norm
of w is sufficiently large. Furthermore, we choose F and σ so that for some addi-
tional auxiliary non-Archimedean place w′, where F/Q splits with residue char-
acteristic different from 2, σ∗

w′ �∼= σw′ holds and is cuspidal. Then π±(σw′) are
cuspidal and up to character twists the only representations in EΘ±(σw′′) (see
Proposition 5.1 for the notation). Indeed, the statement on the theta lift uses Wald-
spurger’s proof of the Howe duality for the dual pair Sp(4)×O(4), whereas the cus-
pidality statement uses what we already considered the case of local fields, which
are completions of Q, in Theorem 4.5. For the Archimedean places we choose fv
to be some fixed auxiliary cuspidal function in the Hecke algebra satisfying (∗)v
such that a− = −a+ = tr π−(σv)(fv) > 0 (notation as in Sect. 5.4). At the
Archimedean place v′ we choose two functions fv′ such that tr π+(σv′)(fv′ ) = 0
and tr π−(σv′)(fv′) = 1 or vice versa. At the place w′ we choose a function fw′
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in the Hecke algebra whose traces separate the finitely many cuspidal represen-
tations of Gv which appear in the packets EΘ±(σw′) of the theta lift twisted by
quadratic characters. For this we can assume fw′ to be a linear combination of ma-
trix coefficients of these finitely many cuspidal representations. Finally fw is cho-
sen with regular support in a maximal split torus of Gw. With these choices the
global trace formula is considerably simplified, as observed by Deligne–Kazhdan,
by Arthur and by Henniart. In particular, on the spectral side only the cuspidal auto-
morphic spectrum contributes, owing to the cuspidal matrix coefficients fw′ at the
non-Archimedean place w′. This makes the use of multipliers, which were neces-
sary in the more complicated situation of Lemma 5.8, superfluous. Secondly, the fw′

chosen completely suffice for the detection of all local constituents of global endo-
scopic lifts at the place w′. This is due to Lemma 5.2. The next observation is that
“moving” the unramified auxiliary place w to become “sufficiently large” allows
us to get rid of the influence of fw in the trace formula. This follows from well-
known finiteness results (i.e., apply the same trick as in the proof of Lemma 5.6 and
of the key formula at the end of Sect. 5.4). Furthermore, similarly as for the place
w′, Lemmas 5.2–5.5 in Sect. 5.2 control the Archimedean constituents of the global
endoscopic lift. So the fv′ chosen again completely detect all local constituents of
global endoscopic lifts at the place v′ (Lemmas 5.2 and 5.5 in Sect. 5.2). With these
choices made, we can now follow the arguments in the proof of Lemma 5.8 mutatis
mutandis to obtain

∑

π′
m(π′

v ⊗ (π′)v) · tr π′(fv) =
1
2
(a+ − a−)

∏

w �=v
n(σw , π′

w),

where π′ = π′
v⊗(π′)v runs over all global cuspidal representations, which are weak

endoscopic lifts (in the sense of Sect. 5.2) of our fixed auxiliary global automorphic
representation σ with fixed (π′)v outside v. Since π′

v ∈ {π±(σ∞)} by Lemma 5.5,
we then obtain tr π′(fv) = a± = ±a+. Canceling a+ = −a− �= 0 from the for-
mula leaves us with a formula which is the precise analogue of formula (0) with
the unique Archimedean place ∞ of F = Q now replaced by the fixed chosen
Archimedean place v of the number field F . To make a comparison with the situa-
tion above we change the notation, and let v denote∞ from now on. Then for any
local non-Archimedean local field Fv of characteristic zero and any irreducible ad-
missible representation σv ofMv in the discrete series we may have chosen F and σ
such that they extend Fv and σv (maybe up to a local twist by a character). With this
additional choice made, the analogue of formula (0) has now been established. �



Chapter 6
A Special Case of the Fundamental Lemma I

6.1 Introduction

In the following we prove the endoscopic fundamental lemma essentially used in
Chap. 3 for the group of symplectic similitudes

G(F ) = GSp(4, F ),

i.e., the group of all 4× 4-matrices g satisfying

gt
(

0 −E
E 0

)

g = λ(g)
(

0 −E
E 0

)

, E =
(

1 0
0 1

)

with coefficients in a non-Archimedean local field F of residue characteristic dif-
ferent from 2. Let K denote the maximal compact subgroup ofG(F ) defined by the
matrices g with coefficients in the ring of integers oF ⊆ F .

In [36] the existence of matching functions (f, fM ) for endoscopic orbital inte-
grals is shown for the group GSp(4, F ) and its unique endoscopic group M . How-
ever, the proof in [36] only gives the existence of matching functions. It does not
explicitly describe the correspondence between the functions that have matching
orbital integrals. However, it is this additional information which is relevant for
many applications. In particular, it is important to know this correspondence for
all functions f in the K-spherical Hecke algebra of all K-bi-invariant functions
with compact support on G(F ). The fundamental lemma asserts that there exists a
specific ring homomorphism b between the spherical Hecke algebras of the groups
G(F ) and M(F ) for which the pairs (f, fM ) = (f, b(f)) define matching func-
tions (if the transfer factors and measures are suitably normalized). Using the trace
formula, one can reduce this assertion to the case of one particular function in the
spherical Hecke algebra, the unit element f = 1K . In this special case, of course,
fM = b(1K) = 1KM . The reduction of the fundamental lemma to this special case
can be found in [35] and also in Chap. 9. So it is enough to prove that f = 1K and
fM = 1KM are functions with matching orbital integrals.

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 211
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 6,
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As already mentioned, there exists only one proper elliptic endoscopic groupM .
This endoscopic group is isomorphic to the quotient of the group Gl(2)2 divided
by Gm. See page 54 for details. The endoscopic matching condition is roughly the
following. Consider a maximal F -torus T = TM of M and an admissible embed-
ding of T intoG. Then one has to show a relation between the stable orbital integral
SOMt (1KM ) of 1KM for all sufficiently regular elements t ∈ TM (F ), and a certain
linear combination of orbital integralsOGη′ (1K)

SOMt (1KM ) =
∑

η′
Δ(η′, t)OGη′(1K),

where the sum is over all elements η′ stably related to t by a norm mapping. For the
rather complicated details of these notions and, in particular, for the definition of the
transfer factors Δ(η′, t) in the general case we refer to [60]. In the present situation
all this will become quite simple and explicit. In fact, the transfer factor satisfies

Δ(η′, t) = κ(η′, η) ·Δ(η, t)

for some fixed η, where κ(η′, η) = 1 if η′ is conjugate to η under G(F ) and
κ(η′, η) = −1 if η′ is not conjugate to η underG(F ).

In Sect. 4.5 we used the notation

Δ(η, t) = ΔIV (η, t) · τ(η, t),

where ΔIV (η, t) is a simple volume factor defined in [60].
There are four types of maximal F -tori TM in the group M . In the list on

page 94 these are the tori of types (4)–(7). Among these, the tori are contained
in an F -rational parabolic subgroup of M in cases (6) and (7) where the matching
condition is very easy to verify by parabolic descent. We leave these two cases as
an exercise. What remains are the two essential cases (4) and (5). Here the torus
TM is uniquely characterized in M , up to conjugation by M(F ), by the property
TM (F ) ∼= (L∗

1 × L∗
2)/F ∗, where L1 and L2 are quadratic field extensions of F .

For L1
∼= L2 this gives elliptic case I, and for L1 �∼= L2 this gives elliptic case II.

Although both cases are similar, several things have to be distinguished. Therefore,
to avoid confusion, we treat them separately: elliptic case I for L = L1 = L2 in this
chapter; elliptic case II in the next chapter.

It will finally turn out for suitable choices to be given in detail in the following,
in particular for a suitable choice of η, that there exist D0 ∈ F ∗ and A0 ∈ F ∗ such
that L = F (

√
D0) and E+ = F (

√
A0) are algebras over F for which we can view

η as defining an element x ∈ (E+ ⊗F L)∗ such that

τ(η, t) =

⎧
⎪⎨

⎪⎩

1 nonelliptic TM ,
χL/F

(
(x− xσ)(x′ − x′σ)) elliptic cases I ,

χL/F
(
A0(x− xσ)(xτ − xτσ)) elliptic cases II.
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Here χL/F denotes the quadratic character attached to the extension L/F by class
field theory. In the elliptic cases L/F is a quadratic field extension of F with auto-
morphism σ. E+/F is a field extension in elliptic case II with automorphism τ , and
splits as an F -algebra E+ ∼= F 2 in elliptic case I. In fact, these formulas are com-
patible in a strong sense. In particular, the local factors satisfy a product formula for
global data (global property). This will be shown in Sect. 7.15.

Conventions. For the local field F let oF be the ring of integers and q be the num-
ber of elements in the residue field of F . Let L be a quadratic extension field of
F . Let πF and πL denote prime elements of F and L, respectively. We assume
|πF | = q−1 and ord(πF ) = 1. If L/F is ramified, we may assume πL to be chosen
such that π2

L = −πF ∈ F ∗ since the residue characteristic is different from 2.

6.2 The Torus T

In this section F is a local field of residue characteristic not equal to 2. Consider the
subgroupH(F ) ⊆ GSp(4, F ) of all matrices

(s, s′) =

⎛

⎜
⎜
⎝

α 0 β 0
0 α′ 0 β′

γ 0 δ 0
0 γ′ 0 δ′

⎞

⎟
⎟
⎠ , s =

(
α β
γ δ

)

, s′ =
(
α′ β′

γ′ δ′

)

for s, s′ ∈ Gl(2, F ). H(F ) is isomorphic to the subgroup (Gl(2, F )2)0 of
Gl(2, F )2 of all elements (s, s′) for which det(s) = det(s′):

H(F ) ∼= (Gl(2, F )2)0.

The exponent 0 indicates the determinant condition, or later a similar norm
condition.

The Torus T. For a fixed quadratic field extension L/F consider the algebraic F -
torus T ⊆ ResL/F (Gm)×ResL/F (Gm) determined by

T (F ) = (L∗ × L∗)0 = {(x, x′) ∈ L∗ × L∗|Norm(x/x′) = 1}.

Let oT ⊆ T (F ) denote the subgroup of t = (x, x′) ∈ T (F ) such that x, x′ ∈ o∗L
are units in the ring of integers oL of L.

Standard Embeddings. Fix D = D0 such that L = F (
√
D). For D′ ∈ F

such that L = F (
√
D) = F (

√
D′), we have

√
D/
√
D′ = α for some α =

α(
√
D,
√
D′) ∈ F ∗. For simplicity now assumeD,D′ to be integral. Such a choice

of (
√
D,
√
D′) defines an F -rational embedding of T into H , called a standard

embedding, as follows. For t = (x, x′) in T (F ) write

x = a+ b
√
D ∈ L, x′ = a′ + b′

√
D′ ∈ L.
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The embedding will be defined by mapping t to the pair η = (s, s′) ∈ H(F ) ⊆
G(F ), where

s = φ√D(x) =
(
a Db
b a

)

, s′ = φ√D′(x′) =
(
a′ D′b′

b′ a′

)

.

Here we use the notation (s, s′) for elements of H(F ) introduced above. Notice
that φ−√

D(x) = φ√D(xσ) definitely depends on the choice of the square root. σ
denotes the generator of the Galois group of the field extension L/F . The image
defines a maximal F -torus TG of H and G.

Since any two F -embeddings ResL/F (Gm) ↪→ Gl(2) are conjugate by an ele-
ment in Gl(2, F ), the first assertion of the following lemma is an immediate conse-
quence.

Lemma 6.1. Any F -rational embedding of T intoH orG is conjugate underH(F )
or underG(F ), respectively, to a standard embedding with fixed

√
D. A second such

standard embedding

φ√D(x) =
(
a Db
b a

)

, φ√D′′(x′) =
(

a′ D′θb′

θ−1b′ a′

)

is conjugate to the given one under H(F ) or under G(F ), respectively, as an
embedding of T into H or into G, respectively, if and only if the quotient θ =
α(
√
D,
√
D′′)/α(

√
D,
√
D′) is in Norm(L∗).

Proof. Since embeddings of maximal F -tori T into a reductive group G, up to con-
jugation by G(F ), are parameterized by ker(H1(F, T ) → H1(F,G)), the second
assertion is an immediate consequence ofH1(F, T ) = F ∗/Norm(L∗) (Hilbert 90)
and H1(F,H) = H1(F,G) = 1. Since F ∗/Norm(L∗) ∼= Z/2Z, Lemma 6.1
shows that up to conjugation by G(F ) there exist exactly two different embeddings
of T into G. It is an easy exercise to show that θ gives the relevant parameter in
F ∗/Norm(L∗). �

That the standard embeddings defined above are admissible embeddings in the sense
of [60] is shown in Chap. 8.

Example 6.1. Let χL/F denote the quadratic character of F ∗ such that ker(χL/F ) =
Norm(L∗). SupposeχL/F (−1) = −1. Thenα(

√
D,
√
D′)/α(

√
D,−√D′) = −1

is not in Norm(L∗). Hence, the standard embeddings defined by (
√
D,
√
D′) and

(
√
D,−√D′), respectively, are not G(F )-conjugate as embeddings, although these

two different standard embeddings define the same image torus in G. In fact this
change of embedding amounts to a change (x, x′) 	→ (x, x′σ) for the automorphism
σ of L/F .
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6.2.1 Orbital Integrals

Assume F is a local field with residue characteristic different from 2. For η ∈ G(F )
let Gη be the centralizer of η in G. For the orbital integral

OGη (1K) =
∫

Gη(F )\G(F )

1K(g−1ηg)dg/dgη

of the unit element 1K of the Hecke algebra (equivalent to a characteristic function
of the group K of unimodular symplectic similitudes) for the group G = GSp(4)
define the κ-orbital integral by

Oκη (1K) = OGη (1K)−OGη′(1K) ,

where

η′ = (φ√D0
(x), φ

θ·
√
D′

0
(x′)), η = (φ√D0

(x), φ√
D′

0
(x′)),

and where θ ∈ F ∗ is such that F ∗ = Norm(L∗) ∪ θ · Norm(L∗). We normalize
measures such that volG(K) = 1 and we assume (

√
D0,
√
D′

0) is fixed. We also as-
sume regularity in the form x �= xσ and x′ �= (x′)σ and x′ �= x, xσ , where σ denotes
the nontrivial automorphism ofL/F . Assuming this, we getGη = TG ∼= T .We nor-
malize the measure on TG such that volT (oT ) = 1 for oT as defined earlier.

Further Assumptions. We choose D0, D
′
0 to be normalized of minimal order 0

or 1. Notice this does not mean D′ = D′
0θ

2 has the same property. In fact, in the
unramified case we have to choose θ such that ord(θ) = 1.

6.3 The Endoscopic Group M

For the convenience of the reader we now describe the endoscopic groupM and its
L-embedding. In fact, we will also introduce some explicit isomorphism between
tori, which will be essential for the computations made in the following.

Tori in M. The torus T = TM (elliptic case I) is the pullback of the maps Norm :
ResL/F (Gm) × ResL/F (Gm) → Gm ×Gm and the diagonal embedding Gm →
Gm ×Gm

T ��

��

ResL/F (Gm)2

Norm

��
Gm

diag �� G2
m
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The dual group T̂ is the pushout of the diagonal map diag : C∗ × C∗ → (C∗)2 ×
(C∗)2 and the multiplication map m : C∗ × C∗ → C∗

T̂ (C∗)2 × (C∗)2		

C∗

��

(C∗)2m
		

diag

��

.

Thus, T̂ = (C∗)2× (C∗)2/{(t, t, t−1, t−1)}. The generator σ of Gal(L/F ) acts by
permuting the first and second and third and fourth components, respectively. The
map

(z1, z2, z3, z4)/(t, t, t−1, t−1) 	→ (z1z4, z2/z1, z3/z4)

induces an isomorphism T̂ ∼= (C∗)3. By transport of structure σ now acts on
(C∗)3 by

σ(x, ν, μ) = (xνμ, ν−1, μ−1).

This defines the L-group LT as the semidirect product of T̂ and the Weil groupWF

with the action of WF factorizing over the quotient map WF → Gal(L/F ).

L-embeddings. We define an embedding of L-groups

ψ : LT → LGSp(4, F ) = GSp(4,C)×WF

by ψ(x, ν, μ) = diag(x, xν, xμν, xμ) for (x, ν, μ) ∈ T̂ , and

ψ(1 × σ) = i ·
(

0 E
−E 0

)

× σ.

Notice the action of WF factorizes over Γ = Gal(L/F ). A better, but more techni-
cal choice of ψ is given in Chap. 8. We identify T̂ with its image under ψ. Then the
center Z(Ĝ) of Ĝ is the group of all (x, ν, μ) = (x, 1, 1) in T̂ and the fixed group
T̂ Γ is

T̂ Γ = Z(Ĝ) ∪ Z(Ĝ)κ

for κ = (1,−1,−1). The centralizer of

s = ψ(κ) = diag(1,−1, 1,−1)

defines the group

M̂ = M̂0 =

{
⎛

⎜
⎜
⎝

∗ 0 ∗ 0
0 ∗ 0 ∗
∗ 0 ∗ 0
0 ∗ 0 ∗

⎞

⎟
⎟
⎠ ⊆ GSp(4,C)

}

.
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We consider LM = M̂ ×WF as a subgroup of LGSp(4, F ). The inclusion map
LM ↪→ LG will be denoted ξ. The morphism ψ factorizes through the embedding ξ

ψ : LT → LM ↪→ LGSp(4, F ).

LM is the L-group of the reductive group M = Gl(2)2/Gm, where

M(F ) = Gl(2, F )×Gl(2, F )/
{
(t, t, t−1, t−1) | t ∈ F ∗}.

In fact ξ : LM ↪→ LG defines up to equivalence the unique elliptic endoscopic
datum (M, LM, ξ, s) of G which is not equivalent to (G, LG, id, 1) in the sense of
Langlands and Shelstad.

Admissible Embeddings. The choice of some regular representation of L∗ ↪→
Gl(2, F ) defines an embedding TM ↪→M and

TM (F ) = (L∗ × L∗)/F ∗ ↪→M(F ) = (Gl(2, F )2)/F ∗.

Define isomorphisms

ρ : (L∗ × L∗)/F ∗ ∼= L∗ × (L∗/F ∗) ∼= L∗ ×N1(L) ∼= (L∗ × L∗)0 ∼= T (F )
∼= TG(F ) ⊆ GSp(4, F ),

by the maps

(t1, t2)/(t−1, t) 	→ (t1t2, t2 mod t) 	→ (t1t2, tσ2/t2) 	→ (t1t2, t1t2(tσ2/t2))
	→ (φ√D(t1t2), φ√D′(t1tσ2 )).

The composite map defines an admissible embedding (see Chap. 8) of the torus TM
into GSp(4, F )

TM (F ) = (L∗ × L∗)/F ∗ → T (F ) ∼= TG(F ) ⊆ GSp(4, F ),

t = (t1, t2) mod (t−1, t) 	→ η = (φ√D(x), φ√D′(x′)),

where x = t1t2 and x′ = t1(t2)σ . We often identify T with its image TG.
Notice, the induced map

ρ̃ : L∗ × L∗ → (L∗ × L∗)/F ∗ → T (F )

does not necessarily map o∗L × o∗L onto oT , as we will see in the next section.
We now describe our choice of the admissible embedding TM ↪→ TG. We con-

sidered the following chain of embeddings:

M = Gl(2, F )2/F ∗ ←↩ TM (F ) = (L∗)2/F ∗ ι→ E0 ⊆ E = L⊕ L,

where E = L⊕L, and where E0 ⊆ E denotes the elements, whose components in
the two summands of E have equal norm. Furthermore,



218 6 A Special Case of the Fundamental Lemma I

E0
φ√

D0→ Gl(2, F ⊕ F )0
φ→ TG(F ) ⊆ H(F ) ⊆ GSp(4, F ).

The maps from left to right are as follows. The first embedding is induced from
(L∗)2 ↪→ Gl(2, F )2 via the regular representation, which identifies Gl(2, F ) and
Gl(L/F ). This map is unique up to conjugation. The map ι with image in E0 is
defined by

ι : (t1, t2)/ ∼ 	→ (x, x′) = (t1t2, t1tσ2 ).

The map φ√D0
is

φ√D0
: (x, x′) 	→ (s, s′) =

((
a D0b
b a

)

,

(
a′ D0b

′

b′ a′

))

,

with coefficients a, b, a′, b′ ∈ F determined by t1t2 = a + b
√
D0 and t1t

σ
2 =

a′ + b′
√
D0 in L = F (

√
D0). Finally, we have the isomorphism φ onto H(F ),

which maps (s, s′) to the symplectic similitude matrix

η =

⎛

⎜
⎜
⎝

a 0 D0b 0
0 a′ 0 D0b

′

b 0 a 0
0 b′ 0 a

⎞

⎟
⎟
⎠ .

The torus TG in GSp(4, F ) is the image of the torus TM in M under φ ◦ φ√D0
◦ ι

TG = φ ◦ φ√D0
◦ ι(TM ).

Keep in mind E = L ⊕ L � (x, x′). On E the field automorphism σ acts on each
summand. The fixed algebra isE+ = F⊕F , which containsF diagonally. Flipping
both summands defines another automorphism τ : E → E, whose fixed algebra is
the quadratic extension field L = F (

√
D0) of F , diagonally embedded into E. The

fixed subalgebra L′ under σ ◦ τ is isomorphic to the field L.

The Factor ΔIV . For comparison with [60] we record the following formulas for
DG(η) =

∏
α |α(η) − 1|1/2 (product over all roots):

DG(η) = |1 − x′/x||1− x/xσ||1 − x′/(x′)σ||1− x/(x′)σ|

since η is conjugate to the diagonal matrix diag(x, x′, xσ, (x′)σ) over F . Also no-
tice |x| = |x′|. Similarly,

DM (t1, t2) = |1− t1/tσ1 ||1− t2/tσ2 | = |1− x/(x′)σ||1− x/x′|,

since (t1, t2) is conjugate to diag(t1, tσ1 ), diag(t2, tσ2 ). This shows ΔIV =
DG(η)/DM (t1, t2) = |(x−xσ)(x′−(x′)σ)|/|xx′|. Since (x−xσ)(x′−(x′)σ) is in-
variant under σ, it is contained in F . Furthermore, |xx′|=|x2 x′

x |=|x|2 ∈ qZ ⊆ Q∗.
Hence,

Lemma 6.2. DG(η)/DM (t1, t2) has Q-rational values.
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6.4 Orbital Integrals for M

Since Mder is not simply connected, it is convenient to use the z-extension

p : M1 = Gl(2)2 →M

and to consider orbital integrals for M1 instead of stable orbital integrals for M .
See [49], Lemma 3.1. The preimage TM1 of TM in M1 = Gl(2)2 satisfies
TM1 = (M1)(t1,t2) by our regularity assumption. Furthermore, TM1(F ) ∼= (L∗)2.
Put KM1 = Gl(2, oF )2 and normalize measures such that volM1(KM1) =
volKM1

(KM1) = 1. We normalize measures on TM1 by volTM1
(o∗L × o∗L) = 1.

Lemma 6.3. We have exact sequences

0→ F ∗ −→ L∗ × L∗ ρ̃−→ T (F )→ 0

and
0→ o∗F −→ o∗L × o∗L ρ̃−→ oT → Q→ 0,

where Q ∼= Z/(eL/FZ) for the ramification index eL/F .

Proof. Postponed to the beginning of Sect. 6.6. �

Remark 6.1. The imageKM ofKM1 in M(F ) is not a maximal compact subgroup
of M(F ) in general. If L/F is ramified, choose πL such that π2

L ∈ F ∗. Then the
image of (t1, t2) = (πL, π−1

L ) in TM (F ) is not contained in KM , but generates to-
gether withKM a compact group ofM(F ). Furthermore, ρ̃(πL, π−1

L ) = (−πF , πF )
and ρ̃(o∗L × o∗L) generate oT .

From [49], Lemma 3.1, the stable orbital integral SOM(t1,t2)(1K) is

SOM(t1,t2)(1KM ) = c ·
∫

TM (F )\M(F )

1KM (g−1(t1, t2)g)dg/dt.

Measures are normalized such that volM (KM ) = 1 and on TM such that
volTM (oT ) = 1, by transport of structure. In that case, c = 1. For a change of
measure on TM such that volTM (ρ̃(o∗L × o∗L)) = 1, we have to make an adjustment
by c = #Q = eL/F .

We can express this in the form

SOM(t1,t2)(1KM ) = eL/F ·
∫

TM1 (F )\M1(F )

1KM1 ·F∗(g−1(t1, t2)g)dg/dl,

with measures onM1 chosen as above. OnM1 we should work with the unit element
of the Hecke algebra of KM1 -bi-invariant functions f on M1 with the property
f(zg) = f(g) for all z ∈ Kern(p)(F ) ∼= F ∗. Observe 1KM1F

∗(g−1(t1, t2)g) �= 0
holds if and only if there exists a z ∈ Kern(p) such that (t1, t2) = z(t′1, t

′
2) and
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1KM1
(g−1(t′1, t′2)g) �= 0 holds. This is clear because Kern(p)/(Kern(p) ∩KM1)

is injected into X∗(Mab
1 ). We call such (t′1, t′2) adjusted. The last observation has

the consequence that for adjusted pairs (t1, t2) we have

OM1
(t1,t2)

(1KM1F
∗) = OM1

(t1,t2)
(1KM1

) = O
Gl(2,F )
t1 (1K) ·OGl(2,F )

t2 (1K).

Since the element η = η(t1, t2) and the orbital integral OM1
(t1,t2)

(1KM1F
∗) do not

change under the replacement (t1, t2) 	→ z(t1, t2), we can restrict ourselves to ad-
justed pairs (t1, t2) in the proof of Theorem 6.1.

In particular, to compute OM1
(t1,t2)

(1KM1 ·F∗), we may now use the well-known
formulas.

Lemma 6.4.
∫

L∗\Gl(2,F )

1K(g−1tig)dg/dl = 1o∗L(ti) ·
(− 1

q − 1
+
q|A0|1/2
q − 1

|ti − tσi |−1
)

in the case of ramified extensions L/F and

∫

L∗\Gl(2,F )

1K(g−1tig)dg/dl = 1o∗L(ti) ·
(− 2

q − 1
+
|A′

0|1/2(q + 1)
q − 1

|ti − tσi |−1
)

in the case of unramified extensions L/F . Here K = Gl(2, oF ). Measures on
Gl(2, F ) and L∗ are normalized such that volL∗(o∗L) = 1 and volGl(2,F )(K) = 1.

Theorem 6.1. Let x = t1t2 and x′ = t1t
σ
2 be regular in the sense that x �= xσ

and x′ �= x, xσ , (x′)σ . Put η = (φ√D0
(x), φ√D0

(x′)) ∈ TG(F ) with “image”
(t1, t2) ∈ TM (F ) under ρ−1. Assume the residue characteristic of F is different
from 2. Then

Δ(η, (t1, t2)) ·Oκη (1K) = SOM(t1,t2)(1K),

for the transfer factor

Δ(η, (t1, t2)) = |xx′|−1 · (χL/F | . |)
(
(x − xσ)(x′ − (x′)σ)

)
,

where χL/F is the quadratic character of F ∗ attached to the field extension L/F .

Proof. Sections 6.5–6.13. �

Since χL/F is a quadratic character, Lemma 6.2 implies

Corollary 6.1. The transfer factor Δ(η, (t1, t2)) has Q-rational values, and satis-
fies

Δ(λη, (λt1, t2)) = Δ(η, (t1, t2))

for all λ ∈ F ∗.
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Lemma 6.5. For the involution (t1, t2)∗ = (t2, t1) we have Δ(η, t∗) =
χL/F (−1)Δ(η, t).

Proof. The change from t to t∗ replaces (x, x′) by (x, x′σ).
Of course (x, x′σ) is G(F )-conjugate to (x, x′) if and only if χL/F (−1)=1. �

6.5 Reduction to H

An essential ingredient of the whole computation is Schröder’s representatives [81]
for the double cosets H(F ) \ G(F )/K . A generalization of this double coset de-
composition to symplectic groups of arbitrary genus g ≥ 2 is contained in Chap. 12,
Theorem 12.1. Together with the measures considered in Sect. 6.16, this double
coset decomposition leads to an expression as an infinite (actually then finite) sum

OGη (1K) =
∑

gi

volG(giKg−1
i )

volH(H ∩ giKg−1
i )

OHη (1Ki) =
∞∑

i=0

volG(K)
volH(Ki)

OHη (1Ki),

where Ki = KH = K ∩ H(F ) for i = 0, and where Ki = H(F ) ∩ giKg−1
i for

i ≥ 1 is

Ki =
{
(h1, h2) ∈ KH ⊆ Gl(2, oF )2

∣
∣
∣ h1 = hσ2 mod π

i
F , det(h1) = det(h2)

}
,

i.e., one of the groups denoted HD on page 349ff. Observe the abbreviation

hσ =
(

1 0
0 −1

)

h

(
1 0
0 −1

)

.

This notion is compatible with the notation for the Galois action of σ ∈ Gal(L/F )
in the sense that h 	→ hσ induces the automorphism σ on φA′(L∗). Finally,

OHη (1Ki) =
∫

TG(F )\H(F )

1Ki(h
−1ηh)dh/dt.

Integration is over all elements in h ∈ H(F )

h = (h1, h2), det(h1) = det(h2), hi ∈ Gl(2, F ).

We use measures on G and H such that the volumes of the compact subgroups
volG(K) = 1 and vol(KH) = 1 are 1. This means

volG(K)/volH(Ki) = [K0 : Ki].

Remember, measures on Gη ∼= T were normalized by vol(oT ) = 1.
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6.6 Preliminary Considerations for (x, x′)

Fix some (x, x′) ∈ T (F ). The coordinates a, b and a′, b′ of x = a + b
√
D0 and

x′ = a′ + b′
√
D′

0 depend on the choice of the parameters
√
D0 and

√
D′

0. From
now on we fix the notation such that these coordinates will be reserved for some
fixed choice of normalized

√
D0 and

√
D′

0.

Proof of Lemma 6.3. For x, x′ in L∗ withNorm(x) = Norm(x′), elements t1, t2 ∈
L∗ with x = t1t2 and x′ = t1t

σ
2 can be found by solving the equation t2/tσ2 = x/x′.

The element x/x′ is in the norm-1-group N1
L ⊆ L∗. Therefore, this equation can

be solved for t2 ∈ L∗, unique up to some multiple in F ∗. Then t1 = x/t2 defines
the second parameter. The pair (t1, t2) is uniquely determined up to some multiple
z = (t, t−1) for t ∈ F ∗. This allows us to assume that the pair (t1, t2) can be chosen
to be “adjusted” in the sense of Sect. 6.4.

Integral Solutions. For the proof of Theorem 6.1 the only relevant elements (x, x′)
are those where x and x′ are units in o∗L. This is the obvious eigenvalue constraint
for an element to be conjugate to a unimodular matrix. So it is natural to ask whether
one can express x, x′ ∈ o∗L as x = t1t2, x

′ = t1t
σ
2 in terms of units t1, t2 ∈ o∗L.

This is not always possible. Of course, it would be enough to find t2 ∈ o∗L such that
t2/t

σ
2 = x/x′. The image of o∗L under t 	→ t/tσ is N1

L ∩ (1 + πLoL) in the ramified
case, andN1

L in the unramified case, since the residue characteristic is different from
2 by our assumptions. Every element in N1

L is in o∗L and congruent to ±1 mod πL
in the ramified case. If

x/x′ = −1mod(πL)

we do not get a solution with t2 ∈ o∗L. For x/x′ = 1mod(πL) we do, which implies
Q = oT /ρ̃((o∗L)2) ∼= Z/(eL/FZ) and completes the proof of Lemma 6.3. �

Conclusion. Suppose that x and x′ are units in L∗ with x = x′ mod πL in the case
where L/F is ramified. Then the equations

x = t1t2, x′ = t1t
σ
2

are solvable with units t1, t2 in L∗ (and this gives an adjusted solution).

Some Notation. For x, x′ ∈ o∗F with equal norm define the following integers

χ = ord(a − a′), f = ord(b), f ′ = ord(b′), N = min(f, f ′).

With this notation we get b = πfFB and b′ = πf
′
F B

′ for units B,B′ in o∗F and

qf+f ′
= |x− x

σ

√
D0

|−1|x
′ − (x′)σ
√
D′

0

|−1.
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Furthermore,

χ=ord(Tr(x)−Tr(x′)) = ord(t1t2+tσ1 t
σ
2−t1tσ2−tσ1 t2) = ord((t1−tσ1 )(t2−tσ2 )).

Now assume x = x′ mod (πL) in the case where L/F is ramified. Then |t1| =
|t2| = 1 by Lemma 6.3.

From now on put
√
D′

0 =
√
D0. Under these assumptions

|t2 − (t2)σ| = |x− x′| = |(a− a′)2 − (b− b′)2D0|1/2,

and
|t1 − (t1)σ| = |x− (x′)σ| = |(a− a′)2 − (b+ b′)2D0|1/2.

Our assumption regarding x, x′ earlier is an automatic consequence of another

Assumption. Assume x, x′ ∈ o∗F and Norm(x/x′) = 1 such that χ > 0.

This assumption implies for ramified L/F that x′ = x mod (πL), since then
D0 = πL and x−x′ = a−a′ mod (πL). Since x′/x = ±1 mod (πL), the condition
x′ = x mod (πL) is equivalent to χ > 0 (the residue characteristic is not 2). It will
turn out in the final computation in Sect. 6.12 that only those x, x′ will play a role
for which χ > 0 holds.

Lemma 6.6. Suppose x, x′ ∈ o∗L with Norm(x/x′) = 1 and χ > 0. Also suppose√
D0 =

√
D′

0. Then:

1. {|D0|1/2|t1 − tσ1 |−1, |D0|1/2|t2 − tσ2 |−1} = {qN , qχ−N−ord(D0)}.
2. χ = ord(D0(b2 − (b′)2)) unless f = f ′ = 0 and ord(D0) = 0 (L/F is

unramified).
3. For (f, f ′, ord(D0)) = (0, 0, 0) we have χ ≤ ord(D0(b2 − (b′)2)).
4. χ ≥ ord(D0) + 2N with equality in the case f �= f ′ for (f, f ′, ord(D0)) �=

(0, 0, 0).

Proof. Recall ord(D0) = 0 if L/F is unramified and ord(D0) = 1 if L/F is
ramified. From the identity above we get

0 < 2 · χ = ord[(a − a′)2 − (b− b′)2D0)] + ord[(a − a′)2 − (b+ b′)2D0].

If for both signs ord(b ± b′) < ord(a − a′), this implies (2)

2χ = ord(D0(b+ b′)2) + ord(D0(b− b′)2) = 2ord(D0(b2 − (b′)2)).

Since the residue characteristic is different from 2, we have

N = min(ord(b), ord(b′)) = min(ord(b− b′), ord(b + b′)).

Together with (2) this implies (1). Now assume ord(b ± b′) ≥ ord(a − a′) for
one choice of the sign. Since χ = ord(a − a′) > 0, this gives ord[(a − a′)2 −
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D0(b± b′)2] ≥ 2ord(a− a′) = 2χ. Hence, the equality above implies for the other
choice of sign ord[(a − a′)2 − D0(b ∓ b′)2] = 0. Since χ = ord(a − a′) > 0,
ord(D0(b ∓ b′)2) = 0. In particular, ord(b ∓ b′) = 0 and ord(D0) = 0. Then
N = min(ord(b), ord(b′)) = min(ord(b − b′), ord(b − b′)) = 0 and ord(b) =
ord(b′)=0. This implies claims (1) and (2). Claim (3) is an immediate consequence
of the argument above. Claim (4) is an immediate consequence of χ = ord(D0(b2−
(b′)2) (assertion 2). �

6.7 The Residue Rings R = oF /πi
F oF

Assume i ≥ 1. LetR = oF /π
i
F oF denote the residue ring and letD,D′ be elements

in R. Suppose matrices s, s′ in Gl(2, R) are given by

s =
(
a bD
b a

)

, s′ =
(
a′ b′D′

b′ a′

)

.

Let

ND ⊆ R∗

be the group of invertible elements of the form a2 − b2D for a, b in R. Then

(R∗)2 ⊆ RD ⊆ R∗.

Notice that elements congruent to 1 mod (πF ) are contained in (R∗)2 by the as-
sumption regarding the residue characteristic.

Lemma 6.7. The centralizer Gl(2, R)s of s in Gl(2, R) is either Gl(2, R) if b = 0
in R, or is the group of all matrices

y ∈
{(

u vD +Ann(b)
v u+Ann(b)

) ∣
∣
∣ u2 − v2D ∈ R∗

}

.

Furthermore, such y ∈ Gl(2, R)s have unique decompositions into a product of two
invertible matrices of the form

y =
(
u vD
v u

)(
1 g
0 1 + g′

)

, g, g′ ∈ Ann(b).

Remark 6.2. This does not define a semidirect product decomposition ofGl(2, R)s.

Proof. One direction is clear from

(
a bD
b a

)(
u vD
v u

)

=
(
u vD
v u

)(
a bD
b a

)



6.7 The Residue Rings R = oF /πi
F oF 225

and
(
a bD
b a

)(
1 g
0 1 + g′

)

=
(
a ag + bD
b a+ ag′

)

=
(

1 g
0 1 + g′

)(
a bD
b a

)

.

The other direction follows in the course of the proof of Lemma 6.8 using y ∈
Gl(2, R). �
Lemma 6.8. s and s′ are conjugate

y−1sy = s′,

by an element y in Sl(2, R) if and only if s and s′ are conjugate in Gl(2, R) by a
matrix y of the form

y =
(

1 0
0 ε

)

, ε ∈ ND ⊆ R∗,

in other words if and only if a = a′, b′ = b/ε, b′D′ = bDε holds for some ε ∈ ND.

Proof. One direction is clear. That the second assertion implies the first follows by
conjugation with some element

y = g−1

(
1 0
0 ε

)

, ε ∈ R∗

in Sl(2, R), where g ∈ Gl(2, R)s is suitably chosen such that det(g) = ε.
For the reverse direction we may assume b′|b by symmetry. If b′ = 0, then b = 0

is trivial, so we may also assume b′ �= 0 in R. Then y−1sy = s′ implies Tr(s) =

2a = 2a′ = Tr(s′). Since 2 ∈ R∗, this implies a = a′. For y =
(
u v
z w

)

, sy = ys′

means vb′ = zDb, ub′D′ = wbD, wb′ = ub, and zb′D′ = vb. Therefore, v =
z(Db/b′)+f for some f ∈ Ann(b′) and w = u(b/b′)+f ′ for some f ′ ∈ Ann(b′).
This implies

y =
(
u z(Db/b′) + f
z u(b/b′) + f ′

)

.

Now b′ �= 0 implies Ann(b′) ⊆ (πF ). Hence, the assumption det(y) = 1 implies
(u2 −Dz2)(b/b′) ∈ (1 +Ann(b′)) ⊆ 1 + (πF ) ⊆ (R∗)2. This proves

ε = b/b′ ∈ ND ⊆ R∗

and u2 −Dz2 ∈ R∗. Hence,

y =
(
u zD + f
z u+ f ′

)(
1 0
0 ε

)

for some other f, f ′ ∈ Ann(b′). Since the left matrix is contained in the centralizer
of s, we are done. This proves the last lemma.
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In fact we now also get the product decomposition of the elements
(
u zD + f
z u+ f ′

)

=
(
u zD
z u

)(
1 g
0 1 + g′

)

for some g, g′ ∈ Ann(b′) (used for the proof of Lemma 6.7) by solving the equation

(
u zD
z u

)(
g
g′

)

=
(
f
f ′

)

.

This equation has a unique solution since u2 −Dz2 ∈ R∗. Hence Lemmas 6.7 and
6.8 have been proven. �

Now consider a field extension L = F (
√
D) for some integerD ∈ oF . By abuse of

notation let D also denote its residue class in R = oF /(πiF ). In this case eitherD ∈
(πF ); then ND = (R∗)2. Or D ∈ R∗; then L/F is unramified and ND = R∗ (once
again using the property that the residue characteristic is not equal to 2). Therefore,
either [R∗ : ND] = 2 or [R∗ : ND] = 1.

For such D we deduce from Lemma 6.7

Corollary 6.2. In the situation of Lemma 6.7 we have for R = oF /(πiF )

#Sl(2, R)s = #Sl(2, R), ord(b) = ν ≥ i

if b = 0 in R, or

#(Sl(2, R)s) = 2q2ν+i, ord(b) = ν < i

for ramified L/F and

#(Sl(2, R)s) =

{
2q2ν+i ord(D) �= 0
(q + 1)q2ν+i−1 ord(D) = 0

, ord(b) = ν < i

for unramified L/F .

Proof. For ord(b) < i, by Lemma 6.7, the cardinality of Sl(2, R)s is

#(Ann(b)) ·#
({
x ∈ Image(φ√D(o∗L)) | det(x) ∈ 1 +Ann(b)

})
.

Ann(b) = (πi−νF ) mod (πiF ) has cardinality qν and [R∗ : (1 + Ann(b))]=(q −
1)qi−ν−1. Furthermore, the image of det(φ√D(o∗L)) in R∗ is ND. Hence,

#Sl(2, R)s = qν
[R∗ : ND]

(q − 1)qi−1−ν#Image
(
φ√D : o∗L → Gl(2, R)

)
.

Since φ√D(o∗L) has cardinality (q−1)q2i−1 for πF |D and cardinality (q2−1)q2i−2

for D ∈ R∗ (also see Sects. 6.14, 6.15), the claim follows. �
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6.8 On T \ H-Integration

For this section recall that we assume D0 = D′
0 and θ to be chosen normalized of

order 0 or 1. Then ord(D0) = 0 if and only if L/F is unramified.
In Sect. 6.9 we describe representatives r of a disjoint double coset decomposition

H(F ) =
∐

r∈R
T (F ) · r ·K0,

where for certain j, j′ ∈ Z and ε0 ∈ o∗F the representatives r are of the form

r ∈
(

φ√D0
(L∗), φθ√D0

(L∗)

)

·
((

1 0
0 πjF

)

,

(
1 0
0 π

j′−ord(θ)
F ε0

))

.

Hence,
∫
H(F ) f(h)dh =

∑
r[oT : (T (F )∩rK0r

−1)]
∫
T (F ) dt

∫
K0
f(trk)dk. Thus,

∫

T (F )\H(F )

f(h)dh/dt =
∑

r

[oT /(T (F ) ∩ rK0r
−1)]

∫

K0

f(rk)dk.

For regular elements

η =
(
φ√D0

(x), φθ√D0
(x′)
)

with centralizer T this allows us to calculate the orbital integrals for H(F ) by inte-
grations over K0. Using the results given in Sect. 6.5, one obtains

Lemma 6.9.

OG
η (1K) =

∑
i≥0

∑
r∈R[oT /(T (F ) ∩ rK0r−1)][K0 : Ki]

∫
K0

1Ki(k
−1r−1ηrk)dk .

Observe a′ + b′
√
D′

0 = a′ + (b′/θ)
√
θ2D0. Thus, for Θ = θ/π

ord(θ)
F ∈ o∗F ,

ηr := r−1ηr =
(
φπj

F

√
D0

(x), φ
Θπj′

F ε0
√
D0

(x′)
)

since
(

1 0
0 π

ord(θ)−j′
F ε−1

0

)(
a′ b′θD0

b′θ−1 a′

)(
1 0
0 π

j′−ord(θ)
F ε0

)

=

⎛

⎝
a′ b′

Θε0π
j′
F

(Θε0π
j′
F )2D0

b′

Θε0π
j′
F

a′

⎞

⎠ .

Therefore, T (F ) ∩ rK0r
−1 ⊆ oT =

{
(x, x′) ∈ o∗L × o∗L | Norm(x/x′) = 1

}
is

the group
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{
(x, x′) = (a+ b

√
D0, a

′ + b′
√
D0)

∣
∣
∣ Norm(x)

= Norm(x′) ∈ o∗F ; a, a′, π−j
F b, π−j′

F b′ ∈ oF
}
,

which does not depend on the choice of (normalized)D0 or θ.

Notation. For normalized D0 we define the orders

oL(j) = oF + oFπ
j
F

√
D0 ⊆ oL

for j > 0. With this notation we obtain

Lemma 6.10 (constraints for fixed r). (x, x′) ∈ T (F )∩rK0r
−1 means x ∈ oL(j)

and x′ ∈ oL(j′).

This follows from the equivalent condition ηr ∈ K0 and the formula for βr from
above.

Hence, the index [oT : (T (F ) ∩ rK0r
−1)] is given by the formula

Lemma 6.11.

[oT : (T (F ) ∩ rK0r
−1)]

= [o∗L : oL(j)∗][o∗L : oL(j′)∗][Norm(o∗L)/Norm(oL(min(j, j′))∗]−1.

The constraint above must be satisfied for the nonvanishing of the orbital integral

[K0 : Ki]
∫

K0

1Ki(k
−1ηrk)dk.

In fact k−1ηrk ∈ Ki implies ηr ∈ K0, and hence (x, x′) ∈ T (F ) ∩ rK0r
−1.

Suppose this r-constraint is satisfied. Then to compute the integral

[K0 : Ki]
∫

K0

1Ki(k
−1ηrk)dk, ηr = (sr, s′r)

means counting all cosets kKi ⊆ K0 for which k−1ηrk ∈ Ki. This count gives 1
for i = 0. For i ≥ 1 it gives the number of all elements y ∈ Sl(2, oF/(πiF )) with

y−1sry ≡ (s′r)
σ mod (πiF ), y ∈ Sl(2, oF/(πiF )).

By Lemma 6.8 this is either zero, or is equal to the order of the centralizer
Sl(2, oF/(πiF ))sr .
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6.9 Double Cosets in H

For normalized D0 we have [42]

Gl(2, F ) =
∐

j≥0

φ√D0
(L∗)

(
1 0
0 πjF

)

Gl(2, oF ).

For (h, h′) ∈ H(F ) this gives decompositions

h = φ√D0
(l)
(

1 0
0 πjF

)

k, k ∈ Gl(2, oF ), l ∈ L∗,

h′ = φθ
√
D0

(l′)
(

1 0
0 π

j′−ord(θ)
F

)

k′, k′ ∈ Gl(2, oF ), l′ ∈ L∗,

for uniquely defined integers j ≥ 0 and j′ ≥ 0. Since det(h) = det(h′), we have

det(k)/det(k′) ∈ Norm(L∗) · πj′−j−ord(θ)F .

In the case where L/F is ramified, we choose once for all πF = −D0 such that
πF = Norm(πL). Then det(k)/det(k′) ∈ Norm(L∗) ∩ o∗F = (o∗F )2. Changing l
by some unit in o∗F allows us to assume det(k) = det(k′), i.e., (k, k′) ∈ K0 ⊆ H .
Hence, we can write H(F ) as a disjoint union of double cosets

∐

r∈R
T (F ) · r ·K0, R = N0 ×N0

for the representatives

r = rj,j′ =

(

φ√D0
(π−j
L ), φ√D0

(π−j′
L )

)((
1 0
0 πjF

)

,

(
1 0
0 πj

′
F

))

.

Now consider the case where L/F is unramified. Now π
j′−j−ord(θ)
F ∈

Norm(L∗)o∗F , and hence

j′ − j − ord(θ) ≡ 0 mod 2.

Secondly, to achieve det(k) = det(k′) we are only allowed to change k or k′ by
elements in φπj

F

√
D0

(L∗)∩Gl(2, oF ) and φ
θπj′

F

√
D0

(L∗)∩Gl(2, oF ), respectively.

So det(k)/det(k′) can be changed within the group Norm
(
o∗L(j)o∗L(j′)

)
. This

group is (o∗F )2 unless min(j, j′) = 0. Hence, H(F ) is a disjoint union of double
cosets ∐

r∈R
T (F ) · r ·K0,
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where R ⊆
(
(o∗F /(o

∗
F )2)×N×N

)
∪
(
1×N0 × 0

)
∪
(
1× 0×N

)
is the subset

of all those elements (ε0, j, j′) ∈
(
o∗F /(o

∗
F )2
)
×N2 with the additional property

j − j′ − ord(θ) ≡ 0 mod 2.

The representatives r are

r = rε0,j,j′

=

(

φ√D0
(π−[j/2]
L ), φθ√D0

(π−[j′−ord(θ)/2]
L ε′0)

)((
1 0
0 πjF

)

,

(
1 0
0 πj

′−ord(θ)
F ε0

))

,

where ε′0 ∈ o∗L is chosen such that Norm(ε′0) = ε−1
0 for ε0 ∈ o∗F \ (o∗F )2.

6.10 Summation Conditions

Put θ = Θ·πord(θ)F . IfL/K is unramified we put θ = πF . Lemma 6.9 gave a formula
for the orbital integralOGη (1K) as a sum with certain indices (i, r) ∈ N0×R. From
Lemma 6.8 we get conditions for whether a summation index (i, r) ∈ N0×R gives

a nonzero contribution to the orbital integral. Put b/πjF = BπνF , b
′/πj

′
F = B′πν

′
F for

units B,B′ ∈ o∗F . Then, in fact, we have to apply Lemma 6.8 to the elements

sr =

⎛

⎝
a b

πj
F

(πj
′
F )2D0

b

πj
F

a

⎞

⎠ =
(

a Bπν+2j
F D0

BπνF a

)

and with an additional sign from the definition of the groups Ki involving a twist
by σ (see the end of Sect. 6.8)

(s′r)
σ =

⎛

⎜
⎜
⎝

a′ − b′

Θε0πj′
F

(Θε0π
j′
F )2D0

− b′

Θε0πj′
F

a′

⎞

⎟
⎟
⎠=

⎛

⎜
⎝

a′ − B′
Θε0

(Θε0)
2πν′+2j′

F D0

− B′
Θε0

πν′
F a′

⎞

⎟
⎠ ,

which gives the summation conditions a ≡ a′,

b/πjF ≡ −ε
b′

Θε0π
j′
F

, and − b′

Θε0π
j′
F

(Θε0π
j′
F )2D0 ≡ ε b

πjF
(πj

′
F )2D0

in R = oF /(πiF ) for some ε ∈ Rπ2j
F D0

. Notice Rπ2j
F D0

= (o∗F )2 unless j = 0 and

ord(D0) = 0, in which case this is o∗F .
Notice that we use the following notation N = min(f, f ′), ν = f − j, ν′ =

f ′ − j′, χ = ord(a − a′). With this notation the first two summation conditions
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of Lemma 6.8 become the next conditions (1) and (2), whereas the third condition
becomes – using the other two conditions – condition (3).

The Summation Conditions.

1. 0 ≤ i ≤ χ.
2. ν′ ≥ i ⇐⇒ ν ≥ i. Furthermore, if ν < i, then ν = ν′ must hold, and – unless
L/K is unramified and ν = f – ΘεB′/B ∈ (R∗)2 must also hold.

3. 2f + ord(D0)− ν ≥ i⇐⇒ 2f ′ + ord(D0)− ν′ ≥ i. If 2f + ord(D0)− ν < i,
then f = f ′ and ν = ν′ and i ≤ χ− ν must hold.

The third condition needs some explanation. For this observe that the conditions

(b/πjF )π2j
F D0 ≡ −(b′/πj

′
F )π2j′

F D0Θε0ε−1 mod πiF

(third congruence) and

(b/πjF ) ≡ −(b′/πj
′
F Θε0)ε mod πiF

for some ε ∈ Nπ2j
F D0

(second congruence) can be combined and thus simplified.

Since (b/πjF )π2j
F D0 = Bπ

ν+(2f−2ν)
F D0 = BD0π

2f−ν
F holds, and similarly to

the other case, the inequality 2f + ord(D0) − ν < i implies 2f ′ + ord(D0) −
ν′ < i and vice versa by the third congruence. Suppose this holds. Then the third
congruence even implies the equality 2f + ord(D0) − ν = 2f ′ + ord(D0) − ν′.
Since ν ≤ f and therefore ν ≤ 2f − ν + ord(D0), the assumed condition 2f +
ord(D0) − ν < i implies ν < i; hence, ν = ν′ by condition (2). Combined with
2f + ord(D0) − ν = 2f ′ + ord(D0) − ν′ this gives equivalently f = f ′. Hence,
for 2f + ord(D0)− ν < i the third condition becomes: f = f ′ and ν = ν′ plus the
condition

ε ≡ −Θε0B′/B mod π
i−2f−ord(D0)+ν
F ,

where
ε−1 ≡ −(Θε0)−1B′/B mod πi−νF .

Since i − 2f − ord(D0) + ν ≤ i − ν, the extra condition is (B′/B)2 =
1 mod πi−2f−ord(D0)+ν

F , or in other words

i− 2f − ord(D0) + ν = i− 2N − ord(D0) + ν ≤ ord
(
B2 − (B′)2

)
.

Since ν ≤ f , the inequality 2f + ord(D0) − ν < i forces i > 0; hence, χ =
ord(a−a′) > 0 by condition (1). Now from χ > 0 we get χ = ord(D0(b2−(b′)2))
by Lemma 6.6, except for f = f ′ = ord(D0) = 0 and therefore ν = 0. Since we
already know f = f ′, Lemma 6.6 implies

χ = 2N + ord(D0(B2 − (B′)2)).

Therefore, the extra condition can be reformulated into
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2f + ord(D0)− ν < i implies f = f ′ ν = ν′ and i ≤ χ− ν.

In the exceptional case f = f ′ = ord(D0) = ν = 0, Lemma 6.6 only gives the
inequality χ ≤ 2N + ord(D0(B2 − (B′)2)). Since i ≤ χ by condition (1), this
implies that the extra condition i ≤ 2N + ord(D0(B2− (B′)2))− ν automatically
holds. This provides evidence that conditions (1)–(3) are the correct summation
conditions.

6.11 Résumé

We now express the results of the section on T (F ) \ H(F ) integration in terms
more suitable for summation. From the summation conditions (1)–(3) in Sect. 6.10,
the domain of possible values i can be divided into three disjoint ranges:

(A) Summation conditions for i (apart from 0 ≤ i ≤ χ):
Range of small i: 0 ≤ i ≤ ν and 0 ≤ i ≤ ν′.
Middle range i: ν < i ≤ 2f + ord(D0)− ν and ν′ < i ≤ 2f ′ + ord(D0)− ν′.
In the middle range ν = ν′ must be imposed by summation condition (2) in
the last section.
Large range i: 2f + ord(D0)− ν < i ≤ χ− ν and 2f ′ + ord(D0)− ν′ < i ≤
χ− ν′.
In the large range ν = ν′ and f = f ′ must be imposed by summation condition
(3). However, since 0 ≤ 2f + ord(D0) < χ, the extra condition f = f ′ can be
dropped, since it automatically holds (Lemma 6.6(4)).

(B) Summation conditions for ν, ν′, and θ:
In the domain of possible values ν, ν′ we have, in addition to restrictions men-
tioned above, the conditions

0 ≤ ν ≤ f, 0 ≤ ν′ ≤ f ′,

ν − ν′ = f − f ′ + ord(θ) mod 2 (only in the unramified case).

Furthermore, in the middle and in the large range, with respect to the variable i,
we have contributions to the orbital integral only for

−Θε0B′/B ∈ (o∗F )2,

unless both conditions ν = f and L/F is unramified hold.
(C) Contributions from the index(ν, ν′) = [oT : (T (F ) ∩ rK0r

−1)]: See
Lemma 6.11 and Sects. 6.14 and 6.15.
Since j = f − ν, j′ = f ′ − ν′, the relevant contributions are

1 (ν, ν′) = (f, f ′),

q + 1
q

qf+f ′−ν−ν′
ν = f, ν′ �= f ′ or ν′ = f ′, ν �= f,
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1
2

(q + 1)2

q2
qf+f ′−ν−ν′

ν < f, ν′ < f ′,

in the unramified case and
qf+f ′−ν−ν′

in the ramified case.
(D) Contributions from the centralizer(ν, i): See Corollary 6.2, Sect. 6.8, and

Sects. 6.14 and 6.15.

(q2 − 1)q3i−2 for i ≥ 1, otherwise 1 (i ≤ ν small range),

2q2ν+i (i > ν middle and large range),

unless

(q + 1) · q2ν+i−1 (ν = f, ν′ = f ′, L/F unramified).

In principle we could now compute the orbital integrals. We leave this computation
as an exercise to the reader. We only give the formula for the κ-orbital integrals.
Since this is a difference of orbital integrals, some of the summation terms cancel,
and hence the formula becomes simpler.

6.12 The Summation (L/F -Ramified)

Assume η = (s, s′) satisfies x, x′ ∈ o∗L, since otherwise the κ-orbital integral
is zero. For the κ-orbital integral the contributions from the small range of the
i-summation cancel in the ramified case, since their contribution is stable (i.e., does
not depend on θ). Only the middle and the large range contributions remain. The
whole summation is over the empty set unless χ > 0, i.e., unless x = x′ mod πL
holds in addition to x, x′ ∈ o∗L. For this notice that χ = 0 implies i = 0, which is in
the stable range. So we are in the situation where we can apply Lemma 6.6.

The quadratic character χL/F of F ∗ attached to L/F is trivial on (o∗F )2 with
χL/F (Θ) = −1. Notice ord(D0) = 0 and ε0 = 1 and θ = Θ ∈ o∗F .

Instability enters via −ΘB′/B ∈ (o∗F )2 imposed by summation condition (B).
Since B′/B is fixed, only one of the two orbital integrals contributes to the κ-
orbital integral with the corresponding sign χL/F (−B/B′). Summing up the terms

qf+f ′−ν−ν′ · 2q2ν+i = 2qf+f ′
qi over all indices i, rj,j′ ∈ R for j = f − ν, j′ =

f ′ − ν′ from the middle and large range (therefore ν = ν′) gives

Oκη (1K) = 2qf+f ′
χL/F (−B/B′) · 1o∗L×(1+πLoL)(x, x/x′)

∑

0≤ν≤N

∑

ν<i≤χ−ν
qi.

The double sum on the right gives
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(q − 1)−1
∑

0≤ν≤N
(qχ+1−ν − qν+1)

= (q − 1)−1[qχ+1(q−N−1 − 1)/(q−1 − 1)− q(qN+1 − 1)/(q − 1)]

=
q

(q − 1)2
(1− qN+1)(1 − qχ−N+1) = q

∫

Gl(2,F )2/(L∗)2
1K(g−1(t1, t2)g)dg/dl

by Lemma 6.6(1) and Lemma 6.4. Recall b = πfFB for b = (x − xσ)/2√D0 and
πF ∈ Norm(L∗), and similarly for b′. Hence, Oκη (1K) is equal to

2|x− x
σ

2
√
D0

|−1|x
′ − (x′)σ

2
√
D0

|−1χL/F (
xσ − x
2
√
D0

)χL/F (
x′ − (x′)σ

2
√
D0

) · q ×
∫

Gl(2,F )2/(L∗)2
1K(g−1(t1, t2)g)dg/dl.

This implies Theorem 6.1 for ramified L/F . The factor 2 disappears since in the
ramified case [oT : ρ((o∗L)2)] = 2. Furthermore, |D0|q = 1 and χL/F (D0) =
χL/F (−1) since −D0 = NormL/F (

√
D0) and |xx′| = 1 holds on the support.

Therefore, the factor in front becomes (|.|χL/F )
(
(x− xσ)(x′ − x′σ)).

6.13 The Summation (L/F -Unramified)

To compute the κ-orbital integral we concentrate on the case χ > 0. The case χ = 0
is very simple because only the small range summation contributes with the value
(−q)f+f ′

. Let us therefore turn to the essential case χ > 0. From the résumé we get
the following contributions:

1. Small range: Its contribution will be

SRC =
∑

0≤ν≤f

∑

0≤ν′≤f ′

∑

0≤i≤min(ν,ν′)

index(ν, ν′)#centralizer(i)

=
∑

0≤i≤N
#centralizer(i)

⎛

⎝

⎛

⎝
∑

i≤ν<f

∑

i≤ν′<f ′

1
2
· 2 · (q + 1)2

q2
(−q)f+f ′−ν−ν′

⎞

⎠

+

⎛

⎝
∑

i≤ν′<f ′

q + 1
q

(−q)f ′−ν′

⎞

⎠

+

⎛

⎝
∑

i≤ν<f

q + 1
q

(−q)f−ν
⎞

⎠+ 1

⎞

⎠ .
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The representatives ε0 appearing inR give the additional factor 2 in the first sum.
So

SRC =
∑

0≤i≤N
#centralizer(i) · S(i, f, f ′),

where #centralizer(i) = 1 and (q2 − 1)q3i−2 for i > 0 and S(i, f, f ′) =
(S(i, f) + 1)(S(i, f ′) + 1) with

S(i, f) =
q + 1
q

∑

i≤ν<f
(−q)f−ν = (−q)f−i − 1.

This gives

SRC = (−q)f+f ′
(

1 +
q2 − 1
q2

∑

0<i≤N
qi
)

= (−q)f+f ′
(

1 +
q + 1
q

(qN − 1)
)

.

2. Middle range contribution: Now summation condition (B) chooses one of the
representatives ε0. From the summation condition ν = ν′ we get

MRC =
∑

0≤ν≤N

∑

ν<i≤2N−ν
(−1)f+f ′−2ν · index(ν) ·#centralizer(ν, i).

The summation condition forces ν < N ; hence,

MRC =
∑

0≤ν<N

∑

ν<i≤2N−ν

(
1
2

(q + 1)2

q2
(−q)f+f ′−2ν

)

· (2q2ν+i)

= (−q)f+f ′ (q + 1)2

q2

∑

0≤ν<N

∑

ν<i≤2N−ν
qi

= (−q)f+f ′ (q + 1)2

(q − 1)2q

(

q2N+1 − qN+1 − qN + 1
)

.

3. Large range contribution: We have f = f ′ = N and ν = ν′. This gives

LRC =
∑

0≤ν≤N

∑

2N−ν<i≤χ−ν
(−1)2N+2ν · index(i) ·#centralizer(ν, i)

=
∑

0≤ν<N

∑

2N−ν<i≤χ−ν

(
1
2

(q + 1)2

q2
q2N−2ν

)

·(2q2ν+i)+
∑

N<i≤χ−N
1· q + 1

q
q2N+i

=
(q + 1)(−q)2N

q

(
q+1
q

(
∑

0≤ν<N

qχ−ν+1 − q2N−ν+1

q − 1

)

+

(
qχ−N+1 − qN+1

q − 1

))
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= (−q)f+f ′ q + 1
(q − 1)2q

(

(q − 1)(qχ−N+1 − qN+1) + (q + 1)(qχ+1

+ qN+1 − qχ−N+1 − q2N+1)
)

.

The sum of the contributions from (1)–(3) is

SRC +MRC + LRC =
(−q)f+f ′

(q − 1)2

(

(q + 1)qN − 2
)(

(q + 1)qχ−N − 2
)

.

Since χ > 0, by Lemma 6.6(1) and Lemma 6.4 the product over the two
Gl(2, F )-orbital integrals is equal to

1
(q − 1)2

(

(q + 1)qN − 2
)(

(q + 1)qχ−N − 2
)

.

The factor (−q)f+f ′
in front is (|.|χL/F )−1(x−x

σ√
D0

x−xσ√
D0

). Since D0 ∈ o∗F and

therefore (|.|χL/F )(D0) = 1, this proves Theorem 6.1 in the unramified case.

6.14 Appendix on Orders (L/F -Ramified)

Let the situation be as above. In particular, the residue characteristic is different
from 2. Then the orders oL(n) = oF + oFπ

n
F

√
D0 = oF + πnF oL ⊆ oL (for

integers n > 0 by assumption) have the following properties:

1. Norm(oL(n)∗) = (o∗F )2.
This is clear from (o∗F )2 ⊆ Norm(oL(n)∗) ⊆ Norm(o∗L) ⊆ (o∗F )2.

2. [o∗L(n) : (1 + πnF oL)] = [o∗F : (o∗F ∩ (1 + πnF oL)] = [o∗F : (1 + πnF oF )] =
(q − 1)qn−1.

3. [o∗L : o∗L(n)] = [o∗L : (1 + πnF oL)]/[o∗L(n) : (1 + πnF oL)]=(q − 1)q2n−1/(q −
1)qn−1 = qn.

4. [oT : (T (F ) ∩ rK0r
−1)] = [o∗L : o∗L(j)][o∗L : o∗L(j′)] = qj+j

′
, since

[Norm(o∗L) : Norm(oL(min(j, j′)))] = 1.
Finally, for R = oF /π

i
F oF and i > 0:

5. #(Sl(2, R)) = (q − 1)(q + 1)q3i−2 = (q2 − 1)q3i−2.

6. #Image
(
φ√D : o∗L → Gl(2, R)

)
= qi · (q− 1)qi−1 = (q− 1)q2i−1 for i > 0.

6.15 Appendix on Orders (L/F -Unramified)

Let the situation be as above with residue characteristic different from 2. Then the
orders oL(n) ⊆ oL have the following properties:



6.16 Appendix on Measures 237

1. Norm(oL(n)∗) = (o∗F )2 if n > 0 and Norm(o∗L) = o∗F and [o∗F : (o∗F )2] = 2.
This is clear from (o∗F )2 ⊆ Norm(oL(D)∗) ⊆ Norm(o∗L) = (o∗F ).

2. [o∗L(n) : (1 + πnF oL)] = [o∗F : (o∗F ∩ (1 + πnF oL)] = [o∗F : (1 + πnF oF )]
= (q − 1)qn−1 for n > 0.

3. [o∗L : o∗L(n)] = [o∗L : (1 + πnF oL)]/[o∗L(n) : (1 + πnF oL)]=(q2 − 1)q2(n−1)/(q−
1)qn−1 = (q + 1)qn−1 for n > 0.

From (1) and (3) we obtain:

4. [oT : (T (F ) ∩ rK0r
−1)] = [o∗L : oL(j)∗][o∗L : o∗L(j′)][Norm(o∗F ) :

Norm(o∗L(min(j, j′))]−1 is

1 for j = j′ = 0,

(q + 1)qj+j
′−1 if exactly one of the j, j′ is zero,

1
2
(q + 1)2qj+j

′−2 for j, j′ > 0.

Finally for R = oF /π
i
F oF and i > 0:

5. #(Sl(2, R)) = (q − 1)(q + 1)q3i−2 = (q2 − 1)q3i−2.

6. #Image
(
φ√D : o∗L → Gl(2, R)

)
= #

{

(u, v) ∈ R

∣
∣
∣
∣
∣
Norm(u + v

√
D) ∈

R∗
}

. For i > 0 this number is

(q − 1)q2i−1, πF |D,

(q2 − 1)q2i−2, D ∈ o∗F .

6.16 Appendix on Measures

Let G be a locally compact unimodular totally disconnected group, H a closed
subgroup, and K compact open in G. Let

G =
∐

H · x ·K

be a disjoint double coset decomposition with countably many representatives x. Let
dg, dh, dk be Haar measures onG,H,K such that volG(K) = 1 and volK(K) = 1.
Then according to [109], p. 478

∫

HxK

f(g)dg = const′
∫

H/H∩(xKx−1)

dh/dhx

∫

K

f(hxk)dk

= const

∫

H

(
∫

K

f(hxk)dk)dh.
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The constants depend on the choice of measures dhx onH∩(xKx−1) and dh onH .
Evaluating with the function f(g) = 1xK(g) gives

1 = const

∫

H

1H∩xKx−1(h)dh = const · volH(H ∩ xKx−1).

If dh is normalized such that volH(KH) = 1, then

const = volH(H ∩ xKx−1)−1 = [KH : (H ∩ xKx−1)].

It follows that
∫

T\H
1K(g−1ηg)

dg

dt
=
∑

x

[KH : (H ∩ xKx−1)] ·
∫

T\G
1H∩xKx−1(h−1ηh)

dh

dt

since x−1h−1ηhx ∈ K ⇐⇒ h−1ηh ∈ H ∩ xKx−1, and since

volG(K)
volH(H ∩ xKx−1)

= [KH : (H ∩ xKx−1)].



Chapter 7
A Special Case of the Fundamental Lemma II

7.1 The Torus T

In this section F is a non-Archimedean local field of residue characteristic not equal
to 2. Let E/F be a field extension of degree 4 with an involution σ which has fixed
field E+ such that [E : E+] = 2. Let q be the number of elements in the residue
field of E+. Prime elements will be denoted πE+ . We write E+ = F (

√
A) for

some element A ∈ F ∗ assuming A = A0 to be normalized, i.e., chosen integral
with minimal possible order. Then oE+ = oF + oF

√
A.

The Group H. Consider the subgroupH(F ) ⊆ GSp(4, F ) of all matrices

η =

⎛

⎜
⎜
⎝

α1 α2A
−1 β1 β2

α2 α1 β2 β1A
γ1 γ2A

−1 δ1 δ2
γ2A

−1 γ1A
−1 δ2A

−1 δ1

⎞

⎟
⎟
⎠ .

This defines an algebraic F -groupH such that

φ : Gl(2, E+)0 = {g ∈ Gl(2, E+) | det(g) ∈ F ∗} ∼= H(F ).

The inverse isomorphism φ−1 maps the above matrix η = φ(s) to the matrix

s =
(
a b
c d

)

∈ Gl(2, E+)0,

where a = α1+α2

√
A−1, b = β1+β2

√
A−1, c = γ1+γ2

√
A−1, d = δ1+δ2

√
A−1.

Maximal Tori. Consider the F -torus T ⊆ ResE/F (Gm) such that

T (F ) = {x ∈ E∗|NormE/E+(x) = xxσ ∈ F ∗}.
R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 239
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 7,
c© Springer-Verlag Berlin Heidelberg 2009
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T can be embedded into H and G over the field F . Its image in G = GSp(4) is a
maximal torus denoted TG. Any F -embedding of T intoG is conjugate underG(F )
to one of the following

Standard Embeddings. ChooseD ∈ E+ such thatE = E+(
√
D). For simplicity

assume D to be integral. Embed T by the D-regular embedding, mapping elements

x = a+ b
√
D, a, b ∈ E+

of T (F ) to

s = φ√D(x) =
(
a Db
b a

)

∈ Gl(2, E+)0.

Via the isomorphism above, we can view T as a maximal F -subtorus of H and G.

Lemma 7.1. Two such standard embeddings are conjugate as embeddings into G
or H if and only if the quotient θ =

√
D′/
√
D is in F ∗ ·NormE/E+(E∗).

Proof. There is an exact sequence T1 ↪→ T � Gm, where T1 is the kernel of
the surjection NormE/E+ : ResE/F (Gm) → ResE+/F (Gm). So H1(F, T1) =
(E+)∗/NormE/E+(E∗). By Hilbert 90 then H1(F, T ) = H1(F, T1)/F ∗ =
(E+)∗/(F ∗ ·NormE/E+(E∗)). Similarly to Lemma 6.1H1(F,H) = H1(F,G) =
1; hence, the embeddings of T into H and G up to conjugation are parameterized
by H1(F, T ), any embedding is conjugate to a standard embedding, and two stan-
dard embeddings are conjugate in G under G(F ) if and only if they are conjugate
in H under H(F ). Now it is easy to see that two standard embeddings T ↪→ H are
H(F )-conjugate if and only if θ is in F ∗ ·NormE/E∗(E∗). �

Orbital Integrals. Our aim is to calculate the GSp(4, F ) orbital integral

OGη (1K) =
∫

Gη\G
1K(g−1ηg)dg/dgη

for the unit element 1K of the Hecke algebra (equivalent to characteristic functions
of the group K = KG of the unimodular symplectic similitudes). Measures are
normalized by volG(K) = 1 and volT (oT ) = 1, where oT is the subgroup of all
x ∈ T (F ) with x ∈ o∗E . By transport of structure this defines a unique Haar measure
on T ∼= TG ∼= Gη . Here we assume regularity in the sense that

E = F (x).

Then we calculate the κ-orbital integrals: The subgroup F ∗ ·NormE/E+(E∗) has
at most index 2 in (E+)∗. We are interested only in the unstable case, where the two
groups are not equal. Assume this is the case

(E+)∗ = F ∗ ·NormE/E+(E∗) % θ · F ∗ ·NormE/E+(E∗).



7.1 The Torus T 241

Then
Oκη (1K) = OGη (1K)−OGη′(1K)

defines the κ-orbital integralsOκη (1K), where

η = φ ◦ φ√D0
(x), η′ = φ ◦ φθ√D0

(x), (x ∈ T ),

and where θ ∈ (E+)∗ is chosen as above.

The Unstable Case. For local fields E∗ considered above (E+)∗ = F ∗ ·
NormE/E+(E∗) unless E/F is a noncyclic Galois extension. Since we are only
interested in κ-orbital integrals, we will restrict ourselves from now on to that
particular case.

By assumption, the residue characteristic of F is different from 2; hence, the non-
cyclic Galois extension E/F is the composite field of the three nonisomorphic
quadratic extension fields of F in F . Exactly one of these three extension fields
L,L′, E+ is unramified overF , and hence exactly one of the two extensionsE/E+,
E+/F is ramified or unramified, respectively.

The Galois groupGal(E/F ) has four elements 1, σ, τ , and στ = τσ. Consider
fixed fields. Let us denote

L = E〈τ〉 = F (
√
D0),

L′ = E〈τσ〉 = F (
√
A0D0),

and E+ = E〈σ〉 as the three fixed fields of E. If one of the extensions L/F or
L′/F is unramified, we can assume that L/F is the unramified extension. Notice
the apparent asymmetry of this normalization!

E = E+(
√
D0)

στ

�������������
σ

τ

												

L′ = F (
√
A0D0)


















E+ = F (

√
A0) F (

√
D0) = L

��������������

F

We remark:

• E/E+ is ramified if and only if E+/F is unramified if and only if L′/F and
L/F are ramified.

• Furthermore, ifE/E+ is unramified, thenL/F is unramified (by our choice) and
E+/F and L′/F are ramified.

• In particular, L′/F is always ramified.
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Notation. Choose D = D0 ∈ F ∗ to be normalized of minimal order 0 or 1. This
does not imply that D = D0θ

2 is also normalized or in F ∗, since ord(θ) = 1
if E/E+ is unramified. We fix prime elements πE+ = −D0, and πE+ =

√
A0

according to whether E/E+ is ramified or not. The valuation on F is chosen such
that |πF | = q−1

0 , where q0 is the cardinality of the residue field of F . Let q denote
the cardinality of the residue class field of E+. We extend the valuation of F to F .

7.2 The Endoscopic Group M

The torus T is the pullback of the maps Norm : E∗ → (E+)∗ and the embedding
F ∗ → (E+)∗:

E∗ Norm �� (E+)∗

T (F )

��

�� F ∗
� �

incl

��

Therefore, the dual group T̂ is the pushout

(C∗)4

��

(C∗)2
diag		

m

��
T̂ C∗		

of the diagonal map (C∗)2 → (C∗)4 and the multiplication map m : (C∗)2 → C∗.
This gives T̂ ∼= (C∗)4/{(t, t, t−1, t−1)}, where the Galois group G(E/F ) acts by
the generatorσ ofGal(E/E+) permuting, say, the first and second and the third and
fourth components, respectively. Let τ �= σ be the second involution in G(E/F )
with fixed field L = F (

√
D0), where we assumed D0 ∈ F ∗ to be normalized.

Then τ acts by permuting, say, the first and third and the second and fourth com-
ponents. The map (z1, z2, z3, z4)/(t, t, t−1, t−1) 	→ (z1z4, z2z4, z3/z4) induces an
isomorphism T̂ ∼= (C∗)3. The action of σ is transported to

σ(t1, t2, t3) = (t2t3, t1t3, t−1
3 ).

The action of τ is transported to

τ(t1, t2, t3) = (t2t3, t2, t1/t2).

This defines an embedding of L-groups

ψ : LT → LGSp(4, F ) = GSp(4,C)×WF
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by
ψ(t1, t2, t3) = diag(t1, t2, t2t3, t1t3)

and

ψ(σ) = i

(
0 E
−E 0

)

× σ , ψ(τ) =

⎛

⎜
⎜
⎝

0 0 i 0
0 1 0 0
−i 0 0 0
0 0 0 1

⎞

⎟
⎟
⎠ .

Identify T̂ with its image under ψ. Then the center Z(Ĝ) of the dual group Ĝ is
the group of all (t1, t2, t3) = (x, x, 1) and T̂ Γ = Z(Ĝ) ∪ Z(Ĝ)κ, where κ =
(1,−1,−1) ∈ T̂ . The centralizer of s = ψ(κ) = diag(1,−1, 1,−1) is the group

M̂ = M̂0 =

{
⎛

⎜
⎜
⎝

∗ 0 ∗ 0
0 ∗ 0 ∗
∗ 0 ∗ 0
0 ∗ 0 ∗

⎞

⎟
⎟
⎠ ⊆ GSp(4,C)

}

.

Consider LM = M̂ × Γ as a subgroup of LGSp(4, F ) in the trivial way. The
embedding LM ↪→ LG is denoted ξ. This defines an elliptic endoscopic datum
(M, LM, s, ξ). The group M is Gl(2, F )×Gl(2, F )/{(t, t, t−1, t−1) | t ∈ F ∗}.

Since ψ(σ), ψ(τ) are contained in LM , the morphism ψ factors in the evident
way:

LT ��

ψ �����
��

���
�

LM

ξ������
�����

LGSp(4)

Consider tori TM ⊆M , uniquely defined up to conjugation by M(F ) by TM (F ) =
(L∗ × (L′)∗)/F ∗ in M(F ) = (Gl(2, F )2)/F ∗. The isomorphism

(L∗ × (L′)∗)/F ∗ ∼= T (F )

defined by the map (t1, t2)/(t−1, t) 	→ t1t2 	→ φ ◦ φ√D(t1t2) gives an admissible
embedding of the torus, which on the level of F -rational points is given by

ρ : TM (F ) ∼= (L∗ × (L′)∗)/F ∗ → T (F ) → TG(F ) ⊆ GSp(4, F ).

Let us describe the admissible embedding TM ↪→ TG. We have the following
chain of embeddings:

M(F ) = Gl(2, F )2/F ∗ ←↩ TM (F ) ∼= T (F ) = (L∗)× (L′)∗/F ∗ ι→ E0 ⊆ E,

E0
φ√

D0→ Gl(2, E+)0
φ
↪→ H(F ) ⊆ G(F ) = GSp(4, F ).

The exponent 0 indicates that the relative norm from E to E+ or the determinant
has values in F . The maps involved are, from left to right, as follows. Firstly, the
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embedding defined by a regular representation identifying Gl(2, F ) and Gl(L/F ),
which is unique up to conjugation. Then the map ι defined by

ι : (t1, t2)/ ∼ 	→ x = t1t2

which has its image in E0. Thirdly, the map

φ√D0
: x 	→ s =

(
a D0b
b a

)

,

where the coefficients a, b ∈ E+ are determined by writing x = t1t2 = a+ b
√
D0,

where L = F (
√
D0) and all elements x, t1, t2 are viewed as elements of the field

E = LL′ of degree 4 over F . Finally, the isomorphism φ of Gl(2, E+)0 onto its
image in GSp(4, F ). As a result we obtain the element η ∈ GSp(4, F ) attached to
(t1, t2).

The torus TG in GSp(4) is defined by

TG = φ ◦ φ√D0
◦ ι(TM ).

ΔIV . For comparison with [60] we record for x = t1t2 ∈ T (F )

DG(x) = |1− x/xτ ||1− x/xσ||1− xτ/xτσ||1− xτ/xσ|,

DM (t1, t2) = |1− t1/tσ1 ||1− t2/tσ2 | = |1− x/xστ ||1− x/xτ |.

Hence, ΔIV = DG(x)/DM (t1, t2) = |1 − x/xσ||1 − xτ/xσ| = |(1− x/xσ)(1 −
x/xσ)τ |. Since (1− x/xσ)(1− x/xσ)τ | ∈ E〈τ〉 = L and since L/F is unramified,
we conclude

Lemma 7.2. DG(x)/DM (t1, t2) has values in Q.

7.3 Orbital Integrals on M

Orbital integrals for M are stable:

SOM(t1,t2)(1K) =
∫

TM (F )\M(F )

1KM (g−1(t1, t2)g)dg/dt.

Here 1KM is the unit element of the Hecke algebra of the group KM defined in
Chap. 6. The measure on M(F ) is chosen as in Chap. 6, on TM by transport of
structure from the unique Haar measure on T , such that volT (oT ) = 1.

We will show by explicit computation

Theorem 7.1. Assume the residue characteristic of F is different from 2. Suppose
t1 ∈ L∗, t2 ∈ (L′)∗. Assume that x = t1t2 ∈ T (F ) is regular in the sense that E =
F (x). Then η = φ ◦ φ√D0

(x) ∈ TG(F ) is regular with image (t1, t2) ∈ TM (F )
under ρ−1. Then
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Δ(η, (t1, t2))Oκη (1KG) = SOM(t1,t2)(1KM ),

for the transfer factor

Δ(η, (t1, t2)) = χL/F (A0)|NE/F (x)|−1/2(χL/F | . |)
(
(x − xσ)(xτ − xστ )).

χL/F is the quadratic character of F ∗ attached to the field extension L/F .

Since χL/F is quadratic, we obtain from Lemma 7.2

Corollary 7.1. The transfer factor Δ(η, (t1, t2)) has values in Q and satisfies

Δ(λη, (λt1, λt2)) = Δ(η, (t1, t2))

for all λ ∈ F ∗.

Lemma 7.3. The transfer factor Δ(η, t) only depends on x = t1t2, and hence is in-
variant under the involution t = (t1, t2) 	→ t∗ = (t2, t1). Furthermore, the admis-
sible embedding map TM (F ) � t 	→ η ∈ TG(F ) defines an admissible embedding
T ∗
M(F ) � t∗ 	→ t 	→ η ∈ TG(F ).

Remark 7.1. Notice T ∗
M is not M(F )-conjugate to TM in M since L1 �∼= L2.

Remark 7.2. Instead of working with stable orbital integrals on M(F ), it is better
to work with orbital integrals onM1(F ) = Gl(2, F )2 via the z-extension p : M1 →
M . As in Chap. 6 we get

SOM(t1,t2)(1KM )=[oT : ρ(o∗L×o∗L′)]
∫

(L∗×(L′)∗)\Gl(2,F )2
1KM1

(g−1(t1, t2)g)dg/dl,

for a suitable adjusted choice of (t1, t2) in the cosets ofM1(F )/Kern(p). Measures
are chosen such that volL∗×(L′)∗(o∗L × o∗L′) = 1 and volM1(KM1) = 1, where
KM1 = Gl(2, oF )2.

We use this, always tacitly assuming that (t1, t2) is chosen to be adjusted, to
rewrite the stable orbital integral on M as a product of two orbital integrals on
Gl(2, F ), namely, of

∫

L∗\Gl(2,F )
1K(g−1t1g)dg/dl = 1o∗

L
(t1)
(−f(L : F )

q0 − 1
+
|D0|1/2(q0 − 1 + f(L : F ))

q0 − 1
|t1−tσ1 |−1

)

for L/F and similarly for
∫
(L′)∗\Gl(2,F ) 1K(g−1t2g)dg/dl

1o∗
L′ (t2)

(−f(L′ : F )
q0 − 1

+
|D0A0|1/2(q0 − 1 + f(L′ : F ))

q0 − 1
|t2 − tσ2 |−1

)
.

Here f(L/F ) and f(L′/F ) denote the degrees of the residue field extension. Fur-
thermore,K = Gl(2, oF ), and measures are chosen analogously as for M1.



246 7 A Special Case of the Fundamental Lemma II

7.4 Reduction to H

We use the following double coset decomposition due to Schröder ([81], Satz
A.19.3(2)):

G =
∞∐

i=0

H(F ) · z(i) ·GSp(4, oF ),

where (see Theorem 12.2)

z(i) =

⎛

⎜
⎜
⎝

1 0 −μ−1 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞

⎟
⎟
⎠

with the integers μ = μ(i) = A · πiF for i = 0, 1, 2, . . ..
Obviously

k = z(i)−1 ·η ·z(i) =

⎛

⎜
⎜
⎝

α1 + γ1
α2+γ2
A (β1 − α1 + δ1 − γ1)μ−1 (β2 + δ2)μ−1

α2 α1 (β2 − α2)μ−1 β1Aμ
−1

μγ1 μγ2A μ(δ1 − γ1)μ−1 μδ2μ
−1

μγ2A μγ1A μ δ2−γ2A μ−1 μδ1μ
−1

⎞

⎟
⎟
⎠

for a = α1 +α2

√
A−1, b = β1 +β2

√
A−1, c = γ1 + γ2

√
A−1, d = δ1 + δ2

√
A−1,

and

η = φ

((
a bμ−1

μc μdμ−1

))

, s =
(
a b
c d

)

using a slight reparameterization compared with the notion on page 239 in Sect. 7.1.
Notice η and φ(s) are H(F )-conjugate in H(F ), i.e., η = Ad(φ( 1 0

0 μ ))(φ(s)).

Lemma 7.4. For the isomorphism φ̌ defined by the commutative diagram

š ∈ Gl(2, E+)0

φ̌ �

��

�
Ad(( 1 0−1 1 )(

1 0
0
√
A

))
�� Gl(2, E+)0 � s

� Ad(( 1 0
0 μ ))

��
η ∈ H(F ) Gl(2, E+)0

φ

�		

defined by φ we have
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š ∈ Gl
(
2, oE+(i)

)0 ⇐⇒ η = φ̌(š) ∈ z(i) ·GSp(4, oF
) · z(i)−1.

Here oE+(i) denotes the order oF + πiF oE+ in oE+ for i > 0. The index 0

indicates that determinants should be in o∗F .

Remark 7.3. Since det(h) =
√
A /∈ F ∗, conjugation by h = ( 1 0−1 1 )( 1 0

0
√
A ) ∈

Gl(2, E+) does not preserve the F -rational conjugacy classes of Gl(2, E+)0. It
only preserves the stable conjugacy classes in Gl(2, E+)0. The defect, of whether
the conjugacy class is preserved or not, is measured by NormE+/E(

√
A) in

F ∗/NormE+/F ((E+)∗). NormL/F (L∗) and NormE+/F ((E+)∗) generate F ∗

with intersection NormE/F (E∗). Therefore, the norm map NormE+/F induces
an isomorphism

NormE+/F : (E+)∗/NormE/E+(E∗) ∼= F ∗/NormE+/F ((E+)∗);

hence, the defect is measured by χL/F (
√
A0

−1√
A0

−τ ) = χL/F (−A0).

Proof of Lemma 7.4. Put μ = μ(i). In the notation above, if z(i)−1ημz(i) is in
GSp(4, oF ), then α1, α2, δ1, δ2, α1 + γ1 ∈ oF ; hence, γ1 ∈ oF . Furthermore, α2 =
−γ2 = −δ2 mod (A); hence, γ2 ∈ oF . Finally,

β1 ∈ (μ/A),

−δ2 = β2 = α2 mod (μ),

β1 − α1 + δ1 − γ1 = 0 mod (μ).

Hence, β1, β2 ∈ oF . Notice μ and μ/A ∈ oF ; hence, all αi, βi, γi, δi ∈ oF . Now
put

s̃ =
(
α̃ β̃

γ̃ δ̃

)

=
(

1 0
1 1

)(
a b
c d

)(
1 0
−1 1

)

=
(

a− b b
a+ c− b− d b+ d

)

.

Put α̃ = α̃1 + α̃2

√
A−1, . . . , δ̃ = δ̃1 + δ̃2

√
A−1. Then the conditions above become

α̃2, δ̃2 ∈ (μ), γ̃1 ∈ (μ) and β̃1 ∈ (μ/A) and γ̃2 ∈ (A). This uses γ̃2 = α̃2+γ2−δ2 ∈
(A) since α̃2 ∈ (μ) ⊆ (A) and α2 + δ2 = α̃2 + δ̃2 ∈ (μ) ⊆ (A). If we replace s̃ by

š =
(

1 0
0
√
A

)−1

s̃

(
1 0
0
√
A

)

=

(
α̃1 + α̃2

A

√
A β̃2 + β̃1

√
A

γ̃2
A + γ̃1

A

√
A δ̃1 + δ̃2

A

√
A

)

,

the condition z(i)−1ημz(i) ∈ GSp(4, oF ) becomes equivalent to

š ∈ Gl(2, oE+(i)), det(š) ∈ o∗F .

In other words, for μ = A · πiF , the isomorphism

φ̌ : Gl(2, E+)0 ∼= H(F ) ⊆ GSp(4, F )
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identifies (φ̌)−1
(
H(F ) ∩ z(i)GSp(4, oF )z(i)−1

)
with the following subgroup of

Gl(2, oE+)0

Ki = Gl(2, oE+(i))0. �
For a matrix š ∈ Ki let k = z(i)−1 · η · z(i) be its image in GSp(4, oF ). Then we
have

Lemma 7.5. For a matrix š ∈ Ki let k be its image in GSp(4, oF ). Then the
congruence k ≡ id mod (πF ) implies the congruence š ≡ id mod (πE+) in
Gl(2, oE+(i)/πE+)0.

Proof. The unramified case is obvious. Hence, it suffices to consider the case where

E+/F is ramified. Then the reduction of š mod πE+ is ( α̃1 β̃2

γ̃2/A δ̃1
) mod (πF ). If the

reduction of k mod πF is 1, this implies α1 ≡ δ1 ≡ 1, δ2 ≡ α2 ≡ 0. Therefore,
β2 ≡ 0 since β2 + δ2 ∈ (πFμ), and β1 ≡ 0 since β1A/μ ≡ 0 mod (πF ). It also
implies (α2 − β2)/A ≡ 0 and (γ2 − δ2)/A ≡ 0 mod (πF ). These conditions imply
š ≡ id mod (πE+) since α̃1 = α1 − β1, β̃2 = β2, γ̃2/A = (α2 − β2)/A + (γ2 −
δ2)/A, and δ̃1 = β1 + δ1. �

Orbital Integrals. We use measures on G(F ), H(F ), and Gη(F ) ∼= T (F ) such
that the volumes of the following compact subgroups volG(K) = 1, vol(KH) = 1,
and volT (oT ) = 1 are 1. This implies

volG(K)/volH(Ki) = [K0 : Ki].

From the double coset representatives for H(F ) \ G(F )/K and Sect. 6.16 we get
as an immediate consequence of Lemma 7.4

OG
φ̌(š)

(1K) =
∞∑

i=0

volG(K)
volH(Ki)

∫

φ̌−1(T (F ))\Gl(2,E+)0
1Ki(h

−1šh)dh/dt,

where
Ki = Gl(2, oE+(i))0 ⊆ Gl(2, oE+)0 = K0 = KH

is mapped under φ̌ isomorphically onto φ̌(Ki) = H(F ) ∩ z(i)KGz(i)−1

(Lemma 7.4). Recall oE+(i) is the order oF + πiF oE+ in oE+ for i > 0, and
the index 0 means that determinants should be in o∗F .

An analogous formula holds for the κ-orbital integral. In Sect. 7.1 we defined el-
ements η = φ(s) ∈ H(F ). Above we also defined φ̌(s) ∈ H(F ). Notice that φ(s)
and φ̌(s) are stably conjugate in H(F ) (and hence are stably conjugate in G(F )),
but are not necessarily conjugate. Hence, for the computation of the κ-orbital inte-
grals Oκη (1K), one has to take care of a possible sign change. The sign depends

on the residue class of
√
A,A = A0 in (E+)∗/F ∗NormE/E+(E∗). This lat-

ter group is equal to (E+)∗/NormE/E+(E∗) by local class field theory and the

assumption E = LL′. Hence, this sign is χE/E+(
√
A0

−1
). Since Norm(L∗)
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and Norm(E∗) generate F ∗ with the intersection Norm(E∗), we can apply the

norm map NormE+/F to see that this sign again equals χL/F (
√
A0

−1√
A0

−τ
) =

χL/F (−A0). By abuse of notation we will therefore write s instead of š to simplify
the notation. This gives an extra sign χL/F (−A0) for the κ-orbital, which will have
to be considered at the end of the computation, since Oκφ(s)(1K) = Oκ

φ̌(š)
(1K) =

χL/F (−A0) ·Oκφ̌(s)
(1K).

7.5 The Elements of T (F )

By definition T (F ) ⊆ E∗ such that for x ∈ T (F ) we have xxσ ∈ F ∗. Recall
L = F (

√
D0); hence, τ(

√
D0) =

√
D0. Choose coordinates a, b ∈ E+ of x

x = a+ b
√
D0,

giving coordinates a′ = aτ , b′ = bτ of

xτ = a′ + b′
√
D0.

Of course the coordinates depend on the choice of D = D0. Recall D0 ∈ F ∗ was
chosen normalized such that oL = oF + oF

√
D0.

Assumption. Suppose x ∈ T (F ) is a unit in E∗. Furthermore, assume x =
xτ mod πE (in later notation χ > 0) if E/E+ is ramified.

Claim 7.1. Then
x = t1t2

is solvable with units t1 ∈ o∗L and t2 ∈ o∗L′ .

Proof. x can be written in the form x = T1T2 for certain T1 ∈ L∗ and T2 ∈ (L′)∗

as we saw in Sect. 7.2. Then x/xστ = T1/T
σ
1 and x/xτ = T2/T

σ
2 .

x ∈ T (F ) ∩ o∗E implies x/xστ ∈ N1
L ∩ o∗L. Namely, x ∈ T (F ) implies xxσ =

xτxστ ∈ F ∗; hence, x/xστ ∈ E〈τ〉 = L. Furthermore, NormL/F (x/xστ ) =
xxσ/xστxτ = 1. If t1/tσ1 = x/xστ has a solution t1 ∈ o∗L, then one can replace T1

by t1, since then T1/t1 ∈ F ∗. Also replace T2 by t2 = T2T1/t1 within (L′)∗ such
that x = t1t2. Since t2 = x/t1 ∈ o∗E ∩ (L′)∗ = o∗L′ , our claim is true.

Similarly x/xτ ∈ L′ = E〈στ〉 and NL′/F (x/xτ ) = 1. Therefore, x/xτ ∈ N1
L′ .

If t2/tσ2 = x/xτ has a solution with t2 ∈ o∗L′ , again our claim is true.
By assumption, the residue characteristic is odd. Therefore, the image of o∗L un-

der t 	→ t/tσ is N1
L ∩ (1 + πLoL) if L/F ramifies and is equal to the norm-1-group

N1
L of L∗ otherwise. Similarly for L′. Therefore, if one of the two extensions L/F

or L′/F is unramified, our claim holds by the arguments above. For the remaining
case, bothL/F andL′/F are ramified. ThenE+/F is unramified, and henceE/E+
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is ramified. Then our assumption implies x/xτ ∈ 1 + πL′oL′ . Hence, we can solve
t2/t

σ
2 = x/xτ with t2 ∈ o∗L′ . Therefore, in all possible cases x = t1t2 ∈ o∗Lo∗L′ . �

Notation. Recall that we defined an isomorphism T (F ) ∼= TG(F ). Define oT to be
the image of o∗E ∩ T (F ) under this isomorphism. Then the arguments above in fact
show [oT : ρ(o∗L × o∗L′)] ≤ eE/E+ . Since for eE/E+ = 2 the element x = πL′/πL
is in T (F ), but not in o∗Lo

∗
L′ , where πL =

√
D0 and πL′ =

√
A0D0, we obtain

Lemma 7.6. [oT : ρ(o∗L × o∗L′)] = eE/E+ .

Notation. Assume the valuation group ofE+ is normalized to be Z∪∞, and assume
|πF |−1 to be the cardinality of the residue field of oF for a prime element πF of F .
Then |x| = q−ord(x)/2 for x ∈ E+. Put

χ = ord(a − a′), N = ord(b) = ord(b′).

Therefore, b = πNE+B, b′ = πNE+B′ for units B,B′ in o∗E+

qN = |x− x
σ

√
D0

|−2.

By the regularity assumption E = F (x) the coordinates of x and xτ satisfy a �= a′.
Hence, χ <∞. Furthermore, x = t1t2 with t1 = tτ1 ∈ L and t2 = tτσ2 ∈ L′. Thus,

χ = ord(TrE/E+(x)−TrE/E+(xτ )) = ord(t1t2+tσ1 t
σ
2−t1tσ2−tσ1 t2) = ord((t1−tσ1 )(t2−tσ2 )).

Hence, for |t1| = 1

|t2 − tσ2 | = |t2 − tσ2 ||t1| = |x− xτ | = |(a− a′)2 − (b− b′)2D0|1/2,

and for |t2| = 1

|t1 − tσ1 | = |t1 − tσ1 ||t2| = |x− xστ | = |(a− a′)2 − (b+ b′)2D0|1/2.

Notice xστ = a′ − b′√D0 since a′, b′ are fixed by σ and σ
√
D0 = −√D0.

Lemma 7.7. Suppose x ∈ o∗E and χ > 0. Then by the claim above x = t1t2 for
t1 ∈ o∗L and t2 ∈ o∗L′ such that:

1. {|D0|1/2|t1 − tσ1 |−1, |D0|1/2|t2 − tσ2 |−1} = {qN/2, q(χ−N−ord(D0))/2}.
2. χ = ord(D0(b2 − (b′)2)) except for ord(b) = ord(b′) = ord(D0) = 0.
3. χ ≥ ord(D0) + 2N .

Parity Rules. Suppose E/E+ is unramified. Then ord(D0) = 0. Since a − a′ ∈
E+ \F and E+/F ramifies, χ is odd. In particular, χ > 0. Furthermore, ord((t1 −
tσ1 )/2

√
D0) is even since L/F is unramified. Then ord((t2 − tσ2 )/2

√
D0) is odd

since χ is odd (using Lemma 7.7(1)).
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Proof of Lemma 7.7. χ > 0 implies x = t1t2 for some t1 ∈ o∗L and t2 ∈ o∗L′ by the
claim above. Therefore,

2χ = ord[(a − a′)2 − (b− b′)2D0)] + ord[(a − a′)2 − (b+ b′)2D0].

Suppose ord(b± b′)2D0 ≥ ord(a− a′)2 := 2χ > 0 for some choice of sign. Then
ord(b ∓ b′)2D0 = 0 for the other choice. Then ord(b ± b′)2D0 = ord(a − a′)2 =
2χ > 0, and hence N = ord(b) = ord(b′) = ord(D0) = 0. Hence, claims
(1) and (2) follow immediately, and claim (3) is trivial. Otherwise for both signs
ord((b ± b′)2D0) < ord(a − a′)2. Hence,

2χ = ord(−D0(b+ b′)2) + ord(D0(b− b′)2) = 2 · ord(D0(b2 − (b′)2)).

This proves claim (2). Since N = min(ord(b − b′), ord(b + b′)), claim (2) then
implies claim (3). Furthermore, |ti − tσi | = |D0(b± b′)2|1/2; hence, the product of
|D0|1/2|ti−tσi |−1 for i = 1, 2 is |(b2−b′2)|−1 = |πE+ |χ−ord(D0) = q(χ−ord(D0))/2

by claim (2). This implies claim (1). �

7.6 The Residue Rings S = oE+/πi
F

Assume i ≥ 1. Let S denote some residue ring oE+/πiF and R the corresponding
ring R = oF /π

i
F . Obviously

S = R[X ]/(X2 −A) = R+R
√
A

forA = A0 and
√
A = X mod (X2−A). The image of the order oE+(i) in S isR.

Let Gl(2, S)0 denote the group of matrices with determinant in R∗. Then the image
of Ki in Gl(2, S)0 is Gl(2, R).

For s ∈ T (F ) the expression [K0 : Ki]
∫
K0

1Ki(k
−1sk)dk is zero unless s ∈

T (F ) ∩K0. Suppose this is the case. Then

[K0 : Ki]
∫

K0

1Ki(k
−1sk)dk = #S

is the cardinality #S of the set S of left cosets kKi ⊆ K0 for which k−1sk ∈ Ki,
or equivalently the number of left cosets y ·Gl(2, R) ⊆ Gl(2, S)0 for which

y−1sy ∈ Gl(2, R).

Assumption. Now suppose s is of the form

s =
(
a bD

b a

)

,

for a, b ∈ S and some D such that D0|D.
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Remark 7.4. We later apply this when a is the residue class of a and b is the residue
class of a certain element (Θε0)−1B · πνE+ .

Lemma 7.8. Let e = eE/E+ be the ramification index. Then the following asser-
tions are equivalent:

1. There exists y ∈ Gl(2, S)0 such that y−1sy ∈ Gl(2, R).
2. There exists a unit ε ∈ (S∗)e such that

(
1 0
0 ε

ετ

)

s

(
1 0
0 ε

ετ

)−1

= sτ .

3. There exists a unit ε ∈ (S∗)e such that

(
1 0
0 ε

)

s

(
1 0
0 ε

)−1

∈ Gl(2, R).

In other words, a ∈ R, εb ∈ R, ε−1bD ∈ R.

Proof. For s = diag(a, a) the lemma is obvious; hence, we can assume b �= 0.
Secondly, the equivalence (2)⇐⇒(3) is trivial. To show that assertion (3) implies
assertion (1) consider y ∈ Gl(2, S) such that ysy−1 ∈ Gl(2, R). If

det(y) = r · det(z), r ∈ R∗, z ∈ Gl(2, S)s,

then by replacing y with

z−1y

(
1 0
0 r

)−1

assertion (1) follows. Hence, it remains for us to show that ε ∈ R∗ · det(Gl(2, S)s).
We claim (S∗)e ⊆ R∗ · det(Gl(2, S)s): In fact, for e = 1 the extension E/E+ is
unramified and E+/F is ramified. Hence, R∗ · (S∗)2 = S∗ ⊆ R∗ · det(Gl(2, S)s).
For e = 2 we have (S∗)e ⊆ det(Gl(2, S)s), since diag(λ, λ) ∈ Gl(2, S)s . Hence,
assertion (3) implies assertion (1).

The remaining implication (1)=⇒(2):
y−1sy ∈ Gl(2, R)⇐⇒ y−1sy = y−τsτyτ ⇐⇒ xsx−1 = sτ for

x = yτy−1, xτ = x−1,

where x uniquely determines the left coset yGl(2, R) of y.
det(x) = 1 and xτ = x−1 implies

x =
(
x1 x2

x3 x4

)

,

(
xτ1 xτ2
xτ3 xτ4

)

=
(
x4 −x2

−x3 x1

)

.
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Hence,

x =
(

x1 r2
√
A

r3
√
A xτ1

)

, r2, r3 ∈ R.

Observe that assertion (1) implies the trace condition a = aτ . This and xs = sτx
gives the conditions xτ1b = b

τ
x1, x1bD = xτ1b

τ
Dτ , and

√
Ar2b =

√
Ar3b

τ
Dτ .

Therefore (notice ord(b) = ord(b
τ
)):

• b
b

τ xτ1 = x1 +AnnS(b).

• b
τ

b
xτ1D

τ = x1D +AnnS(b).

• b
b

τ r2
√
A = r3

√
ADτ +AnnS(b).

Since det(x) = 1, we have 1 = x1x
τ
1 − r2r3

√
A

2
. Hence,

b

b
τ = (

b

b
τ x

τ
1)x1 − (r2

√
A
b

b
τ )r3
√
A = x2

1 +AnnS(b)− r23ADτ +AnnS(b).

AnnS(b) ⊆ πE+S since b �= 0. Since E/F is always ramified, πF |A0D0|ADτ .
Hence,

b/b
τ

= x2
1 mod πE+S.

Therefore, x1 ∈ S∗. By xτ1b = b
τ
x1, therefore, b/b

τ
= x1/x

τ
1 + AnnS(b). So

x1 ≡ xτ1 mod AnnS(b). Hence,

x1x
τ
1 = 1 mod πE+ .

Furthermore, since r2
√
A = r3

√
A b

τ

b
Dτ and since Dτxτ ≡ (b/b

τ
)x1D ≡

(x2
1/x

τ
1)D mod AnnS(b),

x ∈
(

x1 r3
√
ADτ x

τ
1
x1

+AnnS(b)
r3
√
A xτ1

)

and, therefore,

x ∈
(

1 0
0 xτ

1
x1

)(
x1

x1
xτ
1
r3
√
AD +AnnS(b)

x1
xτ
1
r3
√
A x1

)

⊆
(

1 0
0 xτ

1
x1

)

·Gl(2, S)s.

This proves

xsx−1 =

(
1 0
0 xτ

1
x1

)

s

(
1 0
0 xτ

1
x1

)−1

= sτ

for x1 ∈ S∗. Hence,

(
1 0
0 x1

)−1

s

(
1 0
0 x1

)

∈ Gl(2, R).
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To prove assertion (3) it only remains to show x1 ∈ (S∗)e if e = eE/E+ = 2. Then
E/E+ is ramified and E+/F is unramified. It is enough to show that x1 mod πE+

is a square in the residue field κ(E+). Since x1x
τ
1 = 1 mod πE+ the residue of

x1 has norm 1 for the quadratic residue field extension κ(E+)/κ(F ). Since κ(E+)
is cyclic, and since the norm map κ(E+)∗ → κ(F )∗ is surjective, we see that the
kernel of the norm is contained in (κ(E+)∗)2. Here we used the fact that 2 divides
the cardinality of κ(F )∗, since the residue characteristic is different from 2. This
implies x1 ∈ (S∗)2 for e = 2 and proves the lemma. �

The Sets S and C. In the situation of Lemma 7.8 consider the sets S = S(s)

S = {y ∈ Gl(2, S)0/Gl(2, R) | y−1sy ∈ Gl(2, R)}

and C = C(s)

C = {x ∈ Sl(2, S) | xτ = x−1, xsx−1 = sτ}

for

s =
(
a bD

b a

)

.

Lemma 7.9. Suppose the set S is nonempty. Then #S is the cardinality of
Sl(2, S)/Sl(2, R), if b = 0 in S, or otherwise

#S = eE/E+ ·#R ·#AnnS(b) .

Proof. Since the case b = 0 is obvious, we will assume b �= 0.

The map y 	→ x = yτy−1 defines an injection

i : S ↪→ C.

This map is not surjective in general. However, if eE/E+ = 2, then R → S is etale
and Sl(2) is smooth and connected. Therefore, the map i is surjective, and hence is
bijective. If eE/E+ = 1, then E+/F is ramified. Therefore,

yτy−1 = id mod πE+ .

xτ = x−1 implies x2 = id mod πE+ ; hence, only

x = ±mod πE+ .

Indeed for x ∈ C also −x ∈ C. If x = id mod πE+ for x ∈ C, then one shows easily
x = yτy−1 for y ∈ Gl(2, S)0 by recursion modulo powers of πE+ , and x ∈ C gives
y ∈ S. Therefore, C = i(S) ∪ −i(S). We get

#S = 1
2e(E

+/E) ·#C .
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So in our counting problem at the beginning of this section we are reduced to count-
ing the elements in the set C, i.e., all x ∈ Sl(2, S) with x = x∗ = (xτ )−1 and
xsx−1 = sτ .

If C is Nonempty. Put b = BπνE+ for a unit B ∈ S∗ and

inv(b,D) = (b/b
τ
)D ∈ S.

In fact, this is only well-defined modulo AnnS(b), but by abuse of notation we
choose some fixed representatives in S. Suppose C �= ∅. This implies

inv(b,D)τ = inv(b,D) mod AnnS(b).

Namely, (b
τ
/b)Dτ = (x1/x

τ
1)D mod AnnS(b) and (x1/x

τ
1)D = (b/b

τ
)D mod

AnnS(b) as shown in the course of the proof of Lemma 7.8. So we can choose the
representative

inv(b,D) ∈ R.

Cardinality of C. Again from the proof of Lemma 7.8

C =

{

x =
(

x1 r2
√
A

r3
√
A xτ1

) ∣
∣
∣ det(x) = 1 ; xτ1 = x1(b

τ
/b) mod AnnS(b) ;

r2
√
A = inv(b,D)r3

√
A+ a for a ∈ AnnS(b) ∩

√
AR

}

.

We get from b = BπνE+ moduloAnnS(b)

b
τ
/b ≡ (Bτ/B)(−1)eν .

This gives, modulo AnnS(b), the relation (x1/B)τ ≡ (−1)eν(x1/B). We claim
(−1)eν = 1. This is obvious for e = 2. For e = 1 the extension E+/F is ramified.
If ν were odd, then (x1/B) ∈ S∗ ∩√AR = ∅ would give a contradiction. Hence,

(x1/B)τ = (x1/B) or x1 ∈ B · R∗

modulo elements in AnnS(b). This gives for C
{

x =
(
r1B(1 + δ) inv(b,D)r3

√
A+ a

r3
√
A r1B

τ (1 + δ)τ

)

| det(x) = 1; a, δ ∈ AnnS(b); aτ

= −a
}

/ ∼=,

where we consider solutions x = (r1, r3, δ, a) and x′ = (r′1, r
′
3, δ

′, a′) to be equiva-
lent x ∼= x′ if r3 = r′3, a = a′ and r1(1 + δ) = r′1(1 + δ′). So we have a description
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of C in terms of equivalence classes of elements (r1, r3, δ, a) ∈ R2 × AnnS(b)2,
which satisfy the equations

aτ = −a
and r21BB

τ (1 + δ)(1 + δ)τ − r23A · inv(b,D)− ar3
√
A = 1.

Now choose δ ∈ AnnS(b), α ∈ AnnS(b
√
A) ∩ R and r3 ∈ R arbitrarily. Put

a =
√
Aα. Then there are exactly two solutions r1 ∈ R∗ of the equation

r21BB
τ (1 + δ)(1 + δ)τ − r23A · inv(b,D)− αr3 = 1.

This holds since BBτ is a square in R∗ or otherwise C = ∅. Furthermore, A ·
inv(b,D) and αA are in the maximal ideal of S. Bringing them to the right side,
we obtain a unit congruent to 1, which is a square by our assumption on the residue
characteristic. So extracting the root gives us exactly two solutions for r1 ∈ R∗.
Hence,

#C = 2#R#AnnS(b)#(AnnS(b) ∩R
√
A)#(AnnS(b) ∩R)−1.

For this notice that we count equivalence classes of solutions. The equivalence rela-
tion identifies solutions which differ by an element in 1 + (AnnS(b) ∩R). If b �= 0
and C �= ∅, the last two terms cancel; hence,

#C = 2#R#AnnS(b).

This cancelation is obvious if E/E+ is ramified, or for unramified E/E+ if
ord(b) = ν is even. However, this latter condition is forced by (−1)eν = 1, which
follows from C �= ∅. This proves the lemma since #S = 1

2e(E
+/E) ·#C. �

7.7 Integration over T (F ) \ H(F )

In this section assume D0 ∈ E+ and θ ∈ E+ to be normalized of order 0 or 1.
Consider regular elements

η = φθ2D0(x) ∈ H(F )

with centralizer φθ2D0(T (F )). Later we write H(F ) as a disjoint union of double
cosets ∐

r∈R
φθ2D0(T (F )) · r ·K0,

where the representatives r ∈ Gl(2, E+)0 are of the form

r ∈ φθ2D0(T (F )) ·
(

1 0
0 π

j−ord(θ)
E+ ε0

)

for certain j ∈ N and ε0 ∈ o∗E+ . This implies
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∫

H(F )

f(h)dh =
∑

r

[oT : (T (F ) ∩ rK0r
−1)]

∫

T (F )

dt

∫

K0

f(trk)dk;

hence,
∫

T (F )\H(F )

f(h)dh/dt =
∑

r

[oT /(T (F ) ∩ rK0r
−1)]

∫

K0

f(rk)dk.

It allows us to calculate the orbital integrals forH by integrations overK0 and gives

OGη (1K) =
∑

i≥0

∑

r∈R
[oT /(T (F ) ∩ rK0r

−1)][K0 : Ki]
∫

K0

1Ki(k
−1r−1ηrk)dk.

Observe x = a+ b
√
A0 = a+ (b/θ)

√
θ2D0; hence, for Θ = θ/π

ord(θ)
E+

ηr := r−1ηr = φΘ2D0π
2j
E+

ε20
(x)

since ηr = φ(sr), where sr ∈ H(F ) = Gl(2, E+)0 is

(
1 0
0 π

ord(θ)−j
E+ ε−1

0

)(
a bθD0

bθ−1 a

)(
1 0
0 π

j−ord(θ)
E+ ε0

)

=

⎛

⎝
a b

Θε0π
j

E+
(Θε0π

j
E+)2D0

b

Θε0π
j

E+
a

⎞

⎠ .

Therefore, T (F )∩ rK0r
−1 ⊆ oT = {x ∈ o∗E |NormE/E+(x) ∈ o∗F } is the group

{x = a+ b
√
D0 | NormE/E+(x) ∈ o∗F ; a, π−j

E+b ∈ oE+}.

It does not depend on the choice of (normalized)D0 or θ.

Constraints (for fixed r and corresponding j). The condition x ∈ T (F ) ∩
rK0r

−1 is equivalent to x ∈ oE(j) ∩ T (F ).
Furthermore, the index is

[oT /(T (F ) ∩ rK0r
−1)] = [o∗E : oE(j)∗][(NormE/E+(o∗E) ∩ o∗F ) :

(NormE/E+(oE(j)∗) ∩ o∗F )]−1.

Certain constraints have to be satisfied for the orbital integral

[K0 : Ki]
∫

K0

1Ki(k
−1ηrk)dk

not to vanish. Namely, k−1ηrk ∈ Ki implies ηr ∈ K0; hence, x ∈ T (F )∩rK0r
−1.



258 7 A Special Case of the Fundamental Lemma II

Suppose now these “r-constraints” are satisfied. Then, computing

[K0 : Ki]
∫

K0

1Ki(k
−1ηrk)dk

amounts to counting all cosets kKi ⊆ K0 for which k−1ηrk ∈ Ki. This is the num-
ber of all cosets y ∈ Gl(2, oE+/πiF oE+)0/Gl(2, oE+(i))0 in Gl(2, oE+/πiF oE+)
such that

y−1ηry ∈ Gl(2, oE+(i))0 mod πiF

holds (Lemma 7.4). This number is 1 for i = 0 and is computed in Lemmas 7.8 and
7.9 for i ≥ 1. To apply these lemmas it is enough to show Ki/K(πiF ) ∼= Gl(2, R),
K0/K(πiF ) ∼= Gl(2, S)0, and Gl(2, oE+)/K(πiF ) ∼= Gl(2, S) for the normal sub-
groupK(πiF ) of all matrices in Gl(2, oE+), which are congruent 1 modulo πiR. Use
the property that the residue characteristic is not 2; therefore, (1 + πiF oE+)2 =
1 + πiF oE+ .

7.8 Double Cosets in H(F )

For normalized D0 we use as in Sect. 6.9

Gl(2, E+) =
∐

j≥0

φD0(E
∗) ·
(

1 0
0 πjE+

)

·Gl(2, oE+).

This immediately gives a decomposition (with unique integers j ≥ 0) for the ele-
ments h ∈ H(F )

h = φθ2D0(l) ·
(

1 0
0 π

j−ord(θ)
E+

)

· k for k ∈ Gl(2, oE+), l ∈ E∗.

To “adjust” this decomposition to the groupH(F ) = Gl(2, E+)0 ⊆ Gl(2, E+), we
are (only) allowed to change k to k0k for some k0 ∈ Gl(2, oE+) with the property

k0 ∈
(

1 0
0 π

j−ord(θ)
E+ ε0

)−1

· φθ2D0(E
∗) ·
(

1 0
0 π

j−ord(θ)
E+ ε0

)

,

which is equivalent to the condition

k0 ∈ o∗E(j).

This allows us to choose k0 inK0 ifNorm(o∗E(j))·o∗F = o∗E+ . This is the case only
if j = 0 and E/E+ is unramified. In all other cases the groupNorm(o∗E(j)) ·o∗F =
(o∗E+)2 has index 2 in o∗E+ .
h ∈ Gl(2, E+) with the condition det(h) ∈ F ∗ implies

(∗) det(k)πj−ord(θ)E+ ≡ 1 in (E+)∗/(F ∗ ·NormE/E+(E∗)) ∼= H1(F, T ).
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Obviously the condition h ∈ H(F ) imposes conditions on det(k). Let us distin-
guish two cases.

First Case. If E/E+ is ramified, we have chosen the prime elements in the form
πE+ = NormE/E+(πE) = −D0 to be in NormE/E+(E∗). Then (*) implies
det(k) ∈ Norm(L∗) ∩ o∗E+ = (o∗E+)2. Changing k by some k0, which has deter-
minant in (o∗E+)2, allows us to assume det(k) ∈ o∗F ; hence, k ∈ K0 ⊆ H(F ).

As explained above,H(F ) is a disjoint union of double cosets

r =
∐

r∈R
φθ2D0(T ) · r ·K0, R = N0

with representatives r = rj indexed by j ∈ N0

rj = φθ2D0(π
−j+ord(θ)
E ) ·

(
1 0
0 π

j−ord(θ)
E+

)

(πE+ ∈ F ∗ ∩NormE/E+(E∗)).

Second Case. Now let E/E+ be unramified. Then det(k)πj−ord(θ)E+ ∈ F ∗ ·
NormE/E+(E∗) implies

j − ord(θ) = 0 mod 2.

Secondly, to achieve det(k) ∈ o∗F in the decomposition written above, we are only
allowed to change det(k) by elements from the group NormE/E+(o∗E(j)). This
group is (o∗F )2 unless j = 0. Let ε0 be in o∗E+ \ (o∗E+)2. Then H(F ) is a disjoint
union of double cosets ∐

r∈R
φθ2D0(T (F )) · r ·K0,

where the set of representatives R ⊆ ((o∗F /(o∗F )2
) ×N ∪ (1 × 0) consists of all

(ε0, j) ∈ (o∗F /(oF ∗)2)×N0 with the property j = ord(θ) mod 2. The representa-
tives r = rε0,j are

rε0,j = φθ2D0(π
(−j+ord(θ))/2
E ε′0) ·

(
1 0
0 πj−ord(θ)E+ ε0

)

.

Here ε′0 ∈ o∗E is chosen such that NormE/E+(ε′0) = ε−1
0 holds for ε0 ∈

o∗E+/(o∗E+)2. Furthermore, in the unramified case we choose the prime element
to be πE+ =

√
A0.

7.9 Summation Conditions for ν

Our final summation will be indexed by certain integers ν (related to representatives
in R ⊆ H(F )) and the integers i (coming from H(F ) \ G(F )/K double cosets).
There are several summation conditions controlled among others by the parameters
N and χ = ord(a− a′), which were attached to x ∈ T (F ).
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Put θ = Θπord(θ)E+ . If E/E+ is unramified, put θ = πE+ . Let us introduce the
new parameter 0 ≤ ν = N − j ≤ N . It is introduced since we have to consider the
matrix

sr =

⎛

⎝
a b

Θε0π
j

E+
(Θε0π

j
E+)2D0

b

Θε0π
j

E+
a

⎞

⎠

as a matrix with coefficients in the residue ring S = oE+/(πiF ). With this new
variable we get b/πjE+ = BπνE+ , b′/π

j
E+ = B′πνE+ with units B,B′ ∈ o∗E+ .

Warning (Concerning i). From now on we change the notation. We replace i by
i/eE+/F . This has the advantage that πiF becomes πiE+ in all formulas. On the other
hand, we get from now on the extra condition that i is divisible by 2 if eE/E+ = 1.

From Lemmas 7.8 and 7.9, applied to the matrix sr above, we obtain conditions
on the summation indices (i, r) ∈ N0 × R with respect to the representative r =
(ε0, j) = (ε0, N − ν), which have to be satisfied for these data to give a nonzero
contribution to the twisted orbital integral. These conditions are:

1. 0 ≤ i ≤ χ, or equivalently a = a′ mod πiE+ . This is the condition a ∈ R of
Lemma 7.8(3).

2. If ν < i (or equivalently b/πj
E+ �= 0 in S = oE+/πiF ), then

(πνE+BΘ−1ε−1
0 )/(πνE+BΘ−1ε−1

0 )τ = ε/ετ mod πi−νE+

must hold for some ε ∈ (o∗E+)eE/E+ . This again comes from Lemma 7.8(3)
applied for sr, namely, the condition εb ∈ R.

3. If 2N + ord(D0) − ν < i, then i ≤ χ − ν has to hold. (Notice that for 2N +
ord(D0)− ν the inequality i ≤ χ− ν automatically holds by Lemma 7.7(3).)

Concerning the third condition, the conditions εb ∈ R and ε−1bD of Lemma 7.8(3)
(for some ε ∈ (o∗E+)eE/E+ ) are in explicit form

(∗) (πνE+BΘ−1ε−1
0 )/(πνE+BΘ−1ε−1

0 )τ = ε/ετ mod πi−νE+

and

(∗∗) (π2N−ν
E+ BΘε0D0)/(π2N−ν

E+ BΘε0D0)τ = ετ/ε mod π
i−2N−ord(D0)+ν
E+ .

The left and right sides are in oF . Both congruences can be combined and in this
way simplified to give condition (3) in the presence of conditions (1) and (2).

To show this first observe π2
E+ ∈ F , since either πE+ = NormE/E+

√
D0 =

−D0 or πE+ =
√
A0. Let us now multiply (*) and (**). From the way these con-

ditions arise in Lemma 7.8, it is clear that (*) is a congruence condition of order
greater than or equal to the order of the congruence condition (**). Therefore, the
multiplied form (***) is still equivalent to (**).
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Since (π2
E+)τ = (π2

E+), this gives

(∗ ∗ ∗) (B2D0)/(B2D0)τ = 1 mod πi−2N−ord(D0)+ν
E+ .

In other words (since multiplication with B2D0 shifts the congruence by ord(D0)),

(∗ ∗ ∗∗) i− 2N + ν ≤ ord
(
D0B

2 − (D0B
2)τ
)
.

Condition (***) is meaningless unless i−2N−ord(D0)+ν > 0. This explains the
formulation of condition (3) above. If i > 2N+ord(D0)−ν holds, this implies i >
0, since N − ν = j ≥ 0 and ord(D0) ≥ 0. Now i > 0 implies χ = ord(a − a′) ≥
i > 0 by condition (1) above. For χ > 0, Lemma 7.7 can be applied. Lemma 7.7
implies χ = ord(D0(b2 − (b′)2)) except for ord(b) = ord(D0) = 0 and therefore
ν = N = 0. In this exceptional case i ≤ χ − ν = χ by condition (1). In the other
cases we get from b = BπNE+ , b′ = B′πNE+ and χ = ord(D0(b2 − (b′)2))

χ = 2N + ord
(
D0B

2 − (D0B
2)τ
)
.

Therefore, condition (****) can be stated as

2N + ord(D0)− ν < i implies i ≤ χ− ν.

This is condition (3) stated above.

7.10 Résumé

We now express the results of the section on T (F )\H(F ) integration in terms more
suitable for summation. We have to evaluate a sum indexed by 0 ≤ ν ≤ N and
0 ≤ i subject to further conditions. We have gathered everything in the following
list. In fact, the domain of possible values i is divided into two parts subject to the
reparameterization condition that i must be divisible by eE+/F :

(A) Conditions imposed on i (apart from 0 ≤ i ≤ χ, which is only relevant
for χ = 0):
Range of small i: 0 ≤ i ≤ ν.
Large range i: ν < i ≤ χ− ν.

(B) Conditions imposed on ν and θ: In the domain of possible values ν we have,
in addition to possible restrictions mentioned above, the conditions:

(i) 0 ≤ ν ≤ N .
(ii) ν = N + ord(θ) mod 2 if eE/E+ = 1.

Furthermore, in the large range (with respect to the variable i) we have contri-
butions only if
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(iii) πνE+ ·BΘ−1ε−1
0 ∈ (o∗E+)eE/E+ · oF mod πiE+

is satisfied (see condition (2) above). This forces ν = 0 mod 2 in the large
range for eE/E+ = 1, since up to a unit πνE+ ∈ oF .

(C) Contributions from the Index(ν) = [oT : (T (F )) ∩ rK0r−1]: The rel-
evant contributions are

1 (ν = N),

(q + 1)
2q

qN−ν (ν < N),

in the case where E/E+ is unramified and

qN−ν

in the case where E/E+ is ramified. This is shown in the Sects. 7.13 and 7.14.
(D) Contributions from Counting the Number sol(ν, i) = #S of Solutions:

In the last section we made a reparameterization of the parameter i which
implies that i has to be divisible by 2 if eE/E+ = 1. Therefore, we set
sol(ν, i) = 0 unless this condition is satisfied.

If the condition is satisfied, put S = oE+/π
i/eE+/F

F and R = oF /π
i/eE+/F

F .
Then sol(ν, i) is given by the number of solutions computed in Lemma 7.9,
namely,

1 (i = 0)

and for i ≥ 1

#Sl(2, S)/#Sl(2, R) for i ≤ ν (small range)

eE/E+ ·#R ·#AnnS(πνE+) for i > ν (large range).

In principle we now could compute the orbital integrals. For simplicity we only
compute the κ-orbital integrals. This is done in Sects. 7.11 and 7.12.

7.11 The Summation (E/E+-Ramified)

For η corresponding to x = t1t2, both t1 ∈ L∗ and t2 ∈ (L′)∗ can be assumed
to be units, since otherwise the κ-orbital integral would be zero. This follows from
the r-constraints and the following fact: For the κ-orbital integral we do not get any
contribution from the small range of the i-summation in the ramified case since this
contribution is stable (i.e., does not depend on θ). This is true because χ = 0 implies
i = 0, which is in the stable range. Hence, only the large-range contributions remain.
Notice condition B(iii) in the large range depends on θ. But in the large range χ >
2ν ≥ 0; hence, χ > 0. The κ-orbital integral is therefore zero unless χ > 0 holds.
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Since E/E+ is ramified, D0 is not a unit. Hence, x − x′ ≡ a − a′ mod πE . Since
χ = ord(a−a′) > 0, this implies x ≡ x′ mod πE in addition to x ∈ o∗E . Therefore,
Lemma 7.6 and its proof imply x = t1t2, t1 ∈ o∗L, t2 ∈ o∗L′ .

Let χ0 be the quadratic character of (E+)∗ attached to E/E+. χ0 is trivial on
(o∗E+)2 and satisfies χ0(θ) = −1. Observe index(ν) = qN−ν and e(E/E+) = 2,
#R = qi0 and #AnnS(πνE+) = qν . Hence, the summands are qN−ν · (2qi0qν) =
2qNqi0 for q0 = q1/2 (cardinality of the residue field of F ). We therefore obtain

Oκ
φ̌(s)

(1K) = χ0(B) · 1o∗L×o∗
L′ (t1, t2)2q

N ·
∑

0≤ν≤N

∑

ν<i≤χ−ν
qi0,

since ε0 = 1. Condition B(iii), i.e., B/Θ ∈ (o∗E+)2, gives the factor χ0(B). The
double sum is

(q0 − 1)−1
∑

0≤ν≤N
(qχ+1−ν

0 − qν+1
0 )

= (q0 − 1)−1[qχ+1
0 (q−N−1

0 − 1)/(q−1
0 − 1)− q0(qN+1

0 − 1)/(q0 − 1)]

=
q0

(q0 − 1)2
(1−qN+1

0 )(1−qχ−N0 )=q0
∫

(L∗×L′∗)\Gl(2,F )2
1K(g−1(t1, t2)g)dg/dl.

Since E∗/F is unramified, both L/F and L′/F are ramified. Hence, the last equa-
tion follows from Sect. 7.3 and Lemma 7.7(1), since A0 is a unit.

Hence, Oφ̌(s)
η (1K) is equal to

2|x− x
σ

2
√
D0

|−2χ0(
xσ − x
2
√
D0

) · q0
∫

(L∗×L′∗)\Gl(2,F )2
1K(g−1(t1, t2)g)dg/dl.

For this notice qN = |(x−xσ)/2
√
D0|−2; hence,BπNE+ = (x−xσ)/2

√
D0, by the

formulas preceding Lemma 7.7(1). By assumptions regarding the choice of prime
elements, πE+ = −D0 is in NormE/E+(E∗) since E/E+ is ramified. Therefore,
χ0( x

σ−x
2
√
D0

) = χ0(B).
For the final comparison notice that the factor 2 in the formula disappears by

our normalization of measures, since in the ramified case [oT : ρ((o∗L)2)] = 2
(Lemma 7.6). Furthermore, q0 cancels |2√D0|2. Also χ0( x−x

σ

2
√
D0

) = χL/F

((x − xσ)(xτ − xστ ))χL/F (2−2D−1
0 ) by taking norms, and χL/F (2−2D−1

0 ) =
χL/F (−1) since −D0 = NormL/F (

√
D0). Finally remember Oκη (1K) =

Oκφ(s)(1K) = χL/F (−A0)Oκφ̌(s)
(1K). Hence, Theorem 7.1 follows if E/E+ is

ramified.

7.12 The Summation (E/E+-Unramified)

First of all there is the support condition that t1, t2 have to be units. To compute the
κ-orbital integral we concentrate on the case χ > 0. The case χ = 0 is excluded
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by the parity rule since now χ is always odd. From the résumé we get the following
contributions:

1. Small-range Contributions. The contribution will be

SRC =
∑

0≤ν≤N

∑

0≤i≤ν
(−1)N−ν#(ε0 − reprs.) · index(ν) · sol(i)

=
∑

0≤i≤N
sol(i)

( ∑

i≤ν<N
(−1)N−ν · 2 · (q + 1)

2q
qN−ν +

∑

ν=N

1
)

.

The representatives ε0 appearing inR give the factors 2 in the first inner sum. The
second inner sum has only one term. The computation of the inner sum gives

SRC =
∑

0≤i≤N
sol(i)(−q)N−i .

The residue fields of E+ and F have the same cardinality q. Therefore, for even
i the number sol(i) = #Sl(2, S)/#Sl(2, R) becomes qdim(Sl(2))i/2 = q3i/2.
Therefore, sol(i) = q3i/2 or 0 depending on the parity of i (see résumé part (D)).
Thus,

SRC = (−q)N
∑

0≤j≤N/2
qj =

(−q)N
(q − 1)2

[(q − 1)q1+[N/2] − (q − 1)].

Here [x] is the largest integer n ≤ x.
2. Large-range Contribution. We get

LRC =
∑

ν<i≤χ−ν

∑

0≤ν≤N
(−1)N−ν ·#(ε0 − reprs.) · index(ν) · sol(ν, i),

where the summation is over all even integers ν. See résumé B(iii) in the
case e(E/E+) = 1 for the large range. The number sol(ν, i) = 0 unless i
is even. Furthermore, for even i we have e(E/E+) = 1, #R = qi/2, and
#AnnS(πνE+) = qν . Therefore, sol(ν, i) = qi/2+ν for even i. Hence,

LRC =
∑

ν<i≤χ−ν,i even

( ∑

0≤ν<N,ν even
(−1)N · 2 · q + 1

2q
qN−ν · qi/2+ν

)

+
( ∑

N<i≤χ−N,i,N even

(−1)N · 1 · qi/2+N · 1
)

.

Summation over i and then ν gives

(−q)N
(q − 1)2

(

(q + 1)q
χ+1
2 − (q + 1)q

χ−N
2 − (q + 1)q

N+1
2 + (q + 1)

)
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in the case where N is odd and

(−q)N
(q − 1)2

(

(q + 1)q
χ+1
2 − 2q

χ−N+1
2 − (q2 + 1)q

N
2 + (q + 1)

)

in the case where N is even.
3. Total Contribution. Adding together the contributions from (1) and (2) gives

SRC + LRC =
(−q)N
(q − 1)2

(

−2 + (q + 1)q
ev
2

)(

−1 + qq−1/2q
odd
2

)

,

where ev is the even number among N,χ − N and odd is the odd one (by the
parity rules). But |D0| = 1, |A0| = q−1/2, q = q0, (−1)N = (−1)ord(π

N
E+B) =

χ0(
(x−xσ)

2
√
D0

) = χL/F ((x − xσ)(xστ − xτ )). In the present case the first of the
twoGl(2, F )-orbital integrals corresponds to the unramified extensionL/F , and
the second to the ramified extension L′/F . Finally, take into account the factor
χL/F (−A0), which comes from our change from φ(s) to φ̌(s). If we multiply
together the twoGl(2)-orbital integrals and consider the transfer factor, the result
coincides with the right side of the formula above for SRC + LRC. Hence
Theorem 7.1 is now also proved for the unramified case.

7.13 Appendix I on Orders (E/E+-Ramified)

Let the situation be as above. In particular, the residue characteristic is different
from 2. Then the orders oE(j) = oE+ +πjE+oE ⊆ oE (where j > 0 by assumption)
have the following properties:

1. Norm(oE(n)∗) = (o∗E+)2.

This is clear from (o∗E+)2 ⊆ Norm(oE(n)∗) ⊆ Norm(o∗E) ⊆ (o∗E+)2.

2. [o∗E(n) : (1 + πnE+oE)] = [o∗E+ : (o∗E+ ∩ (1 + πnE+oE)] = [o∗E+ : (1 +
πnE+oE+)] = (q − 1)qn−1.

3. [o∗E : o∗E(n)] = [o∗E : (1+πnE+oE)]/[o∗E(n) : (1+πnE+oE)] = (q−1)q2n−1/(q−
1)qn−1 = qn.

4. The index is [oT : (T (F ) ∩ rK0r
−1)] = [o∗L : o∗L(j)] = qj , since

(o∗E)(σ+1)(τ−1) = (oE(j)∗)(σ+1)(τ−1) follows from (1).

Finally, for S = oE+/πiE+oE+ and i > 0:

5. #(Sl(2, S)) = (q − 1)(q + 1)q3i−2.

7.14 Appendix II on Orders (E/E+-Unramified)

Let the situation be as above. Let oE(j) = oE+ + πjE+oE ⊆ oE for j > 0:

1. Norm(oE(j)∗) = (o∗E+)2 if j > 0 and Norm(o∗E) = o∗E+ .
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This is clear from (o∗E+)2 ⊆ Norm(o∗E(j)) ⊆ Norm(o∗E) = (o∗E+) and [o∗E+ :
(o∗E+)2] = 2 and o∗E(j) ⊆ o∗E+(1 + πEoE):

2. For n > 0 we have [o∗E(n) : (1 + πnE+oE)] = [o∗E+ : (o∗E+ ∩ (1 + πnE+oE)] =
[o∗E+ : (1 + πnE+oE+)] = (q − 1)qn−1.

3. For n > 0 we have [o∗E : o∗E(n)] = [o∗E : (1 + πnE+oE)]/[o∗E(n) : (1 +
πnE+oE)] = (q2 − 1)q2(n−1)/(q − 1)qn−1 = (q + 1)qn−1.

Using (1) and (3) we get for the index:

4. [oT : (T (F ) ∩ rK0r
−1)] is 1 or 1

2 (q + 1)qj−1. This follows because
NormE/E+(o∗E) ∩ o∗F = NormE/E+(oE(j)∗) ∩ o∗F for j = 0 and has in-
dex 2 for j > 0. Namely, in this case (o∗E+)2 ∩ o∗F = (o∗F )2 has index 2 in
o∗E+ ∩ o∗F = o∗F .

This value is
1 (j = 0),

1
2
(q + 1)qj−1 (j > 0).

7.15 The Global Property

We now show that the transfer factor behaves well under degenerations. For this
consider separable quadratic algebras L/F and L′/F over F with automorphisms
τ ′ and τ , respectively, whose fixed algebra is F . τ ′ and τ induce commuting auto-
morphisms of the F -algebra

E = L⊗F L′

with fixed algebra F . The algebra isomorphism ρ : L ⊗F L′ ∼= E induced by
ρ(l ⊗ l′) = l · l′ defines an isomorphism

ρ :
(
L∗ × (L′)∗

)
/F ∗ ∼= E∗

such that ρ(t1, t2) = t1t2. Put σ = τ ′ ⊗ τ and let E+ be the fixed algebra of σ in
E. E+ is a separable quadratic algebra over F . For all x ∈ E we have

(x− xσ)(xτ − xστ ) = (x− xττ ′
)(xτ − xτ ′

) ∈ F,

since it is invariant under τ and τ ′. Notice the apparent asymmetry for τ and τ ′ in
this expression.

Notation. Since L ∼= F [X ]/(X2 − D0) and E+ ∼= F [X ](X2 − A0) for some
A0, D0 ∈ F ∗, we simply write L = F (

√
D0) and E+ = F (

√
A0). The element

±√A0

√
D0 generates the separable algebra L′ = F (

√
A0D0) in E. If L �∼= L′

are field extension, this is precisely the situation from Sect. 7.1. If E+ ∼= F 2 or
equivalentlyA0 ∈ (F ∗)2, then L ∼= L′ and E∗ ∼= (L∗)2/F ∗. As we will see below,
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this leads us to elliptic case I if L/F is a field extension. If L ∼= F 2 or L′ ∼= F 2,
thenE∗ ∼= F ∗× (E+)∗ forE+ ∼= L′ and E+ ∼= L, respectively. This leads to cases
(6) and (7) in the list of tori on page 94, as we will see in a moment.

The Degeneration A0 ∈ (F ∗)2. Without restriction of generality,A0 = 1. Then,
under the isomorphismE+ ∼= F 2, an element x = α1 +α2

√
A0 ∈ E+ corresponds

to (α, α′) = (α1+α2, α1−α2), possibly up to a permutation by τ(α, α′) = (α′, α).
Under the specializationA = A0 = 1, the groupH(F ) ⊆ G(F ) defined in Sect. 7.1
becomes the group HII(F ) of all matrices

⎛

⎜
⎜
⎝

α1 α2 β1 β2

α2 α1 β2 β1

γ1 γ2 δ1 δ2
γ2 γ1 δ2 δ1

⎞

⎟
⎟
⎠ .

Conjugation by g= diag
(
( 1 1

1 −1 ), ( 1 1
1 −1 )

) ∈G(F ) gives the group gHII(F )g−1=
HI(F ) of all matrices ⎛

⎜
⎜
⎝

α 0 β 0
0 α′ 0 β′

γ 0 δ 0
0 γ′ 0 δ′

⎞

⎟
⎟
⎠

considered in Sect. 6.2 for elliptic case I. In fact the elements η defined as in
Theorem 6.1 or as in Theorem 7.1 become similarly related by conjugation

g

⎛

⎜
⎜
⎝

α1 α2 β1D0 β2D0

α2 α1 β2D0 β1D0

β1 β2 α1 α2

β2 β1 α2 α1

⎞

⎟
⎟
⎠ g−1 =

⎛

⎜
⎜
⎝

α 0 βD0 0
0 α′ 0 β′D0

γ 0 δ 0
0 γ′ 0 δ′

⎞

⎟
⎟
⎠

under the degeneration A0 	→ 1. Now look at the transfer factor Δ(η, t) obtained
in Theorem 7.1 in elliptic case II. Under the degeneration A0 	→ 1 it becomes the
transfer factor Δ(η, t) obtained in Theorem 6.1 for elliptic case I. The same holds
for the volume factor ΔIV .

The Degeneration L ∼= F 2. In this case χL/F becomes trivial. Hence, the trans-
fer factor from Theorem 7.1 specializes to the volume factor ΔIV , which is the
correct transfer factor for the nonelliptic maximal F -tori coming from M . Since
these tori are stable, it is obvious that the G(F )-conjugacy class of η specializes in
a unique way.

The Degeneration L′ ∼= F 2. This case is implicitly contained in the last case.
Nevertheless – in view of the asymmetry in which L and L′ appear in the transfer
factor – it is instructive to see that for x =

(
u, v
) ∈ L ⊕ L ∼= E the expression

(x − xττ
′
)(xτ − xτ

′
) =

(
u − vσ, v − uσ

)(
v − uσ, u − vσ

)
is (ζ, ζ) for ζ =

−(u−vσ)(u−vσ)σ ∈ F , where σ is the nontrivialF -automorphism ofL/F . Hence,
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τ(η, t) = χL/F
(
A0(x − xσ)(xτ − xστ )

)
becomes χL/F (−A0). Now A0D0 ∈

(F ∗)2, since L′ splits. Therefore, χL/F (−A0) = χL/F (−D0) = 1, since −D0 ∈
F ∗ is a norm from L = F (

√
D0). Again this gives the correct transfer factor ΔIV

for the nonelliptic maximal F -torus coming from M .

Global Case. Now letL/F andL′/F be defined as above for a number fieldF with
the corresponding global elements A0 and D0. Every global semisimple conjugacy
class η inG(F ) obtained globally by a standard embedding as described in Sect. 7.1
gives such a conjugacy class in G(Fv) locally for each place v of F . This defines
local transfer factors Δv(η, t) for each place

Δv(η, t) = χLv/Fv

(
A0(x− xττ ′

)(xτ − xτ ′
)
) ·ΔIV,v(η, t).

As explained above, for non-Archimedean fields the fundamental lemma holds for
these transfer factors. In Chap. 8 we will see that for Archimedean fields (where
only elliptic case I exists) this transfer factor coincides with the Langlands–Shelstad
transfer factor. Since A0(x − xττ ′

)(xτ − xτ ′
) ∈ F ∗ is a global element and since

χL/F is an idele class character, we obtain from the product formula
∏
v Δv(η, t) =∏

v ΔIV,v(η, t) = 1.

Lemma 7.10. If the Archimedean local transfer factor is defined to be the one
of Langlands–Shelstad, the non-Archimedean local transfer factors defined in
Theorems 6.1 and 7.1 satisfy the product formula

∏

v

Δv(η, t) = 1

for all global sufficiently regular semisimple elements η ∈ G(F ).

Finally Some Remarks on the Embeddings φ. Although the image H(F ) of φ is not
stable under transposition of matrices, this is nevertheless almost true. In fact

Lemma 7.11. φ(g)t = Addiag(1,A,1,A−1) ◦ φ(gt) for all g ∈ Gl(2, E)0.

Proof. An easy calculation. �

For g = s the transposed matrix st is conjugate to s in Gl(2, E)0 by st =
Addiag(1,D0) ◦ s. Hence, by the last lemma every sufficiently regular semisimple
matrix h in H(F ) is conjugate in G(F ) to its transposed matrix ht ∈ G(F ).
Obviously by the same argument, this is also true in elliptic case I. Hence, ev-
ery sufficiently regular semisimple element g in G(F ) is conjugate under G(F )
to its transposed gt. Since g−1 = λ(g)−1 · J−1gtJ for the matrix J defining
the symplectic form, it follows for the character of an irreducible representation
χπ∗(g) = χπ(g−1) = ω(λ(g))−1χπ(g). Notice it is enough to know this for all
sufficiently regular semisimple elements by the theory of Harish-Chandra. Hence,
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Corollary 7.2. For an irreducible admissible representation π of GSp(4, F ) over a
local field let π∗ denote its contragredient representation. Then π∗ ∼= π⊗(ωπ◦λ)−1,
where ωπ denotes the central character and λ the similitude homomorphism.



Chapter 8
The Langlands–Shelstad Transfer Factor

In this chapter we give an explicit formula for the Archimedean transfer factor of
Langlands and Shelstad [60]. Since it makes no essential difference, we do this for
type I elliptic tori over an arbitrary local field of characteristic zero (elliptic tori
of type II do not occur over Archimedean local fields). The Archimedean transfer
factor is important for the global property of the transfer factors (product formula)
necessary for the stabilization of the trace formula. The Archimedean transfer factor,
on the other hand, determines the endoscopic lift at the Archimedean place by the
results obtained by Shelstad [90]. For us this is crucial since it implicitly determines
the relevant sign ε that appears in Corollary 4.1 to be ε = −1 (via the theory of
Whittaker models in Sect. 4.10 and some global multiplicity arguments).

8.1 An Admissible Homomorphism

For the construction of transfer factors one needs to specify an admissible homo-
morphism TM ↪→ FG between the maximal tori TG and TM . In this section we
explicitly construct this homomorphism.

Let F be a local field of characteristic zero andGSp(4, F ) the group of symplec-
tic similitudes in four variables. Let M(F ) = Gl(2, F )2/F ∗ be the proper elliptic
endoscopic group. The subgroup F ∗ divided out is embedded as the set of all ma-
trices {(t · id, t−1 · id)}. In the following we consider elliptic tori TM of M of the
form TM (F ) ∼= (L∗

1 × L∗
2)/F

∗ for quadratic extension fields L1, L2 of F where
L1 = L2. Let L be a quadratic extension field of F with a nontrivial field auto-
morphism σ fixing F . L defines a conjugacy class of tori TM ⊆ M by the regular
embedding. Fix TM . For elements t ∈ TM (F ) = (L∗)2/F ∗ we write t = (t1, t2)
for t1, t2 ∈ L∗ by abuse of notation, in the sense that (t1, t2) and (t1t, t2t−1) for
t ∈ F ∗ define the same element in TM (F ). Then

x = tσ1 t
σ
2 ∈ L∗, x′ = t1t

σ
2 ∈ L∗

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 271
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 8,
c© Springer-Verlag Berlin Heidelberg 2009



272 8 The Langlands–Shelstad Transfer Factor

are well defined. Notice this notation differs from the one used in Chap. 6 since x is
now replaced by xσ .

The Split Tori T s
M and their Dual T̂

s
M. Over the algebraic closure F the torus TM

is conjugate to the diagonal torus T sM of all elements

(
t1 ∗
0 tσ1

)

×
(
t2 0
∗ tσ2

)

mod (t · id, t−1 · id),

the stars in the diagonal being zero (the stars indicate our fixed choice of a reference
Borel group containing the split torus T sM over F ). The corresponding positive roots
are R+

M = {t1/tσ1 , tσ2/t2} = {x/(x′)σ, x′/x} and we get root data for M :

X∗(T sM ) = Z2 ⊕Z2/(1, 1,−1,−1)Z,

Δ+ = Δ+ = {(1,−1, 0, 0), (0, 0,−1, 1)},
X∗(T sM ) = {(a, b, c, d) ∈ Z2 ⊕Z2 | a+ b = c+ d}.

The Galois group acts by the generatorσ ofGal(L/F ) and permutes the coordinates
of each Z2-block. The dual torus T̂ sM of TM is the complex torusX∗(T sM)⊗C∗ =
{(z1, z2, z3, z4) ∈ (C∗)4 | z1z2 = z3z4}, on which σ acts by permuting z1 and z2
and z3 and z4, respectively. The induced positive coroots are t 	→ (t, t−1, 1, 1) and
t 	→ (1, 1, t−1, t).

The Fixed Reference Tori T̂M = T̂G. We view the dual group M̂ as the subgroup
of Ĝ = GSp(4,C) of all elements

⎛

⎜
⎜
⎝

∗ 0 ∗ 0
0 ∗ 0 ∗
∗ 0 ∗ 0
0 ∗ 0 ∗

⎞

⎟
⎟
⎠ .

Specify the diagonal tori T̂M = T̂G as reference tori, and the reference Borel
subgroups B̂M = B̂G ∩ M̂ and

B̂G = {

⎛

⎜
⎜
⎝

∗ 0 ∗ ∗
∗ ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗

⎞

⎟
⎟
⎠}.

We identify T̂ sM and T̂M by the isomorphism

ψ : (z1, z2, z3, z4) ∈ T̂ sM 	→ diag
(
z1, z4, z2, z3

) ∈ T̂M = T̂G.

This isomorphism preserves the positive roots and coroots. The positive coroots for
T̂M in M̂ are defined by the cocharacters t 	→ (t, 1, t−1, 1) and t 	→ (1, t, 1, t−1).



8.1 An Admissible Homomorphism 273

The Tori T s
G and its Dual T̂

s
G. Consider the split diagonal torus T sG in G over F

and choose the Borel group BsG containing T sG as the group of the matrices of the
form as above but now with entries in F instead of C. The diagonal entries

g = diag
(
x1, x

′
1, x2, x

′
2

) ∈ G(F )

satisfy x1x2 = x′1x
′
2. Hence,

X∗(T sG) = {(m1,m2,m
′
1,m

′
2) ∈ (Z2 ⊕Z2)/(1, 1,−1,−1)Z},

X∗(T sG) = {(m1,m2,m
′
1,m

′
2) ∈ Z2 ⊕Z2 |m1 +m2 = m′

1 +m′
2},

X∗(T sG) ⊇ Φ+ = {(−1, 0, 1, 0), (1,−1, 0, 0), (1, 0, 0,−1), (0, 0, 1,−1)}.

Remark 8.1. Notice the reordering (!) such that (m1,m2,m
′
1,m

′
2) corresponds to

the character, which maps diag(x1, x
′
1, x2, x

′
2) to xm1

1 xm2
2 x′m

′
1

1 x′m
′
2

2 .
The first two positive roots listed in Φ+ = {α1, α2, α2 + α1, α2 + 2α1} form

a basis Δ = {α1, α2} of the root system such that α1(g) = x′1/x1 and α2(g) =
x1/x2 (long root).

The Tori TG and their Duals T̂G. Write L = F (
√
D0) for some D0 and consider

the torus TG ⊆ G defined by the elements

η =

⎛

⎜
⎜
⎝

a 0 bD0 0
0 a′ 0 b′D0

b 0 a 0
0 b′ 0 a′

⎞

⎟
⎟
⎠

in G(F ). The element

h =

⎛

⎜
⎜
⎝

−√D0 0 −√D0 0
0 −√D0 0 −√D0

−1 0 1 0
0 −1 0 1

⎞

⎟
⎟
⎠

is in G(F ), but not in Gder(F ). For later use (see the definition of λTsc) notice
h = hder · z for some z in the center ZG(F ) and some hder ∈ Gsc(F ). Then
h−1TGh = T sG and

h−1ηh = diag(x, x′, xσ, (x′)σ),

and similarly for hder, where x = a+ b
√
D0 and x′ = a′ + b′

√
D0.

The Galois group acts on X∗(TG) via the quotient group Gal(L/F ). By transport
of structure from the action on X∗(TG), the diagonalization induces an action on
X∗(T sG) such that σ acts on X∗(T sG) by σ(m1,m2,m

′
1,m

′
2) = (m2,m1,m

′
2,m

′
1).

This also induces an action on the dual

X∗(T sG) = {(m1,m2,m
′
1,m

′
2) |m1 +m2 = m′

1 +m′
2},
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(Φ∨)+ = {(−1, 1, 1,−1), (1,−1, 0, 0), (1,−1, 1,−1), (0, 0, 1,−1)}.
The cobase Δ∨ = {α∨

1 , α
∨
2 } of the root system defined by T sG, B

s
G is defined by the

first two elements of the above set (Φ∨)+ = {α∨
1 , α

∨
2 , (α2 + α1)∨, (α2 + 2α1)∨}.

We identify T̂G with T̂ sG as groups. However, the Galois action differs, as ex-
plained above. The dual tori T̂ sG and T̂G are therefore in both cases

{(w1, w2, w
′
1, w

′
2) ∈ (C∗)2 × (C∗)2}/{(t, t, t−1, t−1)}.

For T̂ sG the Galois action is trivial: for T̂ sG the Galois action of σ permutes the coor-
dinates in the two (C∗)2-blocks.

The Isomorphisms between T̂G and T̂
s
G and T̂G. To define an admissible isomor-

phism
TG ∼= TM

in the sense of [60], (1.3), its dual has to be the composite of certain isomorphisms

T̂M
α̂−1

�� T̂ sM
can �� T̂M

� � �� T̂G
can �� T̂ sG

β̂ �� T̂G ,

where α̂ and β̂ are induced by conjugation mapsα and β, respectively, inM(F ) and
G(F ), respectively, which preserve the chosen Borel subgroups BsM and BsG. β is
defined by conjugation with h defined above. α is conjugation by (−√

D0 −√
D0

−1 1
)×

(−√
D0 −√

D0
−1 1

) in M(F ).
For our purposes it suffices to identify T̂M with T̂ sM and T̂G with T̂ sG, so α̂ and

β̂ become the identity map, except that we use the twisted Galois action on T̂ sM and
T̂ sG, which comes by transport of structure from T̂G and T̂M , respectively. Besides
α̂ and β̂ the other isomorphisms are also required to preserve positivity of roots with
respect to the chosen Borel groups. The canonical isomorphism ψ : T̂ sM ∼= T̂M has
been specified already:

(z1, z2, z3, z4) ∈ T̂ sM 	→ diag
(
z1, z4, z2, z3

) ∈ T̂M = T̂G.

The Canonical Isomorphism. The inverse T̂ sG → T̂G of the canonical isomor-
phism T̂G

∼= T̂ sG maps

(w1, w2, w
′
1, w

′
2) mod (t, t, t−1, t−1) ∈ T̂ sG

to the diagonal matrix diag
(
z1, z4, z2, z3

)
given by

diag
(
w2w

′
1, w1w

′
1, w1w

′
2, w2w

′
2

) ∈ T̂G.

In other words, z1 = w2w
′
1, z2 = w1w

′
2, z3 = w2w

′
2, and z4 = w1w

′
1 if we identify

T̂G and T̂M .
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Proof. This canonical isomorphism is defined by the property that it maps the basis
of positive roots defined by (−1, 1, 1,−1), (1,−1, 0, 0) ∈ X∗(T sG) = X∗(T̂ sG) (this
corresponds to the characters (w1, w2, w

′
1, w

′
2) 	→ w2w

′
1/w1w

′
2 andw1/w2, respec-

tively) to the basis of positive roots of T̂G defined by the characters z1/z2, z4/z1.
Similarly, the basis of coroots t 	→ (t−1, 1, t, 1) and t 	→ (t, t−1, 1, 1), of T̂ sG maps
to the basis of coroots t 	→ diag(t, 1, t−1, 1) and t 	→ diag(t−1, t, t, t−1), respec-
tively, of T̂G. The composed homomorphism T̂ sG → T̂G = T̂M → T̂ sM maps
(w1, w2, w

′
1, w

′
2) to diag(z1, z2, z3, z4) = diag(w2w

′
1, w1w

′
2, w2w

′
2, w1w

′
1). �

Hence, we have

Lemma 8.1. The dual isomorphism φ : T sM(F )→ T sG(F ) is

φ
(
(t1, tσ1 , t2, t

σ
2 ) mod (t, t, t−1, t−1)

)
= diag

(
x, x′, xσ, (x′)σ

)
,

and defines an admissible isomorphism of TM onto TG where

x = tσ1 t
σ
2 , x′ = t1t

σ
2 .

In the degenerate case L ∼= F 2

φ : (diag(t1, t′1), diag(t2, t
′
2)) mod F

∗ 	→ diag(t′2t
′
1, t

′
2t1, t2t1, t2t

′
1)

is an admissible F -isomorphism between the split diagonal tori T sM and T sG.

Proof. Once we know that the dual isomorphism of φ gives the composed map
T̂ sG → T̂ sM described above, from the description above it is clear that φ is an
admissible homomorphism. φ induces X∗(φ) : X∗(T sG)→ X∗(T sM ) defined by

(1, 0, 0, 0)←→ x 	→ tσ1 t
σ
2 ←→ (0, 1, 0, 1)

(0, 1, 0, 0)←→ xσ 	→ t1t2 ←→ (1, 0, 1, 0)
(0, 0, 1, 0)←→ x′ 	→ t1t

σ
2 ←→ (1, 0, 0, 1)

(0, 0, 0, 1)←→ (x′)σ 	→ tσ1 t2 ←→ (0, 1, 1, 0).

Hence, (a, b, c, d) mod Z(1, 1,−1,−1) maps to (b + c, a + d, b + d, a + c) under
X∗(φ), and hence the dual of φ is φ̂(w1, w2, w

′
1, w

′
2) = (w2w

′
1, w1w

′
2, w2w

′
2, w1w

′
1) =

(z1, z2, z3, z4) ∈ T̂ s
M for (w1, w2, w

′
1, w

′
2) representing an element in T̂ s

G. �

Résumé. We considered tori TG, T sG, TM , T
s
M and their duals and the reference tori

T̂M = T̂G. The torus TG ⊆ GSp(4, F ) was identified with the tori TM ⊆ M(F )
by an admissible isomorphism φ. Over the algebraic closure we can diagonalize
both tori to obtain T sG and T sM . In particular, we had

h−1

⎛

⎜
⎜
⎝

a 0 bD0 0
0 a′ 0 b′D0

b 0 a 0
0 b′ 0 a′

⎞

⎟
⎟
⎠h =

⎛

⎜
⎜
⎝

x 0 0 0
0 x′ 0 0
0 0 xσ 0
0 0 0 (x′)σ

⎞

⎟
⎟
⎠ ,
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where x = a+b
√
D0 and x′ = a′+b′

√
D0 and hwas defined above by the choice of

some square root
√
D0. Then the admissible isomorphism “in diagonalized form” is

(
t1 ∗
0 tσ1

)

×
(
t2 0
∗ tσ2

)

mod (t · id, t−1id) 	→

⎛

⎜
⎜
⎝

x 0 ∗ ∗
∗ x′ ∗ ∗
0 0 xσ ∗
0 0 0 (x′)σ

⎞

⎟
⎟
⎠

for x = tσ1 t
σ
2 , x′ = t1t

σ
2 , the stars being zero (only reminding us of the chosen

position of the Borel subgroups). The admissible isomorphism between the tori TM
and TG is defined by the composition with the diagonalization isomorphisms (i.e.,
g 	→ hgh−1 maps (t1, t2) to an element η ∈ TG = hT sGh

−1). To be more precise,
we also had to fix some embedding of TM into M and some conjugation isomor-
phism, defined over F , from TM to the split torus T sM in M . This allows us to iden-
tify the element (t1, t2) ∈ TM (F ) with the diagonal matrix in T sM(F ) considered
above.

8.2 Statement of Result

With data and notation chosen as in Sect. 8.1, we now determine the transfer factor
of Langlands and Shelstad. By definition it is a product of several terms, listed be-
low. Let χL/F denote the quadratic character of the local field F ∗, attached to the
extensionL/F by class field theory. Suppose t = (t1, t2)←→ x←→ η correspond
to each other by the admissible homomorphisms defined in Sect. 8.1. Then

Lemma 8.2. The transfer factor of Langlands and Shelstad [60], (3.7), in the qua-
sisplit situation described above is the product of the factors

ΔI(η, t1, t2) = χL/F (D0) = χL/F (−1),

ΔII(η, t1, t2) = χ0(
x/xσ − 1√

D0

)χ0(
x′/(x′)σ − 1√

D0

),

where χ0 is an arbitrary character onL∗ inducing on the subgroupF ∗ the quadratic
character χL/F . For trivial reasons

ΔIII1(η, t1, t2) = 1

under our assumptions, which implies γ = γG in the sense of [60], (3.4).

ΔIII2(η, t1, t2) = χ0(xσ/x′).

Finally, from Sect. 6.3

ΔIV (η, t1, t2) = |xx′|−1|(xσ − x)(x′σ − x′)|.
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Remark 8.2. Hence, Δ(η, t1, t2) = (χL/F |.|)((x − xσ)(x′ − x′σ))|xx′|−1 since
χ0(x′x′σ) = χL/F (x′x′σ) = 1. Notice x′x′σ ∈ NormL/F (L∗) ⊆ F ∗.

In Chap. 6 the different assignment x = t1t2 and x′ = t1t
σ
2 was used instead of

x = tσ1 t
σ
2 and x′ = t1t

σ
2 used presently. This amounts to replacing x by xσ , which

changes (χL/F |.|)((x − xσ)(x′ − x′σ))|xx′|−1 by the sign χL/F (−1). But also η
changes to some new element η′. Notice Δ(η′, t1, t2) = χL/F (−1)Δ(η, t1, t2). So
the Langlands–Shelstad transfer factor picks up the sign χL/F (−1), which corre-
sponds to the change of η to η′ within the stable conjugacy class (or the change
of ΔIII1 caused by this). Hence, in the notation of Chap. 6, writing η now again
instead of η′, Lemma 8.2 implies

Corollary 8.1. For x = t1t2, x
′ = t1t

σ
2 and η defined as in Sect. 6.3, the Langlands–

Shelstad transfer factor is

Δ(η, t1, t2) = (χL/F |.|)
(
(x− xσ)(x′ − (x′)σ)

)|xx′|−1.

Proof of Lemma 8.2. The proof is a lengthy unraveling of the definitions and covers
most of the remaining part of this chapter. The definition of the Langlands–Shelstad
transfer factor (which is denoted Δ0 in [60], p. 248, and is defined as a product of
five factors in the quasisplit case) is sophisticated, and will not be reproduced here
in detail. �

It requires many choices, among them the choice of a-data and χ-data. Follow-
ing [60], we start with a-data and χ-data.

8.2.1 a-Data and χ-Data

These are numbers and characters attached to roots in the root system RG. For the
general definition of a-data and χ-data see [60], (2.2) and (2.5):

1. The positive roots R+
G of TG are the characters which assign to diag(x, x′,

xσ , x′σ) the values x′/x, x/xσ, x′/(x′)σ, x/(x′)σ . Remember the Galois group
acts via its quotient Gal(L/F ) such that σ(λ) = −λ for all roots λ since
xxσ = x′(x′)σ .
x/xσ and x′/(x′)σ are the positive roots, which do not occur in M . Hence ([60],
(3.6)) the factor ΔIV (η; (t1, t2)) is

|(1− x′/x)(1− x/xσ)(1 − x′/(x′)σ)(1 − x/(x′)σ)|/|(1− t1/tσ1 )(1 − tσ2/t2)|

= |(1− x/xσ)(1 − x′/(x′)σ)| = |(x − xσ)(x′ − (x′)σ)|/|xx′|.
2. Define a-data for the root system RG

aλ =
√
D0 for λ ∈ R+

G, aλ = −
√
D0 for λ ∈ R−

G,
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i.e., these numbers satisfy aλ ∈ F
∗

and σ(aλ) = aσ(λ) and a−λ = −aλ, as
required in the definition [60], (2.2).

3. Similarly we get the χ-data. Fix a quasicharacter χ0 : L∗ → C∗ such that the
restriction of χ0 from L∗ to F ∗ is the quadratic character χL/F of F ∗ attached
to L/F via class field theory. Then we get χ-data by defining

χλ = χ0 for λ ∈ R+
G, χλ = χ−1

0 for λ ∈ R−
G.

The required conditions χσ(λ) = χλ ◦ σ−1 and χ−λ = χ−1
λ of [60], (2.5), are

satisfied since χ0 ◦σ−1 = χ−1
0 . In the following χ0 will be viewed as a character

of the Weil group W+ = WL/F+ = WL/L
∼= L∗ as well.

4. Notations from [60], (2.5). F+λ denotes the fixed field of Γ+λ = {σ ∈
Γ | σ(λ) = λ} and F±λ is the fixed field of Γ±λ = {σ ∈ Γ | σ(λ) = ±λ}.
Γ is the absolute Galois group of F . In our case F+ = L and F± = L for all λ,
and the index is always 2.

5. The positive roots α of G given by the characters x/xσ and x′/(x′)σ , which do
not occur in M , define, following [60], (3.3), a product of corresponding terms
χα(α(η)−1

aα
), which is the factor ΔII(η; (t1, t2))

ΔII(η; (t1, t2)) = χ0

(
D−1

0

(
x/xσ − 1

)(
x′/(x′)σ − 1

))
.

8.2.2 The Element ωT (σ)

This section refers to [60], (2.1) and (2.3). Consider the split torus T sG and the
Borel group BsG above. Then conjugation with the matrix h, defined on page 273,
gave h−1(T sG, B

s
G)h = (TG, BG) with a Borel group BG defined over F . We

get (h−1hσ)−1(T sG, B
s
G)(h−1hσ) = (T sG, B

s
G). The element ωT (σ) is defined as

ωT (σ) = Int(h−1hσ) in [60] p. 231. It is in the normalizer of T sG. In our case

h−1hσ = h−σh =
(

0 −E
−E 0

)

.

Hence, ωT (ρ) ≡ 1 for ρ ∈ ΓL and ωT (ρ) ≡ wmax for ρ ∈ σΓL in the Weyl group
for the longest element wmax in the Weyl group of T sG.

8.2.3 Lifting of Weyl Group Elements

This section refers to [60], (2.1) and (2.3), where a cocycle t(θ1, θ2) is defined,
that somehow measures the obstruction for lifting elements of the Weyl group
W = N(T )/T to the normalizerN(T ).
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The simple roots of (T sG, B
s
G) are α1 = 2e1 and α2 = e2 − e1. We get the

embedded root subgroups

Sl(2)α1 � ( a bc d ) 	→
(
a 0 b 0
0 1 0 0
c 0 d 0
0 0 0 1

)

and

Sl(2)α2 � ( a bc d ) 	→
(

d −c 0 0
−b a 0 0
0 0 a b
0 0 c d

)

,

which map ( 1 ∗
0 1 ) to the Borel group BsG. The standard element of the Weyl group

of Sl(2) therefore maps to

n(σα1) =

(
0 0 1 0
0 1 0 0−1 0 0 0
0 0 0 1

)

, n(σα2) =

(
0 1 0 0−1 0 0 0
0 0 0 1
0 0 −1 0

)

.

The element wmax in the Weyl group of GSp(4) can be written as a product
of simple reflections of length 4 wmax = σα2σα1σα2σα1 . Hence, n(wmax) :=
n(σα2)n(σα1 )n(σα2)n(σα1 ) is

n(wmax) =

(
0 1 0 0
0 0 −1 0
0 0 0 1
1 0 0 0

)2

=
(

0 −E
E 0

)
.

The Cocycle t (θ1,θ2). For θ1, θ2 in the subgroup of the Weyl group Ω generated
by 1 and wmax, this lifting to the normalizer defines a cocycle t(θ1, θ2) ([60],
Lemma 2.1A). Its value is 1 except for θ1 = θ2 = wmax, where t(wmax, wmax)
is −1. The first property follows from the definition of t, the second from
our computation above in view of the definition of t(wmax, wmax)n(w2

max) =
n(wmax)n(wmax) in [60], p. 228.

8.2.4 Coroot Modification

In this section we compute the class λT and λTsc defined in [60], (2.3):

1. The coroots of T sG are defined by the cocharacters which map t ∈ F ∗ to the
matrices

diag(t−1, t, t, t−1), diag(t, 1, t−1, 1), diag(1, t, 1, t−1), diag(t, t, t−1, t−1).

The first two are the coroots of (e2 − e1) and 2e1, the last two those of 2e2 and
e2 + e1. Langlands and Shelstad ([60], (2.3)) defined
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x(σT ) =
∏

α∈R+
G, σ

−1
T α∈R−

G

(aα)α
∨

for σT ∈ Γ via the a-data aα. x(σT ) only depends on σT modulo ΓL. Notice
x(1) = 1 and x(σ) = diag(t, t3, t−1, t−3)t=√

D0
is the product of all four posi-

tive coroots evaluated at aλ =
√
D0.

2. The cocycle σT 	→ m(σT ) = x(σT )n(ωT (σT )) defined in [60], (2.3), has values
in the F -valued points of the normalizer of T sG. Modulo elements of T sG(F ) this
coincides with σT 	→ h−σh. Therefore, σT 	→ m(σT )h−σh ∈ T sG(F ) defines a
1-cocycle with values in T sG(F ). The Galois action on this torus is understood to
be transferred from the action of the Galois group on TG(F ). Hence, σ acts on
T sG(F ) by

ξσ := wmax(σ(ξ)).

m(σT ) is determined by its value on the generator σ of Gal(L/F ), which cor-
responds to σT = wmax × σ. The computations above therefore give the value
λ := m(σT ) = diag(t, t3,−t−1,−t−3)t=√

D0
. Observe the cocycle condition

λσλ = 1. The class of λ in H1(Γ, T sG(F )trans) will be denoted λT .

Remark 8.3. With respect to the transferred action on T sG(F ) the map Int(h)
defines a Galois equivariant isomorphism between TG(F ) and T sG(F ). This allows
us to view λT as a cocycle with values TG(F ) alternatively. Hence, by Lemma 6.1

H1(Γ, T sG(F )trans) = H1(Gal(L/F ), TG(F )) ∼= F ∗/NormL/F (L∗) ∼= {±1}.

The class λT of the cocycle defined by λ is trivial if and only if there exists a
ρ ∈ T sG(F ) or T sG(L) such that λ = wmax(σ(ρ))ρ−1.

Remark 8.4. The class λTsc is defined as above with hder instead of h. Therefore,
the image of λTsc ∈ H1(Γ, Tsc(F )) in H1(Γ, T (F )) is λT since both cocycles
differ by a coboundary zσz−1 ∈ B1(Γ, ZG(F )) ⊆ B1(Γ, TG(F )).

3. For the root α1 : T sG(L) → L∗ defined by ρ = diag(ρ1, ρ2, κρ
−1
1 , κρ−1

2 ) 	→
ρ2/ρ1 we have α1(ρσρ−1) = NormL/F (α1(ρ))−1 ∈ F ∗ since

ρσ = wmaxσ(ρ) = diag
(
σ(κ/ρ1), σ(κ/ρ2), σ(ρ1, σ(ρ2)

)
.

The cocycle condition λσλ = 1 for λ = diag(λ1, λ2, κλ
−1
1 , κλ−1

2 ) therefore
reads κ = λ1/σ(λ1) = λ2/σ(λ2). Hence, α1(λ) = λ2/λ1 ∈ F ∗. Conversely,
any λ2 ∈ F ∗ comes from a cocycle. For example, put λ = (1, λ2, 1, λ−1

2 ) for
λ1 = 1 and κ = 1. This defines an isomorphism

α1 : H1(Γ, T sG(F )trans) ∼= F ∗/NormL/F (F ∗),

which maps the cohomology class of λ to α1(λ) ∈ F ∗/NormL/F (L∗).
Composed with the isomorphism χL/F : F ∗/NormL/F (L∗) ∼= {±1},
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the class of the cocycle λ obtained above can be identified with the sign
λT ∈ H1(Γ, TG(F )) ∼= {±1} defined by

λT = χL/F (α1(λ)) = χL/F (D0).

Definition of ΔI . According to [60], (3.2), the factor ΔI(η; (t1, t2)) is defined to be

〈λTsc , sT〉,
where sT ∈ π0((T̂G,sc)Γ) is the image of s ∈ T̂G. In our case s ∈ (T̂M )Γ; see
page 55. Hence, sT is the image of the class s ∈ π0(T̂ Γ

G) under the natural map
induced from the inclusion i : TG,sc → TG.

4. Since s ∈ Z(M̂)Γ in our case, one can work with λT instead of λTsc to define
the factor ΔI since functoriality of the Tate–Nakayama pairing

〈., .〉 : H1(Γ, T (F ))× π0(T̂ Γ)→ C∗

with respect to i : TG,sc → TG implies 〈λTG,sc , sT 〉 = 〈i∗(λTG,sc), s〉. Since
i∗(λTG,sc) = λTG according to Remark 8.4, the calculations above show

ΔI(η; (t1, t2)) = χL/F (D0) .

8.2.5 p-Gauges

As in [60], (2.5), choose a gauge p. For this let Γ denote the absolute Galois group
of F and let {1, ε} be the group generated by the reflection ε at the origin, both
acting on the root system RG of TG. The product Σ of these two groups acts on
RG with four disjoint orbits, each consisting of a pair α,−α, where α runs over the
positive rootsR+

G. So we choose as a p-gauge the positive root gauge p on each orbit.
See [60], (2.1) and (2.5). Then n = 1 and σ1 = id and w1 = id and u1(w) = w in
the notation in [60], (2.5).

8.2.6 Weil Groups

Consider Weil groups as in [60], (2.5) or [101]. The Weil group WF of F comes
with a map π : WF → Γ = ΓF such that WL = π−1(ΓL), where ΓL denotes the
absolute Galois group of L. Then WF /WL = ΓF /ΓL = ΓL/F . The relative Weil

groups are defined by WL/F = WF /[WL,WL]. One has exact sequences

0→ L∗ →WL/L → ΓL/L = 1,
0→ L∗ →WL/F → ΓL/F → 0.
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We choose representatives v0 = 1 and v1 in WL/F of 1 and σ in ΓL/F . Then for
u ∈ W± = WL/F we have

v0(u) =

{
u u ∈ W+ = WL/L = L∗

uv−1
1 u /∈ W+ = L∗ .

8.2.7 The 1-Chain rp for Ĝ

To define the ΔIII2 factor one has to determine a certain 1-chain rp(w) attached to
the gauge p. Consider X = X∗(T̂ sG) = X∗(T sG). The roots R = RX are by defini-
tion the roots of T sG in G or the coroots of T̂ sG in Ĝ. Consider X ⊗ C∗. Langlands
and Shelstad defined in [60], p. 236,

rp(w)orbit =
n∏

i=1

χλ1(v0(w))λ = χ0(v0(w))λ

for each orbit, i.e., positive coroot λ of T̂ sG. Here we have chosen the “positive”
gauge on each orbit. The product over the contributions of all (four) orbits then
defines

rp(w) =
∏

λ∈R+

χ0(v0(w))λ ∈ X∗(T̂ sG, Ĝ)⊗ C∗ = T̂ sG(C)

for w ∈ WL/F . In our case this gives

rp(w) = diag(t, t3, t−1, t−3)
∣
∣
t=χ0(v0(w))

∈ T̂ sG.

8.2.8 Definition of ξG
χ

As Langlands and Shelstad explain ([60], p. 238), rp(ω) defines an L-extension ξ =
ξGχ

ξGχ : LT → LG

of the given embedding
T̂G → T̂ sG → TG ⊆ Ĝ,

which depends on the given χ-data, and which is defined by

ξGχ (1× w) = rp(w)nĜ(ωT (w)) × w, w ∈WF .

For this notation recall that L-groups are defined as semidirect products Ĝ×WF or
Ĝ×WL/F .
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8.2.9 The Similar rp for M̂

This section refers to [60], (2.5), repeating for M what was done for G. Recall the
definition of T̂ sM , B̂

s
M for M̂ , which is needed now. The inclusion ξ : M̂ → Ĝmaps

the (positive) coroots of T̂ sM ⊆ M̂ to the (positive) coroots of T̂ sG ⊆ Ĝ. Our choice
of χ-data for G therefore immediately induces χ-data for M such that

χλ =

{
χ0 for λ being a positive coroot of T̂ sM ,

χ−1
0 for λ being a negative coroot of T̂ sM .

The positive coroots of T̂ sM are given by β∨
1 (t) = diag(t, 1, t−1, 1) and by β∨

2 (t) =
diag(1, t, 1, t−1). For the corresponding positive roots β1 and β2 of T̂ sM in M̂ obvi-
ously

n(σβ1) =

(
0 0 1 0
0 1 0 0−1 0 0 0
0 0 0 1

)

, n(σβ2) =

(
1 0 0 0
0 0 0 1
0 0 1 0
0 −1 0 0

)

.

The product of these matrices defines

nM̂ (wmax) =
(

0 E
−E 0

)

for the longest elementwmax in the Weyl group of T̂ sM . Again the group Σ generated
by the reflection at the origin and Γ acts via the TM -twisted action on the roots
of T sM and the coroots of T̂ sM ,respectively, with two orbits β1,−β1 and β2,−β2.
We can therefore choose the positive R+

M gauge on each orbit. Then n = 1 and
σ1 = id and u1(w) = w on each orbit in the notation in [60], (2.5). Consider
X = X∗(T̂ sM , B̂

s
M , M̂) and R to be the set of coroots of T̂ sM , B̂

s
M . Hence,

rp(w) = diag(t, 1, t−1, 1)diag(1, t, 1, t−1)t=χ0(v0(w)) = diag(t, t, t−1, t−1)t=χ0(v0(w)).

8.2.10 Definition of ξM
χ

Our choice of χ-data and the gauge for M defines an extension

ξMχ : LTM → LM

of the given embedding

T̂M → T̂ sM → TM ⊆ M̂.

It factorizes over the quotient WL/F of the Weil group, and it is defined by

ξMχ (1 × w) = diag(t, t, t−1, t−1)
∣
∣
t=χ0(v0(w))

· nM̂ (ωT (σw))× w.
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8.2.11 The Corestriction Map and the Langlands Reciprocity Law

Let T be a torus over F , split by the extension field L. Then we have the following
chain of identifications

Homcont(T (F ),C∗) ∼= Homcont((L
∗ ⊗X∗(T ))ΓL/F ,C∗) ∼= Hom(L∗,X∗(T ) ⊗C∗)ΓL/F

∼= Hom(L∗, X∗(T̂ )⊗ C∗)ΓL/F
∼= Hom(L∗, T̂ (C))ΓL/F

,

and the commutative diagram

Homcont(T (F ),C∗) �
Hom(L∗, T̂ (C))ΓL/F

H1
cont(WL/F , T̂ (C))

LR

��

Hom(L∗, T̂ (C)).
cores		

����

The left vertical isomorphism is the “Langlands” reciprocity map for tori. It is func-
torial in T . The right vertical map is the obvious surjection. The lower horizon-
tal map is the corestriction map. Details can be found in Milne [63], p. 135ff and
Theorem 8.6. The corestriction map is defined as follows: For f ∈ Hom(L∗, T̂ (C))
define cores(f) ∈ H1(WL/F , T̂ (C)) by the class of the cocycle

cores(f)(w) =
∑

g

wgf(w−1
g wwg′ ),

wherewg are representatives of ΓL/F inWL/F andwwg′ = wg mod L∗ determines
g′ and wg′ , respectively, for given w and g. For further details see [63], p. 129.

Now specialize to the quadratic extension field L over F . In this case we have
already specified representatives w1 = v0 = 1 and wσ = v1 in the Weil group
WL/F . Put θ = v2

1 . Notice θ ∈ F ∗. We then get

cores(f)(λ) = f(λ)v1f(v−1
1 λv1) = f(λ)v1f(λσ), λ ∈ L∗ ⊆WL/F ,

cores(f)(λv1)=f(λv1 · v1)v1f(v−1
1 λv1)=f(λθ)v1f(λσ), λ ∈ L∗ ⊆WL/F .

8.2.12 Langlands Reciprocity for the Norm-1-Torus T = N1
L

Notation. Let N denote the torus ResL/F (Gm) and N1 the subtorus N1 ⊆ N ,

which is the kernel of the norm NormL/F . The dual group of N1 is denoted T̂ =
C∗

−, which is C∗ as a Lie group. But the Galois or Weil group acts by zσ = z−1,
z ∈ C∗

−, where σ is the generator of Gal(L/F ).
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A cocycle a ∈ Z1(WF , N̂
1) becomes a character once it is restricted to WL ⊆

WF . This character is trivial on [WL,WL], and hence it factorizes over WL/F =
WF /[WL,WL]:

0→ L∗ →WL/F → ΓL/F → 0.

Choose v1 ∈ WL/F , but v1 /∈ L∗. Then v1(v2
1)v−1

1 = (v1)2 ∈ F ∗. One can show
v2
1 /∈ NormL/F (L∗). An easy computation shows that the cocycle conditions for a

are equivalent to:

1. The restriction of a to L∗ is a continuous character with values in C∗
−.

2. a(σ(λ)) = a(λ−1) for λ ∈ L∗.
3. a(v2

1) = a(v1)v1(a(v1)) = a(v1)/a(v1) = 1.

Therefore, conditions (2) and (3) are equivalent to a(λ) = 1, λ ∈ F ∗. If we modify
a by a coboundary, this does not change the restriction of a to L∗, whereas the
restriction to L∗ · v1 can in this way be multiplied by an arbitrary constant in C∗.
Therefore, we formulate the last cocycle condition as:

4. a(λv1) = const · a(λ). Hence, the cohomology class [a] of a is uniquely deter-
mined by the restriction of a toL∗, which is an element inHomcont(L∗/F ∗,C∗).

To make the Langlands reciprocity map explicit, suppose we have a continuous
character χ ∈ Homcont(N1(F ),C∗). We can extend χ to a continuous character
χ′ : L→ C∗ via the embeddingN1(F ) ⊆ L∗. The map

Hom(L∗, N̂1)→ Hom(L∗, N̂1)Γ ∼= Hom((L∗⊗Z)Γ,C∗) ∼= Hom(N1(F ),C∗)

is the restriction map

(χ′ : L∗ → C∗) 	→ (χ′∣∣N1(F ) : N1(F )→ C∗).

This describes the right and then the upper way through the diagram

Homcont(N1(F ),C∗) � Hom(L∗,C∗−)ΓL/F

H1
cont(WL/F ,C

∗
−)

LR

��

Hom(L∗,C∗−)cores		

����

and in fact maps χ′ to χ. The image of χ′ under the lower horizontal corestriction
map is a cohomology class, which is completely determined by its “restriction” to
L∗ = W ab

L . This restriction is given by the character

cores(χ′)(λ) = χ′(λ)v1(χ′(λσ)) = χ′(λ/λσ) = χ(λ/λσ), λ ∈ L∗ = W ab
L ,

since λ/λσ ∈ N1(F ). Conversely, every x ∈ N1(F ) can be written in the form
x = λ/λσ , where λ ∈ L∗ is uniquely determined up to an element in F ∗. Therefore,
Langlands reciprocity (i.e., the inverse of the left vertical map) is explicitly given by
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Homcont(N1(F ),C∗) � χ 	→ a(λ) = χ(λ/λσ),

in the sense that the image class [a] ∈ H1(WF ,C
∗
−) is determined by its restriction

a(λ) ∈ Homcont(W ab
L ,C∗

−) specified above for λ ∈W ab
L
∼= L∗.

Example 8.1. For s ∈ (N̂1)Γ = {±1} and the homomorphism ord : WF →W ab
F
∼=

F ∗ ord→ Z define the 1-cocycle ts(w) = sord(w) in Z1(WF , N̂
1). The map

L∗ ∼= W ab
L → W ab

F
∼= F ∗,

induced by the inclusion map WL ↪→ WF is the norm NormL/F : L∗ → F ∗

([101], diagram (1.2.2)). The restriction of the cocycle ts to W ab
L is therefore

ts(λ) = (−1)ord(NormL/F (λ)). By Langlands reciprocity, ts corresponds to a con-
tinuous character χ(x) of N1(F ) given by:

– L/F is unramified: χ is trivial.
– L/F is ramified: χ(x) = (−1)ord(λ), where x = λ/λσ . If the residue character-

istic is odd, then χ(x) = x mod (πL) ∈ {±1} for x ∈ N1(F ) ⊆ o∗L.

Example 8.2. Let now χ′ be the character χ0 of L∗ used in the definition of χ-data.
Its restriction to N1(F ) ⊆ L∗ will be denoted χ. From χ0(xσ) = χ0(x)−1 we
obtain

cores(χ)(λ) = χ2
0(λ), λ ∈ L∗ ∼= W ab

L .

Therefore, χ0 ∈ Homcont(N1(F ),C∗) corresponds via Langlands reciprocity to
the class of the cocycle a(w) = χ2

0(v0(w)) of WL/F in N̂1.

8.2.13 The Definition of ΔIII2

According to [60], (3.5), the factor ΔIII2 is defined by a pairing between η and a
cocycle a, where a is obtained from a comparison of the L-homomorphisms ξ ◦χMχ
and ξGχ : Suppose TM is identified with TG as in Lemma 8.1. This corresponds to an

identification of T̂M and T̂G and also LTM and LTG. Using this identification, we
get two different homomorphisms from LTM = LTG to LG, namely, ξ ◦ ξMχ and

ξGχ . They agree on T̂M = T̂G, and hence differ by a 1-cocycle a(w) of WL/F with

values in T̂G (twisted Galois action induced from T̂G!). In other words,

ξ ◦ ξMχ (w) = a(w) · ξGχ (w), w ∈WL/F .

Lemma 8.3. Let χ0 be the character defined by our specified choice of χ-data. Then

a(w) = (−1)i(w) · diag
(
1, χ−2

0 (v0(w)), 1, χ2
0(v0(w))

)
∈ T̂G.

By definition, the cocycle condition a(w1w2) = a(w1)a(w2)n
Ĝ(σ(w1)) holds.
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Proof. Let i(w) be 0 or 1 according to whether w ∈ L∗ ⊆WL/F or not. From the
formulas for ξMχ and ξGχ obtained above, we now compute a(w) as follows:

(
0 E

−E 0

)i(w) · diag(t, t, t−1, t−1)
∣
∣
t=χ0(v0(w))

= a(w) · ( 0 −E
E 0

)i(w) · diag(t, t3, t−1, t−3)
∣
∣
t=χ0(v0(w))

.

The matrix can be canceled, which implies the claim. �

The Class aT. Let [a] be the cohomology class in H1(WL/F , T̂G) of the cocycle
a(w) obtained in Lemma 8.3. Since the Galois action is defined by transfer, [a]
naturally defines a cohomology class

aT ∈ H1(WL/F , T̂G).

By Langlands reciprocity aT corresponds to a continuous character 〈aT , .〉 of
TG(F ), which evaluated at η ∈ TG(F ) defines, following [60], (3.5), the factor

ΔIII2(η, t1, t2) = 〈aT , η〉 .

1. We have isomorphisms T̂ sG → T̂G → N̂ × N̂1 defined by the maps T̂ sG → TG

diag(w1, w2, w
′
1, w

′
2) mod (t, t, t−1, t−1) 	→ diag(z1, z4, z2, z3)

= diag(w2w
′
1, w1w

′
1, w1w

′
2, w2w

′
2)

and T̂G → N̂ × N̂1

diag(z1, z4, z2, z3) 	→ (z1, z2)× z3/z2 = (w2w
′
1, w1w

′
2)× w2/w1

with inverse N̂ × N̂1 → T̂G

(u, v)× w 	→ (u, uw−1, v, vw) ∈ T̂G.

By z1z2 = z3z4 this is an isomorphism. Endow T sG with the twisted Galois action
and T̂G with the induced twisted action, which is the twisted action transferred
from T̂M to T̂M = T̂G. With these conventions, the isomorphisms above are
equivariant with respect to the Weil groups.

2. The dual isomorphismN(F )×N1(F )→ T sG(F ) is

(y, z) ∈ L∗ × N1(F ) �→ diag(x1, x
′
1, x2, x

′
2) = diag(yσz−1, y, yz, yσ) ∈ T s

G(F ).

The “partial” inverse T sG(F ) → N1(F ) therefore maps diag(x, x′, xσ, (x′)σ)
to xσ/x′. The composite map π : TG → T sG → N1 is defined over F , where
the first map is Int(h−1), and it maps η ∈ TG(F ) to diag(x, x′, xσ, (x′)σ) ∈
T sG(F ). Hence,

π : TG(F )→ N1(F ), π(η) = xσ/x′.
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3. Conclusion. The cohomology class [a] ∈ H1(WL/F , T̂G) of Lemma 8.3 is the
product of two classes [a1] and [a2], where a1 is the cocycle

a1(w) = diag(1, χ0(v0(w))−2, 1, χ0(v0(w))2) ∈ T̂G, w ∈WL/F ,

which is the image of

b(w) = χ0(v0(w))2 ∈ Z1(WL/F , N̂
1)

under the composition of the inclusion N̂1 into the second factor of N̂ × N̂1 and
the isomorphism with T̂G, and where a2(w) = (−1)i(w) · id. This is the image
of the cocycle ((−1)i(w), (−1)i(w)) of N̂ under the composite of the inclusion
into the first factor of N̂ × N̂1 and the isomorphism with T̂G. It is a coboundary
in N̂ since

(
(−1)i(w), (−1)i(w)

)
=
(
1,−1

)w(1,−1
)−1

. Hence,

[a] = [a1].

4. For the map π : TG → N × N1 → N1
L considered in step 2 we showed

aT = π̂∗([b]) in step 3. Functoriality of Langlands reciprocity therefore implies
〈aT , η〉 = 〈π̂∗([b]), η〉 = 〈b, π(η)〉. Since 〈b, .〉 is the character χ0 of N1(F ) by
Lemma 8.3,

ΔIII2(η; (t1, t2)) = χ0(xσ/x′) .

This proves Lemma 8.2.

For nonelliptic tori from M the Langlands–Shelstad factor becomes ΔIV for our
choice of the endoscopic datum (M, LM, s, ξ). This is left as an exercise for the
reader. But one should keep in mind that such statements depend on the choice of
the particular endoscopic datum (M, LM, s, ξ). See, e.g., Lemma 9.18, where this
is illustrated for the split torus.

8.2.14 The Archimedean Case F = R

Δ(η, t1, t2) = (χL/F |.|)((x− xσ)(x′ − (x′)σ))|xx′|−1 for x = t1t2 and x′ = t1t
σ
2

by Corollary 8.1, where η is defined by

η =

⎛

⎜
⎜
⎝

a 0 bD0 0
0 a′ 0 b′D0

b 0 a 0
0 b′ 0 a′

⎞

⎟
⎟
⎠ ,

and where x = a+b
√
D0 and x′ = a′+b′

√
D0. The local transfer factor satisfies the

global hypothesis: The product over all local places is 1 for global data D0, t1, t2.

If we consider the problem of the stabilization of the trace formula as in
Kottwitz [51], we assume that the adelic transfer factor satisfies the global
hypothesis [51], p. 178. For this we normalize the Archimedean transfer factor
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such that it is the one given by Langlands and Shelstad [60]. The only cases of
elliptic tori in the Archimedean case are the ones of case 1, studied above. The
nonelliptic case is rather easy, and will be skipped.

Remark 8.5. Using this normalization, we therefore do not a priori follow the con-
ventions of Kottwitz [51], p. 184, when we define Δ∞ = Δ∞(γM , γ), nor do we
follow [51], p. 186, when we define h∞ = hM∞ . Instead, having fixed our choice
Δ∞(γM , γ) of the Archimedean transfer factor, we are now forced to define hM∞ in
such a way that it satisfies formula (7.4) in [51]:

SO(t1,t2)(hM∞) = 〈β(η), sM 〉 ·Δ∞(η, (t1, t2)) · e(I) · trξC(η) · vol−1.

Our choice of the Archimedean transfer factor may therefore result in a change
of h∞ defined in [51], p. 186, by some constant. Since F = R, to determine this
constant of proportionality, it is enough to consider elliptic case I with D0 = −1
for some suitable chosen regular semisimple elliptic (t1, t2) ∈ C∗. In particular, we
may assume |t1| = |t2| = 1 in formula (7.4). Since χL/R|x| = x we have

Δ∞(η, t1, t2) = (x− x)(x′ − x′)|xx′|−1.

For x = t1t2 and x′ = t1t2 this becomes (t1t2 − (t1t2)−1)((t1/t2) − (t2/t1)) or
(t21 + 1 + t−2

1 )− (t22 + 1 + t−2
2 ). Thus, for |ti| = 1

Δ∞(η, t1, t2) =
(
tr(τ2 ⊗ τ0)− tr(τ0 ⊗ τ2)

)
(t1, t2),

where τk denotes the representation of SU(2,R) on Symmk(C2). Suppose the
representation ξC defining the coefficient system Eλ is fixed corresponding to holo-
morphic discrete series of weight k1 ≥ k2 ≥ 3. By the Archimedean endoscopic
character transfer this is related to elliptic holomorphic discrete series of weights
r1 = k1 +k2−2 and r2 = k1−k2 +2 forGl(2,R)2. This follows easily from [51],
p. 182ff. See, e.g., [58], p. 212f.

Lemma 8.4. Consider the z-extensionM1 = Gl(2,R)2 of M . Let h(πr1 ⊗πr2) de-
note pseudocoefficients for (holomorphic) discrete series of weights r1 and r2 onM1

in the sense of Clozel and Delorme [23]. Then with our choice of Δ∞(η, (t1, t2))
under the assumptions made above the function

hM1∞ = −(h(πr1 ⊗ πr2)− h(πr2 ⊗ πr1)
)
, (r1 > r2)

satisfies formula (7.4) in [51].

Proof. From [51], p. 186, it follows that our hM1∞ is proportional to the one defined
in [51] up to some universal constant independent of the particular choice of ξC. We
can therefore assume ξC to be the trivial representation; hence, (k1, k2) = (3, 3) and
(r1, r2) = (4, 2). By our assumptions trξC(η) = 1 and e(I) = 1 holds in formula
(7.4). Because we replaced M by M1, the notions of stable orbital integrals and
ordinary orbital integrals coincide. According to the formulas given in Sect. 3.4
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SOM1
(t1,t2)

(
h(π4 ⊗ π2)− h(π2 ⊗ π4)

)
(t1, t2)

= vol−1 ·
[(−tr(τ2(t1))

) · (−tr(τ0(t2))
)− (−tr(τ0(t1))

) · (−tr(τ2(t2))
)]

= vol−1 ·Δ∞(η, (t1, t2)),

since tr(τ(t)) = tr(τ∗(t)) for |t| = 1. To show SO(t1,t2)(h
M∞) = 〈β(η), sM 〉 ·

Δ∞(η, (t1, t2)) · e(I) · trξC(η) · vol−1, as required, it therefore suffices to show

〈β(η), sM 〉 = −1.

By its definition [51], pp. 167 and 182, β(η) ∈ X∗(Ĝη)Γ(∞) depends on η only
via the centralizing elliptic torus I = Gη ⊆ G. For our choice of η the structure
homomorphism h ∈ X∞ defining the Shimura variety has values in I . The structure
homomorphism h defines an algebraic homomorphism μh : Gm → I as in [51],
p. 167, which is defined over C. Up to some conjugation in G(C) we get our μ :
Gm → T sG ↪→ G defined over C such that

μ(z) = diag(z, z, 1, 1).

This defines a cocharacter μ ∈ X∗(T sG) which, in the notation used for cocharacters
of T sG in this chapter, corresponds to the element

(m1,m2,m
′
1,m

′
2) = (1, 0, 1, 0) ∈ X∗(T sG).

On the other hand,

s = sM = diag(1,−1, 1,−1) ∈ T̂G,

defined by the endoscopic datum (see page 216), corresponds under the isomor-
phism T̂G

∼= T̂ sG specified earlier in this chapter to the element (w1, w2, w
′
1, w

′
2) =

(−1, 1, 1,−1) ∈ X∗(T sG) ⊗ C∗ = T̂ sG. Hence, the pairing 〈μ, (w1, w2, w
′
1, w

′
2)〉 =

w1w
′
1 gives the value 〈μ, s〉 = −1, which proves the lemma. �



Chapter 9
Fundamental Lemma (Twisted Case)

In this chapter we show under conditions formulated in Sect. 9.2 that the funda-
mental lemma for standard endoscopy implies the fundamental lemma for twisted
base change endoscopy. In fact, this is shown in this chapter for the unit elements
of the Hecke algebras. Using global arguments involving the Selberg trace formula,
it suffices to prove the fundamental lemma and twisted fundamental lemma in gen-
eral assuming the fundamental lemma for unit elements and standard endoscopy
for residue characteristic p ≥ p0. See Corollary 9.4 and Chap. 10. It also implies
the Frobenius formula (see Lemma 9.7) used in the comparison of trace formulas
in Chap. 3. This formula will be the clue to unravel the terms in the Kottwitz for-
mula stated in Theorem 3.1 that appear in the form of the twisted orbital integrals
TOδ(φn).

9.1 Restriction of Scalars (Notations)

Let E be an extension of the local field F of degree [E : F ] = n. For a connected
reductive group G′ over E with L-group LG′ = Ĝ′ � WE , the L-group of the
restriction of scalars G = ResE/F (G′) is

LG = IWF

WE
(Ĝ′) � WF

from [12], p. 35 (Formula 2), where for a groupX with WE-action

IWF

WE
(X) = {f : WF → X | f(w′w) = w′ · f(w), w ∈WF , w

′ ∈WE}.

WF acts by (rwf)(x) = f(xw). X can be embeddedWE-equivariant into IWF

WE
(X)

by x 	→ fx(w) = w · x for w ∈WE , and fx(w) = 1 otherwise.

Remark 9.1. IWF

WE
(X) = X∗(ResE/F (T ′)) if X = X∗(T ′) for a torus T ′ [12].

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 291
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 9,
c© Springer-Verlag Berlin Heidelberg 2009
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Suppose WE is a normal subgroup of WF of index n, with a cyclic factor group
generated by σF ∈WF . SupposeX is aWF module, whoseWE module structure is
defined by restriction. Then (θf)(x) = σ−1

F f(σFx) satisfies (θf)(w′w)w′(θf)(w)
for w′ ∈WE . Hence, θ acts on IWF

WE
(X) and commutes with the action ofWF . Fur-

thermore, θn = id and IWF

WE
(X)θ = X . In fact θ-invariant functions f in IWF

WE
(X)

satisfy f(w′x) = w′ ·f(x) for all w′ ∈WF since σF andWE generateWF . Hence,
f(w) = w · f(1) for w ∈WF .

Abelian Case. If X is Abelian, the norm f(x) 	→ ∑n
i=1(θ

if)(1) ∈ X is defined.
This WF -equivariant map annihilates (1− θ)X and induces an isomorphism

IWF

WE
(X)θ ∼= X

of WE modules. In fact x 	→ fx defines a WE splitting; hence, the norm map is
surjective. To show that it is an isomorphism, it is enough to show that the kernel is
generated by the f(x)− (θf)(x) – an easy exercise.

E/F Normal. If E/F is normal with cyclic Galois group ΓE/F generated by σF ,
the description of LG as an induced group given above defines θ : LG → LG for
G = ResE/F (G′). For homomorphismsG′

1 → G′
2 for reductive groups over F this

θ is functorial, and defines

Ψ : Ĝ −→ Ĝ′ × . . .× Ĝ′,

Ψ(f) =
(
f(1), θf(1), . . . , (θn−1f)(1)

)
.

Lemma 9.1. Ψ is an isomorphism such that Ψ ◦ θ = θ̂ ◦Ψ, where θ̂(g1, . . . , gn) =
(g2, . . . , gn, g1), and Ψ(rw(f)) = w ·Ψ(f) for all w ∈ WF .

This gives a convenient description of L-groups for Ĝ ∼=∏n
i=1 Ĝ

′.

Proof. Notice Ψ(θf) = (θf(1), θ2f(1), . . . , f(1)) = θ̂(Ψ(f)) and Ψ(rw(f)) =
w · Ψ(f) = (1 � w)(Ψ(f) � 1)(1 � w−1). Since σF and WE generate
WF , it is enough to check this for w = σF and w ∈ WE . In both cases
this formula is obvious since Ψ(rw(f)) = (f(w), θf(w), . . . , θn−1f(w)) =
(w(f(1)), w(θf(1)), . . . , w(θn−1f(1))) for w ∈ WE and Ψ(rσF (f)) =
(f(σF ), θf(σF ), . . . , θn−1f(σF )) = (σF (θf(1)), σF (θ2(1), . . . , σF (f(1))). �

Tori. Suppose E/F is unramified. X∗(ResE/F (T ′)θ) = X∗(ResE/F (T ′))θ ∼=
X∗(T ′) holds for the character groups of the F -tori T ′ and T = ResE/F (T ′) by
the remark above. There exist natural isomorphisms

ResE/F (T ′)θ ∼= T ′, ResE/F (T ′)θ ∼= T ′.

The composite of the canonical quotient mapNT,θ : ResE/F (T ′)→ ResE/F (T ′)θ
with the natural isomorphismResE/F (T ′)θ ∼= T ′ defines the map

NmE/F : ResE/F (T ′)→ T ′.
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For x ∈ ResE/F (T ′)(F ) = T ′(
⊕n

1 F ) the map NmE/F is given by the first

projection pr1(
∏n−1

0 θi(x)) ∈ T ′(F ). In particular, x ∈ T (E), which corresponds
to x = (xσ)σ∈ΓE/F

∈ T ′(⊕n1F ), maps to
∏
σ∈ΓE/F

xσ ∈ T ′(F ). On the level of
F -valued points the map NmE/F induces a map

NormE/F : T ′(E)→ T ′(F )

such that x ∈ T ′(E) maps to
∏
σ∈ΓE/F

σ(x). Hence, with the notations from below
we have

Lemma 9.2. As maps from T (F ) = T ′(E) to T ′(F ), the norms Nθ, NσF , and
NormE/F coincide.

9.1.1 Norm Maps

Besides the field normNE/F : E∗ → F ∗, we distinguish the following norm maps:

• NT,θ : ResE/F (T ′)→ ResE/F (T ′)θ (the abstract norm).
• NmE/F : ResE/F (T ′)→ ResE/F (T ′)θ ∼= T ′.
• NormE/F : T ′(E)→ T ′(F ).
• norm : ResE/F (T ′)→ T ′ ∼= TM , the composite of the map NmE/F with the

admissible isomorphism T ′ ∼= TM .
• Nθ(δ) = δθ(δ) . . . θn−1(δ) = (δθ)n.
• NσF (δ) = δσT (δ) . . . σn−1

T (δ) = (δσF )nσ−n
F .

ObviouslyNσF (δ) = Nθ(δ) for any δ ∈ G(F ) = G′(E).

9.2 Endoscopy for Twisted Base Change

Let F be a local non-Archimedean field of characteristic zero and E/F an unram-
ified field extension of degree n. Let G be the Weil restriction G = ResE/F (G′)
of a connected reductive unramified quasisplit group G′ over F . Assume Gder to
be simply connected. Let B′ be a Borel group of G′, defined over F , and let T ′ be
a maximal F -torus in B′. Then G is an algebraic group over F , with Borel sub-
groupB = ResE/F (B′) containing T = ResE/F (T ′). The action of the Frobenius
automorphism σF generating ΓE/F on G′(E) = G(F ) is induced by an algebraic
F -automorphism θ of G.

General Remarks. Then, following [54], (2.1), consider twisted base change en-
doscopy for (G, θ) = (G, θ, 1). Several constructions of [54] are simplified in this
case. In particular:



294 9 Fundamental Lemma (Twisted Case)

1. G is quasisplit and the automorphism θ respects the pair (B, T ); hence, G =
G∗, θ = θ∗ and ψ = id in the sense of [54], (1.2). The fixed group T θ = Td is a
maximal F -split torus in G. The derived group of G is simply connected.

2. The restricted root system Rres(G, T ) can be identified with the root system
R(Gθ, T θ) = R(G′, T ′). In particular, it is reduced, and all its roots are of type
R1 in the sense of [54], (1.3).

3. The dual group Ĝ is
∏n
i=1 Ĝ

′. The Galois group acts as specified via Ψ. The
action factorizes over the maximal unramified quotient of the Galois group. The
Frobenius σF acts like the dual automorphism

σF (x1, . . . , xn) = (σF (x2), . . . , σF (xn), σF (x1)).

Furthermore, θ̂(x1, . . . , xn) = (x2, . . . , xn, x1). We write

ι : Ĝ′ ↪→
n∏

ν=1

Ĝ′ = Ĝ

for the diagonal map.

Standard Endoscopy. Fix a standard endoscopic datum (M, LM, s, ξ) for the
groupG′. Similarly to [51], p. 179, we make the following.

Assumptions.

• s ∈ Z(M̂)Γ and Int(s) ◦ ξ = ξ.
• ξ is unramified. We view ξ̂ : M̂ ↪→ Ĝ as an inclusion map, and assume ξ(1�w) =
c(w) � w for c(w) ∈ M̂ .

In addition, we assume the existence of a z-pair (M1, ξM1) ([54], pp. 20–24) such
that:

• pr : M1 � M is an unramified z-extension. In particular, M1,der is simply
connected, and M1 is unramified.

• ξM1 : LM → LM1 is an L-homomorphism, of the form ξM1 = Lpr.

Finally we choose:

• An unramified 1-cocycle d(w) ∈ Z1(WF , Z(M̂1)) such that d(σF ) = λ−1 ∈
Z(M̂1)Γ.

The parameter λ may be chosen to be 1. However, in Chap. 10 it will turn out to be
convenient to choose λ �= 1 such that λn = s−1. This is the reason for introducing
the parameter λ.

Although the endoscopic datum is defined byH = LM , the approach of Kottwitz
and Shelstad dictates choosing a z-pair if Mder is not simply connected ([54], (2.2)
and (5.5)). The choice of a z-pair allows us to replaceM by the groupM1, whose de-
rived group is simply connected. For simplicity of exposition, therefore, we usually
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assume M = M1 and ξM1 = Lid in the following, although the results formulated
can be easily extended to hold under the assumptions above. In fact, for the crucial
computation of the transfer factor and for the matching conditions, the influence of
the choice of the z-pair is explained on page 310 and in Sect. 9.8.

The Twisted Datum (LM, M, sE, ξE). Under the assumptions above we as-
sociate with the standard datum (M, LM, s, ξ) for G′ a twisted endoscopic datum
(LM,M, sE , ξE) for (G, θ, 1) in the sense of [54], (2.1). ForE = F the new datum
is isomorphic, but is not the same as the one we started with. Put

sE = (1, . . . , 1, s) ∈
n∏

ν=1

Ĝ′

and define ξE : LM → LG by

ξE(1× σF ) = sE � ξ(σF ),

ξE(h× 1) =
(
ξ(h), ξ(h), . . . , ξ(h)

)
� 1.

Using λ, we attach a new z-pair (LM1, ξ
E
M1

) for the datum (LM,M, sE , ξE), where
the z-extension is the same but the L-homomorphism ξEM1

: LM → LM1 is twisted
by the cocycle d:

ξEM1
(σF ) = λ−1 · ξM1(σF ).

Notice that for our ξE the parameter s coincides with s−1 in [51] owing to the
inverse normalization of the transfer factors in [51], p. 178, and that in the situation
considered in [51] λ = 1.

If M1 = Mder is simply connected, we could ignore z-pairs to simplify the
notation, and equivalently define

sE = (1, . . . , 1, s) ∈
n∏

ν=1

Ĝ′

and ξE : LM → LG by

ξE(1 × σF ) = ι(λ)sE � ξ(σF ),

ξE(h× 1) =
(
ξ(h), ξ(h), . . . , ξ(h)

)
� 1.

Obviously the above definitions determine an endoscopic datum, i.e., the proper-
ties [54], (2.1.1)–(2.1.4b), are satisfied: It is clear that sE is θ̂-semisimple. Further-
more, the fixed groupCent(Ĝ, Int(sE◦θ)) is the s-centralizerCent(Ĝ′, Int(s)) ⊆
Ĝ′ diagonally embedded into Ĝ =

∏n
i=1 Ĝ

′. Therefore, ξE(M̂)=Cent(Ĝ, Int(sE◦
θ))0. Finally Int(sE) ◦ θ ◦ ξE = a′E · ξE since s ∈ Z(M̂)Γ. Here a′E =
(1, . . . , 1, 1) = 1, where Int(s) ◦ ξ = a′ · ξ.
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a-data and χ-data. For maximal F -tori T ′ of G′ the tori T = ResE/F (T ′) are
θ-invariant maximal F -tori. The abstract norms NmE/F : T → Tθ ∼= T ′ (∼= TM )
were defined already. They define admissible isomorphisms. We can choose a-data
and χ-data according to our identifications Rres(G, T ) = R(Gθ, T θ) = R(G′, T ′)
to be the same for TM , T ′ and TM , T .

9.3 Matching

Suppose first M = M1 is simply connected. For sufficiently regular semisimple
elements γ = tM ∈M(F ) consider the orbital integral

OMγ (fM ) =
∫

Mγ (F )\M(F )

fM (h−1γh)dh.

The centralizer Mγ of γ is a maximal torus. The orbital integrals coincide with the
orbital integrals considered in [54], (5.5), in the situation M = M1 ([54], (2.1) and
(2.2)), since zσ = 1 ([54], (3.2)) and θM = Int(γ0) = id ([54], (5.4)) and γ0 = 1
with the notation in [54] By the regularity assumption

SOtM (g) =
∑

g′
OMg′ (g).

The summation extends over representatives of the conjugacy classes in the stable
conjugacy class of tM ∈M(F ).

Matching Conditions. We say that functions f on G(F ) and fM on M(F ) are
matching if for the Kottwitz–Shelstad transfer factor Δ(tM , δ)

SOtM (fM ) =
∑

δ

Δ(tM , δ)Oδθ(f)

holds for all strongly G-regular tM ∈M(F ) where

Oδθ =
∫

Centθ(δ,G(F ))

f(g−1δθ(g))dg.

The sum over δ (which might be empty) extends over representatives for the θ-
conjugacy classes in G(F ) of elements δ ∈ G(F ), whose “norm” is tM . See [54],
(5.5.1). This means that δ is contained in theF -conjugacy class ofAM/G(δM ) ([54],
(3.3.3)), whereAM/G is the composite of Clss(M)→ TM/ΩM → (TG)θ/Ωθ and
the inverse of the isomorphism Clss(G, θ) → (TG)θ/Ωθ induced by the abstract
norm map NT,θ : T → Tθ . See [54], p. 26ff.

Mder not Simply Connected. To drop the assumption M1 = M we need to
introduce the z-pair (M1, ξM1) to formulate now the matching condition between



9.4 The Twisted Fundamental Lemma (Unit Element) 297

functions f on G(F ) and fM1 on M1(F ), where fM1 is supposed to be a function
with compact support on M1(F ) modulo the center ZM1(F ), such that

fM1(zm1) = λM1(z)
−1fM1(m1)

holds for all z ∈ Z1(F ) ⊆ ZM1(F ), and Z1 is the kernel of the z-extension
pr : M1 → M . For details on this and for the precise formulation of the match-
ing conditions in this generality we refer to [54], pp. 70–72. For our purposes, how-
ever, it is important to keep in mind that the character λM1 depends on the chosen
z-pair. In our situation, even in the simply connected case M1 = M , if we re-
place ξM1 = Lid : LM → LM1 by a twist ξ̃M1 = d · ξM1 with a 1-cocycle
d, then the (unramified) character λM1 of M1(F ) is determined by d via Lang-
lands reciprocity: If (f, fM1) match for ξM1 , then (f, f̃M1) match for ξ̃M1 , where
f̃M1(m1) = λ−1

M1
(m1)fM1(m1) and λM1 is determined by λ = λM1(σF ) ∈ ZΓ

M1
.

Notation. PutOG
′,κ

t (f ′) =
∑

t′′ κ(inv(t, t′′))·OG′
t′′ (f

′), where the sum extends over
representatives of the conjugacy classes in the stable conjugacy class of t ∈ G′(F ),
and write

Δ(tM , t′′) = Δ(M,G′, tM , t) · κ(inv(t, t′′)),

Δ(tM , δ′′) = Δ(M,G, tM , δ) · κ(inv(δ, δ′′))

using [54], Theorem 5.1.D (see also pp. 54–55, 77, and 89), and similarly put
OG,κδθ (f) =

∑
δ′′ κ(inv(δ, δ′′))·OGδ′′θ(f) for the invariants inv(δ, δ′′) and inv(t, t′′)

defined as in Kottwitz [46]. The sum runs over representatives of the θ-conjugacy
classes in the stable θ-conjugacy class of δ. Here we assume δ ∈ G(F ) = G′(E)
such that Nθ(δ) is conjugate to t ∈ G′(F ) in G′(F ). If such δ does not exist in
G(F ), then t is not a norm and we put OG,κδθ (f) = 0.

9.4 The Twisted Fundamental Lemma (Unit Element)

By assumption there exist hyperspecial maximal compact subgroups K ⊆ G(F ),
K ′ ⊆ G′(F ), and KM ⊆M(F ). We choose K by “extension of scalars” from K ′,
granting that K = KG,K

′ = K ′
G′ satisfy conditions (a)–(c) in [46], p. 240. We

write 1K , 1K′ , and 1KM for the corresponding characteristic functions.

Assumption. We assume now that the fundamental lemma for the standard endo-
scopic datum (M, LM, s, ξ) holds for unit elements. In other words, we assume that
1K′ and 1KM are matching functions

Δ(M,G′, tM , t)O
G′,κ
t (1K′) = SOMt (1KM ).

Under this assumption, we use [46] to compare with the twisted situation. In fact
Kottwitz proved in [46], p. 241, the formula OG

′
t (1K′) = OGδθ , provided that t↔ δ
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holds in the notation in [46] or that t ↔ δ holds in the notations used later. This is
equivalent to equations (A) and (B) below. In fact Kottwitz proved more.

Theorem 9.1. The correspondence t
M↔ δ (for any fixed M , see the notation be-

low) induces a bijection from the set of conjugacy classes of t ∈ G′(F ) such that
OG

′
t (1K′) �= 0 to the set of θ-conjugacy classes of δ ∈ G(F ) = G′(E) such that

OGδθ(1K) �= 0. Moreover, it implies t = Nθ(δ) and equality of orbital integrals
OG

′
t (1K′) = OGδθ(1K).

The assumption regarding the standard fundamental lemma and Theorem 9.1
imply for t↔ δ

Δ(M,G′, tM , t)Δκ(G′, G, t, δ)OG,κ
δθ (1K) = Δ(M,G′, tM , t)OG′ ,κ

t (1K′ ) = SOM
t (1KM

).

Here t ∈ TG′(F ) is the image of tM ∈ TM (F ) under the admissible embedding,
and t = norm(δ∗), δ∗ ∈ TG(F ) for regular t. The factor

Δκ(G′, G, t, δ)

is not a transfer factor in the usual sense. It will be defined only when OG,κδθ (1K) �=
0 holds. In this case it is implicitly determined by the normalizations made in
Theorem 9.1 or equivalently Proposition 1 in [46]. This will be explained in de-
tail below. We first observe that the formula for the orbital integrals, stated above,
immediately implies

Lemma 9.3. Suppose the standard fundamental lemma holds for the unit elements
1KM , 1K′ . Then the twisted base change fundamental lemma for the unit elements
1KM , 1K , i.e., the matching of 1KM and 1K for sufficiently regular elements t, is
equivalent to the following statement: The twisted endoscopic transfer factor is
given by the formula

Δ(M,G, tM , δ) = Δ(M,G′, tM , t)Δκ(G′, G, t, δ)

whenever OG,κδθ (1K) �= 0 holds.

In the following we compute the twisted transfer factor Δ(M,G, tM , δ) follow-
ing [54]. Lemma 9.17 and Theorems 9.2 and 9.3 imply that Δ(M,G, tM , δ)/Δ
(M,G′, tM , t) is equal to Δκ(G′, G, t, δ). Hence, we have

Lemma 9.4. Suppose the standard fundamental lemma holds for the unit elements
1KM , 1K′ . Then the twisted base change fundamental lemma holds for the unit ele-
ments 1KM , 1K .

9.4.1 The Condition t ↔ δ

We fix a unimodular matrix
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M =
(
b a
1 n

)

∈ Sl(2,Z), n = [E : F ].

There is little chance of confusing this with the endoscopic group M . Let L be the
completion of Fun, the maximal unramified extension of F . Consider t ∈ G′(F )
and δ ∈ G′(E). The elements t and σF generate a subgroup in G′(L) × 〈σF 〉
isomorphic to Z2. The same applies for δσF and σnF . We may ask whether these
two subgroups Z2 are conjugate under some c ∈ G′(L); more precisely, such that
Int(c) ◦M also maps generators to the generators:

(A) Int(c)(taσnF ) = σnF , (B) Int(c)(tbσF ) = δσF .

If (A) and (B) hold, then we write t
M↔ δ. For a fixed matrix M we then write t↔ δ

as in [46]. However, we consider different choices of the matrixM . For every choice
of M , there exists an identity between κ-orbital integrals on G′(F ) and twisted κ
orbital integrals on G′(E) = G(F ), as stated in Theorem 9.1.

The Preferred Choice. Assume b = 1 and a = n − 1 (then the other choices are
of type a′ ∈ a+nZ). From now on we reserve the notation t↔ δ for this particular
choice.

Lemma 9.5. With this choice, for elements δ in the support of OG,κδθ (1K) the previ-
ously defined factor Δκ(G′, G, t, δ) is uniquely characterized by the following two
properties:

(i) Δκ(G′, G, t, δ) = 1 if t↔ δ.
(ii) Δκ(G′, G, t′, δ′) = κ(inv(t′, t))Δκ(G′, G, t, δ)κ(inv(δ, δ′)).

Proof. The first statement follows from Theorem 9.1. For the second property notice
the following. For a fixed maximal torus T inG, defineD(T ) = Ker(H1(F, T )→
H1(F,G)) as a subset of H1(F, T ). For [ξ] ∈ D(T ) we have ξ(σ) = A−1Aσ, A ∈
G(F ). Then Tξ = ATA−1 is a torus in G defined over F . The map φ = φTξT :
T → Tξ defined by t 	→ AtA−1 is F -rational, i.e., φ(σ(t)) = σ(φ(t)). It defines
an F -isomorphism between the tori T and Tξ. Furthermore, (ξ, A) defines a hyper-
cohomology class in H1(F, T → G). Let [η] ∈ D(Tξ) be a class with torus (Tξ)η
and map φ(Tξ)ηTξ

: Tξ → (Tξ)η defined by η(σ) = B−1Bσ, B ∈ G(F ). Then the
composite map φ(Tξ)ηTξ

φTξT : T → (Tξ)η maps t to BAtA−1B−1. This compos-
ite map is the map φTζT attached to ζ(σ) = A−1B−1BσAσ = A−1η(σ)Aξ(σ).
Therefore, (φTξT )−1∗ (η)(σ) = A−1η(σ)A implies

[ζ] = (φTξT )−1
∗ ([η]) + [ξ].

In other words,

inv(T, Tζ) = inv(T, Tξ) + (φTξT )−1
∗
(
inv(Tξ, Tζ)

)
.

Similarly, φTξT (D(T )) = φTξT (ξ) + D(Tξ). However, in the p-adic case the sets
D(T ) are subgroups of H1(F, T ). This implies φTξT (D(T )) = D(Tξ). Hence, in
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the p-adic case we can tacitly identify the groups D(Tξ) with a particular one, say,
D(T ), via the isomorphisms φTξT . This allows us to transfer characters κ on D(T )
to characters κξ on the different groupsD(Tξ). For κ = 〈., s〉 this implies

κ(inv(T, Tζ)) = κ(inv(T, Tξ))κξ(inv(Tξ, Tζ)).

For regular stably conjugate elements one therefore gets the analogous formula

κ(inv(t, t′′)) = κ(inv(t, t′))κξ(inv(t′, t′′)).

Hence, Oκt (f) = κ(inv(t, t′))Oκt′ (f). Since the transfer factor Δκ(G′, G, t, δ) has
to be consistent with the transformation property of the orbital integral, this proves
(ii). In fact the corresponding property also holds for the change from δ to δ′ by a
similar argument. This proves the lemma. �

9.4.2 The Class α(t; δ)

In a different context, Kottwitz introduced a transfer factor which is easier to define
than the transfer factors of Langlands and Shelstad. For this we need the elements
α(t; δ). To define

α(t; δ) ∈ X∗(T̂ Γ
G′), t ∈ TG′(F )

for TG′ = T ′ suppose δ ∈ G(F ) = G′(E) – then Nθ(δ) = NσT (δ) – and suppose

Nθ(δ) = NσF (δ) = δ · σF (δ) . . . · σn−1
F (δ) = dtd−1, d ∈ G′(F ).

Then by a theorem of Steinberg there exists an element c ∈ G′(L), where L is the
completion of the maximal unramified extension Fun of F , such that

NσF (δ) = δ · σF (δ) . . . · σn−1
F (δ) = ctc−1, c ∈ G′(L).

This implies
b = c−1δσF (c) ∈ TG′(L), TG′ = G′

t.

In fact, b is uniquely defined by the given data up to σF -conjugacy in TG′(L).
Hence, there is a uniquely determined class [b] in B(TG′) = H1(〈σL〉, TG′(L)).

For an arbitrary F -torus T one has a canonical isomorphism [47] ν : X∗(T )Γ →
B(T ) for B(T ) = BF (T ) = T (L)/(1 − σF ). The inverse image of b under this
isomorphism defines

α(t; δ) = ν−1([b]) ∈ X∗(TG′)Γ.

Elementary Characters. For an arbitrary F -torus T the composition

T (F ) �� B(T ) ν−1
�� X∗(T )Γ
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is a homomorphism. It is not difficult to see that its kernel K(T ) is a subgroup
of finite index in the maximal compact subgroup 0T of T (F ). This is clear for
anisotropic tori S because then B(S) is finite. In general, consider a maximal split
torus Td in T . Then S = T/Td is anisotropic. The claim is easily reduced to the
split case by the exact sequence B(Td)→ B(T )→ B(S)→ 0.

A character χ : T (F ) → C∗ is called elementary if it is trivial on K(T ). Every
elementary character is continuous. We get a functorial group homomorphism

T̂ Γ → Homelm(T (F ),C∗) ⊆ Homcont(T (F ),C∗)

from the above map T (F ) → X∗(T )Γ, and the now to be defined pairing between
T̂ Γ and X∗(T )Γ.

Pairings. Since X∗(T̂ Γ) = X∗(T )Γ there is a canonical pairing

〈., .〉 : X∗(T )Γ × T̂ Γ = X∗(T )Γ × (C∗ ⊗X∗(T ))Γ → C∗,

or
〈., .〉 : B(T )× T̂ Γ → C∗.

This being said, it is clear how 〈α(t; δ), s〉 is defined: α(t; δ) ∈ X∗(TG′)Γ can be
evaluated against s ∈ T̂ Γ

G′ .
In fact, the pairing 〈., .〉 induces an isomorphism

T̂ Γ ∼= Hom(X∗(T )Γ,C∗),

since for a Γ-module A with trivial Γ-action, Hom(Y,A)Γ is the set of homomor-
phisms f : Y → A satisfying f(γ−1y) = f(y), γ ∈ Γ. This is equivalent to
f(I) = 0 for I = Ker(Y → YΓ). But the homomorphisms f : YΓ → A are the
homomorphisms f : Y → A such that f(I) = 0.

Explicit Description of ν. Choose a lift α ∈ X∗(T ) of α ∈ X∗(T )ΓF . Con-
sider a splitting field K/L of the extension of T to L. There is a natural map
NormK/L : T (K) → T (L) induced from NmK/L : ResK/L(T ) → T . Then
ν(α) = [NormK/L(α(πK))] in B(T ) = T (L)/(1 − σF ). This is the description
of α(t; δ), given in [47], (2.5).

Hence, for an unramified finite extensionE/F the diagram

X∗(T )ΓF

ν �� T (L)/(1− σF )

X∗(T )ΓE

����

ν �� T (L)/(1− σE)

����

commutes. Therefore, we have
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Lemma 9.6. Let E/F be an unramified extension, and s ∈ (T̂ ′)ΓF ⊆ (T̂ )ΓE . For
δ ∈ T ′(E) ⊆ T ′(L) let [δ]F ∈ BF (T ′) and [δ]E ∈ BE(T ′) denote the corre-
sponding classes for T ′ considered as a torus over F and E, respectively . Then
〈[δ]F , s〉F = 〈[δ]E , s〉E .

9.4.3 The Frobenius Fundamental Lemma

From the study of the trace formula in the context of Shimura varieties, Kottwitz
was led to introducing a slightly different kind of twisted fundamental lemma. In
this form it appears naturally during the comparison of trace of the Frobenius endo-
morphism on the cohomology ([51], (7.2) and (7.3)) with the trace of certain Hecke
correspondences which generalize the Eichler–Shimura correspondence.

This new formula is different from the twisted fundamental lemma in two
respects:

1. It is required only for a certain specific spherical function f = φn on G(F ) =
G′(E), which is the characteristic function of the double coset KGμ

−1
h (πE)KG,

where μh is defined from the datum h of the Shimura variety [51], p. 173.
2. It involves a different transfer factor defined by a factor α(t; δ).

Frobenius Formula. This formula was postulated by Kottwitz [51], p. 180, to
obtain the crucial formula (7.2) in [51]. It is a variant of the twisted fundamental
lemma for a special spherical function denoted φj in [49], p. 173 (in fact owing
to a slightly different normalization we actually have to deal with the function
φn defined in [65], p. 202). It is the characteristic function of the double coset
GSp(4, E)diag(p, p, 1, 1)GSp(4, E). In our notation [E : F ] = n denotes the
index j = [F : E] in [51], and the notation for E and F is reversed. In fact, the
following lemma follows from loc. cit.:

Lemma 9.7 (Frobenius Formula). The twisted fundamental lemma for (M, LM,
sE , ξE) for the Kottwitz spherical function φn, n = [E : F ] and the

• Assertion A(E, f). Δ(M,G, tM , δ) = Δ(M,G′, tM , t)〈α(t; δ), λns〉 holds1

whenever OG,κδθ (f) �= 0

for the function f = φn both together imply formula (7.2) in [51].

In fact it is enough to have this formula in the setting of [51], (7.2), i.e., under our
assumptions s ∈ Z(M̂)Γ and the assumption that the embedding ξ : LM → LG′ is
unramified, in particular, G′ and G are then unramified over F .

Concerning the Proof of the Frobenius Formula (7.2). Assertion A(E, f), for-
mulated in Lemma 9.7, is not unrelated to the twisted fundamental lemma for f .
To the contrary, assertion A(E, f) for the unit element f = 1K implies the twisted

1 The notation for and the conditions imposed on t, δ as in Lemma 9.3 for all δ ∈ G(F ) that
satisfy OG,κ

δθ (f) �= 0.
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fundamental lemma for the unit element f = 1K , provided the fundamental lemma
for standard endoscopy holds for the unit element 1K′ (see Lemmas 9.3 and 9.8).

Corollary 9.1. Assertion A(E, 1K) and the standard fundamental lemma for the
unit element imply the twisted fundamental lemma for the unit element.

Remark 9.2. The standard fundamental lemma for the unit element (for residue
characteristic different from 2) implies by global methods the standard funda-
mental lemma [35]. This should also be true for the twisted fundamental lemma.
For the case G′ = GSp(4), G = ResE/F (G′), see Chap. 10. More generally,
see [113]. The twisted fundamental lemma and Lemma 9.17 and Theorem 9.3 imply
A(E, φn). Then the twisted fundamental lemma and A(E, φn) imply the Frobenius
formula. See Corollary 9.4. In Sect. 9.6 assertion A(E, f) turns out to be a kind of
explicit Langlands reciprocity law for elementary characters of tori.

Lemma 9.8. 〈α(t; δ), s〉 = Δκ(G′, G, t, δ) for all δ with OG,κδθ (1K) �= 0.

Proof. By Lemma 9.5 it is enough to show:

(i) κ(α(t; δ)) = 1 for t↔ δ and OG,κδθ (1K) �= 0.
(ii) 〈α(t′; δ′), s〉 = 〈inv(t′, t), s〉〈α(t; δ), s〉〈inv(δ, δ′), s〉. �
Proof of (ii). See [51], p. 168, for the dependence on (t, t′) and [51], p. 170. For
example, for t′ ∈ Tξ, t ∈ T with Tξ=ATA−1, t′=ATA−1, then b′=(cA−1)−1

δσF (cA−1) ∈ Tξ(L), where A can be chosen in G′(L). Thus, b′=φTξT (b)
AσF (A−1)=φTξT (b)inv(Tξ, T ). Hence, α(t′; δ)=(φTξT )∗(α(t; δ))inv(Tξ, T ) be-
cause inv(Tξ, T )=−φTξT (inv(T, Tξ))=[AσF (A−1)]. Similarly for a change of δ.
The proof of statement (i) is given in Sect. 9.4.4. �

9.4.4 The Support of OG,κ
δθ

Recall that the condition t ↔ δ for our preferred choice (b = 1, a = n − 1)
is equivalent to equations (A) and (B) stated on page 299. Kottwitz [46], p. 241,
showed that formulas (A) and (B) are equivalent to formulas (A’) and (B’)

(A′) tn−1 = c−1σnF (c), (B′) t = c−1δσF (c)

or (see [46], p. 242) are equivalent to formulas (C’) and (D’)

(C′) NσF (δ)=δ·σF (δ) . . . · σn−1
F (δ)=ctc−1, (D′) (δσF )−aσaF=cσF (c)−1.

Lemma 9.9. For t ∈ G′(F ) and δ ∈ G′(E) the following statements are
equivalent:

1. t↔ δ for our preferred choice a = n− 1, b = 1.
2. Equations (B’) and (C’) hold for some c ∈ G′(L).
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Proof. Condition (1) is equivalent to (A) and (B) and these imply (A’), (B’), (C’),
(D’). Conversely, since (A), (B) and (A’), (B’) are equivalent, it is enough to show
that (B’) and (C’) imply (A’). N = NσF (δ) ∈ G′(E) since δ ∈ G′(E). tn =
NσF (t) since t ∈ G′(F ). Hence, (B’) implies tn = NσF (t) = c−1NσF (δ)σnF (c) =
c−1σnF (c)σnF (c) = c−1σnF (c)σnF (c−1Nc). Since c−1Nc = t ∈ G′(F ) by (C’),
therefore, tn = c−1σnF (c)t. Dividing by t proves (A’). �

Corollary 9.2. For t ∈ T ′(F ), δ ∈ G′(E) satisfying (C’) the following assertions
are equivalent:

1. α(t; δ) = [t] ∈ B(T ′) via the identification ν : B(T ′) ∼= X∗(T ′)Γ.
2. t↔ δ for our preferred choice.

Proof. If t ↔ δ then condition (B’) implies b = t for b = c−1δσF (c); hence,
α(t; δ) = [t]. Suppose conversely α(t; δ) = [t] holds. Since we are free to make a
change c 	→ cc0, c0 ∈ T ′(L), condition (B’) is [t] = α(t; δ) in the quotient B(T ′).
By Lemma 9.9 this implies t↔ δ. �

Proof of Lemma 9.8, statement (i). t↔ δ is equivalent to (B’) and (C’) (Lemma 9.9).
These imply α(t; δ) = [t] ∈ B(TG′) (Corollary 9.2). But OG

′,κ
t (1K′) �= 0 ⇔

OG,κδθ (1K) �= 0 (Theorem 9.1). Therefore, statement (i) of Lemma 9.8 follows
from �

Lemma 9.10 (support). OG
′,κ

t (1K′) �= 0 implies κ([t]) = 1.

Proof. Suppose t↔ δ, say, for the preferred choice. According to Theorem 9.1 one
can find t′ such that δ ↔ t′ for a modified choice of the parameter a′ = a+kn. Then
by Proposition 2 in [46], this implies inv(t, t′) = [t−k] ∈ B(T ′)tor = H1(F, T ′).
For k = −1, [t] = inv(t, t′). Now by Theorem 9.1 OG

′,κ
t (1K′) = OG,κδθ (1K) =

OG
′,κ′

t′ (1K′) �= 0. Since κ(inv(t, t′′)) = κ(inv(t, t′))κ′(inv(t′, t′′)), where κ′◦φ =
κ for φ : G′

t
∼= G′

t′ , this implies OG
′,κ

t (1K′) = κ(inv(t, t′))OG
′,κ

t′ (1K′) �= 0.
Hence, κ(inv(t, t′)) = κ([t]) = 1, which proves Lemma 9.10. �

Questions. Suppose the fundamental lemma holds for the unit elements 1KM , 1K′ .

Then OG
′,κ

t (1K′) �= 0 for all regular t ∈ ψ(TM (F ) ∩ KM ) for an admissible
embedding ψ : TM ∼= T ′ ⊆ G′. Then, e.g., by the last lemma, ψ(TM ∩ KM ) is
contained in the kernel of the character κ ◦ [.] : T ′(F ) ∩ K ′ → D(T ′) → C∗.
Under what conditions is it equal to the kernel of this character? Does κ([t]) = 1
for t ∈ T ′(F ) ∩K ′ imply OG

′,κ
t (1′K) �= 0?

9.5 The Norm Map and Stable Conjugacy

Let the situation be as in Sect. 9.2. Let ψ : TM ↪→ T ′ ⊆ G′ be an admissible embed-
ding attached to the given standard endoscopic datum such that T = ResE/F (T ′)



9.5 The Norm Map and Stable Conjugacy 305

is a maximal torus in G. There is a canonical isomorphism Tθ ∼= T ′, which defines
the abstract norm map NmE/F : T → T ′.

For γM ∈ TM (F ) let t denote its image in T ′(F ) and γ (or γ0) its image in
Tθ(F ). Choose δ∗ ∈ T (F )

NmE/F (δ∗) = t ∈ T ′(F ),

where t is supposed to be regular. Notice this is equivalent to condition (1)
NT,θ(δ∗) = γ in [54], p. 63. Let ti ∈ G′(F ) denote representatives of the
finitely many F -conjugacy classes of elements in G′(F ) stably conjugate to t.
Then inv(t, ti) ∈ D(G, T ′). Furthermore, choose representatives δi ∈ G(F ) of the
finitely many θ-conjugacy classes in G(F ) of elements in G(F ) stably θ-conjugate
to δ∗. This set may be empty. Then

δ∗ = giδiθ(gi)−1, gi ∈ Gsc(F )

defines

vi(σ) = giσ(gi)−1 ∈ Tsc(F )

such that σ(δ∗) = vi(σ)−1δ∗θ(vi(σ)). Then σ(δ∗) = δ∗ mod (1 − θ)T .
Hence, we can find λ ∈ T (F ) depending on i, such that σ(δ∗) = δ∗λ1−θ .
Then (vi(σ)λ)−1δ∗θ(vi(σ)λ) = δ∗, which implies vi(σ)λ ∈ T θ(F ). Hence,
vi(σ) ∈ T (F ) satisfies

δ∗σ(δ∗)−1 = vi(σ)1−θ .

So for π : Tsc → T the pair (vi(σ)−1, δ∗) defines a hypercocycle in

Z1(ΓF , Tsc
(1−θ)π−→ T ).

Definition 9.1. Its class (denoted inv(t, δ) in [54], p. 63, if T1 = T in the notation
in loc. cit.)

Vi = [(vi(σ)−1, δ∗)] ∈ H1(F, Tsc
(1−θ)π−→ T )

is independent of the choice of δ∗ ∈ T (F ) with NmE/F (δ∗) = t, since another
choice δ∗w1−θ, w ∈ T (F ) defines a change by a hypercoboundary. Suppose T1 �=
T . Then V = [(Vi(σ)−1, δ∗1)] for δ∗1 ∈ T1(F ) with δ∗1 	→ t1 ∈ TM1(F ) for a lift
t1 ∈ TM1(F ) of t ∈ TM (F ) similarly defines a cohomology class inv(t1, δ) ∈
H1(F, Tsc → T1).

Definition 9.2. Let

invθ(t, δi) = [(vi(σ)−1, δ∗)] ∈ H1(F, T
(1−θ)−→ T )
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be the image of Vi induced from the chain complex map (π, id)

Tsc

π

��

(1−θ)π �� T

id

��
T

(1−θ) �� T

Some Exact Sequences. Since T θ = T ′ and Tθ ∼= T ′, one has exact sequences

0 �� V
i �� T

NmE/F�� T ′ �� 0

0 �� T ′ �� T
1−θ �� V �� 0

for (1 − θ)T = V and the inclusion map i : V → T .

The Rational Case. Suppose δ∗ can be chosen in T (F ) such thatNmE/F (δ∗) = t.
Then the invariants

inv(δ∗, δi) ∈ Ker(H1(F, T θ)→ H1(F,G)) = D(T, θ)

are defined, and parameterize the conjugacy classes within the stable conjugacy
class. Then we write δ∗ = δ.

Lemma 9.11. In the rational case (vi(σ)−1, δ∗) = (vi(σ)−1, 1) · (1, δ∗) is a prod-
uct of two hypercocycles. The cohomology class of the first hypercocycle is the image

of inv(δ∗, δi) under the chain complex map ϕ : (T θ → 0)→ (T 1−θ→ T ) defined as
the composite of the following vertical chain complex maps:

T
1−θ �� T

T

id

��

1−θ �� V

i
��

T θ
��

��

�� 0

��

In the derived category the first map is a quasi-isomorphism. Since Tθ = T/V , one
has a distinguished triangle

(T θ → 0)→ (T 1−θ→ T )→ (0→ Tθ)→ .

Together with the second distinguished triangle, defined by the maps (0, id) and
(id, 0),

(0→ T )→ (T 1−θ→ T )→ (T → 0)→
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this defines the exact sequences

H0(F, T )

1−θ
��

H0(F, T )

��

Nm

















0 �� H1(F, T θ)

r
















H1(ϕ) �� H1(F, T 1−θ→ T )

��

�� H0(F, Tθ) �� H2(F, T θ)

H1(F, T )

1−θ
��

H1(F, T )

.

The maps r and Nm making the triangles in the diagram commutative are induced
from the inclusion T θ ↪→ T and from the norm NmT,θ : T → Tθ, respectively.

In the twisted base change situation we may identify T θ and Tθ with T ′.

Lemma 9.12. Then the maps Nm and r become, respectively, the norm

NormE/F : T (F ) = T ′(E)→ T ′(F ),

and the restriction map of Galois cohomology

res : H1(F, T ′)→ H1(E, T ′).

Proof. The first statement is obvious. For the second noticeH1(F, T ) ∼= H1(E, T ′)
by Shapiro’s lemma. This isomorphism is the composition of two maps, the re-
striction map H1(F, T ) → H1(E, T/E) and the projection on one component of
T/E =

∏n
1 T

′. Since the restriction map is functorial, the map induced from the
inclusion T ′ = T θ ↪→ T factors over the restriction map H1(F, T ′)→ H1(E, T ′).
The inclusion T ′(E)→ T (E) =

∏n
i=1 T

′(E) composed with the projection on the
one component is the identity map. This determines r as claimed, and completes the
proof. �

Corollary 9.3. Suppose res : H1(F, T ′) → H1(F, T )θ is surjective. Then we are
in the rational case.

Proof. Obvious. �
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9.6 Comparison of the Transfer Factors Δ and ΔE

In this section we compute the quotient of transfer factors

Δ(M,G, tM , δ)
Δ(M,G′, tM , t)

since it is relevant for the twisted fundamental lemma for the unit element
(Lemma 9.3). For this let the situation be as in Sect. 9.2. In particular, G is
quasisplit over F and θ fixes a F -splitting (B, T0, {xα}) of G. Therefore,
ψ = id, u(σ) = 1,m = id, z = 1 in the notation in [54]. Furthermore, Gθ = G′

and T θ = T ′ and Tθ ∼= T ′ (not induced by the natural map T θ → Tθ). Then

Lemma 9.13.
Δ(M,G, tM , δ)
Δ(M,G′, tM , t)

=
ΔIII(M,G, tM , δ)
ΔIII(M,G′, tM , t)

.

Proof. This is an easy consequence of the definition. Since the definitions are cum-
bersome, we give details of the argument for the convenience of the reader. In our
quasisplit situation Δ is a product of four factors:

1. The first factor ΔI(γM , δ) is of cohomological nature. It is attached to a class
λ{aα}(T x) in the Galois cohomology group H1(F, T x), where T x is the inter-
section Tsc ∩ Gx. Gx is the group of fixed points of the lift θsc to Gsc, where
Gsc is the simply connected covering of Gder. It is defined by the induced a-
data via R(Gx, T x) ⊆ Rres(G, T ) (see [54], (4.2)). But Gx = Gθsc

sc = G′
sc and

T x = T θsc
sc = T ′

sc. So the group T x and the class λ{aα}(T x) do not depend on
E, and for E = F it is the same class as for the original endoscopic setting we
started from. The factor ΔI(γM , δ) is the value of the Tate–Nakayama pairing of
this class against a class sT,θ in π0((T̂ x)Γ) constructed from sE or sF , respec-
tively, or s. It is defined to be the image of sE ∈ T̂M ⊆ T̂G under the maps

T̂G → T̂Gad
→ (T̂Gad

)θad
→ π0((T̂ x)Γ). Note T̂ x = ˆ(T θsc

sc ) ∼= ((T̂ )ad)θad
.

In our case the map T̂Gad
→ (T̂Gad

)θad
maps the class of sE = (1, . . . , s) to

the image of s = sF in T̂G′
ad

. Therefore, again the class in π0((T̂ x)Γ) does not
depend on E. For E = F it is the same as for the original endoscopic datum we
started from. Therefore,

ΔE
I (γM , δ) = ΔI(γM , t).

2. For ΔII remember that all roots are of type R1. Therefore,

ΔE
II(γM , δ) =

∏

αres

χαres

(
Nα(δ∗)− 1

aαres

)

.

The sum is over the Galois orbits of restricted roots which do not come from M .
See [54], Lemma 4.3.A. Furthermore,
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Nα =
lα−1∑

i=0

θiα.

Here lα = n is the length of the Galois orbit of α. In our case Nα(δ∗) =
αres(Nθ(δ∗)) = αres(t), where t ∈ T ′(F ) ∼= Tθ(F ) is the image of γM ∈
TM (F ) under the admissible embedding TM → Tθ. Observe δ∗ ∈ T (F ) has
normNmE/F (δ∗) = t ∈ T ′(F ). This is equivalent to (3.3.4) in [54]. In our case
m, defined in [54], (3.1), is the identity. We get

ΔII(t, γM ) = ΔE
II(δ, γM ) =

∏

α

χα

(
α(t)− 1
aα

)

.

The product is over the Galois orbits of roots in R(G′, T ′) which do not come
from M . This is obviously independent of E.

3. The fourth factor ([54], (4.5.A)) is treated similarly:

ΔE
IV (γM , δ) =

∏

αres

|Nα(δ) − 1|1/2
F
.

The product is over all restricted roots not from M . They are of type R1. The
same argument as above gives

ΔIV (γM , t) = ΔE
IV (γM , δ) =

∏

α

|α(t)− 1|1/2
F
.

The product is over the Galois orbits of roots in R(G′, T ′) which do not come
fromM . It is obviously independent of the choice ofE. This completes the proof
of the lemma. �

9.6.1 The Factor ΔIII(t, δ)

According to the definition of Kottwitz and Shelstad, this factor is defined by the
value 〈V,A〉 of a hypercohomology pairing of the classes of the following two
hypercohomology cocycles

V = [(v(σ), δ∗)] ∈ H1(F, Tsc
(1−θ)π−→ T ),

A = [(a−1
T , s)] ∈ H1(WF , T̂

π̂(1−θ̂)−→ (T̂ )ad).

See [54], p. 63. In fact, in loc. cit. it is enough to consider the easier case where
U is Tsc and where S is T1 = T as explained in [54], p. 63 (quasisplit case for
θ = θ∗) or [54], p. 38 (general case). The class V was already defined on page 305.
First assume that the z-pair is (M1, ξM1) = (M, Lid). The class A is defined by
an endoscopic datum (LM,M, s, ξ) of (G, θ) as follows. By transport of structure
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(twisted action) it is represented by a hypercocycle (a−1
T , s) with values in the com-

plex T̂G → (T̂G)ad, where:

1. s ∈ (T̂G)ad is the image of the element s ∈ T̂G, defined by the underlying
endoscopic datum, under the map T̂G → (T̂G)ad.

2. aT is the 1-cocycle inZ1(WF , T̂G) such that ξTM = aT ·ξ1, where ξTM = ξMχ ◦ξ
and ξ1 = ι ◦ ξ̌1 are defined by the first and the second row of the following
diagram:

LTM

∼=
��

ξM
χ �� LM = H ξ �� LG

L(Tθ)
ξ̌1 �� L((Ĝθ̂)0) = LG′ ι �� LG

The left vertical map is induced from the admissible isomorphism Tθ ∼= TM . The
map ξMχ is defined by the chosen χ-data induced forM , the second map ξ is part
of the underlying endoscopic data. The map ξ̌1 is defined by the induced χ-data.
The precise definition only involves constructions in the group of fixed points
(Ĝθ̂)0 ⊆ Ĝθ̂ . See [54], p. 40. In our case of the twisted base change endoscopy
Ĝθ̂ is connected and L(Ĝθ̂) = LG′. For twisted base change endoscopy the last
map ι is defined by the “diagonal” embedding ι̂ : Ĝ′ → Ĝ =

∏n
i=1 Ĝ

′. In the
case of standard endoscopy the map ξ1 = ξGχ , as well as ξMχ , is defined as in
Langlands and Shelstad [60], (2.6).

The description above applies both for the standard endoscopic datum
(M, LM, s, ξ) attached to (G, 1), and for the twisted base change datum
(M, LM, sE , ξE) attached to (G, θ). We denote the corresponding classes A and
AE , and similarly V and VE .

Now let us drop the assumption that (M1, ξM1) = (M, Lid). Then the cocycle aT
is determined by the following more complicated commutative diagram (see [54],
pp. 43–44), which collapses to the diagram above in the special case (M1, ξM1) =
(M, Lid):

LTM

ξ̂1
��

Lnorm ��

ξ1 ����
��

��
��

��
LTG

ξ′1
��

U� �

��

β		 α0 �� LTM1

ξ′TM

��

LTM

ξM
χ

��

Lpr		

L((Ĝθ̂)0)
ι �� LG Hξ		

ξM1 �� LM1
LM

Lpr		

Here norm : TG � TM and pr : M1 � M and pr : TM1 � TM , respectively.
The dotted vertical arrows are certain canonical extensions defined in loc. cit. The
group U ⊆ H defined in loc. cit. contains T̂M such that U/T̂M = WF . The L-
homomorphismU → L(TG×TM1), defined by (β, 1

α0
), is trivial on T̂M and induces

the desired cocycle aT : WF = U/T̂M → L(TG × TM1)/T̂M = LTM1 . The
hypercocycle (a−1

T , s) defines a cohomology class (loc. cit., p. 63):
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A0 ∈ H1(WF , T̂1 → (T̂ )ad).

Similarly, (v(σ)−1, δ∗1), now for δ∗1 ∈ T1(F ) with image t1 ∈ TM1(F ), defines a
class in H1(F, Tsc → T1). Here T1 = T ×TM TM1 is the Cartesian product induced
by (norm, pr).

9.6.2 The Quotient ΔE
III/ΔIII

Since all constructions involving the χ-data do not change in the passage from F to
E, the only sensitive dependence on E in the definition of the factor ΔE

III comes
from the map ξE . For simplicity we concentrate on the case M1 = M . To extend
the formulations and proofs to the case M1 �= M is an easy exercise, which is left
to the reader. We only indicate at the end of this chapter (Sect. 9.8) how this is done
in the “rational” case, since this is the only case that is relevant for our applications.

Standard Endoscopy. We start with the case (M, LM, s, ξ).

For ξMχ (w) = b(w)w with b(w) ∈ M̂ we get ξ ◦ ξMχ (w) = ξ(b(w))ξ(w). Since

ξ|M̂ is the inclusion map M̂ ⊆ Ĝ, we can write this in the form ξ ◦ ξMχ (w) =
b(w)ξ(w). The defining equation ξ ◦ ξMχ (w) = aT ′(w)ξG

′
χ (w) therefore gives

b(w)ξ(w) = aT ′(w)ξG
′

χ (w).

Suppose ξ(w) = c(w)w. Our assumptions Int(s) ◦ ξ = ξ and s ∈ Z(M̂)Γ imply
sc(w) = c(w)s. Hence, c(w) ∈ (Ĝ′)s = M̂ from [54], (2.1.4b).

Twisted Case. Now the case (M, LM, sE , ξE) for the z-pair (M, Lid).

Now ξE ◦ ξMχ (w) = ξE(b(w)w) = ι(b(w))ξE (w) since ξE |M̂ is the diagonal

embedding ι : M̂ ↪→ Ĝ =
∏n
i=1 Ĝ

′. Since ξ̌1 = ξG
′

χ in our case, we obtain the
defining equation

ι(b(w))ξE(w) = aET (w)ι(ξG
′

χ )(w)

for aET (w). Hence, by comparison with ι(b(w))ιξ(w) = ι(aT ′ (w))ι(ξG
′

χ (w))

ι(b(w))−1 · ιξ(w)ξE (w)−1 · ι(b(w))−1 = ι(aT ′(w)) · aET (w)−1 ∈ T̂G.

ξ and ξE are unramified; hence ιξ(w)ξE(w)−1 is unramified and is uniquely de-
termined by ιξ(σF )ξE(σF )−1 = (λ, . . . , λ, sλ)−1 ∈ ι(Z(M̂)Γ). Since b(w) ∈ M̂
commutes with this cocycle, we obtain

Lemma 9.14. The 1-cocycle aET (w) = ι(aT ′ (w)) · τE(w) with values in T̂G is a
product of 1-cocycles, where τE(w) is the unramified 1-cocycle determined by

τE(σF ) = (λ, . . . , λ, sλ) ∈ T̂G.
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Remark 9.3. For M1 �= M then similarly τE(σF ) = (sE , λ−1) mod T̂M in (T̂ ×
T̂M1)/T̂M = T̂1.

The corresponding hypercocycle is also a product of hypercocycles in
Z1(WF , T̂G → (T̂G)ad)

AE = (ι(aT ′(w))−1τE(w)−1, sE) = (ι(aT ′(w))−1, 1) · (τE(w)−1, sE)

and A = (aT ′(w)−1, s) = (aT ′(w)−1, 1) · (1, s), respectively, for standard
endoscopy.

The Hypercocycle (τE(w)−1, sE). Concerning the twisted Galois actions,

transported from T̂G, (T̂G)ad ∼= ̂(Tsc), the pair (τE(w)−1, sE)

τE(w) = (λ, . . . , λ, sλ) ∈ T̂G,

sE = (1, . . . , 1, s) ∈ (T̂G)ad = T̂G/Z(Ĝ)

not only defines a hypercohomology cocycle in Z1(WF , T̂G

1−θ �� T̂Gad
), but

also in

Z1(WF , T̂G

1−θ �� T̂G ).

Notice (T̂G)ad = T̂G/Z(Ĝ) ∼= ̂((TG)sc) (see [12], p. 44). Our assumption s ∈
Z(M̂)Γ implies that s ∈ T̂M = T̂G′ is invariant under conjugation by elements in
M̂ and is invariant under WF (with the L-action on M̂ ). Hence, s ∈ TM is also
invariant under the twisted action, transported from T̂M , since this only involves
conjugations in M̂ . Similarly for the twisted action on T̂G′ (transported from T ′).
Therefore, s ∈ T̂ ′ is invariant. Hence,

(τE)−1(w) = (λ−1, . . . , λ−1, λ−1s−1) ∈ T̂G,

sE = (1, . . . , 1, s) ∈ T̂G

defines a hypercocycle in Z1(WF , T̂G
1−θ−→ T̂G) since (1 − θ)τE(σF )−1 =

(1, . . . , 1, s, s−1) = σF (sE)s−1
E in T̂G. Again we used σF (s) = s for the twisted

or untwisted action on T̂G′ .

Compatibility with Pullbacks ([54], p. 138, Lemma A.3.B). ForK• = (A→ B)
and K̂• = B̂ → Â one has an exact sequence

0→ ((B̂)Γ)0 → H1(WF , K̂
•)→ Homcont(H1(F,K•),C∗)→ 0

which is functorial with respect to chain complex homomorphisms φ : K•
1 → K•

2 .
Furthermore, for A ∈ H1(WF , K̂

•
1 ) of the form A = φ̂∗(X) the following holds:

〈V,A〉 = 〈V, φ̂∗(X)〉 = 〈φ∗(V),A〉.
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An Application. For the chain complex homomorphism φ = (id,NmE/F )

Tsc

id

��

(1−θ)π �� T

NmE/F

��
Tsc

0 �� T ′

we have

ι(aT ′(w)−1, 1) = φ̂∗(aT ′(w)−1, 1), (9.1)

φ∗(V) = [(vi(σ)−1, t)]. (9.2)

Hence, 〈
V, ι[(aT ′ (w)−1, 1)]

〉
=
〈
[(vi(σ), t)], [(aT ′ (w)−1, 1)]

〉
.

Note H1(F,A 0→B) = H0(F,B) ⊕ H1(F,A) and H1(WF , B̂
0→Â) =

H0(WF , Â) ⊕ H1(WF , B̂). From [54], (A.3.13) and (A.3.14), it follows that
the hypercohomology pairing degenerates

〈
[(a, b)], [(b̂, â)]

〉
=
〈
a, â
〉〈
b, b̂
〉−1

L

into a pairing between H0(F,B) and H1(WF , B̂) (inverse of the Langlands reci-
procity pairing) and a pairing betweenH1(F,A) andH0(WF , Â) (Tate–Nakayama
pairing). Hence,
〈
[(vi(σ)−1, t), [(aT ′(w)−1, 1)]

〉
=
〈
aT ′(w), t

〉
L
〈1, vi(σ)−1

〉
=
〈
[(aT ′(w)], t

〉
L

= ΔIII2(γM , t) = ΔIII2(γM , t)ΔIII1 (γM , t) = ΔIII(γM , t)

in accordance with Langlands and Shelstad [60], (3.5). The factor ΔIII1(γM , t) is
trivial by our assumptions. t is the image of γM under an admissible embedding. By
Lemma 9.14, therefore, we have

Lemma 9.15. ΔIII(M,G,tM ,δ)
ΔIII(M,G′,tM ,t) = ΔE

III/ΔIII =
〈
[(vi(σ)−1, δ∗)], [(τE)−1, sE)]

〉
.

Since (tE)−1, sE) also defines a hypercocycle in Z1(WF , T̂G

1−θ �� T̂Gad
), we

can consider the pullback with respect to the chain complex homomorphism φ =
(π, id)

Tsc

π

��

(1−θ)◦π �� T

id

��
T

1−θ �� T
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By the compatibility of the pairing with pullback, we therefore obtain from
Lemmas 9.13 and 9.15

Theorem 9.2. For the pairing between H1(WF , T̂
1−θ̂−→ T̂ ) and H1(F, T 1−θ−→ T )

Δ(M,G, tM , δ)
Δ(M,G′, tM , t)

=
〈
invθ(t, δi), [(τE)−1, sE)]

〉
.

Theorem 9.2 implies that the assertion A(E, f) – relevant for the Frobenius
formula – is equivalent to the assertion that

〈
invθ(t, δi), [(τE)−1, sE)]

〉
= 〈α(t; δi), s〉

holds whenever OGδθ(f) �= 0.

Remark 9.4. Both 〈α(t; δi), s〉 and 〈[(τE)−1, sE)], inv(t, δi)〉 have the same trans-
formation property if δi ∈ G(F ) is replaced by δ ∈ G(F ) within the same stable θ-
conjugacy class. Kottwitz and Shelstad [54], Theorem 5.1.D, gave Δ(M,G, t, δ) =
Δ(M,G, t, δi)〈inv(δi, δ), s〉. On the other hand, in the proof of Lemma 9.8 we have
already seen α(t; δ) = α(t; δi)〈inv(δi, δ), s〉. Therefore, if Theorem 9.2 holds for
one δi, it holds for all δi in the stable θ-conjugacy class.

The Rational Case. Suppose there exists δ∗ ∈ T (F ) such that NmE/F (δ∗) =
t ∈ T ′(F ). Then it is enough to prove Theorem 9.2 for this δi = δ∗, denoted now
simply as δ. By definition of c (on page 303) we can choose c = 1, and obtain

α(t; δ) = [c−1 · δ · σF (c)] = [δ] ∈ B(T ′) = T ′(L)/(1 − σF )T ′(L).

Furthermore, inv(t; δ) = [(1, δ)] ∈ H1(WF , T
1−θ→ T ) according to Sect. 9.5 since

gi = 1. The desired assertion 〈invθ(t, δi), [(tE)−1, sE)]〉 = 〈α(t; δi), s〉 therefore
boils down to proving the formula

〈tE , δ〉L = 〈[δ], s〉

since 〈
invθ(t, δ), [(τE)−1, sE)]

〉
= 〈τE , δ〉L

by (A.3.13) in [54]. On the right we have the Langlands reciprocity pairing for the
F -torus T , and on the left the pairing between B(T ′) and T̂ ′Γ for the F -torus T ′.

The pairing 〈[δ], s〉 on the left depends onE only from the way that δ ∈ T ′(E) ⊆
T ′(L). By Lemma 9.6 we can replace F by E and T ′ by its base field extension
T ′/E since s ∈ T̂ ′ΓF ⊆ T̂ ′ΓE . To compare both sides we also compute the right
side by the Langlands pairing of the torus T ′/E using Shapiro’s lemma.

Lemma 9.16. For T = ResE/F (T ′) the Langlands reciprocity pairing between

H1(WF , T̂ ) and T (F ) is compatible with Shapiro’s lemma, i.e., base extension
from F to E.



9.6 Comparison of the Transfer Factors Δ and ΔE 315

In Other Words: Under the canonical isomorphism H1(WF , T̂ ) ∼= H1(WE , T̂
′)

defined by Shapiro’s lemma, and the canonical isomorphism T (F ) = T ′(E),
the Langlands reciprocity pairing for the F -torus T = ResE/F pairing between
H1(WF , T ) and T (F ) coincides with the Langlands reciprocity pairing between
H1(WE , T

′/E) and T ′(E) for the E-torus T ′.

Proof. Shapiro’s isomorphismHq(V, I) ∼= Hq(U,A) for induced modules I , where
U is a subgroup of V of finite index, is defined as the composite π◦res of two maps

Hq(V, I) res �� Hq(U, I)
Hq(π) �� Hq(U,A) ,

where π : I = Ind(U, V,A) =
⊕

g∈V/U A → A is the U -equivariant projec-
tion on the component of the g = 1 coset and res is the cohomological restriction
map [66], p. 68. We may replaceWF byWK/F for a normal splitting field extension
K/F of T containing E. Let Γ = ΓK/F denote its Galois group. The Langlands
reciprocity law is the statement that the corestriction map cor in the diagram below
is an isomorphism. This follows from the following diagram by the 5-lemma.

0 �� H−1
T (Γ, Hom(C, T̂ ))

∪ u

��

�� Hom(C, T̂ )Γ

cor

��

NΓ �� Hom(C, T̂ )Γ

id

��

�� H0
T (Γ, Hom(C,X∗(T̂ )),C∗)

∪ u

��
0 �� H1(Γ, T̂ )

Inf �� H1(WK/F , T̂ )
res �� H1(K

∗
, T̂ )Γ

trans �� H2(Γ, T̂ ),

where C = K
∗

[63], p. 130 and formula (8.6.1). Since this diagram is functorial
in T , for the compatibility of this isomorphism with Shapiro’s lemma it is therefore
enough to check that all the other maps in this diagram except cor are compati-
ble with the cohomological restriction maps from WF to WE . For this observe that
the first and the fourth vertical map is an isomorphism ([63], Lemma 8.3) induced
by the cup product with the fundamental class. Since cup products are compatible
with restrictions [63], p. 4 and (0.1.5), and since the fundamental class u is compat-
ible with restrictions by the Tate–Nakayama theorem [63], Theorem 0.2, the lemma
follows. �

Shapiro’s Lemma. We apply Lemma 9.16 to compute 〈τE , δ〉L for δ ∈
H0(F, T ) = T (E) = H0(E, T ′/E). The image res(τE) ∈ H1(WE , T̂ ) of
τE ∈ H1(WF , T̂ ) is the unramified cocycle determined by σE = (σF )n 	→
NσF ((λ, . . . , λ, sλ)) = (λns, λns, . . . , λns). Hence, the projection H1(π) gives
the class of the unramified cocycle τλ

ns ∈ H1(WE , T̂
′) defined σE 	→ λns. Thus,

the value 〈τE , δ〉L of the Langlands pairing for the F -torus T is the same as the
value 〈τλns, δ〉L of the Langlands pairing of the E-torus T ′/E obtained by base
change from T ′ over F .

Lemma 9.17. Suppose we are in the rational case t = NmE/F (δ) for δ ∈ T (F ) =
T ′(E). Then

〈
invθ(t, δ), [(tE)−1, sE)]

〉
= 〈τλns, δ〉L
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for the Langlands pairing 〈., .〉L of the torus T ′ over E between δ and the class of
the unramified cocycle τλ

ns(σF ) = λns ∈ TG′ in H1(WE , T̂
′
G).

〈α(t; δ), λns〉 = 〈[δ], λns〉

for [δ] ∈ BE(T ′) = T ′(L)/(1 − σE)T ′(L) and λns ∈ (T̂ ′)ΓE .

The Main Conclusion. The desired assertion A(E, f) of the Frobenius formula
(Lemma 9.7) follows from the following

Assertion A(T ′, E). The elementary character in Homcont(T ′(E),C∗) defined
by T ′(E) � δ 	→ 〈[δ], λns〉 ∈ C∗ coincides with the class of the unramified cocycle
τλ

ns inH1(WF , T̂
′) under the Langlands reciprocity mapHomcont(T ′(E),C∗) ∼=

H1(WE , T̂
′) for the torus T ′ over the local field E.

In fact, the support condition OG,κδθ (f) �= 0 implies NmE/F (δ) = t ∈ T ′(F ),
provided the twisted fundamental lemma holds for f ; hence, we are in the ratio-
nal case without restriction of generality, so we can apply Lemma 9.17. Notice the
support condition of the twisted fundamental lemma holds true for f = 1K by
Theorem 9.1; hence, in particular, Lemma 9.17 implies that the twisted base change
fundamental lemma holds for the unit elements. But this implies that the twisted
base change fundamental lemma holds for all spherical functions (see Chap. 10);
hence, the support condition holds for spherical f . Thus, for the proof of A(E, f)
we can assume that we are in the rational case so that assertion A(E, f) follows
from A(T ′, E) by Lemma 9.17.

Before we proceed to prove assertion A(T ′, E) in Theorem 9.3, let us state the
consequence.

Corollary 9.4. The fundamental lemma for standard endoscopy implies the funda-
mental lemma for the twisted base change, and the Frobenius formula.

9.6.3 The Explicit Reciprocity Law

Consider the category of tori over a p-adic field F . There are natural transformations

ψi : T̂ Γ → H1(WF , T̂ )

between the functors T 	→ T̂ Γ and T 	→ H1(WF , T̂ ) defined, respectively, by

ψ1 : T̂ Γ → Homelm(T (F ),C∗) ⊆ Homcont(T (F ),C∗) ∼= H1(WF , T̂ ),

where the last isomorphism is the Langlands reciprocity map (for the definition of
the first map and the notion of elementary characters, see page 300), and

ψ2 : T̂ Γ = H1(Z, T̂ Γ)
infl→ H1(WF , T̂

Γ)→ H1(WF , T̂ ).
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Here inflation is with respect to the unramified quotient map ord : WF → Z, and
the second map is induced from the inclusion map T̂ Γ ⊆ T̂ .

Theorem 9.3. ψ1 = ψ2.

Proof. See Theorem 11.1. �

The statement ψ1 = ψ2 for F replaced by E and T replaced by T ′ is just assertion
A(T ′, E) stated above. Hence, Theorem 9.3 implies Corollary 9.4.

9.7 Twisted Transfer Factors for Split Tori

For split tori choose trivial a-data and trivial χ-data: χλ = 1 for all restricted roots
and aλ = 1 for the positive restricted roots and aλ = −1 for the negative restricted
roots. Using trivial a-data and χ-data, we get

Lemma 9.18. Suppose G′ and M are F -split groups. Then for the maximal split
torus T = ResE/F (T ′) in the Borel group B the transfer factor is

Δ(γ, δ) = τ(δ) ·
∏

α

|α(t) − 1|1/2
F
.

The product is over all restricted roots which do not come fromM for δ ∈ T (F ), t ∈
Tθ(F ) ∼= T ′(F ) and γ ∈ TM (F ) related by the norm and the underlying isomor-
phism Tθ ∼= TM , respectively. τ is an unramified character of T (F ) determined by
λns ∈ (T̂ )Γ via Langlands reciprocity.

Proof. The restricted root systemRres(G, TG) can be identified with the root system
R(Gθ, T θG). In other words, the root system of the torus T restricted to T θ = T ′ can
be identified with the root system of the group G′. �

The First Factor ΔI(γ, δ). This factor is of cohomological nature [54], (4.2),
i.e., attached to the Galois cohomology group H1(F, T x), where T x is the inter-
section Tsc ∩ Gx. Gx is the group of fixed points of the lift θsc to Gsc, where
Gsc is the simply connected covering of Gder. In our case Gder = G is simply
connected; hence, Gx = G′

der. Thus, T x has vanishing cohomology by Shapiro’s
lemma. Hence, ΔI(γ, δ) = 1.

The Second Factor ΔII(γ, δ). It is also trivial for split tori. It is attached to the
restricted roots which do not come from M . It is 1 since trivial χ-data were cho-
sen [54], Lemma 4.3.A.
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The Fourth Factor ([54], Lemma 4.5.A). It is

ΔIV (γ, δ) =
∏

αres

|Nα(δ∗)− 1|1/2
F
.

The product is over all restricted roots not from M , which are all of type R1, and

Nα =
lα−1∑

i=0

θiα,

where lα = n is the length of the Galois orbit of α. In our case Nα(δ∗) =
αres(Nθ(δ∗)) = αres(t), where t ∈ Tθ(F ) is the image of γ ∈ TM (F ) under
the admissible embedding TM → Tθ. Notice that δ∗ ∈ T (F ) satisfies Nθ(δ∗) =
t ∈ Tθ(F ), which corresponds to γ ∈ TM under the fixed isomorphism Tθ(F ) ∼=
TM (F ). Furthermore, observe that δ∗ = gδθ(g)−1 for some g ∈ Gsc(F ) using the
notation in [54], (3.3.4) since in our case m, defined as in [54], (3.1), is the identity.

Claim 9.1. V ∈ H1(F, Tsc
(1−θ)π→ T ) is the image of the class [D] = δ∗ ∈ H0(F, T )

under the natural map j : H0(F, T )→ H1(F, Tsc → T ) (defined in [54], (A.3.13)).

Proof. This follows from the long exact sequence of hypercohomology together
with H1(F, Tsc) = H1(F, Tder) = 1 (Hilbert 90 and Shapiro’s lemma). In other
words, we can assume v(σ) = 1 by modifying g ∈ Gsc(F ) from the left by an
appropriate element in Tsc(F ). After this modification [(v(σ), δ∗)] = [(1, δ∗)]. The
hypercocycle condition implies σ(δ∗) = δ∗, δ∗ ∈ T (F ). Therefore, V = j([D]) is
the image of D = δ∗ ∈ H0(F, T ). Furthermore, δ∗ ∈ G(F ) is θ-conjugate over F
to δ ∈ G(F ) since v(σ) = 1 implies g ∈ Gsc(F ). �

The Element A ([54], p. 39). It is represented by a pair (a−1
T , sE).

Recall that the endoscopic embedding LM → LG is unramified, and λ, s ∈
Z(M̂)Γ. For the Frobenius element σF we get ξTM (1 × σF ) = ξ(1 × σF ) =
ι(λ) · sE � σF . Also ξ1(σ) = 1 ·n(σ)× σ = 1 � σ holds, since the χ-data are trivial
and the torus is split such that n(σT ) = 1 (in the notation in [54, 60]). This implies

aT (σF ) = ι(λ) · sE = (λ, . . . , λ, λ · s) ∈ T̂G.

aT satisfies the compatibility equation (1 − θ̂)aT (σF ) = s−1
E σF (sE) =

(1, . . . , 1, s, s−1), and hence defines a hypercocycle.
The factor ΔIII(γ, δ) is obtained by a hypercohomology pairing evaluated at

these two classes j([D]) and A. Using (A.3.13) in [54], we get

〈j([D]),A〉 = 〈[D], î(A)〉−1
L ,

where 〈., .〉L : H0(F, T )×H1(WF , T̂ )→ C∗ is the Langlands reciprocity pairing,
and where î : H1(WF , T̂ → T̂sc) → H1(WF , T̂ ) is the natural map. In our case
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î(A) = î(a−1
T , sE) = [a−1

T ]. Therefore,

ΔIII(γ, δ) = 〈δ, aT 〉L.

To Compute this Number. E/F is unramified; hence, so is the class of aT . So we
may proceed following Borel [12], Sects. 9.5 and 6.3. Let Td denote the maximal
F -split torus in T . The Langlands pairing defines an isomorphism H1(WF , T̂ ) ∼=
Homcont(T (F ),C∗) functorial in T . It is shown in [12] that unramified classes can
be evaluated by passage to Td ↪→ T . In other words, let χ0 : T (F )→ C∗ denote the
unramified character corresponding to the cohomology class [aT ] ∈ H1(WF , T̂ ) ∼=
Homcont(T (F ),C∗) via Langlands reciprocity. Then the restriction χ0 : T (F ) →
C∗ to Td(F ) corresponds to the cocycle which maps σ to the image of aT (σ) under
the map T̂ = C∗ ⊗ X∗(T ) → T̂d = C∗ ⊗ X∗(Td). Since X∗(T ) → X∗(Td) is
(x1, . . . , xn) 	→∑ xi, the canonical map T̂ → T̂d dual to the restriction map is the
product over the components T̂ =

∏n
i=1 T̂d → T̂d. Thus, the image of aT (σF ) =

λsE is the product of the components of aT (σF ) for s ∈ T̂d. In other words, the
image is represented by the unramified cocycle whose value at the Frobenius σF is
λn · s. This proves Lemma 9.18.

9.8 The Case M1 �= M

The main results of the last sections Lemmas 9.17 and 9.18 and Corollary 9.4 extend
to the case M1 �= M . For this it is enough to consider the rational case where
δ∗ = δ ∈ TG(F ) exists with t = NmE/F (δ). For M1 �= M consider the Cartesian

diagrams defining T̂1 = (T̂G × T̂M1)/T̂M with (sE , λ−1) mod T̂M in T̂1

T1(F ) �� ��

��

TG(F ) � δ∗

norm

��
t1 ∈ TM1(F )

pr
�� �� TM (F ) � t

T̂1 T̂G =
∏n
ν=1 T̂

′		

T̂M1

��

T̂M = T̂ ′
p̂r

		

ι

��
.

The z-extension pr : M1 →M defines a corresponding z-extensionResE/F (pr) :
M̃ := ResE/F (M1) → ResE/F (M), and hence a surjection ResE/F (pr) : T̃ :=
ResE/F (TM1)→ TG = ResE/F (T ′) ∼= ResE/F (TM ) factorizing over T1

δ̃ ∈ T̃ (F )

norm
�������������

μ �� T1(F )

��

�� TG(F ) � δ∗

norm

��
t1 ∈ TM1(F )

pr �� TM (F ) � t

.
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Notice T̃ (F ) → T (F ) is also a surjection. Therefore, we find δ̃ ∈ T̃ (F ) with
image δ ∈ T (F ). It defines t1 ∈ TM1(F ) over t ∈ TM (F ). Notice t1 is uniquely
determined by t up to some element in Z1(F ). Hence, the invariant inv(t1, δ) is
defined as the class of the cocycle (1, δ1) in image(H0(F, T1) → H1(F, Tsc →
T1)). In fact this class is already in the image of the composed map

H0(F, T̃ )→ H0(F, T1)→ H1(F, Tsc → T1).

By functoriality the hypercohomology pairing < inv(t1, δ),A0 > between
inv(t1, δ) and A0 can therefore be evaluated as in the proof of Lemma 9.17,

< inv(t1, δ),A0 > = 〈δ̃, ãT 〉L,

where now ãT is the image class of aT underH1(μ̂) : H1(WF , T̂1)→ H1(WF ,
ˆ̃T ).

Notice

μ̂ : T̂1 → ˆ̃T =
n∏

ν=1

T̂M1

maps the unramified cocycle whose value at σF is (sE , λ−1) mod T̂M (see
Remark 9.3, where we now identify T with T , etc. by transport of structure) to
the unramified cocycle whose value at σF is (λ, . . . , λ, sλ) ∈ ∏n

1 T̂M1 . The re-
maining computations for the proof of Lemmas 9.17 and 9.18 and Corollary 9.4 are
now completely analogous to the case M1 = M , except that T̂G has to replaced by
ˆ̃T and (t, δ) has to be replaced by (t1, δ̃).



Chapter 10
Reduction to Unit Elements

The reduction of the fundamental lemma for arbitrary spherical Hecke operators to
the case of the unit elements of the spherical Hecke algebra for the case of twisted
endoscopy, although formulated only for G′ = GSp(4) and base change in this
chapter, holds for twisted endoscopy in greater generality. However, to avoid tech-
nical considerations, we restrict ourselves here to the special case. The general case
will be considered elsewhere [113].

10.1 The Unramified Endoscopic Lift

Concerning endoscopic data, in particular the choice of an L-embedding ξ : LM →
LG, we use the notation and conventions in Sects. 6.3 and 8.1. For this choice the
corresponding unramified endoscopic lift, which depends on the chosen endoscopic
datum, is described in Lemma 4.25.

As in Chap. 6 and Sect. 8.1 fix the embedding ξ : LM ↪→ LG, and tori and Borel
subgroups BM ⊆ M and B = BG ⊆ G. In particular, BM is the Borel group
defined by the matrices

γ =
(
t1 ∗
0 t′1

)

×
(
t2 0
∗ t′2

)

modulo the elements (t · id, t−1 · id) for t ∈ F ∗. T sM is the split torus of diagonal
matrices in BM of the form t = (diag(t1, t′1), diag(t2, t

′
2)), modulo matrices of

the form (diag(t, t), diag(t−1, t−1)) for t ∈ F ∗. The positive roots R+
M are the

characters χ1(t) = t1/t
′
1 and χ2(t) = t′2/t2. T sG ⊆ BG ⊆ GSp(4) denotes the split

torus of diagonal matrices, and elements of BG have the form

δ =

(
x1 0 ∗ ∗∗ x2 ∗ ∗
0 0 x′

1 ∗
0 0 0 x′

2

)

.

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 321
Lecture Notes in Mathematics 1968, DOI: 10.1007/978-3-540-89306-6 10,
c© Springer-Verlag Berlin Heidelberg 2009
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An admissible isomorphism φ between the two split tori T sM and T sG was defined in
Lemma 8.1:

φ : (diag(t1, t′1), diag(t2, t
′
2)) mod F

∗ 	→ diag(t′2t
′
1, t!t

′
2, t1t2, t2t

′
1),

with inverseφ−1 : diag(x1, x2, x
′
1, x

′
2) 	→ diag(x2, x1)×diag(x′1/x2, 1)mod F ∗.

Under φ the unramified characters of the two tori correspond to each other. The
character

(ξ, η) × (ξ′, η′)
(
diag(t1, t′1)× diag(t2, t′2)

)
= ξ(t1)η(t′1)ξ

′(t2)η′(t′2),

where ξη = ξ′η′, corresponds to diag(x1, x2, x
′
1, x

′
2) 	→ ξ(x2)η(x1)ξ′(x′1/x2)η′(1)

or, using the notation in Sect. 4.7, to

(χ1 � χ2 � χ)
(
diag(x1, x2, x

′
1, x

′
2)
)

= χ2(x1)χ1(x2)χ(x1x
′
1).

Hence, η = χχ2, ξ/ξ
′ = χ1, ξ

′ = χ and χ = ξ′, χχ1 = ξ, χχ2 = η, χχ1χ2 =
η′ by comparison. The corresponding map from the set of isomorphism classes of
unramified principal series representations of M

Ind
Gl(2,F )

( ∗ ∗
0 ∗ )

(ξ, η) � Ind
Gl(2,F )

( ∗ 0∗ ∗ )
(ξ′, η′)

to the set of isomorphism classes of unramified principal series representations

χ1 × χ2 � χ = Ind
G(F )
B(F )(χ1 � χ2 � χ),

maps ξ, η, ξ′, η′ to χ1 = ξ/ξ′, χ2 = η/ξ′, χ = ξ′. This describes the unramified
endoscopic lift (Lemma 4.25).

Satake Parameters. To reformulate this in terms of the Satake parameters set,

α = ξ(πF ), β = η(πF ), α′ = ξ′(πF ), β′ = η′(πF ), with αβ = α′β′

and α0 = χ(πF ), α1 = χ1(πF ), α2 = χ2(πF ).
Then α0 = α′, α0α1 = α, α0α2 = β, α0α1α2 = β′, and the above correspon-

dence between isomorphism classes of principal series representations comes from
the L-embedding, which under the isomorphism ψ defined in Sect. 8.1 maps

(
α 0
0 β

)

×
(
α′ 0
0 β′

)

∈ T̂ sM

to (
α 0 0 0
0 β′ 0 0
0 0 β 0
0 0 0 α′

)

=

(
α0α1 0 0 0

0 α0α1α2 0 0
0 0 α0α2 0
0 0 0 α0

)

∈ T̂G ⊆ LG

in T̂G = T̂M ⊆ LM ⊆ LG. This image is uniquely defined in T̂G up to
the action of the Weyl group. We may interchange α1 and α2 and leave α0 un-
changed. Or we may replace α0 by α0α2 and α2 by α−1

2 and leave α1 unchanged.



10.2 Twisted Transfer Factors for the Split Torus in M1 323

These two substitutions generate the Weyl group WG of T̂G. The matrix in
T̂G above corresponds to (α0α2, α0, α1, 1) ∈ T̂ sG under the canonical isomor-
phism T̂G

∼= T̂ sG (see page 274), in accordance with χ2χ(x1)χ1(x2)χ(x′1) =
(α0α2)v(x1)α

v(x2)
1 α

v(x′
1)

0 1v(x
′
2).

10.2 Twisted Transfer Factors for the Split Torus in M1

For the proof of the fundamental lemma for the twisted endoscopic datum
(LM,M, sE , ξE) and the z-pair (M1, ξM1) we follow the method of Labesse
[57] and consider elementary functions. For the matching of elementary functions
on M1 and G it is enough, owing to support properties of their orbital integrals, to
know the transfer factors for the split torus T sM1

of M1.
Suppose (LM,M, sE , ξE) and the z-pair (M1, ξM1) are defined as in Sect. 9.2,

whereM1 = Gl(2)2 and pr : M1 →M is the map already considered in Chap. 6.4,
so that ξM1 = Lpr is the canonical inclusion, i.e., we make the

Assumption. λ = 1 (in the sense of Sect. 9.2).
Fix maximal split tori in M and M̂ and in M1 and M̂1 together with a Borel

subgroup as in Chap. 6. Consider the θ-stable torus TG = ResE/F (D), where D

is the split E-torus of diagonal matrices in GSp(4, E). Consider its dual T̂G and
choose an embedding into Ĝ with Borel group B̂ as in Chap. 6. The norm map
induces an isomorphism norm : (T sG)θ ∼= T sM . In fact (T̂G)θ̂ ∼= T̂ sM as in [54],
Chap. 3, where the extended norm : TG(F )→ T sM(F ) is obtained by the following
norm : TG(F )→ T sM1

(F ) by composition with the projection pr : T sM1
→ T sM

norm : δ =

(
x1 0 ∗ ∗∗ x2 ∗ ∗
0 0 x′

1 ∗
0 0 0 x′

2

)

	→ γ =
(
NE/F (x2) ∗

0 NE/F (x1)

)
×
(
NE/F (x′

1/x2) 0
∗ 1

)
,

for x1, x
′
1, x2, x

′
2 in E satisfying the relation x1x

′
1 = x2x

′
2. Stars indicate zeros,

but as before the choice of the Borel subgroup. For δ = diag(x1, x2, x
′
1, x

′
2) in

G(F ) = GSp(4, E) put t = diag(NE/F (x1), NE/F (x2), NE/F (x′1), NE/F (x′2))
in T ′(F ) ⊆ G′(F ) = GSp(4, F ).

SinceM1 �= M , the matching conditions ([54], (5.5.1)) involve smooth functions
f on G(F ) with compact support, respectively smooth functions fM1 on M1(F )
with compact support modulo Z1(F ) such that fM1(zm) = λM1 (z)−1fM1(m)
holds for all z ∈ Z1(F ), where Z1 is the kernel of the projection pr : M1 → M .
The matching condition is

∑

δ′
Δ(δH , δ′)

∫

Gδ′θ(F )\G(F )

f(g−1δ′θ(g))dg/dt′

=
∑

δ′M

∫

Mδ′
M (F )\M(F )

fM1(m−1δ′Mm)dm/dt
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for suitably normalized measures (see [54], (5.5.1)). The second sum is over all
representatives δ′M of M(F )-conjugacy classes in the M(F )-conjugacy class of
δM ∈ M1(F ) for some fixed strongly G-regular semisimple elliptic element δM .
The first sum extends over all representatives δ′ for the θ-conjugacy classes under
G(F ) of elements δ′ in G(F ), whose norm is δM (if the first sum is over the empty
set, this means that the second sum has to vanish). The norm condition means that
δ is contained in the F -conjugacy class of AM/G(δM ) ([54], (3.3.3)), whereAM/G

is the composite of Clss(M) → TM/ΩM → (TG)θ/Ωθ and the inverse of the
isomorphism Clss(G, θ) → (TG)θ/Ωθ induced by the abstract norm map NT,θ :
T → Tθ. See [54], p. 25ff.

The transfer factor Δ(δM , δ′) for elements δM ∈ T sM1
(F ) in the split torus is

given by

Lemma 10.1. For δ ∈ TG(F ) in the maximal split diagonal torus TG ∼=
ResE/F (G3

m) and corresponding γ ∈ TM1(F ) the transfer factor is

Δ(γ, δ) = τ(δ) ·
∏

α

|α(t) − 1|1/2
F
.

The product is over all restricted roots which do not come from M and

τ(δ) = (χ0 � χ0 � χ0)(δ),

where χ0 is the nontrivial unramified quadratic character of F ∗.

Proof. Apply Lemma 9.18. The character τ corresponds via unramified Langlands
reciprocity to s ∈ T̂G, which is given by the Satake parameters α0 = α1 = α2 =
−1 since λ = 1. Therefore, τ = χ1 � χ2 � χ for χ = χ1 = χ2 equal to χ0. �

Remark 10.1. For some unramified character χ2n of F ∗ with χ0(x) =
χ2n(NE/F (x)) the unramified character (g1, g2) 	→ χ2n(det(g2)) of M1(F )
coincides with the character λ−1

M1
on the subgroup of Z1(F ) ⊆ M1(F ) of elements

which are in the image of the norm Z1(E) → Z1(F ). In fact λM1 = 1 since
ξM1 = Lid andH = LM [54], p. 23.

For other conjugacy classes of tori we need not compute these transfer factors
explicitly since for them elementary function have vanishing orbital integrals.

10.3 The Twisted Spherical Lift

Let us express Lemma 10.1 in terms of an unramified endoscopic lift

Π : Eun
(
M1(F ), Z1(F )

)→ Eun
(
GSp(4, E)

)

for M1 = GL(2, F )2 and M = M1/Z1. For
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(
α 0
0 β

)

×
(
α′ 0
0 β′

)

× σF ∈ LM1

the twisted base change for the datum (M, LM, sE , ξE) and the z-pair (M1,
Lid)

defines a corresponding element in LResE/F (GSp(4))

sE · (g, g, . . . , g) � σF , g =

(
α 0 0 0
0 β′ 0 0
0 0 β 0
0 0 0 α′

)

∈ LTG.

By Langlands duality this corresponds to an unramified character of the maximal
split subtorus Td(F ) of TG(F ). Its Langlands dual in LTd ∼= LT ′ is given by (see
the argument on page 319)

(
αn 0 0 0
0 −(β′)n 0 0
0 0 βn 0
0 0 0 −(α′)n

)

×σF .

In other words, the corresponding unramified character lift maps the isomorphism
class of the spherical constituent σ = (σ1, σ2) of the unramified principal series

Ind
Gl(2,F )( ∗ ∗

0 ∗
) (ξ, η)⊗ IndGl(2,F )( ∗ 0∗ ∗

) (ξ′, η′)

of M1(F ) to the isomorphism class of the spherical constituent of the unramified
principal series representations

χ1 × χ2 � χ,

where

χ1 = (
ξ

ξ′
◦NE/F ) · χ0 , χ2 = (

η

ξ′
◦NE/F ) · χ0 , χ = (ξ′◦NE/F ) · χ0.

Here χ0, as above, is the unique nontrivial unramified quadratic character of F ∗.
The characters are considered on the diagonal torus Td with “entries” in F ∗. In the
case E = F, n = 1 this differs from the “untwisted” lift by the multiplication with
the character χ0 � χ0 � χ0 or the change α0 	→ −α0, α1 	→ −α1 and α2 	→ −α2.

Hecke Algebra. The preceding lift Π from the isomorphism classes of irreducible
spherical representations of Eun(M1(F ), Z1), whose central character is triv-
ial on Z1, to the isomorphism classes of irreducible spherical representations of
Eun(ResE/F (GSp(4)))

Π : Eun
(
M1(F ), Z1(F )

)→ Eun
(
GSp(4, E)

)

defines a homomorphism between Hecke algebras φ 	→ f

H(GSp(4, E), GSp(4, oE))→ H(M1(F ),KM1 ;Z1(F )),
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where f for φ ∈ H(GSp(4, E), GSp(4, oE)) is defined by the identity

tr (σ1 × σ2)(f) = tr Π(σ1 × σ2)(φ)

for all spherical representations σ1 × σ2.

10.3.1 The Frobenius Formula

Let φ = φn be the characteristic function of the double coset considered in the
Frobenius formula (Lemma 9.7). The spherical function φn on GSp(4, E) is char-
acterized by the property tr π(φn) = q

3/2
E (α0 + α0α1 + α0α2 + α0α1α2) for

all irreducible spherical representations π of GSp(4, E) with Satake parameters
α0, α1, α2 [52], Theorem 2.1.3. Notice qE = pn.

Lemma 10.2. Let f (n) be the spherical function on Gl(2, F ) characterized by the

property tr σ(f (n)) = q
3/2
E (αn+βn) for all irreducible spherical representations σ

ofGl(2, F ) with Satake parametersα, β. Then φM1
n = f (n)⊗1Gl(2,oF )−1Gl(2,oF )⊗

f (n) defines a spherical function on M1(F ) = Gl(2, F )2 which satisfies

tr (σ1 × σ2)(φM1
n ) = tr Π(σ1 × σ2)(φn).

Proof. For irreducible spherical representations σ1, σ2 of Gl(2, F ) with common
central character, given by the Satake parameters α, β and α′, β′, respectively, we
have

tr (σ1 × σ2)(φM1
n ) = q

3/2
E (αn + βn − (α′)n − (β′)n).

The lift Π(σ1 × σ2) has Satake parameters determined by α0α1 = αn, α0α1α2 =
−(β′)n, α0α2 = βn, and α0 = −(α′)n as shown above. Therefore, again tr Π(σ1×
σ2) = q

3/2
E (αn + βn − (α′)n − (β′)n), which proves the lemma. �

φ̃M1
n (g) =

∫
Z1(F ) φ

M1
n (gz)dz, as a spherical function in H(M1(F ),KM1 ;Z1),

has similar properties for spherical representations σ = (σ1, σ2) with ωσ1 = ωσ2 .
Once the twisted fundamental lemma is proven, it is the matching function for φn
in the Frobenius formula. For an explicit formula for f (n) see Casselman [18],
Lemma 5.3.1.

10.3.2 The Modified Twisted Lift Πmod

For the proof of the twisted fundamental lemma it is convenient to modify the z-pair
by choosing now λ �= 1 such that λns = 1 for the rest of this chapter, since this sim-
plifies formulas for the proof of the twisted fundamental lemma. For this modified
z-pair (see page 295) we have
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Lemma 10.3. For δ ∈ TG(F ) in the maximal split diagonal torus TG ∼=
ResE/F (G3

m) and corresponding γ ∈ TM1(F ) the transfer factor is

Δ(γ, δ) =
∏

α

|α(t)− 1|1/2
F
.

In practice this yields the following.

Modified Endoscopic Lift Π. Let τE denote the square of unramified character
τ2n(g1, g2) = χ2n(det(g2)) of M1(F ). Let E(M1(F ), τE) denote the set of iso-
morphism classes of irreducible admissible representations σ = (σ1, σ2) of M1(F )
such that ωσ2 = ωσ1τE . Let Eun(M1(F ), τE) denote the subset defined by the
spherical representations. Then we have bijections

E(M(F )) = E(M1(F ), Z1(F )) ∼= E(M1(F ), τE),

where the second map is given by σ = (σ1, σ2) 	→ (σ1, σ2 ⊗ τ2n). Similarly, one
has isomorphisms of Hecke algebras

H(M) = H(M1;Z1) ∼= H(M1; τE),

where the second isomorphism is defined by f(g) 	→ χ2n(g)·f(g). Orbital integrals
thereby change by a “relative” transfer factor ΔMM1(g) = χ2n(g).

Composed with the twisted endoscopic lift Π : Eun
(
M1(F ), τE

) →
Eun
(
GSp(4, E)

)
described in the last section this defines a surjective lift

Πmod from the isomorphism classes of irreducible spherical representations of
Eun(M1(F ), τE) to the isomorphism classes of irreducible spherical representa-
tions of Eun(ResE/F (GSp(4)))

Πmod : Eun
(
M1(F ), τE

)→ Eun
(
GSp(4, E)

)
.

On the level of Satake parameters Πmod is given by

(
α 0
0 β

)× ( α′ 0
0 β′

)× σF 	→
( αn 0 0 0

0 β′n 0 0
0 0 βn 0
0 0 0 α′n

)

× σF

The unramified lift Π has finite cardinality of 2 · n3 or less. There exists a homo-
morphism between Hecke algebras

b : H(GSp(4, E), GSp(4, oE))→ H(M1(F ),KM1 , τE),

where b(f) for f ∈ H(GSp(4, E), GSp(4, oE)) is characterized by the identities

tr (σ1 × σ2)(b(f)) = tr Πmod(σ1 × σ2)(f)

for spherical representations σ1 × σ2.
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10.3.3 Elementary Functions

For the split torus TM1 = T sM1
⊆M1 and the maximal split θ-stable torus TG ⊆ G

of diagonal matrices let T−
M1
⊆ T sM1

(F ) and T−
G ⊆ TG(F ), respectively, denote the

subsets of strictly contractive elements with respect to the fixed Borel subgroups.
That is, for δ = diag(x1, x2, x

′
1, x

′
2) ∈ TG(F ) and xi, x′i ∈ E∗ we have

δ ∈ T−
G iff |x2

x1
| < 1 and |x1

x′1
| < 1.

Similarly, γ = diag(t1, t′1) × diag(t2, t′2) ∈ T−
M1

iff |t1/t′1| < 1 and |t′2/t2| < 1.
The abstract norm is NT,θ : TG → (TG)θ . The latter is identified with TM through
the choice of an admissible isomorphism (TG)θ ∼= TM . The composite norm :
TG → TM maps δ ∈ TG(F ) to the element represented by the diagonal matrix

γ = diag(NE/F (x2), NE/F (x1))× diag(NE/F (x′1/x2), 1).

This map extends to a map norm : TG(F )→ T sM1
(F ). Notice T sM1

= norm(TG) ·
Z1 and norm(TG) ∩ Z1 = {1}. Obviously, since x2

x′
1

= x2
x1

x1
x′
1

, we have

Lemma 10.4. norm : T−
G −→ T−

M1
and norm : (T−

G )# −→ T−
M1

, where
# denotes the reflection in the Weyl group WG of the torus TG, which maps
diag(x1, x2, x

′
1, x

′
2) to diag(x′1, x2, x1, x

′
2). Notice W θ

G = WG′ = 〈WM ,#〉 =
〈WM1 ,#〉 and t is a norm if and only if t# is a norm.

Definition 10.1. For δ ∈ T−
G the elementary function gδθ(x) is defined as the char-

acteristic function of the set of elements k−1δaθk for k ∈ K = GSp(4, oE) and a in
the maximal compact subgroup 0TG of TG(F ). Similarly, for t ∈ T−

M1
, the elemen-

tary function gt(x) is defined to be τE(z) if x = zk−1tak for k ∈ K = Gl(2, oF )2,
a in the maximal compact subgroup 0T sM1

of T sM(F ), and z ∈ Z1(F ), and is defined
to be zero otherwise.

The twisted orbital integrals of the elementary function gδθ and the stable orbital
integral of the elementary function gt vanish for elements not in the (twisted) con-
jugacy classes of elements in TG(F ) T sM(F ), respectively. Suppose norm(δ) = t.
Then, as in [57], Lemmas 1–3, for a suitable choice of measures one obtains from
Lemma 10.3

Lemma 10.5. For δ ∈ T−
G and t = norm(δ) ∈ T−

M1
, the normalized elementary

functions fδ(x) = gδθ(x)
DG,θ(δ) and ft(x) = gt(x)

DM1 (t) are matching functions for the

endoscopic datum (M, LM, sE , ξE) and the modified z-pair (M1, ξM1) given by
λns = 1 (see page 295).

Furthermore, for an admissible representation π of M1(F ) of finite length such that
π(z) = χE(z)−1 · id the
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Trace Identity.

Tr
(
ft(x), π

)
=
∫

0TM1

DM1(ta)χπ(ta)da

= δ
−1/2
BM1

(t)
∫

0TM1

χπ(BM1 )(ta)da =
(
rBM1M1(π)

)0TM1 (t)

holds, again for measures chosen suitably. This follows from the Weyl integration
formula, the Deligne–Casselman formula for characters, and the formulaDM1(x) =
δ
−1/2
BM1

(x), which holds for elements x ∈ T−
M1

.

Twisted Version. For admissible θ-stable representations Π of G(F ) of finite
length the following holds

Tr
(
fδθ(x) � θ,Π

)
=
∫

0TG

DG,θ(δa)χΠ(aδ � θ)da

= δ
−1/2
BG

(NE/F (δ))
∫

0TG

χΠ(B)(aδ � θ)da =
(
rBG(Π)

)0TG(δ � θ).

This follows from the twisted Weyl integration formula, the twisted character for-
mula proved by Clozel, and the formula DG,θ(δ) = δB(NormE/F (δ))−1/2, which
holds for δ ∈ T−

G . For the last formula use [54], (4.5), and the fact that the restricted
roots are of type R1.

Both traces vanish unless the representations π and Π, respectively, have a non-
trivial fixed vector under a Iwahori subgroup. Such representations, if irreducible,
are constituents of unramified induced representations Ind(λ) and Ind(λ̃), respec-
tively, for some λ̃ = λ◦NE/F , where Ind(.) means the unitary normalized induced
representation of the principal series. See [57], pp. 526–527.

Shintani Identity. Finally notice the following well-known identity:

rBG

(

Ind(λ̃)
)

(δ � θ) = rB′G′

(

Ind(λ)
)

(NE/F (δ)),

where the left side is the character of the Jacquet module of the principal series
representation Ind(λ̃) of G(F ) = GSp(4, E) extended to a representation of the
semidirect product GSp(4, E)× 〈θ〉 so that θ fixes the spherical vector. The right-
hand side is the corresponding character of the Jacquet module of the principal series
representation Ind(λ) of G′(F ) = GSp(4, F ).

These facts together imply

Lemma 10.6. For unramified characters χ of T sM(F ) and t = norm(δ)

Tr
(
ft, Ind

M1(F )
BM1 (F )(χ)

)
+Tr

(
ft# , Ind

M1(F )
BM1 (F )(χ)

)
= Tr

(
fδθ�θ, Ind

G(F )
BG(F )(χ◦normE/F )

)
.
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Proof. By the trace identity and its twisted version stated above, the assertion
of the lemma is equivalent to the corresponding identity

∑
w∈WM1

χ(w(t)) +
∑
w∈WM1

χ(w(t#)) =
∑

w∈W θ
G
(χ◦normE/F )(w(δ)) on the level of Jacquet mod-

ules, which follows from W θ
G = 〈WM1 , θ〉. �

10.3.4 Spherical Projectors

Both groups M1 and G are of adjoint type. This means, following [57], that for
every finite set E ⊆ E(G(F )) of inequivalent irreducible admissible representations
Π ofG(F ) containing a spherical irreducible representation Π0, one can find a finite
C-linear combination f(x) =

∑
i ci · fδiθ(x) of elementary functions on G(F )

such that tr Π(f � θ) = 0 holds for all Π ∈ E unless Π ∼= Π0, and such that
tr Π(f � θ) = 1 holds for Π ∼= Π0. This is shown in [57] via the construction of
projectors onto a “maximal exponent” of the Jacquet module.

Then by the way this is constructed, it can also be achieved for the modified en-
doscopic lift Πmod : E(M1(F ), τE) → E(G(F )) that the corresponding matching
function

fM1(x) =
∑

i

ci · fnorm(δi)(x)

on M1(F ) has the property that

• tr π(fM1) = 0 holds for all π in a fixed subset E1 ⊆ E(M1(F ), χE) unless π is
spherical and π ∈ Π−1

mod(Π0)
• and such that tr π(fM1) = 1 holds for Πmod(π) ∼= Π0

However, using Lemma 10.5 this implies

Lemma 10.7. Given finite sets E and E1 and a spherical Π0 ∈ E , there exist match-
ing functions f and fM1 , which are linear combinations of elementary functions,
such that for all for π ∈ E1 and all for Π ∈ E:

1. tr π(fM1) = 1 or 0 depending on whether π is spherical and lifts to Π0 or not.
2. tr Π(f) = 1 or 0 depending on whether Π is spherical and lifts to Π0 or not.

10.4 The (Twisted) Fundamental Lemma

The fundamental lemma (for θ-semisimple and strongly θ-regular elements) in
the twisted endoscopic setting for (M, LM, sE , ξE) and all relevant tori is now a
consequence of the twisted trace formula, its stabilization in [54], and the funda-
mental lemma for the unit element of the spherical Hecke algebras at almost all
places. See [20, 57]. We only sketch the argument. We assume that the untwisted
fundamental lemma holds for the unit elements at almost all places, and for all rel-
evant tori.
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In fact the arguments in [57] carry over almost verbatim:

Step 1. Suppose we have a fixed non-Archimedean field Fv with place v. The
local twisted base change datum (M, LM, sE , ξE) for G(Fv) attached to the en-
doscopic datum (M, LM, s, ξ) forG′(Fv) together with the z-pair (M1, ξM1) (as
in Sect. 10.3) defines the modified twisted unramified character lift Πmod from
isomorphism classes of unramified irreducible representations in E(M1(Fv), τE)
to isomorphism classes of unramified irreducible representations of G(Fv)

πv 	→ Πmod(πv).

Let b be the corresponding homomorphism of spherical Hecke algebras. Sup-
pose that the fundamental lemma holds for unit elements for almost all non-
Archimedean local places for the standard endoscopic datum (M, LM, s, ξ) of
G′. Then the twisted fundamental for the datum (M, LM,σE , ξE) also holds for
unit elements (Corollary 9.4). Fix now a spherical function f0

v of G(Fv) and
some sufficiently regular t10 ∈ M1(F ) with corresponding t0 ∈ M(Fv) and
δ0 ∈ G(Fv) (if the latter exists). Then by Kazhdan’s argument [44], using the
global trace formula and the fundamental lemma for unit elements at almost all
places, there exist local character sums involving a finite number of irreducible
admissible representations πv of M1(Fv) and Πv of G(Fv) at the fixed place v
and complex numbers b(πv), b(Πv)

∑

Πv

b(Πv) · tr Πv(fv × θ),

∑

πv

b(πv) · tr πv(fM1
v )

with the following two properties:

1. Both sums are equal for matching elementary functions (fv, fM1
v ) with re-

spect to the twisted local endoscopic datum (M, LM,σE , ξE).
2. The identities ∑

Πmod(πv)∼=Πv

b(πv) = b(Πv)

for all unramified irreducible Πv imply the fundamental lemma for
(M, LM,σE , ξE) at v, i.e., the matching of (fv, b(fv)) for the fixed spherical
functions fv = f0

v at the fixed δ0 ∈ G(Fv) and t10 ∈M1(Fv).

The sums above involving b(Πv), b(πv) are constructed as in [57] by choosing a
number field F which realizes Fv as a completion. One constructs a cyclic extension
E of F of degree n, which is unramified at v and totally real at the Archimedean
place. Put G = ResE/F (G′) globally. Without restriction of generality δ can be
assumed to be a global element inG(F ). τE can be extended to a idele class charac-
ter. One constructs adelic matching functions (f, fM1), which are products of local
matching functions. At two suitably chosen places w �= v the functions (fw, fM1

w )
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are chosen to be matching cuspidal functions, which is done by an easy adaption
of the argument of Hales [35], Sect. 5, to the twisted case. At a finite number of
places matching functions (fv, fM1

v ) are constructed with regular support by the
implicit function theorem in such a way that all global κ-orbital integrals vanish ex-
cept a fixed one belonging to the given endoscopic datum at v. Furthermore, at some
placesw the support of fw is chosen to be elliptic. At the fixed place v the functions
fv and fM1

v are allowed to be arbitrary elementary or spherical functions. However,
fv is constructed such that all global κ-orbital integralsOκδθ(f) for f = fvf

v of the
global trace formula vanish except Oκδθ(f) if fv is chosen to be the fixed spherical
function f0

v . Similar properties can be achieved for fixed t1 ∈ M1(F ) lying above
t = NmE/F (δ) and its stable orbital integral. (If for t1 ∈ M1(F ) there exists no
δ ∈ G(F ), one has to modify the arguments accordingly.) Then the simple regular
elliptic global trace formula gives a formulaOδθ(fvfv) =

∑
Πv
b(Πv)tr Πv(fv×θ)

for fv = f0
v , and similarly for the simple regular elliptic global trace formula for

M1. This gives property (2) except that the sums may be over infinitely many rep-
resentations, but are absolutely convergent. In fact, if fw is now fixed at the non-
Archimedean placesw �= v and the support of fw is fixed at the Archimedean place,
the trace formula involves only irreducible cuspidal global representations Π with
ΠKw
w �= 0 for all non-Archimedean places w �= v, where Kw is a suitably chosen

compact open group depending only on fw. If fv is assumed to be the spherical
function f0

v or elementary at v, then the level of the automorphic forms Π at v
can also be fixed by the Iwahori group Kv. Concerning the Archimedean places,
first choose a fixed matching pair (f∞, fM1∞ ). Notice that for f∞ =

∏n
ν=1 g∞ on∏n

1 G
′(R) this amounts to the matching of (g∗n∞ , fM1∞ ) of the n-fold convolution

product g∗n∞ of g∞ on G′(R) with fM1∞ on M1(R) with respect to standard en-
doscopy. Property (2) is then achieved from the trace formula. However, we can
assume that we are still allowed to modify f∞ as long as we do not change the sup-
port of f∞. Similarly for the matching function fM1∞ . For instance, we can modify
f∞ by applying multipliers of the convolution Hecke algebra as in Sect. 5.5. This
allows us to separate the global trace identities into identities involving sums over
packets with finitely many irreducible Archimedean representations. By fixing the
level groups the finiteness of the number of irreducible automorphic cuspidal repre-
sentations with fixed Archimedean components and fixed level and central character
ensures, that we can assume without restriction of generality that the sums extend
over finitely many irreducible cuspidal automorphic representations. Hence, only
finitely many local representations intervene in (1). The equality (1) for matching
elementary functions (fv, fM1

v ), on the other hand, follows from the stabilization of
the simple regular elliptic trace achieved by Kottwitz and Shelstad [54], 7.4. Step 2.
This being said, we now argue as in [57]. By property (1) the identity

∑

πv

b(πv) · tr πv(fMv ) =
∑

Πv

b(Πv) · tr Πv(fv × θ)

holds for matching elementary functions (fv, fM1
v ). Recall these sums are finite

and involve only representations of Iwahori level at v. Hence, they involve only a



10.4 The (Twisted) Fundamental Lemma 333

finite number of such representations. Therefore, by Lemma 10.7 there exists a pair
(fv, fM1

v ) of matching linear combination of elementary functions, for which the
last trace identity becomes

∑

Πmod(πv)∼=Πv

b(πv) = b(Πv).

From property (2) the fundamental lemma for the fixed spherical function f0
v and

the fixed δ0 follows.
Step 3. Now vary f0

v and the fixed δ0, which proves the fundamental lemma.



Chapter 11
Appendix on Galois Cohomology

LetF be a local non-Archimedean field of characteristic zero. Let πF denote a prime
element. Let Fun be the maximal unramified extension field of F in the algebraic
closure F of F . Let I = Gal(F/Fun) be the inertia group. Let σ = σF denote the
arithmetic Frobenius in ΓF = Gal(Fun/F ). Let WF ⊆ ΓF denote the Weil group
of F . Notice I ⊆WF , and WF /I is generated by σF .

For a connected reductive group G over F , let Ĝ denote the algebraic group
over C, which is the connected component of the Langlands L-group of G. Con-
sider the category of reductive groups over F , whose morphisms are the group
homomorphism G → H , which are defined over F . The Borovoi fundamental
group π(G) is a functor from the category of reductive groups over F to the cat-
egory of finitely generated Abelian groups with ΓF -action. The Borovoi fundamen-
tal group is defined as follows. For tori T over F we have a canonical isomorphism
π(T ) = HomF−alg(Gm, T ), and T̂ = π(T ) ⊗Z C∗ with induced ΓF -action. For
semisimple G over F we have a canonical isomorphism π(G) = π1(G) (alge-
braic fundamental group). In general, let Gsc be the simply connected covering of
the derived group Gder of G. Choose maximal F -tori Tsc → Tder → T . Then
π(G) = π(T )/image(π(Tsc)).

The Langlands reciprocity law is a functorial isomorphism, denoted LR,

Ψ(T ) ∼= Φ(T )

between the functors Ψ(T ) = Homcont(T (F ),C∗) and Φ(T ) = H1
cont(WF , T̂ ) on

the category of tori over F [12], Sect. 9.
Let Ψun(T ) denote the subgroup of Ψ(T ) defined by all unramified characters

ψ : T (F )→ C∗, whereψ is called unramified if ψ is trivial on the maximal compact
subgroup of T (F ). If T is an unramified torus over F , i.e., splits over Fun, then
T (Fun) ∼= K × π(T ) as a ΓT -module, where K is a maximal compact subgroup
of T (Fun). Furthermore, for unramified T over F we have a commutative diagram

R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Threefolds, 335
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Ψun
∼= Hom(π(T ),C∗)� �

��

LR �� infl(H1
cont(σ

Z
F , T̂ ))� �

��
Ψ(T ) LR �� H1

cont(WF , T̂ )

obtained by the inflation map infl : H1(WF /I, T̂
I) = H1(WF /I, T̂ ). Notice

T̂ I = T̂ for unramified F -tori.
Let Ψelm(T ) denote the subgroup of Ψ(T ), which consists of all elementary

characters ψ : T (F ) → C∗. A character ψ is called elementary if ψ ∈ Ψ(T )
corresponds under the Langlands reciprocity map to a cocycle aψ ∈ Φ(T ) =
H1
cont(WF , T̂ ), which is the inflation of a cocycle of WF /I with values in T̂ I .

Example 11.1. Suppose T = ResL/F (Gm), where L/F is a tame quadratic exten-
sion field. Then T (F ) ∼= {x ∈ L∗ |NL/F (x) = 1} is a subgroup of o∗L. In this case
Ψun(T ) = {1} and Ψelm(T ) = {1, ψ}, where ψ : T (F ) → {±1} is the unique
nontrivial character obtained by the composition of the inclusion T (F ) ↪→ o∗L and
the projection o∗L → o∗L/(1 + πLoL).

We say a torus over F is tame over F if it splits over a tame field extension of
F . Let T be a torus defined over F . Let Ttame denote its maximal tame F -subtorus.
Let Tun ⊆ Ttame denote its maximal unramified F -subtorus. Then the following
statements can be obtained by direct calculation [82]:

• Ψelm(T )/Ψun(T ) ∼= Ψelm(T/Tun) is a finite Abelian group.
• If T is unramified over F , then Ψun(T ) = Ψelm(T ).
• If T is tame over F , and if Tun is trivial, then a character ψ : T (F ) → C∗ is

elementary if and only if ψ is trivial on the subgroup of topologically unipotent
elements in T (F ) (i.e., the maximal pro-p-subgroup of T (F )).

• If T is tame over F , let Q be the quotient torus T/Tun. Then

Ψelm(T ) ∼= Ψun(Tun)⊕Ψelm(Q).

• In general, Ψelm(T ) ∼= Ψelm(T )[p∞]×Ψelm(Ttame).
From these statements it follows that to determine the elementary characters
of T (F ) it is enough to determine the p-primary component Ψelm(T )[p∞] of
Ψelm(T ). I do not know of any direct description which allows us to determine
whether a character of T (F ) is in Ψelm(T )[p∞]. However, one can give the follow-
ing indirect characterization.

11.1 Explicit Reciprocity Law for Elementary Characters

Let G be a connected reductive group over F , and let π(G) be its Borovoi funda-
mental group. Let us define the characteristic maps

λG : G(F )→ (π(G)I )ΓF .
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Let L denote the completion of Fun. The set B(G) of σF -conjugacy classes of
G(L) admits a map B(G)→ π(G)ΓF introduced by Kottwitz [47], (2.4.1), for tori.
It is easy to check that the composed map

G(L)→ G(L)/(σF − conjugacy) = B(G)→ π(G)ΓF

is a surjective map which is functorial in G (Kottwitz–Borovoi). Since we have this
map for all unramified extension fields of F , we obtain from these maps a functorial
map

G(Fun)→ π(G)I ,

which commutes with the natural action of ΓF /I . Considering the fixed groups
under ΓF , we obtain a map

λG : G(F )→ (π(G)I )ΓF ,

which we call the characteristic map. From [48, 65, 82], we obtain

Theorem 11.1. Let G be a connected reductive group over F . Then the character-
istic map

λG : G(F )→ (π(G)I)ΓF

is a group homomorphism with the following properties:

• λG is surjective.
• λG vanishes on the image of Gsc(F ).
• Functoriality, i.e., for a group homomorphism H → G of connected reductive
F -groups we get a commutative diagram of homomorphisms

H(F )

λH

��

�� G(F )

λG

��
(π(H)I)ΓF �� (π(G)I)ΓF .

• Extends to a surjective, continuous, ΓF -equivariant homomorphism

λG : G(Fun)→ π(G)I .

• (A version of Steinberg’s theorem.) The isomorphism H1(F,G) ∼= H1
un(F,G

(Fun)) induces an isomorphism

H1(λG) : H1(F,G) ∼= H1
un(F,G(Fun))→ H1(F, π(G)I ) ∼= π(G)ΓF .

• Assume G = Gsc/κ is connected and semisimple. Then λG is the composite of
the following maps

G(F ) δ �� H1(F, κ)
∼= �� H1(F, π(G)′)′

infl′ �� (π(G)I)ΓF ,
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where the first map is the coboundary map induced by G = Gsc/κ, the second
isomorphism is the duality isomorphism of local Galois cohomology, and the last
map is the dual of the inflation morphism.

• Let G be connected and semisimple, and quasisplit over F of adjoint type. Let
T be a maximal split F -torus in G, and Tc(F ) a maximal compact subgroup of
T (F ). Then λG induces isomorphisms

Gsc(F )\G(F ) ∼= image(Tsc(F ))\ T (F )/Tc(F ) ∼= (π(G)I)ΓF .

• Suppose G is connected and semisimple. Then λG is trivial on any hyperspecial
maximal compact subgroup K of G(F ).

• Suppose T is a torus over F . Let 0T (Fun) be the kernel of the map λG :
T (Fun) → π(T )I . Then this group is acyclic: Hν

un(F, 0T (Fun)) = 0 for all
ν ≥ 1. Hence, Hν(λT ) induces isomorphisms for all ν ≥ 1

Hν(F, T ) ∼= Hν
un(F, T (Fun))

Hν(λT )

∼ �� Hν
un(F, π(T )I) .

• For an F -torus T there is an exact sequence

0 �� 0T (F ) �� T (F )
λT �� (π(T )I)ΓF �� 0

such that (i) λT is the universal elementary character of T (F ) and (ii) 0T (F )
is the intersection

⋂
F ′ NF ′/F (T (F ′)) over all unramified finite extension fields

F ′/F (“the Galois connected component”).

Concerning the Last Statement. That λT is the universal elementary character
of T (F ) means that for any character φ : (π(T )I)ΓF → C∗ the composed map
ψ = φ ◦ λT is an elementary character ψ ∈ Ψelm(T ) of T (F ), and that conversely
any elementary character of T (F ) is uniquely obtained from such a character φ of
(π(T )I)ΓF in this way.
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Appendix on Double Cosets

We now discuss a double coset decomposition for the symplectic group GSp
(2n, F ), which in the case n = 2 was found by Schröder [81]. Let F be a local
non-Archimedean field of residue characteristic not equal to 2, let oF be its ring of
integers, and let πF denote a prime element. LetG(F ) = GSp(2n, F ) ⊆ Gl(2n, F )
be the group of symplectic similitudes. Hence, g ∈ G(F ) iff g′Jg = λ(g) · J for a
scalar λ(g) ∈ F ∗, where

J =
(

0 E
−E 0

)

and where E denotes the unit matrix. Then g ∈ G(F ) ⇐⇒ (g′)−1 ∈ G(F ) ⇐⇒
g′ ∈ G(F ) and J ′ = J−1 = −J ∈ G(F ). Let G(oF ) = GSp(2n, oF ) denote the
group of all unimodular symplectic similitudes.

Centralizers. For n = i+ j and i ≤ j put

s = diag(E(i,i),−E(j,j), E(i,i),−E(j,j)) ∈ G(F ).

The connected component of the centralizer H = (Gs)0 of s is a maximal con-
nected reductive subgroup ofG. H(F ) is isomorphic to the subgroup of all matrices
(g1, g2) in GSp(2i, F )×GSp(2j, F ) with similitude factor λ(g1) = λ(g2)

1→ H(F ) → GSp(2i, F )×GSp(2j, F ) → F ∗ → 1.

The Matrices g(e1, . . . , ei). Let denote g(e1, . . . , ei) the upper triangular matrix

g(D) =
(
E S
0 E

)

, S =
(

0(i,i) D
D′ 0(j,j)

)

,

defined by D =
(
diag(πe1F , . . . , π

ei

F ) , 0(i,j−i)), where we assume eν ∈ Z and

e1 ≤ e2 . . . ≤ ei ≤ ∞.
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Theorem 12.1. The matrices g(e1, . . . , ei), for e1 ≤ e2 · · · ≤ ei ≤ ∞ and eν < 0
or eν = ∞ for all ν = 1, . . . , i, define a system of representatives for the double
cosets

H(F ) \G(F ) /G(oF ).

Remark 12.1. An alternative choice would have been g(e1, . . . , ei) with e1 ≤ . . . ≤
ei ≤ 0. Using this representatives one obtains the following corollary.

Corollary 12.1. Let T be the diagonal torus in H or in G. Then there exists an
element r ∈ G(F ) such that the set of conjugates {trt−1 | t ∈ T (F )} of r contains
a complete set of representatives of H(F ) \G(F )/G(oF ).

For instance, one can choose r = g(0, . . . , 0) ∈ G(oF ). For D = diag(D,E,
D−1, E) ∈ T (F ) and D = diag(πe1F , . . . , π

ei) then DrD−1 = g(e1, . . . , ei).
The proof of the theorem requires some preparation. In the following we always

assume that D satisfies e1 ≤ · · · ≤ eν and eν+1 = · · · = ei =∞ for some ν ≤ i:

1. The parabolic subgroups Ps. There is a parabolic subgroup P = Ps of G with
Levi componentL in H = Hs. Let P = L ·N , whereN is the unipotent radical.
Then Iwasawa decompositionG(F ) = L(F ) ·N(F ) ·G(oF ) allows us to choose
representatives g(M,N,U, V ) ∈ N(F ) of the form

g(M,N,U, V ) =

⎛

⎜
⎜
⎝

E M U N
0 E ∗ V
0 0 E 0
0 0 −M ′ E

⎞

⎟
⎟
⎠ .

Notice g(0, 0, 0, V )g(M,N,U, 0) = g(M,N,U, V ) and V = V ′ = V (j,j) is
symmetric. Since g(0, 0, 0, V ) ∈ H(F ) we can assume V = 0 and therefore
write g(M,N, ∗) = g(M,N, ∗, 0) for the representative

g(M,N, ∗) =

⎛

⎜
⎜
⎝

E M ∗ N
0 E N ′ 0
0 0 E 0
0 0 −M ′ E

⎞

⎟
⎟
⎠ .

For the moment M,N ∈ HomF (F j , F i) are still arbitrary.
2. Notice g(M1, N1, U1) ·g(M2, N2, U2) = g(M1 +M2, N1 +N2, U1 +U2 +M1 ·
N ′

2 − N1 ·M ′
2); hence, g(M,N,U) · g(0, 0, Ũ) = g(0, 0, Ũ) · g(M,N,U) =

g(M,N, Ũ + U) and g(0, 0, U) ∈ H(F ). S = U − M · N ′ is symmetric.
For symmetric S = S′ now g(0, 0, S) ∈ H(F ). Hence, we can choose the
representatives in the form

g(M,N) = g(M,N,M ·N ′).
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Since g(M1, N1)g(M2, N2) = g(M1+M2, N1+N2,M1N
′
1+M2N

′
2+M1N

′
2−

N1M
′
2) = g(M1 +M2, N1 +N2, (M1 +M2)(N1 +N2)′−M2N

′
1−N1M

′
2) =

g(0, 0,−M2N
′
1 −N1M

′
2) · g(M1 +M2, N1 +N2)

H(F ) ·g(M1, N1)g(M2, N2) ·G(oF ) = H(F ) ·g(M1+M2, N1+N2) ·G(oF ).

Hence, (M,N) ∈ HomF (F 2j , F i) can be modified within the double coset by
adding an arbitrary element from HomoF (o2j

F , o
i
F ).

3. For A = A(i,i) and B = B(i,i) we later consider the special cases

M = (A, 0), N = (B, 0).

We then simply write g(A,B) or g(A,B, ∗) instead of g(M,N) and g(M,N, ∗),
respectively. The formulas above are valid with A,B in place of M,N . For

A =
(
A0 0
A1 A2

)

, B =
(
B0 0
0 B1

)

and k × k-matrices A0, B0, and k < i and integral matrices A1, A2, B1 step
(2) allows us to replace the matrices A1, A2 by zero and B1 by the unit matrix,
without changing the double coset.

4. Next, for Ui ∈ Gl(i, oF ) we obtain equivalent representatives g(M,N, ∗) and
g(Ui ·M,Ui ·N, ∗) by conjugation with diag(Ui, E, (U ′

i)
−1, E).

5. On the i× 2j-matrices in HomF (F 2j , F i) the elements g ∈ Sp(2j, oF ) act by
multiplication from the right

(M̃, Ñ) = (M,N) · g−1.

g(M,N, ∗) and g(M̃, Ñ , ∗) define the same double coset. It suffices to show
this for generators g of Sp(2j, oF ). For this notice wj · g(M,N, 0) · w−1

j =
g(N,−M, ∗) and uT · g(M,N, 0) · u−1

T = g(M,N −MT, ∗) for the generators
(see [28], Satz A.5.4)

wj =

⎛

⎜
⎜
⎝

E 0 0 0
0 0 0 E
0 0 E 0
0 −E 0 0

⎞

⎟
⎟
⎠

and

uV =

⎛

⎜
⎜
⎝

E 0 0 0
0 E 0 V
0 0 E 0
0 0 0 E

⎞

⎟
⎟
⎠ .

For integral symmetric V these are contained in the intersection of G(oF ) and
H(F ). Hence, we may choose our representatives (A,B) in

Gl(i, oF ) \HomF (F 2j , F i) /Sp(2j, oF ),

where these, in addition, may be modified by elements from HomoF (o2j
F , o

i
F ).
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12.1 Reduction to Standard Type

We say (M,N) are of standard type if

(M,N) =
(
(A, 0), (B, 0)

)

for an i × i-diagonal matrix B = diag(πe1F , . . . , π
ei

F ) and a nilpotent i × i-lower
triangular matrix A such that:

(a) e1 ≤ e2 ≤ . . . ≤ ei ≤ 0.
(b) B−1 ·A is an integral matrix.

The Reduction. We now construct elements in Sp(2j, oF ) × Gl(i, oF ) which
transform a given (M,N) ∈ HomF (F 2j , F i) into standard type. For this tem-
porarily replace (M,N) by (N,−M) (using conjugation by wj as in step (5)), and
then replace the resulting matrix by its transpose in

HomF (F i, F 2j).

By this Sp(2j, oF ) now acts from the left and Gl(i, oF ) acts from the right.
Our argument now proceeds using induction. Start with an arbitrary matrix in
HomF (F i, F 2j). We say it is of weak r-standard type if it is of the form

⎛

⎜
⎜
⎝

Br ∗
0 ∗
−A′

r ∗
0 ∗

⎞

⎟
⎟
⎠ ,

where r ≤ i ≤ j and Br = diag(πe1F , . . . , π
er

F ) and e1 ≤ . . . ≤ er ≤ ∞, such that
A′
r is a strict upper triangular r × r-matrix such that:

(a) πer divides the greatest common divisor (gcd) πe of all entries of the matrix
denoted by a star.

(b) πeν divides all entries of the νth column for 1 ≤ ν ≤ r.
If, in addition, the shape is

⎛

⎜
⎜
⎝

Br 0
0 ∗
−A′

r ∗
0 ∗

⎞

⎟
⎟
⎠

we say the matrix is partially of r-standard type.
By elimination of the right upper block a representative of weak partial r-

standard type can be transformed to become partially of r-standard type. Use right
multiplication with some element in Gl(i, oF ) to clear the first r rows of the dot-
ted area by adding columns. This does not change condition (b), since e1 ≤ . . . er
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and er is less than or equal to the gcd of the remaining columns (beginning from
r + 1). Since we add multiples of πe−eν

F λ, λ ∈ oF times the νth column (ν ≤ r),
we add terms in πeF oF as follows from condition (b). Therefore, the gcd of the back
columns will not be changed by this procedure.

The Induction Step. For a matrix partially of (r − 1)-standard type consider the
columns beginning from the rth column. By right multiplication with a permutation
matrix in Gl(i, oF ) one can achieve the gcd πeF of all these columns already being
the gcd of the entries of the rth column vector v ∈ F 2j . The first (r−1)-entries of v
are zero since the matrix we started with was partially of (r− 1)-standard type, and
since the permutations of columns beginning from the rth column do not change the
property such that the upper entries of these columns vanish.

Now our modifications will only involve multiplications with elements in G(oF )
from the left. This changes the columns beginning from the (r + 1)th. In particular,
this may destroy the property that the first (r − 1)-coordinates of these columns
vanish. The given matrix is of the form

⎛

⎜
⎜
⎝

Br−1 0 ∗
0 ∗ ∗

−A′
r−1 ∗ ∗
0 ∗ ∗

⎞

⎟
⎟
⎠

such that the gcd πeF of the “middle” rth column divides the gcd of all columns
beginning from the (r + 1)th. This property is preserved under multiplication with
substitutions from G(oF ). Hence, in principle, we can concentrate on the first r
columns since it is enough to bring our representative into a form of weak partial
r-standard type. We therefore temporarily ignore all columns beginning from the
(r + 1)th column.

A suitable symplectic transformation of an embedded Sp(2(j − r + 1), oF ) by
multiplication from the left allows us to make all coordinates of v be zero, except
the rth and the (j+1), . . . , (j+r−1)th coordinate entries. By this the first (r−1)-
columns of our representative will not be changed. In addition we can achieve the
rth coordinate entry of v being a power πfF of the prime element. For this notice
that the unimodular symplectic matrices act transitively on primitive vectors ([28],
Hilfssatz A.5.2).

After this the matrix is almost of weak partial r-standard type, being of the form
⎛

⎜
⎜
⎝

Br ∗
0 ∗
−A′

r ∗
0 ∗

⎞

⎟
⎟
⎠

such that (a) is satisfied. We are done if the rth coordinate entry πfF of the rth
column is equal to πeF . If it is not, then e < f . Then there exists ν with 1 ≤ ν < r
such that the gcd of the rth column is realized at the (j + ν)th coordinate entry.
It then remains to bring the gcd of column v to the “top.” Left multiplication by
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a symplectic unimodular substitution – on the standard basis wi of F 2j given by
wμ 	→ wμ for μ �= j+ν, j+r and bywj+ν 	→ wj+ν+wr andwj+r 	→ wj+r+wν –
has no effect on the lower half, i.e., A′

r will not be changed. Also the zero blocks on
the left side will not be changed. The matrixBr, on the other hand, will be modified.
Since the rth line of−A′

r is zero, only the last line ofBr will be changed – in fact by
addition of the νth line of−A′

r. Let x1, . . . , xr denote the new entries. For example,
xr = πer

F + πeF = ε · πe (ε ∈ o∗F ).
Next the modified Br will again be diagonalized by left multiplication by a uni-

modular symplectic matrix of the form diag(U,E, (U ′)−1, E), where

U =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 . . . 0 0
0 1 . . . 0 0
. .
. .
. .
. .
0 0 . . . 1 0
y1 y2 yr−1 ε−1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

This transforms −A′
r into −(U ′)−1 · A′

r = −A′
r (the rth column of A′

r is zero)
and transforms Br into U · Br. For suitable yν the matrix U · Br will become a
diagonal matrix with the entries diag(πe1F , . . . , π

er−1
F , πeF ), provided yν · πεν

F =
−ε−1xν holds. By condition (b) of the matrix of partial (r − 1)-standard type
we started with, such yν can be chosen in oF . This implies U ∈ Gl(r, oF ) and
diag(U,E, (U ′)−1, E) ∈ G(oF ). This shows that our new matrix is now of weak
partial r-standard type such that er = e, and it is a representative in the double coset
of the matrix we started from. This completes the proof of the induction step.

Iterating this i times, we can get a matrix of partial i-standard type. Reverse
transposition and reverse conjugation by wj therefore gives an equivalent matrix
replacing (M,N), which now is almost of standard type. It is of the form (M,N) =(
(A, 0), (B, 0)

)
forB = diag(πe1F , . . . , π

ei

F ) and a lower triangular matrixA, whose
diagonal is zero, and such that e1 ≤ e2 ≤ . . . ≤ ei ≤ ∞. Choose k to be maximal
such that ek < 0. By step (3) we can assume without restriction of generality eν = 0
for ν > k. Then B−1 is defined, and B−1A is an integral matrix. So we have a
matrix of standard type.

Summary. There exist representatives of the double cosets H(F ) \ G(F )/G(oF )
of the form g = g((A, 0), (B, 0)), such that:

– B = diag(πe1F , . . . , π
ei

F ) is a diagonal invertible i × i-matrix with e1 ≤ . . .
ei ≤ 0.

– A is a lower triangular matrix.
– B−1 has integral entries.
– The lower i× i-triangular matrix B−1 · A has integral entries.
– B−1 · A′ is an i× i-matrix with integral entries.
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12.2 The Quadratic Embedding

The matrix Λs = s · J = J · s is skew-symmetric

Λs =

⎛

⎜
⎜
⎝

0 0 E 0
0 0 0 −E
−E 0 0 0
0 E 0 0

⎞

⎟
⎟
⎠ .

For g ∈ G(F ) the conditions g ∈ H(F ) and λ(g)−1g′ ·Λs ·g = Λs are equivalent;
since λ(g)−1 · (g′)−1 = JgJ−1 and J−1Λs = s, the first equation is equivalent to
s · g = g · s.

Consequence. Elm(H(F ) · g) = λ(g)−1g′ · Λs · g defines an injection

Elm : H(F ) \G(F ) ↪→ Λ2(F 2n)

of the cosets H(F ) \G(F ) into the vector space Λ2(F 2n) of skew-symmetric 2n-
matrices.

Remark 12.2. The quadratic form q(Λ) = Trace(Λ · J · Λ · J) defines a nonde-
generate symmetric bilinear form on Λ2(F 2n) such that q(λ(g)−1g′ ·Λ · g) = q(Λ)
holds for all g ∈ G(F ).

Notation. We write Elm(A,B) for the matrix Elm(g(A,B,AB′)). Then
Elm(A,B) is a skew-symmetric matrix contained in the symplectic group
Sp(2n, F ).

By definition Λs and g are both contained in G(F ) = GSp(2n, F ). In all that
follows, we may therefore restrict ourselves to the case i = j since Elm(A,B)
is in Sp(2i, F ) × Sp(2(j − i), F ), and its “component” is in Sp(2(j − i), F ) is
J = J (j−i,j−i).

Assumption. For simplicity of notation we therefore assume from now on j = i,
without restriction of generality.

Then

Elm(A,B) =
(

0 X
−X ′ A

)

defined by n×n-block matricesX=
(
E 0

2A′−E
)

andA=
(

2(B ·A′−A·B′) −2·B
2 ·B′ 0

)

.

Remark 12.3. The skew-symmetric matrix A is invertible since B is invertible.
So there are matrices Z and Ã such that

(
0 X
−X ′ A

)

=
(
E Z
0 E

)(Ã 0
0 A
)(

E 0
Z ′ E

)

.
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Notice X = Z · A, Ã = −Z · A · Z ′, and Z = X · A−1, X ′ = −A · Z ′,
Ã = Z ·X ′ = X · A−1 ·X ′.

Corollary 12.2. The (n× n)-matrix Z is symmetric. Hence,

g(Z) =
(
E 0
Z E

)

∈ G(F ).

Proof. Z = X · A−1 satisfies Z = Z ′ if −A′ · Z · A = A ·X is symmetric. Since

A ·X =
(

2 · (B · A′ −A ·B′) −2 · B
2 · B′ 0

)(
E 0

2 · A′ −E
)

=
(

2B · A′ − 2A ·B′ − 4B · A′ 2B
2B′ 0

)

=
(−2 · (B · A′ +A · B′) 2 · B

2 ·B′ 0

)

is symmetric, Z is also symmetric. �

It follows that

Fact. g(Z)′ ·Elm(A,B) · g(Z) =
(Ã 0

0 A
)

, where Ã = (A′)−1 = −A−1 and

A =
(

2(BA′ −AB′) −2 · B
2 · B′ 0

)

= −A′.

Formula for Z. A is invertible by assumption. Since Elm(A,B) and g(Z), and
hence also g(Z)′, are symplectic matrices, we have Ã = (A′)−1. Notice that

(
E −A
0 E

)(
0 −2 · B

2 · B′ 0

)(
E 0
−A′ E

)

=
(−2A · B′ −2 ·B

2 ·B′ 0

)(
E 0
−A′ E

)

=
(−2(A · B′ −B · A′) −2 ·B

2 ·B′ 0

)

= A.

Hence,

−2 · Z = −2 ·X · A−1 =
(

E 0
2 ·A′ −E

)(
E 0
A′ E

)(
0 B
−B′ 0

)−1(
E A
0 E

)
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=
(
E 0
A′ −E

)(
0 −(B′)−1

B−1 0

)(
E A
0 E

)

=
(

0 −(B′)−1

−B−1 −A′ · (B′)−1

)(
E A
0 E

)

=
(

0 −(B′)−1

−B−1 −B−1 · A−A′ · (B′)−1

)

.

Since we have shown that we can assume the representative to be of standard type,
the matrices B−1 and B−1A are integral; hence, Z is also integral. Therefore, we
have

Fact. The symplectic matrix g(Z) is contained in G(oF ).
The injection Elm already defined induces an injection elm

elm : H(F ) \G(F )/G(oF ) ↪→ Λ2(F 2n)/G(oF ) .

A Consequence. Suppose (M,N) is of standard type. Consider the double coset
of g(M,N) = g(A,B). Its image elm(A,B) in Λ2(F 2n)/G(oF ) is represented by
the symplectic block matrix

diag(Ã,A) = diag(−A−1,A).

12.3 Elementary Divisors

We dispose over another obvious map

Λ2(F 2n)/G(oF ) → Λ2(F 2n)/
(
Gl(2n, oF )× o∗F

)
.

Here (h, ε) ∈ Gl(2n, oF )× o∗F acts on Λ2(F 2n) by Λ 	→ ε · h′ · Λ · h. For this we
may consider the general case i ≤ j, and we then claim

Lemma 12.1. The composed map

L : H(F ) \G(F ) /G(oF ) −→ Λ2(F 2n)/
(
Gl(2n, oF )× o∗F

)
,

which maps H(F )gG(oF ) to the orbit of λ(g)−1g′Λsg, is an injection.

We say two skew-symmetric invertible matrices in Λ2(Fm) are equivalent if
there exists a unimodular matrix h inGl(m, oF ) such that Λ1 = h′ ·Λ2 ·h. Concern-
ing the orbits (right side of the map in the last lemma) recall the result of Frobenius:

(A) Λ1 and Λ2 are equivalent if and only if they have the same elementary divisors
(understood in the usual sense).
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(B) The product of the first k-elementary divisors (in the usual sense) is the gcd of
all k × k-minors.

(C) ε · Λ and Λ are equivalent for any ε ∈ o∗F .

Hence, the orbits Λ2(Fm)/
(
Gl(m, oF ) × o∗F

)
are described by the elementary

divisors.

Proof of Lemma 12.1. Without restriction of generality we again assume i = j. Then
the skew-symmetric (n× n)-matrixA can be brought into the following Frobenius
standard form by a suitable unimodular transformation U ∈ Gl(n, oF ):

U ′ · A · U = diag

((
0 πa1

F

−πa1
F 0

)

, . . . ,

(
0 πai

F

−πai

F 0

))

,

where a1 ≤ . . . ≤ ai. These symplectic elementary divisors are determined
by the elementary divisors of the matrix U ′AU (in the usual sense), which are
πa1
F , π

a1
F , π

a2
F , π

a2
F , · · · .

The diagonalizing matrix U defines

g = diag
(
(U ′)−1, U

) ∈ Sp(2n, oF ) ⊆ Gl(2n, oF ).

The symplectic 2n × 2n-matrix diag(Ã,A) = diag((A′)−1,A) will be trans-
formed by g ∈ G(oF ) into the “symplectic normal form”

diag

((
0 π−a1

F

−π−a1
F 0

)

, . . . ,

(
0 π−ai

F

−π−ai

F 0

)

,

(
0 πa1

F

−πa1
F 0

)

, . . . ,

(
0 πai

F

−πai

F 0

))

.

This symplectic normal form defines the same coset in Λ2(F 2n)/G(oF ) as the ma-
trices diag(Ã,A) and elm(M,N).

Claim 12.1. ai ≤ −ai. In other words, the exponents of the elementary divisors of
diag(Ã,A), in increasing order, are the numbers

a1, a1, a2, a2, . . . , ai, ai,−ai,−ai, . . . ,−a1,−a1.

(In the general case j > i there are n−2i additional zeros in the middle.) Hence, the
elementary divisors of diag(Ã,A) uniquely determine the exponents a1 ≤ a2 ≤
· · · ≤ ai of the symplectic Frobenius normal form of A, as defined above. This
immediately implies the lemma, provided the claim ai ≤ 0 holds. To show this
claim, notice π−ai

F = det(A)−1 ·gcd(Λn−1(A)) and det(A)−1 ·Λ2i−1(A) = A−1.
Hence, π−ai

F = gcd(A−1) is the first elementary divisor ofA−1. Thus, to prove the
claim, it suffices to show that A−1 is an integral matrix. Since

A = −2
(
B 0
0 E

)(
G E
−E 0

)(
B′ 0
0 E

)

for the matrix G = B−1A− (B−1A)′, we get
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A−1 = −1
2

(
(B′)−1 0

0 E

)(
0 −E
E G

)(
B−1 0

0 E

)

.

Since B−1 and G are integral,A−1 is integral, which proves the lemma. �

Proof of Theorem 12.1. By Lemma 12.1 it suffices to show that for (e1, . . . , ei),
subject to the conditions stated in Theorem 12.1, the elementary divisors of the
matrices

Elm

(

g(e1, . . . , ei)
)

=

⎛

⎜
⎜
⎝

0 0 E 0
0 0 0 −E
−E 0 0 −2 ·D
0 E 2 ·D′ 0

⎞

⎟
⎟
⎠

determine (e1, . . . , ei) uniquely such that every possible constellation of elemen-
tary divisors – as determined above – is realized by some Elm(g(e1, . . . , ei)).
This, however, is rather obvious. The elementary divisors ofElm(g(e1, . . . , ei)) are
πe1F , π

e1
F , . . . , π

er

F , π
er

F , . . . ,, where r ≤ i is chosen to be maximal such that er < 0.
The following elementary divisors are pairs of 1 and then followed by the inverse
numbers π−er

F , . . . , π−e1
F (in fact notice it is enough to consider minors in the right

lower n×n-block). This implies that the representatives g(e1, . . . , ei) uniquely rep-
resent the double cosets H(F ) \G(F )/G(oF ), which proves the theorem. �

Remark 12.4. In fact we have now also determined the image of the map L. It con-
sists of all orbits which contain a matrix in Frobenius normal form with exponents
which satisfy

a1 ≤ · · · ≤ ai ≤ −ai ≤ · · · − a1.

12.4 The Compact Open Groups

Now fix some representative g(D) as in Theorem 12.1. For simplicity assume i = j.
Recall D = D′. Then

HD = H(F ) ∩ g(D)G(oF )g(D)−1

is a compact open subgroup of H(F ). For

h =

⎛

⎜
⎜
⎝

α1 0 β1 0
0 α2 0 β2

γ1 0 δ1 0
0 γ2 0 δ2

⎞

⎟
⎟
⎠

in H(F ) we have the symplectic conditions α′
iδi − γ′iβi = λ · E, λ ∈ o∗F , α′

iγi =
γ′iαi, γiδ

′
i = δ′iβi. Furthermore, h is contained in HD if and only if



350 12 Appendix on Double Cosets

g(D)−1 · h · g(D) =

⎛

⎜
⎜
⎝

α1 −Dγ2 −Dγ2D
′ + β1 −Dδ2 + α1D

−D′γ1 α2 −D′δ1 + α2D
′ −D′γ1D + β2

γ1 0 δ1 γ1D
0 γ2 γ2D

′ δ2

⎞

⎟
⎟
⎠

is contained in G(oF ). Then αi, γi, δi and D′γ1, Dγ2 and γ2D
′ and γ1D are inte-

gral, and det(h) ∈ o∗F (first integrality conditions). Furthermore, we have the four
congruence conditions (*) modulo integral matrices:

β1 ≡ Dγ2D
′, β2 ≡ D′γ1D,

Dδ2 ≡ α1D, D′δ1 ≡ α2D
′.

Since D−1 is integral, and hence D−1β1, β1(D′)−1, (D′)−1β2, β2D
−1 and

D−1α1D, D′δ1(D′)−1, Dδ2D−1, (D′)−1α2D
′ are necessarily integral (second

integrality conditions). We reformulate the integrality conditions by introducing the
integral skew-symmetric matrix

ΛD =
(

0 D−1

−D−1 0

)

.

Define

GSp(ΛD) =
{
h ∈ Gl(F 2i) | h′ΛDh = λ · ΛD, λ ∈ F ∗

}
.

Notice diag(E,−E) ∈ GSp(ΛD) and J ∈ GSp(ΛD); hence,

I =
(

0 E
E 0

)

∈ GSp(ΛD),

and, therefore, g = ( a bc d ) ∈ GSp(ΛD) ⇐⇒ gI = IgI = ( d cb a ) ∈ GSp(ΛD).

Also notice that gk ∈ GSp(ΛD) holds for the two matrices (k = 1, 2)

gk :=
(
ak bk
ck dk

)

=
(

0 D
E 0

)(
αk βk
γk δk

)(
0 D
E 0

)−1

=
(
DδkD

−1 Dγk
βkD

−1 αk

)

.

All the integrality conditions stated above when put together express the fact that
both matrices gk and diag(D,D)−1gkdiag(D,D) are integral matrices (for k =
1, 2) with equal similitude factor in o∗F . If Γ = (oF )2i denotes the standard lattice in
F 2i, then ΛD defines a skew-symmetric pairing 〈., .〉D on Γ by 〈v, w〉D = v′ΛDw.
The dual lattice Γ∗ = {w ∈ F 2i | 〈w,Γ〉D ∈ oF } is Γ∗ = diag(D,D)(Γ). The
matrices inGSp(ΛD), which preserve the lattice Γ, define a compact open subgroup
Aut(Γ,ΛD) ⊆ GSp(ΛD). Each g ∈ Aut(Γ,ΛD) preserves the dual lattice Γ∗.
Hence, g(Γ∗) = Γ∗ or diag(D,D)−1 · g · diag(D,D) ∈ Aut(Γ,ΛD−1). This
shows that the first and second integrality conditions are equivalent to

g1, g2 ∈ Aut(Γ,ΛD).
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This defines an injective homomorphism

HD ↪→ Aut(Γ,ΛD)×Aut(Γ,ΛD),

induced from the injection of H(F ) into GSp(ΛD) ×GSp(ΛD), which is defined
by

h 	→ (k1, k2) = (g1, gI2).

Now Γ ⊆ Γ∗ since ΛD is integral. Hence, we get a homomorphism

1→ KD → Aut(Γ,ΛD)→ Aut(Γ∗/Γ)

with kernel, say, KD. Obviously g ∈ KD ⇐⇒ (g − id)diag(D,D) is integral. For
G = Mi,i(oF ) ·D−1 ⊆ Mi,i(oF ) the above four congruences (*) are equivalent to
b1 ≡ c2, c1 ≡ b2, d1 ≡ a2, and a1 ≡ d2 modulo G. In other words, the conditions
(*) mean (g1 − gI2)diag(D,D) is integral, or (id − g−1

1 gI2)diag(D,D) is integral.
In other words, we get the condition

g1 ≡ gI2 mod KD,

or k1 ≡ k2 mod KD. Hence, HD is isomorphic to the group of all (k1, k2) ∈
Aut(Γ,ΛD)2 such that k1 ≡ k2 mod KD. Since KD is a normal subgroup of
Aut(Γ,ΛD), this proves that HD is isomorphic to the semidirect product KD �
Aut(Γ,ΛD)

1→ KD → HD → Aut(Γ,ΛD)→ 1.

Example 12.1. ForD = d·E we haveGSp(ΛD) = GSp(2i, F ), andAut(Γ,ΛD) =
G(oF ) such that KD is the principal congruence subgroup of level d.

12.5 The Twisted Group H̃

Whereas in the last section we considered i ≤ j, we now have to restrict ourselves
to the special case n = i + j, where i = j. In this special case the normalizer Ns
of the subgroup H = Gs of G = GSp(2n) is not connected. This now allows us
to define Galois twists H̃ of the group H considered in the last section. For i = j
the centralizer in the adjoint group of the element s (defined at the beginning of this
chapter) is nontrivial. The element

w =

⎛

⎜
⎜
⎝

0 E 0 0
E 0 0 0
0 0 0 E
0 0 E 0

⎞

⎟
⎟
⎠ ∈ G(oF )

in Gs generates Ns/Gs ∼= Z/2Z. We have ws = −sw, w2 = id, and wJ = Jw.
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Suppose K/F is a quadratic field extension, and σ is the generator of the
Galois group of this extension. Since H1(F,GSp(2n)) is trivial, there exists an
g0 ∈ GSp(2n,K) such that

g−1
0 σ(g0) = w, σ(g0) = g0 · w.

This condition determines the coset G(F ) · g0 uniquely. Then the group H̃ =
g0Hg

−1
0 is invariant under σ, and defines a form H̃ of H over F together with

an embedding H̃ ↪→ G defined over F . Notice for the norm-1-subgroup N1 in
ResK/F (Gm)

1→ H̃ → ResK/F (GSp(2i))→ N1 → 1,

where the morphism on the right is g 	→ (σ(λ(g))/λ(g). Let us make some choice,
i.e., g0 = diag(1, α

2

2 , α
2, 2)·diag(U, (U ′)−1) forU = ( 1/2 1/2

−α α ), whereK = F (α)
and A−1 = α2 ∈ F ∗. We can assume that the valuation is vK(α2) = 0 or −1
depending on whether K/F is unramified or not since the residue characteristic is
different from 2. Then H̃ becomes the subgroup of all the matrices η defined on
page 239.

The Map L̃. Now consider the commutative diagram

H̃(F ) \G(F )/G(oF ) ��

L̃
��

g0H(K)g−1
0 \G(K)/G(oK)

L(g−1
0 )

��
Λ2(K2n)/(Gl(2n, oK)× o∗K) H(K) \G(K)/G(oK)L		

where the upper map is induced by the scalar extension maps, the right vertical
bijection is H̃(K)gG(oK) 	→ H(K)g−1

0 gG(oK), and the lower horizontal in-
jective map is defined as in Lemma 12.1, but now for the field K instead of F .
The left vertical map is the composition of the other maps L̃(H̃(F )gG(oF )) =
L(H(K)g−1

0 gG(oK)) = orbit of λ(g−1
0 g)−1 ·(g−1

0 g)′Λs(g−1
0 g) = orbit of λ(g)−1 ·

g′Λ̃sg for

Λ̃s =

(
0 0 0 −α−1E
0 0 −αE 0
0 αE 0 0

α−1E 0 0 0

)

.

The Image of L̃. The F -rational element diag(E,A ·E,E,E)× 1 transforms Λ̃s
to −α−1 ·J within its orbits. Hence, the image of L̃ is contained in the image of the
Gl(2n, F )× F ∗ orbit of the matrix −α−1 · J . Therefore,

image(L̃) ⊆ (vK(α), . . . , vK(α)
)

+ vK(F ∗)n ⊆ vK(K∗)n,

considered as a subset of the n exponents, which define the Frobenius nor-
mal form of the skew-symmetric 2n × 2n-matrix. On the other hand, this im-
age is contained in the image of the lower horizontal map L, which is the set
{(a1, . . . , ai,−ai, . . . ,−a1) ∈ vK(K∗)n | a1 ≤ · · · aν ≤ −aν ≤ · · · − a1}.
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We claim that image(L̃) is the intersection of these two sets. We show that every
element of this intersection is some L̃(H̃(F )g̃(D)G(oF )). Notice

L̃(H̃(F )g̃(D)G(oF ))= orbit of

(
E T
0 E

)′
Λ̃s

(
E T
0 E

)

= orbit of

(
0 M

−M ′ TM −M ′T

)

for M = ( 0 M−1
0

M0 0
), M0 = −αE. For T = (A−1·D 0

0 0
) this gives the orbit of

(
0 0 0 −α−1E
0 0 −αE 0
0 αE 0 −αD

α−1E 0 αD 0

)

.

Obviously for e = vK(α) ∈ {0,− 1
2} and D = A−1 · diag(πe1F , · · · , πei

F ) as in
Theorem 12.1 the first 2i-elementary divisors of this matrix are (e+ e1, e+ e1, e+
e2, e+ e2, . . . , e+ ei, e+ ei, ∗, . . . , ∗) (arises from the lower right block, since αD
gives rise to the minors with the highest order denominator). This suffices to prove
the claim with the representatives g̃(D) = (E T

0 E ), where T = (A−1·D 0
0 0

) for D as
above.

Galois Descent. From the last argument it follows that every g ∈ G(F ) can be
written in the form g = hg̃(D)k−1

0 for some h ∈ H̃(K), some k0 ∈ G(oK),
and some D as in Theorem 12.1. Then σ(h)g̃(D)σ(k−1) = hg̃(D)k−1 implies
g̃(D)−1h−1σ(h)g̃(D) = k−1σ(k) or

b(σ) = k−1σ(k) ∈ HD(K) :=
(
g̃(D)−1H̃(K)g̃(D)

)
∩ G(oK).

Suppose the 1-cocycle b(σ) = k−1σ(k) ∈ HD(K) is a 1-coboundary
b(σ) = y−1σ(y) for some y ∈ HD(K). Then k̃ = yk−1 ∈ G(oF ) and
g = (hg̃(D)y−1g̃(D)−1) · g̃(D) · (yk−1) = h̃ · g̃(D) · k̃. Since g, k̃ ∈ G(F )
and g̃(D) ∈ G(F ), h̃ ∈ H̃(F ) and

g ∈ H̃(F ) · g̃(D) ·G(oF ).

The Obstruction. For n = 2 the group HD(K) is isomorphic to the group
Gl(2, R)0, where R is the ring oF ⊗oF oK(i) (see page 248). Here σ acts by its
natural action on the first factor, and is trivial on the second factor. By Shapiro’s
lemma the class [b(σ)] in the cohomology H1(〈σ〉, HD(K)) is trivial if this holds
for its image in the quotient H1(〈σ〉, Gl(2, oK/(πiF ))0. Now it is easy to show that
the fiber over the trivial element under the reduction map

H1
(
〈σ〉, Gl(2, oK/(πiF ))0

)
→ H1

(
〈σ〉, Gl(2, oK/(πK))0

)

is trivial. This is easily shown by induction on i. If K/F is unramified, the coho-

mology set H1
(
〈σ〉, Gl(2, oK/(πK))0

)
is trivial. If K/F is ramified, this is not

the case. But in the ramified case, for the vanishing of the obstruction classes [b(σ)]
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it is therefore sufficient that the image of the 1-cocycle b(σ) is trivial in the quo-
tient group Gl(2, oK/(πK))0 of HD(K). However, this follows from Lemma 7.5
since the reduction of b(σ) = k−1σ(k) ∈ G(oK) in G(oK/(πK)) is trivial. Notice
k−1σ(k) = k−1k = 1 in G(oK/(πK)).

Injectivity of L̃. In general, if all the above-defined cohomology obstructions
[b(σ)] in H1(〈σ〉, HD(K)) are trivial, we obtain

G(F ) =
⋃

D

H̃(F ) · g̃(D) ·G(oF ).

Furthermore, since L̃(H(F ) · g̃(D1) ·G(oF )) = L̃(H(F ) · g̃(D2) ·G(oF )) implies
D1 = D2 as shown above, we even conclude

Theorem 12.2. The matrices (E T
0 E ) for T = (D 0

0 0 ) and D = A−1 · diag(πe1F ,
· · · , πei

F ), where e1 ≤ · · · ≤ ei and eν < 0 or eν = ∞ for ν = 1, . . . , i, define
inequivalent representatives and for n = 2 a full system of representatives for the
double cosets

H̃(F ) \G(F )/G(oF ).

In general, consider the matrix group H ′ = ResK/F (GSp(ΛD))0. For an inte-
gral extension ring O of oF with fraction field L consider the subset of H ′(L) =
GSp(ΛD)0(L⊗F K) defined by all block matrices g = (A B

C D ) for which A,B,C,
and D are matrices of the form

X ⊗ 1 + Y ·D−1 ⊗
√
A

−1
,

such that X and Y are i × i-matrices with coefficients in O. In fact, this subset
defines a subgroup. For O = oK this group is isomorphic to HD(K), and σ acts on

these matrices by σ(X ⊗ 1 + Y D−1⊗√A−1
) = σ(X)⊗ 1 + σ(Y )D−1⊗√A−1

,
via its natural action on O = oK . Notice that the coefficients of the matrices g are
in O⊗oF oK ⊆ L⊗F K .



References

1. Arthur J. A trace formula for reductive groups I: Terms associated to classes in G(Q). Duke
Math. J., 45:911–952, 1978.

2. Arthur J. On elliptic tempered representations. Acta Math., 171, 1993.
3. Arthur J. On some problems suggested by the trace formula, in Lie Group Representations

II. Springer Lecture Notes in Math., 1041, 1984.
4. Arthur J. The L2-Lefschetz numbers of Hecke operators. Invent. Math., 97:257–290, 1989.
5. Arthur J. The invariant trace formula I, local theory. J. AMS 1, 323–383, 1988.
6. Arthur J. The invariant trace formula II, global theory. J. AMS 1, 501–554, 1988.
7. Arthur J. Trace formula in invariant form. Ann. Math., 114:1–74, 1981.
8. Arthur J., Clozel L. Simple Algebras, Base Change, and the Advanced Theory of the Trace

Formula. Annals of Mathematics Studies, 120, Princeton University Press, Princeton, 1989.
9. Arthur J., Gelbart S. Lectures on automorphic L-functions, in L-functions and Arithmetic,

in: Durham Symposium, edited by Coates J., Taylor M.J., July 1989 Lond. Math. Soc. Lect.
Notes, 153:1–61, 1991.

10. Bernstein J.N. Le “centre” de Bernstein, in travaux en cours, Representations des groupes
reductifs sur un corps local. Hermann, 1984.

11. Bernstein J.N., Deligne P., Kazhdan D. Trace Paley–Wiener theorem for reductive p-adic
groups. J. Anal. Math., 47:180–192, 1986.

12. Borel A. Automorphic L-functions. Proc. Symp. Pure Math., XXXIII, 1977, part 2.
13. Borel A. Stable real cohomology of arithmetic groups II. Collected Papers, III:650–684,

Springer, Berlin, 1983.
14. Borel A., Harish-Chandra. Arithmetic subgroups of algebraic groups. Ann. Math., 75:

485–535, 1962.
15. Borel A., Wallach N. Continuous cohomology, discrete subgroups, and representations of

reductive groups. Princeton University Press, Princeton, 1980.
16. Cartier P. Representations of p-adic groups. Proc. Symp. Pure Math., XXXIII:111–155, 1979,

part 1.
17. Casselman W. Characters and Jacquet modules. Math. Ann., 230:101–105, 1977.
18. Casselman W. The Hasse–Weil ζ-function of some moduli varieties of dimension greater

than one. Proc. Symp. Pure Math., XXXIII, 1977, part 2.
19. Chai C.L., Faltings G. Degenerations of Abelian Varieties, Ergebnisse d.Math. und ihrer

Grenzgebiete. 3.Folge Band 22, 1990.
20. Clozel L. The fundamental lemma for stable base change. Duke Math. J., 61:255–302, 1990.
21. Clozel L. The Schwartz space of a reductive p-adic group, in Harmonic analysis on reductive

groups, edited by Barker, Sally. Progr. Math., 101:101–121, 1991.
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62. Laumon G. Sur la cohomologie à supports compacts des variétés de Shimura pourGSp(4)Q .

Preprint, 7390:77, Paris 1994, and Compos. Math., 105:267–359, 1996.
63. Milne J.S. Arithmetic duality theorems. Perspectives of Mathematics, Academic, London,

p. 1, 1986.
64. Milne J.S. The conjecture of Langlands and Rapoport for Siegel modular varieties. Bull. Am.

Math. Soc., 24:335–341, 1991.
65. Milne J.S. The points on a Shimura variety modulo a prime of good reduction, in: The zeta

functions of Picard modular surfaces, edited by Langlands R.P., Ramakrishnan D.. Les Pub-
licationes CRM, pp. 151–253, 1992.

66. Neukirch J. Klassenkörpertheorie. Bibliographisches Institut Mannheim, BI-
Hochschultaschenbuch, 1969.

67. Oesterle J. Nombres de Tamagawa et groupes unipotentes en characteristique p. Invent.
Math., 78:13–88, 1984.

68. Ono T. On Tamagawa numbers, in: Algebraic groups and discontinuous subgroups Proc.
Symp. Pure Math., 9:122–132, 1966.

69. Piatetski-Shapiro I.I. On the Saito–Kurokawa Lifting. Invent. Math., 71:309–338, 1983.
70. Piatetski-Shapiro I.I., Soudry D. L and ε factors for GSp(4). J. Fac. Sci. Univ. Tokyo, Sec.

1a, 28, 1981.
71. Piatetski-Shapiro I.I., Soudry D. On a correspondence of automorphic forms on orthogonal

groups of order five. J. Math. Pures Appl., 66:407–436, 1987.
72. Deligne P. Cohomologie étale, Seminaire de Geometrie Algebrique du Bois-Marie. SGA 41

2 ,
Springer Lecture Notes in Math., 569, Springer, Berlin, 1977.

73. Pink R. On the calculation of local terms in the Lefschetz–Verdier trace formula and its
application to a conjecture of Deligne. Preprint, 1990.

74. Ribet K.A. Galois representations attached to eigenforms with nebentypus, in Modular func-
tions of one variable V. Springer Lecture Notes in Math., 601:17–52, 1977.

75. Rodier F. Les representations des groupes p-adiques. Bull. Soc. Math. France, 116:15–42,
1988.

76. Rogawski J. Automorphic representations of unitary groups in three variables. Annals of
Mathematics Studies, Princeton University Press, Princeton, p. 123, 1990.

77. Rogawski J. Representations of Gl(n) and division algebras over a p-adic field. Duke Math.
J., 50:161–196, 1983.

78. Saito M. Representations unitaires des groupes symplectiques. J. Math. Soc. Japan, 24:
232–251, 1972.

79. Sally P.J., Tadic M. Induced representations and classifications for GSp(2,F) and Sp(2,F).
Suppl. Bull. S.M.F., Tome, 121:75–133, 1993, fasc. 1.

80. Schneider P., Stuhler U., Representation theory and sheaves on the Bruhat–Tits building.
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Schröder’s representatives, 221
second basic case, 123
semilocal character relations, 203
semilocal identity, 207
semisplit tori, 106
Shintani identity, 329
shuffle formulas, 126
Siegel parabolic P , 119
small, 26



Index 363

spherical Hecke algebra, 39
split tori, 105
stable cuspidal functions, 49
standard embeddings, 240
standard type, 342
Steinberg representations, 136
Steinberg’s theorem, 337
stronger condition, 21
strongly elliptic, 31
summation conditions, 231
superspace, 45

theta lifts, 145
toric, 9
totally real number field, 175
transfer factor, 58, 212, 267, 276

local, 268
transitivity, 40
twisted

datum, 295
endoscopic lift, 327
endoscopic transfer factor, 298
fundamental lemma, 302

unique elliptic endoscopic datum, 217
unit element, 211, 215
universal elementary character, 338
unstable case, 241

weak, 10
weak r-standard type, 342
weak multiplicity formula, 192
weakly equivalent, 9
Weil representation, 159, 160
Weyl chamber

obtuse, 42
open, 42
open obtuse, 37
open positive, 36
subdivision of the, 42

Weyl group, 92
relative, 92

Weyl integration formula, 103, 108, 179
Whittaker

functional, 168
models, 193



Nomenclature

A . . . . . . . . . . . . . 3,342,239

A(E, f) . . . . . . . . . . . . . 302

A(Gv) . . . . . . . . . . . . . . 197

A(T ′, E) . . . . . . . . . . . 316

ADχ . . . . . . . 114,118,134

A0 . . . . . . . . . . . . . . 212,239

AG . . . . . . . . . . . . . . . . . . 19

AG(R) . . . . . . . . . . . . . . . .6

AG(R)0 . . . . . . . . . . . . . 19

AL . . . . . . . . . . . . . . . . . . 21

A . . . . . . . . . . . . . . . . . . . 309

A . . . . . . . . . . . . . . . . . . . 345
0Av . . . . . . . . . . . . . . . . . 38

B . . . . . . . . . . . 342,121,250

B′ . . . . . . . . . . . . . . . . . . 250

B(T ) . . . . . . . . . . . . . . . 300

BF (T ) . . . . . . . . . . . . . 300

B̂G . . . . . . . . . . . . . . . . . 272

C . . . . . . . . . . . . . . . . . . . . 40

CG . . . . . . . . . . . . . . . . . . . 92

C . . . . . . . . . . . . . . . . . . . 254

C(T ) . . . . . . . . . . . . . . . . . 92

D . . . . . . . . . . . . . . . 339,240

D = D0 . . . . . . . . 213,242

D = δ(σ1ν
1
2 � χ) . . . 119

D′ . . . . . . . . . . . . . . . . . . 213

D0 . . . . . . . . . . . . . .212,215

D′
0 . . . . . . . . . . . . . . . . . 215

D(T ) . . . . . . . . . . . . . . . 299

DG(T ) . . . . . . . . . . . . . . .90

E . . . . . . . . . . 7,89,240,291

E/F . . . . . . . . . . . . . . . . 239

E+ . . . . . . . . . . . . . 212,239

E+ = E〈σ〉 . . . . . . . . .241

Eλ . . . . . . . . . . . . . . . . . . . . 2

Eσ . . . . . . . . . . . . . . . . . . .89

Elm . . . . . . . . . . . . . . . . 345

E . . . . . . . . . . . . . . . . . . . . 12

EΘ+(σv) . . . . . . . 183,190

EΘglr
+ (σv) . . . . . . . . . .198

EΘ−(σv) . . . 183,190,198

EΘglr
± (σv) . . . . . . . . . .184

Eun(M1(F ), Z1) . . . 325

F . . . . . . . . . . . . . . . . . . . . 24

Fν . . . . . . . . . . . . . . . . . . . 30

Fix(γ) . . . . . . . . . . . . . . .27

Fix(γ, k) . . . . . . . . . . . . 30

Fix(γL) . . . . . . . . . . . . . 27

Frobp . . . . . . . . . . . . . . . 14

G . . . . . . . . . . . . . . . . . 6,293

G′ . . . . . . . . . . . . . . 291,293

Gη . . . . . . . . . . . . . . . . . 215

G∞ . . . . . . . . . . . . . . . . . . 19

Gγ . . . . . . . . . . . . . . . . . . .20

Gder . . . . . . . . . . . . . . . . 19
0G . . . . . . . . . . . . . . . . . . . 38

(Gl(2, F )2)0 . . . . . . . . 213

Gl(2, E+)0 . . . . . . . . . 239

Gl(2, oE+(i))0 . . . . . . 248

H . . . . . . . . . . . . . . . . . 5,239

H(F ) . . . . . . . . . . . . . . . 213

H = (Gs)0 . . . . . . . . . 339

H•(S(C), Eλ) . . . . . . . . 6

H•(X,E)(πf ) . . . . . . . . 9

H•
(2)(S(G), Vλ) . . . . . . 48

HD . . . . . . . . . . . . . 349,351

HS . . . . . . . . . . . . . . . . . . . 8

Homcont(T (F ),C∗) . . .

316

Homelm(T (F ),C∗) . . .

316

H̃ . . . . . . . . . . . . . . . . . . .352

H(Gv ,Ωv) . . . . . . . . . . .39

HS,K . . . . . . . . . . . . . . . . 20

Hac(G∞, ξ−1
λ ) . . . . . . 48

I(P, ρv , χv) . . . . . . . . 109

I(χ� ρ) = χ× ρ . . . . . .

120

I(σ) = σ1 � χ . . . . . . .119

IG(γ, f) . . . . . . . . . . . . 205

IWF

WE
(X) . . . . . . . . . . . . 291

J . . . . . . . 339,124,127,129

J(P, ρv , χv) . . . . . . . . 109

J ′ . . . . . . . . . . . . . . 124,129

JL(ρ̌) . . . . . . . . . . . . . . 163

K . . . . . . . . . . . . . . . . . 6,297

K′ . . . . . . . . . . . . . . . 23,297

K′
N . . . . . . . . . . . . . . . . . . . 7

K′
N (h) . . . . . . . . . . . . . . .24

K(T ) . . . . . . . . . . . . . . . 301

365



366 Nomenclature

KS . . . . . . . . . . . . . . . . . . . 7

KD . . . . . . . . . . . . . . . . . 351

KM . . . . . . . . . . . . . . . . . 26

KN . . . . . . . . . . . . . . . . . . . 7

KN (h) . . . . . . . . . . . . . . .24

KS . . . . . . . . . . . . . . . . . . . 7

K∞ . . . . . . . . . . . . . . . . . 19

Ki . . . . . . . . . . . . . . 221,248

KL,∞ . . . . . . . . . . . . . . . 21

K
•
λ . . . . . . . . . . . . . . . . . . . 3

K̃∞ . . . . . . . . . . . . . . . . . 19

L . . . . . . . 129,212,213,241

L′ . . . . . . . . . . . . . . . . . . 241

LC(F ) . . . . . . . . . . . . . . .24

LQ . . . . . . . . . . . . . . . . . . 37

LQ(h, Vλ) . . . . . . . . . . . 37

L1 . . . . . . . . . . . . . . . . . . 212

L2 . . . . . . . . . . . . . . . . . . 212

Lγ . . . . . . . . . . . . . . . . . . . 19

Lp(πf , s) . . . . . . . . . . . . 14

L̃ . . . . . . . . . . . . . . . . . . . 352

L . . . . . . . . . . . . . . . . . . . 300

L . . . . . . . . . . . . . . . . . . . 347

(M,N) . . . . . . . . . . . . . 342

(M, s, η) . . . . . . . . . . . . . 59

(M,LM, s, ξ) . . . . . . . . 55

(M,LM, ξ, s) . . . . . . . 217

(LM,M, sE , ξE) . . . 295

M . . . . . . . . . . . 77,212,243

Mc . . . . . . . . . . . . . . . . . 158

Mc(F ) . . . . . . . . . . . . . 158

M0
c . . . . . . . . . . . . . . . . . 160

M++ . . . . . . . . . . . . . . . 202

M+− . . . . . . . . . . . . . . . 202

M−+ . . . . . . . . . . . . . . . 202

M−− . . . . . . . . . . . . . . . 202

M . . . . . . . . . . . . . . . . . . . . 7

M′ . . . . . . . . . . . . . . . . . . . 7

N . . . . . . . . . . .222,250,260

NT,θ . . . . . . . . . . . . . . . 293

NmE/F . . . . . . . . 292,293

Norm . . . . . . . . . . . . . . 242

NormE/F . . . . . . . . . 293

NσF
(δ) . . . . . . . . . . . . . 293

Nθ(δ) . . . . . . . . . . . . . . 293

OG
γ (f) . . . . . . . . . . . . . . . 49

OG
t (f) . . . . . . . . . . . . . . . 90

OL
γ (f

(P )
) . . . . . . . . . . . 36

OL
γ (φ) . . . . . . . . . . . . . . . 35

Oκ
t (f) . . . . . . . . . . . . . . . 90

Oκ
η (1K) . . . . . . . . . . . . 215

Oγ . . . . . . . . . . . . . . . . . . .31

OG
η (1K) . . . . . . . . 215,240

O
G(A)
γ . . . . . . . . . . . . . . . 20

P . . . . . . . . . . . . . . . . . . . 119

P = LN . . . . . . . . . . . . . 21

P0 . . . . . . . . . . . . . . . . . . . 21

Ps . . . . . . . . . . . . . . . . . . 340

Q . . . . . . . . . . . . . . . . . . . 120

Q(T,X, Y ) . . . . . . . . . 158

R . . . . . . . . . . . . . . . . . . . 129

R(G) . . . . . . . . . . . . . . . 109

R = oF /πi
F oF . . . . . 224

R2(1, 1) . . . . . . . . . . . . 131

R2(2, 2) . . . . . . . . . . . . 131

R2(4) . . . . . . . . . . . . . . .131

RI(G) . . . . . . . . . . . . . . 109

Rχ(G) . . . . . . . . . . . . . . 114

R . . . . . . . . . . . . . . . . . . . . 76

(SG
K)+ . . . . . . . . . . . . . . . 23

S . . . . . . . . . . . . . 7,251,301

S′ . . . . . . . . . . . . . . . . . . . 43

S(D, ρ̌) . . . . . . . . . . . . . 163

S(D2 × F∗) . . . . . . . . 159

S(fv) . . . . . . . . . . . . . . . . 39

SOM
γM

(h) . . . . . . . . . . . . 59

ST∗∗
e (hG) . . . . . . . . . . . 60

ST∗
e (h) . . . . . . . . . . . . . . 59

SG
M . . . . . . . . . . . . . . . . . . 40

SP
K′ . . . . . . . . . . . . . . . . . . 28

SK . . . . . . . . . . . . . . . . . . 56

SK(C) . . . . . . . . . . . . . 6,53

SK(Fp) . . . . . . . . . . . . . 56

SP
K . . . . . . . . . . . . . . . . . . 25

Solv(γ) . . . . . . . . . . . . . . 28

Sol∞(γ) . . . . . . . . . . . . . 28

S . . . . . . . . . . . . . . . . . . . 254

S(γ, k) . . . . . . . . . . . . . . .29

T . . . . . . . . . . . . . . . 213,239

T ′ . . . . . . . . . . . . . . . . . . 293

T (g−1) . . . . . . . . . . . . . . 23

T = T+ ⊕ T− . . . . . . 128

TG
ell(f, τ) . . . . . . . . . . . . 36

T+ . . . . . . . . . . . . . .124,129

T− . . . . . . . . . . . . . 124,129

TG . . . . . . . . . .218,244,275

T s
G . . . . . . . . . . . . . 273,275

TM . . . . . . . . . . . . . 215,275

T s
M . . . . . . . . . . . . . . . . . 275

Td . . . . . . . . . . . . . . . . . . 301

TP
ell(h, λ) . . . . . . . . . . . . 36

T̂ . . . . . . . . . . . . . . . 216,242

T̂G . . . . . . . . . . . . . . . . . 272

T̂M . . . . . . . . . . . . . . . . 272

U . . . . . . . . . . . . . . . . . . . 348

V . . . . . . . . . . . . . . . . . . . . 79

Vλ . . . . . . . . . . . . . . . . . . . . 2

V . . . . . . . . . . . . . . . . . . .309

Vi . . . . . . . . . . . . . . . . . . 305

W . . . . . . . . . . . . . . . . . . . 21

W ′ . . . . . . . . . . . . . . . . . . 21

W (T,G) . . . . . . . . . . . . . 92

WP . . . . . . . . . . . . . . . . . 21

WF (T,G) . . . . . . . . . . . 92

WG . . . . . . . . . . . . . . . . . . 92

Wμ . . . . . . . . . . . . . . . . . . . 3

Wp+(ρ) . . . . . . . . 120,128

Wp−(ρ) . . . . . . . . 120,128

X . . . . . . . . . . . . . . . 2,6,345

X∗(G) . . . . . . . . . . . . . . . 38

XG . . . . . . . . . . . . . . . . . . 19

X∞ . . . . . . . . . . . . . . . . . .53

X . . . . . . . . . . . . . . . . . . . . . 8

X . . . . . . . . . . . . . . . . . . . . . 2

XGv
. . . . . . . . . . . . . . . . . 38

X+
Mv

. . . . . . . . . . . . . . . . . 42
+XLv

. . . . . . . . . . . . . . . . 42

Z . . . . . . . . . . . . . . . . . . . 345

ZG . . . . . . . . . . . . . . . . . . . 3

Δ . . . . . . . . . . . . . . . . . 34,58

Δ(η′, t) . . . . . . . . . . . . . 212

Δ(η, (t1, t2)) . . . . . . . 220

Δ(η, t1, t2) . . . . . . . . . 277

Δ(tM , δ′′) . . . . . . . . . . 297

Δ(tM , t′′) . . . . . . . . . . 297



Nomenclature 367

Δ∨ . . . . . . . . . . . . . . . . . 274

Δκ(G′, G, t, δ) . . . . . .298

ΔI . . . . . . . . . . . . . . . . . 276

Δv . . . . . . . . . . . . . . . . . . 58

ΔII . . . . . . . . . . . . . . . . 276

ΔIII1 . . . . . . . . . . . . . . 276

ΔIII2 . . . . . . . . . . 276,286

ΔIV . . . . . . . . . . . 218,244,

276,288

Δv(η, t) . . . . . . . . . . . . 278

ΔIV (η, t) . . . . . . . . . . .212

Δ∞(η, t1, t2) . . . . . . . 289

[Γ, (k1, k2)] . . . . . . . . . . . 5

Γ . . . . . . . . . . . . . . . . . . . . . 1

Γ′ . . . . . . . . . . . . . . . . . . . 22

Γ′
N . . . . . . . . . . . . . . . . . . 22

ΓN . . . . . . . . . . . . . . . . . . 22

ΓNh
. . . . . . . . . . . . . . . . . 24

ΓPh
. . . . . . . . . . . . . . . . . . 24

Λ . . . . . . . . . . . . . . . . . . . . 39

ΛD . . . . . . . . . . . . . . . . . 350

Λs . . . . . . . . . . . . . . . . . . 345

Ω . . . . . . . . . . . . . . . . . . . . 26

Ωv . . . . . . . . . . . . . . . . . . . 29

(Φ∨)+ . . . . . . . . . . . . . . 273

Φ . . . . . . . . . . . . . . . . . . . . 21

Φ(T ) . . . . . . . . . . . . . . . 335

Φ+ . . . . . . . . . . . . . . 21,273

Φ− . . . . . . . . . . . . . . . . . . 21

ΦG . . . . . . . . . . . . . . . . . . 21

Ψ(T ) . . . . . . . . . . . . . . . 335

Ψ(γ, λ) . . . . . . . . . . . . . . 22

Ψelm . . . . . . . . . . . . . . . 336

Ψun . . . . . . . . . . . . . . . . 335

α . . . . . . . . . . . . . . . . . . . 322

α′ . . . . . . . . . . . . . . . . . . 322

α′
v . . . . . . . . . . . . . . . . . . . 78

α(t; δ) . . . . . . . . . . 300,302

αG . . . . . . . . . . . . . . . . . 102

α0 . . . . . . . . . . . . . . . 14,322

α1 . . . . . . . . . . . . . . . 14,322

α2 . . . . . . . . . . . . . . . 14,322

αi . . . . . . . . . . . . . . . . . . . 40

αv . . . . . . . . . . . . . . . . . . . 78

β . . . . . . . . . . . . . . . . . . . 322

β′ . . . . . . . . . . . . . . . . . . 322

β′
v . . . . . . . . . . . . . . . . . . . 78

βj . . . . . . . . . . . . . . . . 34,40

βv . . . . . . . . . . . . . . . . . . . 78

χ . . . . . . . . . . . 110,222,250

χ = ord(a− a′) . . . . 259

χG
σS

(fS) . . . . . . . . . . . . . 83

χ̂G
QF

. . . . . . . . . . . . . . . . . 42

〈χπ, χπ〉G,e . . . . . . . . 102

〈χσ, χσ〉M,e . . . . . . . . 102

ε∞ . . . . . . . . . . . . . . . . . . .54

η . . . . . 69,214,215,218,256

η′ . . . . . . . . . . . . . . .212,215

ηr = (sr, s′r) . . . . . . . 228

ηr . . . . . . . . . . . . . . . . . . 257

γ . . . . . . . . . . . . . . . . . . . . 21

γL . . . . . . . . . . . . . . . . . . . 21

ι . . . . . . . . . . . . . 11,218,244

κ = 〈., s〉 . . . . . . . . . . . 300

κ(η′, η) . . . . . . . . . . . . . 212

λ . . . . . . . . . . . . . . . . . .2,294

λ∨ . . . . . . . . . . . . . . . . . . . . 2

λ1 . . . . . . . . . . . . . . . . . . . . 2

λ1 = k1 − 3 . . . . . . . . . 76

λ2 . . . . . . . . . . . . . . . . . . . . 2

λ2 = k2 − 3 . . . . . . . . . 76

λG . . . . . . . . . . . . . . . . . 336

λT . . . . . . . . . . . . . . . . . .280

λTsc
. . . . . . . . . . . . . . . . 280

μ . . . . . . . . . . . . . . . . . .3,246

μ(i) . . . . . . . . . . . . . . . . .246

μh . . . . . . . . . . . . . . . . . . 302

ν . . . . . . . . . . 2,260,300,301

ω . . . . . . . . . . . . . . . . . . . 119

ωπ . . . . . . . . . . . . . . . . . . 119

φ̌ . . . . . . . . . . . . . . . . . . . 246

φ . . . . . . . . . . . . . . . 239,275

φn . . . . . . . . 45,57,302,326

φ√
D0

. . . . . . . . . . . . . . . 218

φ√
D(x) . . . . . . . . 214,240

π . . . . . . . . . . . . . . . . . . . . 1,3

π′ . . . . . . . . . . . . . . . . . . . .76

π(G) . . . . . . . . . . . . . . . 335

π(T ) . . . . . . . . . . . . . . . . 335

π : XT → T . . . . . . . . . 11

πF . . . . . . . . . . . . . . . . . .213

πL . . . . . . . . . . . . . . 213,219

π∞ . . . . . . . . . . . . . . . . . . . 7

πf . . . . . . . . . . . . . . . . . . . . 8

πE+ . . . . . . . . . . . . . . . . 242

πhol
∞ (k1, k2) . . . . . . . . . . 7

πfin . . . . . . . . . . . . . . . . 7,8

π̃ . . . . . . . . . . . . . . . . . . . 160

{π+(σ∞), π−(σ∞)} . . .

191

{πW
∞ , πH

∞} . . . . . . . . . . 191

ψ . . . . . . . . . . . . . . . 216,243

ψ1 . . . . . . . . . . . . . . . . . . 316

ψ2 . . . . . . . . . . . . . . . . . . 316

ρ . . . . . . . . . . . . . . . 217,243

ρG . . . . . . . . . . . . . . . . . . . 22

ρL . . . . . . . . . . . . . . . . . . . 22

ρP . . . . . . . . . . . . . . . . . . . 22

ρT . . . . . . . . . . . . . . . . . . . 92

ρπS
. . . . . . . . . . . . . . . . . . 79

ρ̃ . . . . . . . . . . . . . . . . . . . 227

σ̌ . . . . . . . . . . . . . . . . . . . 162

σ̌1 . . . . . . . . . . . . . . . . . . 162

σ̌2 . . . . . . . . . . . . . . . . . . 162

σ = (σ1, σ2) . . . . . . . . . 77

σ . . . . . . . . . . . . . . . 214,241

σ∗ . . . . . . . . . . . . . . . . . . 176

σ1 � χ . . . . . . . . . . . . . 119

σF . . . . . . . . . . . . . . . . . .294

σ∗
v . . . . . . . . . . . . . . . . . . 108

τ̂G
P . . . . . . . . . . . . . . . . . . . 37

τ . . . . . . . . . . . . .85,102,241

τ(G) . . . . . . . . . . . . . . 20,54

τ(η, t) . . . . . . . . . . . . . . 212

τG
P . . . . . . . . . . . . . . . . . . . 36

θ . . . . . . . . . 21,215,240,292

θ+(σ) . . . . . . . . . . . . . . 146

θ+(σv) . . . . . . . . . . . . . 146

Δ(η, t) . . . . . . . . . . . . . .267

Δv(η, t) . . . . . . . . . . . . 268

Ωv = GSp(4,Zv) . . . .66

Π . . . . . . . . . . . . . . . 127,327

Π(λ) . . . . . . . . . . . . . . . . . 45

Π2(G) . . . . . . . . . . . . . . 112

Πmod . . . . . . . . . . . . . . 327



368 Nomenclature

ε . . . . . . . . . . . . . . . . . 86,150

ε(T ) . . . . . . . . . . . . . . . . . 93

ε(σv, πv) . . . . . . . . . . . 178

ε1(q, ψ1) . . . . . . . . . . . 161

ε2(q, ψt) . . . . . . . . . . . . 159

ϑ . . . . . . . . . . . . . . . . . . . 161

ϑΦ . . . . . . . . . . . . . . . . . . 161

ξ . . . . . . . . . . . . . . . . . 55,294

ξ : LM ↪→ LG . . . . . . 217

ξE . . . . . . . . . . . . . . . . . . 295

ξE
M1

. . . . . . . . . . . . . . . . .295

ξG
χ . . . . . . . . . . . . . . . . . . 282

ξM
χ . . . . . . . . . . . . . . . . . 283

ζ(π, s) . . . . . . . . . . . . . . 144

ζS(π, s) . . . . . . . . . . . . 189

ζS(π, χ, s) . . . . . . . . . . 188

a . . . . . . . . . . . 222,239,249

a′ . . . . . . . . . . . . . . . . . . .222

a′+ . . . . . . . . . . . . . . . . . . 201

a′− . . . . . . . . . . . . . . . . . .201

a′± . . . . . . . . . . . . . . . . . .204

a(w) . . . . . . . . . . . . . . . . 286

a+ . . . . . . . . . . . . . . . . . . 201

a− . . . . . . . . . . . . . . . . . .201

ai . . . . . . . . . . . . . . . . . . 348

a± . . . . . . . . . . . . . . . . . .204

b . . . . . . . . 66,164,211,222,

239,249,250,300,327

b′ . . . . . . . . . . . . . . . 222,250

c . . . . . . . . . . . . 219,239,300

(d2)+ . . . . . . . . . . . . . . . 163

d . . . . . . . . . . . . . . . . . . . 239

d(G) . . . . . . . . . . . . . . . . . 48

d(πv) . . . . . . . . . . . . . . . 113

d(w) . . . . . . . . . . . . . . . . 294

e(π) . . . . . . . . . . . . . . . . 195

e = eE/E+ . . . . . . . . . 252

e1 . . . . . . . . . . . . . . . . . . 340

elm . . . . . . . . . . . . . . . . . 347

f . . . . . . . . . . . . . . . . . . . . 35

f
(P) . . . . . . . . . . . . . . . . . 36

f
(Q)
v . . . . . . . . . . . . . . . . . 40

f(Q) . . . . . . . . . . . . . . . .114

f . . . . . . . . . . . . . . . 211,222

f ′ . . . . . . . . . . . . . . . . . . 222

f(P) . . . . . . . . . . . . . . . .137

f = 1K . . . . . . . . . . . . . 211

f− = f(x−1) . . . . . . . . 57

fM . . . . . . . . . . . . . . . . . 211

f(n) . . . . . . . . . . . . . . . . 326

f∞ . . . . . . . . . . . . . . . . . . 48

fπS . . . . . . . . . . . . . . . . . . 20

g(D) . . . . . . . . . . . . . . . .339

g(M,N, ∗) . . . . . . . . . . 340

g(M,N,U, V ) . . . . . . 340

g(Z) . . . . . . . . . . . . . . . . 346

(h
(n)
p )M . . . . . . . . . . . . . 70

h . . . . . . . . . . . . . . . . . . . 229

h′ . . . . . . . . . . . . . . . . . . 229

hσ . . . . . . . . . . . . . . . . . . 221

h
(n)
p . . . . . . . . . . . . . . 62,69

i(G,M) . . . . . . . . . . . . . . 55

iG,L . . . . . . . . . . . . . . . . 109

inv(δ∗, δi) . . . . . . . . . . 306

j . . . . . . . . . . . . . . . . . . 3,302

(k1, k2) . . . . . . . . . . . . . . 76

k1 . . . . . . . . . . . . . . . . . . . . 5

k2 . . . . . . . . . . . . . . . . . . . . 5

l(w) . . . . . . . . . . . . . . . . . 22

m′ = m−− = m(π′)
203

m(π) . . . . . . . . . . . . . . . 195

m(πS) . . . . . . . . . . . . . . . 79

m = m++ = m(π) . . . . .

203

n . . . . . . . . . . . . . . . . . . . 291

n(πS) . . . . . . . . . . . . . . . .83

n(σv) . . . . . . . . . . . . . . . 178

n(σv , πv) . . . . . . . . . . . 178

norm . . . . . . . . . . . . . . . 293

oL . . . . . . . . . . . . . . . . . . 249

oE+(i) . . . . . . . . . . . . . . 247

oF . . . . . . . . . . . . . . . . . .339

q . . . . . . . . . . . . . . . .213,242

q(G) . . . . . . . . . . . . . . . . . 48

q(Λ) . . . . . . . . . . . . . . . . 345

q0 . . . . . . . . . . . . . . . . . . 242

r . . . . . . . . . . 3,227,256,340

r(γ) . . . . . . . . . . . . . . . . . 22

r = rGv

Mv
. . . . . . . . . . . . 176

rG
P . . . . . . . . . . . . . . . . . . 114

rp(w) . . . . . . . . . . . . . . . 282

rG
M . . . . . . . . . . . . . . . . . 152

rε0,j,j′ . . . . . . . . . . . . . .230

rj,j′ . . . . . . . . . . . . . . . . 229

s . . . . . . . . 55,214,216,239,

240,294

s′ . . . . . . . . . . . . . . . . . . . 214

s(γ) . . . . . . . . . . . . . . . . . 22

sE . . . . . . . . . . . . . . . . . . 295

sT . . . . . . . . . . . . . . . . . . 281

(t1, t2) . . . . . . . . . . . . . . . 69

t
M↔ δ . . . . . . . . . . . . . . . 298

t . . . . . . . . . . . . 212,213,271

t = Nθ(δ) . . . . . . . . . . 298

t∗ . . . . . . . . . . . . . . . . . . . . 93

tδ . . . . . . . . . . . . . . . . . . . . 92

t1 . . . . . . . . . . . . . . . . . . . 271

t2 . . . . . . . . . . . . . . . . . . . 271

trs . . . . . . . . . . . . . . . . . . . 20

x . . . . . . . . . . . 212,213,240,

249,271

x′ . . . . . . . . . . . . . . .213,271

x′ = t1tσ2 . . . . . . . . . . . 220

x = t1t2 . . . . . . . . 220,249

z(i) . . . . . . . . . . . . . . . . . 246

〈., .〉L . . . . . . . . . . . . . . . 316



Lecture Notes in Mathematics
For information about earlier volumes
please contact your bookseller or Springer
LNM Online archive: springerlink.com

Vol. 1788: A. Vasil’ev, Moduli of Families of Curves for
Conformal and Quasiconformal Mappings (2002)
Vol. 1789: Y. Sommerhäuser, Yetter-Drinfel’d Hopf alge-
bras over groups of prime order (2002)
Vol. 1790: X. Zhan, Matrix Inequalities (2002)
Vol. 1791: M. Knebusch, D. Zhang, Manis Valuations
and Prüfer Extensions I: A new Chapter in Commutative
Algebra (2002)
Vol. 1792: D. D. Ang, R. Gorenflo, V. K. Le, D. D. Trong,
Moment Theory and Some Inverse Problems in Potential
Theory and Heat Conduction (2002)
Vol. 1793: J. Cortés Monforte, Geometric, Control and
Numerical Aspects of Nonholonomic Systems (2002)
Vol. 1794: N. Pytheas Fogg, Substitution in Dynamics,
Arithmetics and Combinatorics. Editors: V. Berthé, S.
Ferenczi, C. Mauduit, A. Siegel (2002)
Vol. 1795: H. Li, Filtered-Graded Transfer in Using Non-
commutative Gröbner Bases (2002)
Vol. 1796: J.M. Melenk, hp-Finite Element Methods for
Singular Perturbations (2002)
Vol. 1797: B. Schmidt, Characters and Cyclotomic Fields
in Finite Geometry (2002)
Vol. 1798: W.M. Oliva, Geometric Mechanics (2002)
Vol. 1799: H. Pajot, Analytic Capacity, Rectifiability,
Menger Curvature and the Cauchy Integral (2002)
Vol. 1800: O. Gabber, L. Ramero, Almost Ring Theory
(2003)
Vol. 1801: J. Azéma, M. Émery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXVI (2003)
Vol. 1802: V. Capasso, E. Merzbach, B. G. Ivanoff,
M. Dozzi, R. Dalang, T. Mountford, Topics in Spatial
Stochastic Processes. Martina Franca, Italy 2001. Editor:
E. Merzbach (2003)
Vol. 1803: G. Dolzmann, Variational Methods for Crys-
talline Microstructure – Analysis and Computation
(2003)
Vol. 1804: I. Cherednik, Ya. Markov, R. Howe, G.
Lusztig, Iwahori-Hecke Algebras and their Representa-
tion Theory. Martina Franca, Italy 1999. Editors: V. Bal-
doni, D. Barbasch (2003)
Vol. 1805: F. Cao, Geometric Curve Evolution and Image
Processing (2003)
Vol. 1806: H. Broer, I. Hoveijn. G. Lunther, G. Vegter,
Bifurcations in Hamiltonian Systems. Computing Singu-
larities by Gröbner Bases (2003)
Vol. 1807: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 2000-
2002 (2003)
Vol. 1808: W. Schindler, Measures with Symmetry Prop-
erties (2003)
Vol. 1809: O. Steinbach, Stability Estimates for Hybrid
Coupled Domain Decomposition Methods (2003)
Vol. 1810: J. Wengenroth, Derived Functors in Functional
Analysis (2003)

Vol. 1811: J. Stevens, Deformations of Singularities
(2003)
Vol. 1812: L. Ambrosio, K. Deckelnick, G. Dziuk,
M. Mimura, V. A. Solonnikov, H. M. Soner, Mathemat-
ical Aspects of Evolving Interfaces. Madeira, Funchal,
Portugal 2000. Editors: P. Colli, J. F. Rodrigues (2003)
Vol. 1813: L. Ambrosio, L. A. Caffarelli, Y. Brenier,
G. Buttazzo, C. Villani, Optimal Transportation and its
Applications. Martina Franca, Italy 2001. Editors: L. A.
Caffarelli, S. Salsa (2003)
Vol. 1814: P. Bank, F. Baudoin, H. Föllmer, L.C.G.
Rogers, M. Soner, N. Touzi, Paris-Princeton Lectures on
Mathematical Finance 2002 (2003)
Vol. 1815: A. M. Vershik (Ed.), Asymptotic Combi-
natorics with Applications to Mathematical Physics.
St. Petersburg, Russia 2001 (2003)
Vol. 1816: S. Albeverio, W. Schachermayer, M. Tala-
grand, Lectures on Probability Theory and Statistics.
Ecole d’Eté de Probabilités de Saint-Flour XXX-2000.
Editor: P. Bernard (2003)
Vol. 1817: E. Koelink, W. Van Assche (Eds.), Orthogonal
Polynomials and Special Functions. Leuven 2002 (2003)
Vol. 1818: M. Bildhauer, Convex Variational Problems
with Linear, nearly Linear and/or Anisotropic Growth
Conditions (2003)
Vol. 1819: D. Masser, Yu. V. Nesterenko, H. P. Schlick-
ewei, W. M. Schmidt, M. Waldschmidt, Diophantine
Approximation. Cetraro, Italy 2000. Editors: F. Amoroso,
U. Zannier (2003)
Vol. 1820: F. Hiai, H. Kosaki, Means of Hilbert Space
Operators (2003)
Vol. 1821: S. Teufel, Adiabatic Perturbation Theory in
Quantum Dynamics (2003)
Vol. 1822: S.-N. Chow, R. Conti, R. Johnson, J. Mallet-
Paret, R. Nussbaum, Dynamical Systems. Cetraro, Italy
2000. Editors: J. W. Macki, P. Zecca (2003)
Vol. 1823: A. M. Anile, W. Allegretto, C. Ringhofer,
Mathematical Problems in Semiconductor Physics.
Cetraro, Italy 1998. Editor: A. M. Anile (2003)
Vol. 1824: J. A. Navarro González, J. B. Sancho de Salas,
C ∞ – Differentiable Spaces (2003)
Vol. 1825: J. H. Bramble, A. Cohen, W. Dahmen, Mul-
tiscale Problems and Methods in Numerical Simulations,
Martina Franca, Italy 2001. Editor: C. Canuto (2003)
Vol. 1826: K. Dohmen, Improved Bonferroni Inequal-
ities via Abstract Tubes. Inequalities and Identities of
Inclusion-Exclusion Type. VIII, 113 p, 2003.
Vol. 1827: K. M. Pilgrim, Combinations of Complex
Dynamical Systems. IX, 118 p, 2003.
Vol. 1828: D. J. Green, Gröbner Bases and the Computa-
tion of Group Cohomology. XII, 138 p, 2003.
Vol. 1829: E. Altman, B. Gaujal, A. Hordijk, Discrete-
Event Control of Stochastic Networks: Multimodularity
and Regularity. XIV, 313 p, 2003.



Vol. 1830: M. I. Gil’, Operator Functions and Localiza-
tion of Spectra. XIV, 256 p, 2003.
Vol. 1831: A. Connes, J. Cuntz, E. Guentner, N. Hig-
son, J. E. Kaminker, Noncommutative Geometry, Mar-
tina Franca, Italy 2002. Editors: S. Doplicher, L. Longo
(2004)
Vol. 1832: J. Azéma, M. Émery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXVII (2003)
Vol. 1833: D.-Q. Jiang, M. Qian, M.-P. Qian, Mathemati-
cal Theory of Nonequilibrium Steady States. On the Fron-
tier of Probability and Dynamical Systems. IX, 280 p,
2004.
Vol. 1834: Yo. Yomdin, G. Comte, Tame Geometry with
Application in Smooth Analysis. VIII, 186 p, 2004.
Vol. 1835: O.T. Izhboldin, B. Kahn, N.A. Karpenko,
A. Vishik, Geometric Methods in the Algebraic Theory
of Quadratic Forms. Summer School, Lens, 2000. Editor:
J.-P. Tignol (2004)
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